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 A B S T R A C T

Environmental surveys are essential tools to investigate the impact of pollutants on the living and non-living 
environment. Their data often form a basis to derive recommendations for preventive measures protecting 
health and ecosystems and identify the need for political action. Therefore, representative environmental data 
sets need to be free of systematic artifacts; their statistical structure should be explored and understood as good 
as possible. The German Environmental Survey (GerES) is a nationwide study conducted at unregular intervals. 
The data collected within the GerES V (2014–2017) campaign is important for recording and assessing 
pollutants in households with children and adolescents. Due to its sampling characteristics, GerES claims to be 
representative of the population in Germany and, with its standardized measurements and sampling protocols, 
as well as the selection of sampling points, provides a prime example of a study on the statistical nature of 
pollutants concentrations. In this work data sets from 19 pollutants in indoor air and house dust were selected 
from the GerES V pool. The parameters obtained from descriptive statistics were compared with the modeled 
data of a lognormal probability function and a lognormal cumulative density function. Confidence intervals 
were calculated using a bootstrap method. Monte-Carlo simulations were used to quantify uncertainties in 
estimators of theoretical distribution assumptions and to investigate the influence of classifying data into 
equidistant intervals (bins) on nonlinear regression analysis with respect to data count and bin width. The 
results of our study provide better insight into the general statistical nature of environmental observations, 
enabling a more reliable assessment of the parameters derived from the data.
1. Introduction

In the environment, the distribution of pollutant concentrations 
can generally be described by statistical laws. The shapes of the sta-
tistical distributions of environmental observations result from the 
underlying physical and chemical processes in the system but may also 
be influenced by the study design and the chosen sampling strategy 
or by random errors. Several shapes of distributions have been de-
scribed and motivated in the literature, such as the normal, lognormal, 
gamma, Weibull and exponential distribution (see, e.g., Ott [1] for 
an overview). Identifying shapes of the distributions of environmental 
pollutants is necessary for data analysis, exposure assessment, risk 
management, and policy interpretation.

In many experimental applications, normal (Gaussian) distributions 
are observed. In examples of environmental sampling related to pollu-
tion dispersal, in contrast, lognormal distributions have been found [2]. 
This is because environmental data, especially pollutant concentrations, 
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do not assume negative values, and outliers are generally right-skewed, 
which can be explained by the activity and applicability of multi-
plicative factors. For pollutants in air and water, dilution is such a 
factor.

To simulate stochastic processes, the Galton board can be used as 
a simplistic mechanical model: Vertically falling bullets pass a grid 
of pegs and are collected at the bottom in 𝑛 equidistantly arranged 
bins. The distribution of the bullets in the bins is based on the Pascal’s 
triangle and the underlying probability distribution is binomial. As the 
number of repetitions of the experiment increases, the binomial distri-
bution approximates the continuous normal (Gaussian) distribution for 
𝑛 ⟶ ∞ according to the central limit theorem.

In the 19th century, this often led to the erroneous opinion that 
all natural processes are symmetrically distributed. Galton himself [3], 
referring to McAllister [4], argued that this is incorrect, since in many 
cases experimental data tend to be better described by the geometric 
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mean (𝜇𝑔), which leads towards the assumption of a lognormal distri-
bution, rather than the arithmetic mean (𝜇), which best represents a 
normal distribution. Limpert et al. [2] have summarized lognormally 
distributed processes for various scientific disciplines and presented a 
variation of the Galton board that can be used to simulate a lognormal 
probability distribution. In general, probability models play an impor-
tant role in the natural sciences because they allow statistically based 
processes to be easily simulated, explained and understood [5,6].

In 1976, Ott and Mage [7] made the fundamental statement: ‘‘Uni-
variate probability models are of considerable importance in the analysis 
and interpretation of environmental monitoring data for decision mak-
ing purposes’’. Henceforth, statistically based reference values must be 
calculated using statistically correct models and parameters. Ott and 
Mage [7,8] were also among the first to investigate the underlying 
physical laws which generate pollutant concentrations and to derive 
a probability model for environmental data analysis. A critical dis-
cussion of the methods and practical limitations for describing air 
pollutant concentrations by statistical distributions was published by 
Georgopoulos and Seinfeld in 1982 [9].

It was again Ott [10] who provided a physical explanation of the 
lognormality of pollutant concentrations. He used the model of the 
multi-stage dilution of a water-soluble pollutant in beakers, whereby 
statistical errors occur when a given volume is added to the next 
beaker. Ott showed that, due to these errors (or uncertainties), the 
concentration in the last beaker becomes lognormally distributed if 
the experiment is repeated often enough. He applied this ‘‘Theory of 
Successive Random Dilutions’’ to various scenarios, such as the dilution 
of a pollutant in room air through ventilation. In a later monograph, 
Ott [1] discussed various forms of the lognormal distribution and their 
application to environmental data. Nevertheless, there are relatively 
few studies that address the true statistical nature of indoor pollutant 
concentration data [11,12]. Only radon has been comparatively well 
examined, as large data sets are usually available for this chemical 
element [13,14].

Although it is now clear that data from comprehensive environmen-
tal observations are usually not normally distributed, the arithmetic 
mean (𝜇) is often given as the sole parameter in statistical analyses and 
for comparing data sets [15]. Others also base their results and discus-
sions on the arithmetic mean, but additionally provide the geometric 
mean and/or percentiles, sometimes in graphical form as box-whisker 
plots [16], sometimes in tabular form [17–21]. In principle, it is not 
a problem to calculate the arithmetic mean as long as the median is 
also specified, because by comparing both parameters one can con-
clude the skewness of a distribution and thus the deviation from the 
normal distribution. Results of dust measurements often include the 
median, the 95th percentile and the range between minimum and max-
imum [22,23]. Reasons for the frequent application of the arithmetic 
mean could be its use as an indicator of cumulative (additive) exposure 
to pollutants and, partly, a desire to keep consistency with previously 
published data reporting the arithmetic mean. Another reason could be 
that the tools for inductive statistics are more popular when a normal 
distribution of the data is assumed. However, the arithmetic mean 
alone is meaningless for skewed distributions and might contribute to a 
misinterpretation of the data. A review of the aforementioned and other 
publications reveals that the underlying statistical distribution of a data 
set is, in most cases, only incompletely analyzed or even misinterpreted. 
At the same time, confidence intervals for the determined parameters 
are rarely provided. We therefore saw the need to apply and discuss 
advanced statistical tools, which is equally important for researchers 
and practitioners. Consequently, the current work addresses the nature 
of data in the fields of indoor air and house dust pollution.

We searched for an up-to-date data set that is, as far as possible, 
free of systematic artifacts and bias. Measured values should be subject 
only to random fluctuations in environmental factors. The German 
Environmental Survey (GerES) [24] is a population-based study to 
investigate human exposure to environmental pollutants. Importantly, 
2 
participants are randomly selected from German cities and munici-
palities in a strive to be population-representative. Indoor pollution 
data were collected and evaluated by the German Environment Agency 
(UBA), involving indoor air and house dust measurements in more 
than 600 private dwellings. For this work, data on indoor air and 
house dust from the GerES V survey conducted between 2014 and 2017 
were used. We analyzed these data sets with regard to the structure of 
their statistical distributions using numerical methods and compared 
the results for their validity. To this end, we classified the data in 
bins, visualized them in histograms and compared the results of curve 
fitting with analyses of the cumulative density function. Additionally, 
Monte Carlo simulations were performed to investigate the influence 
of the histogram’s bin width and the data size on statistical param-
eters and the distribution. For determining confidence intervals, we 
applied bootstrap sampling, taking into account various computational 
methods. Our approach aims at a better assessment of the statistical 
nature of indoor pollution data from surveys and the reliability of 
parameters extracted from them. Meanwhile, our work serves to further 
validate the GerES V data set by dissecting and describing its statistical 
structure, which contributes to further establish the data as a reference 
point for indoor air pollution measurements.

2. Methods

2.1. Statistical distributions

The binomial distribution (see Eq.  (1)) is a discrete statistical distri-
bution, and describes the probability 𝑃𝐵 of 𝑘 successes in a series of 𝑛
Bernoulli trials with the success probability 𝑝 and the failure probability 
1 − 𝑝. 

𝑃𝐵(𝑛, 𝑝, 𝑘) =
(

𝑛
𝑘

)

𝑝𝑘(1 − 𝑝)𝑛−𝑘 𝑘 ∈ (0, 1, 2...𝑛) (1)

For 𝑛 → ∞ and 𝑝 → 0 with 𝑛 ⋅ 𝑝 → 𝜆, the binomial distribution can be 
approximated by the discrete Poisson distribution 𝑃𝑃 (2). 

𝑃𝑃 (𝜆, 𝑘) =
𝜆𝑘

𝑘!
𝑒−𝜆 𝑘 ∈ (0, 1, 2...𝑛) (2)

In Eq.  (2), 𝜆 describes both the expected value and the variance of the 
Poisson distribution.

Both the binomial distribution, when 𝑛 → ∞, and the Poisson 
distribution, when 𝜆 → ∞, converge to a normal (Gaussian) distribution 
(Eq.  (3)) with the expected value 𝜇 and the standard deviation 𝜎. 

𝑃𝑁 (𝑥, 𝜇, 𝜎) = 1

𝜎
√

2𝜋
𝑒−

(𝑥−𝜇)2

2𝜎2 𝑥 ∈ R (3)

The two parameter lognormal probability model 𝑃2𝐿𝑁  (Eq.  (4)) de-
scribes the distribution of a random variable 𝑥 if the logarithmically 
transformed random variable 𝑌 = ln 𝑥 is normally distributed. 

𝑃2𝐿𝑁 (𝑥, 𝜇, 𝜎) = 1

𝑥𝜎
√

2𝜋
𝑒−

(𝑙𝑛(𝑥)−𝜇)2

2𝜎2 𝑥 > 0 (4)

From Eq.  (4) we obtain Eq.  (5) for the median (𝑥̃) and geometric mean 
(𝜇𝑔) and Eq.  (6) for the geometric standard deviation (𝜎𝑔). 

𝜇𝑔 = 𝑥̃ = 𝑒𝜇 (5)

𝜎𝑔 = 𝑒𝜎 (6)

By substituting Eqs. (5) and (6) into Eq.  (4), we obtain Eq.  (7). 

𝑃2𝐿𝑁 (𝑥, 𝜇𝑔 , 𝜎𝑔) =
1

𝑥 𝑙𝑛(𝜎𝑔)
√

2𝜋
𝑒
−

[𝑙𝑛(𝑥)−𝑙𝑛(𝜇𝑔 )]2

2 [𝑙𝑛(𝜎𝑔 )]2 𝑥 > 0 (7)

The cumulative density function 𝐹2𝐿𝑁  (Eq.  (8)) is obtained by integrat-
ing Eq.  (7). 𝐹2𝐿𝑁  gives the probability that a random variable takes a 
value less than 𝑥. 

𝐹2𝐿𝑁 (𝑥, 𝜇𝑔 , 𝜎𝑔) = ∫

𝑥 1
√

𝑒
−

[𝑙𝑛(𝑡)−𝑙𝑛(𝜇𝑔 )]2

2 [𝑙𝑛(𝜎𝑔 )]2 𝑑𝑡 𝑥 > 0 (8)

0 𝑡 𝑙𝑛(𝜎𝑔) 2𝜋
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In the statistical analysis of environmental data, it has been repeatedly 
found that the two parameter lognormal distribution (7) cannot satis-
factorily approximate the experimental results [1]. This circumstance is 
addressed by introducing a location parameter 𝑎, resulting in the three 
parameter Eq.  (9) with 𝑥 ≥ 𝑎. 

𝑃3𝐿𝑁 (𝑥, 𝑎, 𝜇𝑔 , 𝜎𝑔) =
1

(𝑥 − 𝑎) 𝑙𝑛(𝜎𝑔)
√

2𝜋
𝑒
−

[𝑙𝑛(𝑥−𝑎)−𝑙𝑛(𝜇𝑔 )]2

2 [𝑙𝑛(𝜎𝑔 )]2 𝑥 > 0, 𝑎 ∈ R (9)

For a data set with 𝑛 positive real numbers, the geometric mean 𝜇𝑔 is 
defined by Eq.  (10). 

𝜇𝑔 =

( 𝑛
∏

𝑖=1
𝑥𝑖

)
1
𝑛

𝑥 > 0, 𝑎 ∈ R (10)

The equations presented in this section were essentially taken from the 
publications of Ott [1] and Georgopoulos and Seinfeld [9] and can be 
studied in detail there.

2.2. Experimental data

2.2.1. The German Environmental Survey
The German Environmental Survey (GerES) is the largest study cycle 

on the exposure of the general population in Germany to environmental 
pollutants [24]. The target group for the 5th cycle (GerES V) were 
children and adolescents aged 3 to 17. GerES participants are randomly 
selected prior to the respective study to be representative for the 
population in Germany in this age group. Participant-based measure-
ments cover, amongst others, indoor air, house dust, and drinking 
water, as well as human biomonitoring in blood and urine samples. 
Questionnaire data are obtained through interviews with participants; 
these characterize study participants with respect to socio-economic 
status, consumer habits, product choices, and conditions of living. The 
information obtained is used to identify sources and exposure-relevant 
factors.

2.2.2. Indoor air and house dust measurements in GerES V
In the GerES V study cycle, indoor environmental measurements 

from more than 600 households with children and adolescents aged 3 to 
17 were conducted between 2014 and 2017. Participants from various 
age groups were recruited at 167 survey locations. Indoor samples were 
collected during household visits by the contractor Kantar Health Mu-
nich (now Oracle Life Sciences) while chemical analysis was performed 
in the laboratories of the German Environment Agency (UBA) and the 
Fraunhofer Institute for Process Engineering and Packaging (IVV).

Air sampling took place in the room where the participant spends 
most of his/her time in the household. The substance concentrations de-
termined from the 7 day passive sampling reflect normal household use 
conditions. Comprehensive information on the GerES V methodology is 
provided in several publications [21,24,25].

2.2.3. Sampling and chemical analysis
The data investigated in this work was derived using three different 

analytical procedures: The first method involved passive air sampling 
of very volatile and volatile organic compounds (VVOCs and VOCs) 
over a period of 7 days using Tenax TA tubes. This allowed to capture 
individual substances across a molecular range of approximately C4
to C16. Chemical analysis was conducted by thermal desorption and 
gas chromatography coupled with mass spectrometry (TD-GC/MS). See 
Fernandez-Lahore et al. [21] for corresponding details. The validity 
of the VVOC/VOC measurements using Tenax tubes was confirmed by 
Richter and Schüle [26].

The second method involved air sampling using DNPH-coated 
UMEx-type passive samplers to determine concentrations of aliphatic 
aldehydes. In the laboratory, elution of the filters by acetonitrile yielded 
aldehyde hydrazones that are quantified by high-performance liquid 
3 
chromatography (HPLC) using a triple quadrupole MS/MS. For details 
of the analytical procedures including validation, see Birmili et al. [25].

The third method involved the analysis of house dust from vacuum 
cleaner bags collected in about 600 households. Prior to analysis, the 
content of each vacuum cleaner bag was sieved to obtain the house 
dust’s fine particulate fraction ≤ 63 μm. This provided a relatively 
homogeneous sample of the house dust particles involving a large 
portion of the dust’s surface area. Semi-volatile organic compounds 
(SVOCs) were subsequently analyzed, notably plasticizers and flame 
retardants, using gas chromatography-mass spectrometry (GC/MS) and 
liquid chromatography-mass spectrometry (LC/MS). A basic statistics 
of the corresponding data can be found in Nagorka et al. [27].

2.2.4. Selected data sets
The complete GerES V data sets for air and dust measurements 

were provided by the Robert Koch Institute (RKI) and the Federal 
Environment Agency (UBA). For the scientific purposes of this work, 
data sets with the highest possible number of measurements (𝑛) and 
the lowest possible number of measurements below the limit of quan-
tification (LOQ) are required. After manual review of all data sets, 
the following substances were selected: Air: formaldehyde, acetalde-
hyde, hexanal (aldehydes); 𝛼-pinene, limonene, toluene, m,p-xylene, 
n-butylacetate, 2-ethylhexylethanol, D5 (VOCs). Dust: DEHP, DINP, 
DnBP, BnBP, DiDP (phthalates), DINCH (cyclohexane dicarboxylic acid 
ester), DEHT (terephthalate), DEHA (adipate) and TCPP (phosphate). 
The full substance names and their identifiers are summarized in Table 
S1 of the Supporting Information. With the exception of n-butyl acetate 
(𝑛 = 309), the number of respective measurements was 𝑛 ≥ 566. Except 
D5 (91%) the number of measurements ≥ LOQ was higher than 95%. 
The LOQ for each substance is listed in the Supporting Information.

2.3. Statistical analysis

2.3.1. Software
OriginPro 2025 software from OriginLab Corporation (Northhamp-

ton, MA) was used for statistical calculations, least-squares fitting, nu-
merical simulations, and graphical presentations. The statistical char-
acterization of the data was primarily based on non-parametric and 
robust percentiles (𝑃10, 𝑃25, 𝑃50 (𝑥̃), 𝑃75, 𝑃90, 𝑃95), with the 𝑃95 being of 
particular importance for the derivation of reference values [28]. The 
confidence intervals of the geometric mean and the 95th percentile 
were estimated using non-parametric bootstrap sampling. The upper 
and lower percentiles of the bootstrap distribution were calculated 
for the desired probability 𝛼 using the percentile method from 1000 
runs and the bias-corrected and accelerated (BCa) method [29]. The 
Marquardt–Levenberg algorithm [30] was used for non-linear regres-
sion analysis with selected model functions. Where necessary, the 
fitting procedure was supported by a manual grid search. The coeffi-
cient of determination 𝑅2, the reduced 𝜒2

𝑟 , and analysis of the residues 
served as goodness-of-fit criteria for the least squares method. Further 
statistical methods were applied where necessary and are discussed 
accordingly in the text.

2.3.2. Random number generator
The random number generator used by OriginPro 2025 is deter-

ministic. Therefore, the starting conditions must be changed for each 
run to obtain different sequences of random numbers. Two types of 
generators are implemented: a) for uniformly distributed random num-
bers between 0 and 1; b) for normally distributed random numbers 
with a mean of 0 and a standard deviation of 1. Five sets of 5000 
normally distributed random numbers were generated and analyzed 
using the Shapiro–Wilk test and the Kolmogorov–Smirnov test at a 
significance level of 0.05. The null hypothesis of a normal distribution 
could not be rejected in any case. Analogously, five sets of 5000 
uniformly distributed random numbers were generated. In all cases, 
the null hypothesis of a normal distribution was rejected at the 0.05 
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Table 1
 Descriptive statistics (percentiles and geometric mean 𝜇𝑔) of data sets for organic compounds selected from indoor air and house 
dust measurements within GerES V.
 Substance 𝑛 𝑃10 𝑃25 𝑃50 𝜇𝑔 𝑃75 𝑃90 𝑃95  
 μg∕m3 (indoor air)
 Formaldehyde 636 12.6 17.4 25.2 23.2 36.0 49.1 56.9 
 Acetaldehyde 636 2.1 3.5 5.7 5.3 8.7 12.8 16.0 
 Hexanal 636 3.3 5.9 10.3 9.3 16.5 28.2 33.9 
 𝛼-Pinene 591 1.7 3.4 6.9 7.1 15.1 28.2 42.3 
 Limonene 591 2.3 4.7 11.5 11.1 28.0 56.0 91.9 
 Toulene 591 1.9 2.8 4.5 5.2 8.6 19.1 30.1 
 m,p-Xylene 591 0.8 1.1 1.9 2.3 3.7 9.8 17.2 
 n-Butylacetate 309 1.0 1.9 4.4 4.6 10.4 25.0 34.4 
 2-Ethylhexanol 566 1.7 2.8 4.8 4.6 7.8 13.2 18.0 
 D5 566 1.1 3.9 14.0 12.2 36.0 100.3 152.3 
 μg∕g (house dust)
 DEHP 646 60.6 91.9 147.4 160.2 264.6 508.0 671.7 
 DINP 645 57.2 105.5 201.5 220.6 561.6 1270.7 1879.7 
 DnBP 646 2.6 4.2 7.3 7.8 13.5 25.4 41.9 
 BnBP 646 1.7 1.7 2.9 4.2 7.1 26.2 56.4 
 DIDP 645 8.2 14.9 28.7 26.8 50.5 88.2 127.0 
 DINCH 633 5.1 8.8 17.4 18.0 32.5 77.1 137.4 
 DEHT 646 24.1 41.2 77.0 92.0 196.5 505.5 830.5 
 DEHA 646 0.6 0.6 0.7 1.0 1.6 3.3 5.5 
 TCPP 645 0.4 1.0 2.5 2.3 4.8 9.7 15.7 
significance level. The runs test [31] showed that the sequences of all 
data sets (uniformly and normally distributed) are random. The random 
number generators implemented in OriginPro 2025 can therefore be 
considered suitable for the calculations to be carried out here.

For the Monte-Carlo simulations, 𝑛 normally distributed random 
numbers with the selected expected value 𝜇 and the standard deviation 
𝜎 were first generated. These were then transformed into a lognormal 
distribution using the exponential function.

3. Results

3.1. Descriptive statistics

Table  1 shows the statistical analysis (percentiles and geometric 
mean) of the selected data sets. All distributions are skewed, so the 
arithmetic mean is not a useful parameter and is therefore not reported. 
In some cases, slight deviations from the results published by Fernandez 
Lahore et al. [21] and Birmili et al. [25] are observed. This is due to 
the fact that the published GerES V results were subjected to a weighted 
adjustment based on population data. Since this is a purely statistical 
analysis, the weighting was not applied.

According to Eq.  (5), the geometric mean should match the median 
for a lognormal distribution. Table  1 shows that this is the case for most 
substances in air and house dust. Notable deviations occur for DEHP, 
DINP, BnBP and DEHT. This indicates deviations from the lognormal 
distribution. In all four cases is 𝜇𝑔 > 𝑃50. The lognormal distribu-
tion significantly underestimates the measured data in the range of 
higher values (see Figures S11, S12, S14 and S17 in the Supporting 
Information), which leads to an increase of the geometric mean in 
the descriptive statistics. In the case of BnBP, it is also striking that 
𝑃10 and 𝑃25 are identical. The reason for this is that a total of 207 
BnBP measurement data were assigned the same value of 1.67 μg∕g (see 
Supporting Information). 

3.2. Non-linear regression analysis

To fit a model to the respective data set, the air and house dust data 
collected in GerES V must first be classified into equidistant bins. This is 
shown in Fig.  1A for the example of formaldehyde. The concentration 
range is between 0.47 μg∕m3 and 113.33 μg∕m3. Thus, a bin width of 
𝛥𝑥 = 5μg∕m3 between 0 μg∕m3 and 120 μg∕m3 is favorable, resulting in 
DF = 24 - 3 = 21 degrees of freedom. Note that an additional amplitude 
4 
parameter 𝐴 is required for the non-linear regression analysis with Eq. 
(7) because the data are not normalized. The choice of bin width 
is always a compromise. A small bin width increases the degrees of 
freedom and decreases the probability that a data point is classified 
in a particular bin, which favors the use of a Poisson distribution for 
error estimation. When using a wide bin width, the differences between 
the counts become larger, but the degrees of freedom decrease, which 
increases the uncertainty of the fit [32]. Fig.  1A also shows that a log-
normal distribution cannot represent the first bin with the class center 
at 2.5. This becomes even clearer in the logarithmic representation 
of Fig.  1B. The reason is the limit of quantification (LOQ). For the 
formaldehyde data set, it is 0.7 μg∕m3, so all concentrations below the 
LOQ are counted in this bin [25]. In principle, the bin width must be 
chosen small enough to result in a skewed distribution. This can lead 
to a high number of degrees of freedom, as shown in Table  2. For some 
data sets with many values near the limit of quantification, a lognormal 
fit was not possible even with a small bin width (see Table  2).

This also raises the question of how to assess the goodness of fit. A 
simple indicator is the adjusted coefficient of determination 𝑅2

a [33]. It 
can be used to quantify how well a model fits the data and considers 
the number of predictors in the fit function. A frequently used criterion 
is the reduced 𝜒2

𝑟  according to Eq.  (11). 

𝜒2
𝑟 = 1

𝐷𝐹
⋅

𝑚
∑

𝑗=1

(𝑁𝑗 − 𝑦0,𝑗 )2

(𝜎(𝑦0,𝑗 )]
2

(11)

𝑁𝑗 is the observed number of counts in bin 𝑗, 𝑦0,𝑗 is the expected 
number of counts in bin 𝑗 and 𝜎(𝑦0,𝑗 ) is the standard deviation of 𝑦0,𝑗 . 
The standard deviation values for the counts in the individual bins 
are unknown in most experiments. If the probability of classifying a 
measurement into bin 𝑚 is small compared to the total number of 
measurements 𝑛, a Poisson distribution with 𝜎(𝑦0,𝑗 )2 = 𝑦0,𝑗 can be 
assumed [30]. In this case, the value expected for a good fit to the 
model function is 𝜒2

𝑟 ≈ 1. Fig.  1C shows the residuals 𝑅𝑚 = 𝑁𝑗 − 𝑦0,𝑗
for the 24 bins of the formaldehyde data. The outlier in the first bin 
is clearly visible, driving 𝜒2

𝑟  to a value of 447. On the other hand, 
𝜒2 ≪ 1 indicates that the number of counts in the bins is not large 
enough [34]. Therefore, one essentially relies on the analysis of the 
residuals, which, with the exception of the first bin, are approximately 
normally distributed. Finally, the fit of the cumulative density function 
𝐹2𝐿𝑁  to the 636 formaldehydes is shown in Fig.  1D. The lower part 
shows the expected deviations of the experimental data from the fit 
curve, but 𝑃 = 25.2 μg∕m3 and 𝑃 = 58.3 μg∕m3 are in good agreement 
50 95
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Fig. 1. A: Histogram of the 636 formaldehyde data points with a bin width of 𝛥𝑥 = 5μg∕m3 and the two parameter lognormal fit curve (Eq.  (7)); B: Logarithmic 
representation of the histogram bin centers and two parameter lognormal fit curve (Eq.  (7)); C: Residuals of the non-linear least squares fit (Eq.  (7)) to the 
histogram data; D: Cumulative plot of the 636 formaldehyde data points with cumulative lognormal fit curve (Eq.  (8)).
with the results of the descriptive statistics. Considering the experi-
mental limitations, it can be concluded that the formaldehyde data are 
very well represented by a two parameter lognormal distribution. The 
fit parameters obtained using Eqs. (7) and (8) for the data sets of all 
selected substances in air and house dust are listed in Table  2. For 
other substances, a further problem can arise from individual very high 
values. This requires a large number of bins, resulting in the number of 
counts in many of these bins being 0. Consequently, 𝜒2

𝑟  decreases with 
increasing DF, which also leads to bias.

A different picture emerges for the distribution of DEHP in house 
dust (see Fig.  2). Here, no measured concentration is below the detec-
tion limit, but there are two significantly elevated values at 6052 μg/g 
and 7382 μg/g. All other concentrations are below 2000 μg/g. For 
the non-linear regression analysis, a bin width of 𝛥𝑥 = 50 μg∕g is 
appropriate. However, this leads to a misleadingly high number of 
degrees of freedom, since many bins contain no data points at all. On 
the other hand, for the fitting with Eq.  (7), it makes no difference 
whether the two elevated values are considered or not.

The two parameter lognormal distribution provides a very good 
fit to the histogram data (see Figs.  2A and 2B). Up to 1850 μg∕g, the 
residuals scatter approximately around 0 (see Fig.  2C). However, the 
cumulative lognormal function (8) can only inadequately approximate 
the experimental data in the upper part (see Fig.  2D). Thus, significant 
deviations from the expected lognormal distribution occur in this range, 
which particularly influences the 95th percentile.
5 
A comparison of Tables  1 and 2 shows that there are differences 
between the parameters obtained with the descriptive statistics, the 
lognormal fitting with Eq.  (7) after classifying the data into classes 
and the cumulative lognormal fitting with Eq.  (8). There are several 
reasons for this. The effects of the LOQ have already been discussed, 
and the data often only approximately follow a lognormal distribution. 
Examples are shown in Fig.  3. For toluene in air, the high values are 
underestimated by the cumulative fit function (8), while for D5 in air, 
they are overestimated. For TCPP and DEHA in house dust, significant 
deviations from the sigmoidal curve are evident. However, this has 
little impact on the fit curve for TCPP, whereas for DEHA, the data are 
hardly represented by Eq.  (8). Furthermore, steps in the concentration 
data are noticeable for TCPP and DEHA. These result from the chemical 
analysis of sample subsets with different LOQs. It is also observed that 
a data distribution is dominated by high values that do not conform 
to the expected lognormal distribution. This is the case, for example, 
with DEHT in house dust (see Supporting Information). The different 
calculation methods lead to significant differences between 𝑃50 and 𝜇𝑔 . 
The cumulative function (8) underestimates the DEHT data, making it 
impossible to determine the 𝑃95 value from the fitted curve.

Fitting the classified data with the three parameter lognormal distri-
bution (9) did not result in any significant improvement. In most cases, 
the location parameter 𝑎 tended toward 0; in some cases was 𝑎 ≤ 𝑥, 
which led to termination of the fitting routine. Finally, the attempt to 
fit the cumulative air and house dust data using a cumulative Weibull 
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Table 2
 Two parameter lognormal (Eq.  (7)) and cumulative lognormal (Eq.  (8)) non-linear regression analysis of data sets for organic 
compounds selected from indoor air and house dust measurements.
 Substance 𝐷𝐹 𝜇𝑔 𝜎𝑔 𝑅2

𝑎 𝑃50 𝜇𝑔 𝜎𝑔 𝑃95 𝑅2
𝑎  

 lognormal lognormal CDF
 μg∕m3 (indoor air)
 Formaldehyde 21 25.8 1.8 0.977 25.2 25.3 1.7 58.3 0.999 
 Acetaldehyde 22 6.0 2.2 0.986 5.6 5.8 2.1 15.7 0.998 
 Hexanal 21 10.4 2.2 0.994 10.1 10.2 2.2 33.9 0.997 
 𝛼-Pinene 107 7.1 2.8 0.990 6.3 6.9 2.9 43.0 0.999 
 Limonene 477 10.6 3.2 0.970 11.0 11.6 3.8 88.4 0.999 
 Toulene 87 4.0 1.9 0.992 4.6 4.3 2.1 – 0.995 
 m,p-Xylene 97 1.7 1.9 0.991 1.9 1.8 2.1 – 0.993 
 n-Butylacetate 77 – – – 4.4 4.2 3.3 38.8 0.999 
 2-Ethylhexanol 30 5.0 2.3 0.992 4.7 4.7 2.2 16.7 0.999 
 D5 82 – – – 12.9 14.4 6.1 154.5 0.997 
 μg∕g (house dust)
 DEHP 145 144.0 2.1 0.994 151.3 144.0 2.1 686.8 0.998 
 DINP 197 184.3 2.6 0.979 224.5 214.7 3.2 2510.8 0.996 
 DnBP 222 7.0 2.2 0.993 7.3 7.1 2.3 41.2 0.999 
 BnBP 897 1.5 1.5 0.913 3.1 2.8 2.4 – 0.938 
 DIDP 596 32.6 2.9 0.957 28.0 28.4 2.5 117.8 0.998 
 DINCH 357 16.1 2.4 0.994 17.0 16.3 2.6 136.2 0.999 
 DEHT 321 63.0 2.3 0.978 80.6 74.1 2.8 – 0.995 
 DEHA 121 0.7 1.5 0.974 0.9 0.8 1.7 – 0.921 
 TCPP 197 – – – 2.4 2.6 2.9 14.8 0.994 
Table 3
 Descriptive statistics and lognormal CDF fit results (percentiles and geometric mean 𝜇𝑔) of Monte-Carlo generated data sets with 
the default parameters 𝜇𝑔 = 25.0 μg∕m3 and 𝜎𝑔 = 2.0 μg∕m3.

 Substance 𝑛 𝑃10 𝑃25 𝑃50 𝜇𝑔 𝑃75 𝑃90 𝑃95  
 Monte-Carlo generated data (μg∕m3)

 Descriptive statistics 125 9.5 13.5 21.5 22.0 35.7 56.9 76.7  
 lognormal CDF 125 8.7 13.4 21.7 21.6 35.4 55.6 74.2  
 Descriptive statistics 250 10.4 14.2 23.8 24.4 37.9 63.8 86.3  
 lognormal CDF 250 9.6 14.6 23.4 22.8 38.0 61.6 90.6  
 Descriptive statistics 500 10.6 16.2 25.5 25.7 41.5 63.7 76.7  
 lognormal CDF 500 10.5 16.0 25.5 25.5 40.8 62.7 81.3  
 Descriptive statistics 1000 9.7 15.6 25.1 25.1 40.9 64.3 84.1  
 lognormal CDF 1000 9.8 15.4 25.1 25.2 41.0 63.5 82.0  
function [1,9], was unsuccessful in all cases, so the approach was not 
pursued. However, this does not mean that indoor related data are 
always lognormally distributed. For example, Dodson et al. [12] found 
that data sets from field studies can also follow the Weibull and Gamma 
distribution.

3.3. Monte-Carlo simulations

In non-linear regression analysis, the question arises to what extent 
purely statistical fluctuations, the number of data 𝑛 and their division 
into bins have influence on the results when there are no systematic 
errors. For the investigation, lognormally distributed data sets with 𝑛 = 
125, 250, 500 and 1000 were generated using the Monte-Carlo method. 
Based on the GerES V formaldehyde data the default parameters were 
𝜇𝑔 = 25.0 μg∕m3 and 𝜎𝑔 = 2.0 μg∕m3. These data sets were analyzed 
using descriptive statistics, fitted with Eq.  (7) after classifying them 
into bins of 𝛥x = 2.5, 5 and 10 μg∕m3, and fitted with the cumulative 
lognormal function (8).
6 
The results of descriptive statistics and non-linear regression with 
the cumulative lognormal function (8) are shown in Table  3. For 𝑛
= 125 and 𝑛 = 250, geometric mean 𝜇𝑔 and 𝑃50 are underestimated 
by both methods. For all 𝑛 and methods, the 𝑃95 value varies within 
a relatively large range of 74.2–90.6  μg∕m3. The reasons for this are 
evident in Fig.  4. With 𝑛 = 250, the Monte-Carlo data can only be 
roughly fitted to the cumulative lognormal distribution (8). The data 
are underestimated in the higher range and overestimated in the lower 
range, which consequently leads to a higher 𝑃95 and a lower 𝑃10
value. With 𝑛 = 1000, the fit using Eq.  (8) is significantly better. One 
obtains the expected geometric mean of 𝜇𝑔 = 25.1 μg∕m3 and normally 
distributed residuals (not shown).

The effect of 𝑛 and the classification into different bin widths on 
the fitting result is shown in Fig.  5. Similar to descriptive statistics and 
cumulative analysis, 𝜇𝑔 is underestimated for 𝑛 = 125 and 𝑛 = 250. For 
𝑛 = 500 and 𝑛 = 1000, 𝜇𝑔 is significantly closer to the standard value. 
For the same 𝑛, 𝜇𝑔 increases with a larger 𝛥x, and the standard error of 
𝜇𝑔 decreases with increasing 𝑛. The standard error is a function of the 
degrees of freedom, and it is statistically determined that for data sets 
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Fig. 2. A: Histogram of the 646 DEHP house dust data points with a bin width of 𝛥𝑥 = 50 μg∕g and the two parameter lognormal fit curve (Eq.  (7)); B: 
Logarithmic representation of the histogram bin centers and two parameter lognormal fit curve (Eq.  (7)); C: Residuals of the non-linear least squares fit (Eq.  (7)) 
to the histogram data; D: Cumulative plot of the 646 DEHP data points with cumulative lognormal fit curve (Eq.  (8)).
representing the same function, the standard error always decreases as 
DF increases. Several trends are responsible for the other observations. 
As the bin width decreases, the differences between the counts within 
the individual bins become smaller. This flattens the function curve. 
In the limiting cases 𝛥𝑥 → 0, each bin contains only a maximum of 
one count. For 𝛥𝑥 → ∞, all counts are finally accumulated in a single 
bin. Therefore, when classifying, one must always choose a 𝛥x that 
best represents the data. This effect is also indicated in Fig.  5. For 𝑛
= 125, the standard error is largest with 𝛥x = 2.5  μg∕m3, while the 
geometric mean is furthest from the default value. For 𝑛 = 1000, 𝜇𝑔 is 
closest to the default value with 𝛥x = 2.5  μg∕m3, while the differences 
in the standard error are marginal. In principle, the larger the number 
of data sets, the smaller the bin width can be chosen. However, this 
also depends on the individual quality of the data, and the optimum 
must be determined for each specific case.

4. Discussion

4.1. Calculating reference values and confidence intervals

Environmental surveys are conducted not only to determine the 
general population’s exposure to pollutants, but also to derive reference 
values. These are usually statistically based and therefore dependent on 
the quality of the collected data set. Comparison of an individual ob-
servation with a reference enables to assess whether a particular value 
can be considered ‘‘typical’’, ‘‘usual’’, or ‘‘conspicuous’’. Exceeding or 
falling below a reference value does not imply any health assessment. 
7 
Various definitions for reference values have been proposed, which are 
similar but not identical [35]. A general definition by Heinzow and 
Sagunski [36] states that "...a reference value for a chemical substance in 
an environmental medium is a value which has been derived from a series 
of corresponding measured values of a random sample from a population 
on the basis of a specified procedure". Reference values are closely linked 
to the use and abundance of chemicals and products. If one chemical 
substance is replaced by another, the concentration of the substituted 
substance in the medium under consideration will decrease, while the 
concentration of the substitute will increase [27,37]. Reference values 
are therefore not constant, but must be redetermined from time to time.

In a series of publications, Solberg [38,39] explains methods for 
collecting data and deriving reference values in the medical sector. 
The advantages and disadvantages of parametric and non-parametric 
derivation are critically discussed. In the case of parametric derivation, 
Solberg [39] recommends estimating confidence intervals from the 
underlying distribution. In practice, however, it is often the case that a 
given distribution function only approximately represents the data set 
(see discussion below). For the harmonized determination of reference 
values, the International Federation of Clinical Chemistry (IFCC) rec-
ommends the 0.95 central interval, defined as the non-parametrically 
derived interval between the 2.5th and the 97.5th percentile of the re-
spective data set [40]. Horn and Pesce [41] argue that with a two-sided 
interval, the smaller value is usually unimportant and recommend in-
stead the one-sided 95th percentile (𝑃95). This reasoning has long been 
recognized in human biomonitoring [42] and indoor sciences [28]. 
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Fig. 3.  Cumulative plot of air and dust data from GerES V with cumulative lognormal fit curve (Eq.  (8)). A: Toluene in air; B: D5 in air; C: TCPP in house dust; 
D: DEHA in house dust. See Table  2 for fit parameters.
Fig. 4.  Cumulative plot of Monte-Carlo simulated lognormally distributed data with cumulative lognormal fit curves (Eq.  (8)). The default parameters are 
𝜇𝑔 = 25.0 μg∕m3 and 𝜎𝑔 = 2.0 μg∕m3. A: 𝑛 = 250; B: 𝑛 = 1000.
𝑃95 is a purely statistically determined value that indicates whether 
exposure to a particular pollutant is higher or below a background 
level under the given conditions. However, it must be ensured that the 
determined value truly represents the 𝑃95, i.e., that it is not influenced 
by systematic errors. Reed et al. [43] recommend that at least a data 
set of 𝑛 ≥ 120 is necessary to reliably determine percentiles. To derive 
𝑃  reference values from human biomonitoring (HBM) measurements 
95

8 
in the GerES V program, Hoopmann et al. [42] recommend a minimum 
sample size of 80, which should not be misinterpreted as a correction 
of Reed’s value. In addition to HBM, reference values are suitable for 
house dust measurements. For indoor air, toxicologically derived guide 
values are often available [44], which provide information on potential 
health risks from exposure.
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Fig. 5.  Non-linear regression analysis (Eq.  (7)) of Monte-Carlo generated 
lognormally distributed data with default parameters of 𝜇𝑔 = 25.0 μg∕m3 and 
𝜎𝑔 = 2.0 μg∕m3. The four data sets with 𝑛 = 125, 250, 500, and 1000 were 
each classified into three bin widths of 𝛥x = 2.5, 5, and 10 μg∕m3. The dots 
represent the fitted geometric mean 𝜇𝑔 for each combination of 𝑛 and bin width 
𝛥x, and the whiskers represent the standard error of 𝜇𝑔 .

A reference value is naturally subject to statistical uncertainties, 
which can be estimated using the confidence interval. This involves 
determining an interval that contains the desired value with a given 
probability (usually 95%). To estimate the confidence interval, Hoop-
mann et al. [42] suggest the non-parametric bootstrap procedure [45], 
which requires no assumptions about the distribution function. Boot-
strap uses the method of resampling a data set of size 𝑛 by randomly 
drawing a value from the given data set 𝑛 times with replacement. By 
repeating this process frequently (1000 times or more), one obtains a 
distribution for the desired parameter. The confidence interval can then 
be calculated from the respective percentiles of this distribution for the 
probability 𝛼. Alternatively, methods have been developed that take a 
bias correction into account [29].

4.2. Assessment of GerES V data

The indoor-related data sets collected within the framework of 
GerES V are of high quality. This applies both to the number of mea-
surements and the randomized selection of locations and individuals. 
Analytics, a key part of the study, is appropriate, well-validated, and 
documented. It is easy to see that the data sets selected here are right-
skewed and therefore cannot be described by a normal (Gaussian) 
distribution. The lognormal distribution expected according to Ott [10] 
provides a good approximation for all data sets, but the goodness of fit 
varies (see Figs.  1–3 and Figures S1–S19 in the Supporting Informa-
tion). This depends, among other things, on the analytical conditions 
and the number of measured values above the limit of quantification. In 
their statistical analysis of the cumulative frequency distribution from 
measurements of different VOCs, Jia et al. [11] also observed deviations 
from the lognormal distribution, which they likewise attributed to the 
respective detection limit. Moreover, despite all precautions, potential 
systematic errors are inevitable in measurements. It is also important 
to carefully examine outliers and check for errors before calculating 
statistical parameters and their associated confidence intervals. If high 
values can be proven to be due to measurement errors or similar factors, 
these outliers should be removed from the data set. This procedure 
requires a transparent justification.
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From Fig.  4, it is evident that even the Monte-Carlo generated log-
normally distributed data can only be approximately described by the 
cumulative function (8) for small 𝑛 in the upper range. The calculated 
geometric mean 𝜇𝑔 approaches the default value as 𝑛 increases (see Fig. 
5). The different 𝑃95 values are also striking (see Table  3). For a log-
normal distribution with 𝜇𝑔 = 25.0 μg∕m3 and 𝜎𝑔 = 2.0 μg∕m3 without 
random noise, the expected value is 𝑃95 = 78.2 μg∕m3. The deviations 
in the simulated Monte-Carlo curves are statistically determined and 
can be explained by the standard errors of 𝜇𝑔 and 𝜎𝑔 . The analyses of 
the measured and simulated data demonstrate the uncertainties that 
can be associated with determining percentiles. It is therefore advisable 
to check whether the data set generated as part of an environmental 
survey is subject to a physically meaningful statistical distribution. The 
information content of the cumulative function (8) is higher because it 
allows trends of the individual data to be observed.

Fig.  6 shows the histograms of bootstrap analyses (1000 runs each) 
for the formaldehyde data in air and the DEHP data in house dust. The 
geometric mean and the 95th percentile with the corresponding upper 
and lower bounds of the 95% confidence intervals were calculated 
using the percentile method. It is striking that the geometric means (see 
6A and 6C) exhibit largely symmetrical distributions, with confidence 
intervals within the expected range. A different picture emerges for 
the 𝑃95 values (see 6B and 6D). Here, both data distributions are 
clearly asymmetrical; in the case of DEHP, there are even bins without 
counts. The reason is that the 95th percentile becomes significantly 
more influenced by high values. In the case of DEHP, with 𝑃95 =
671.7 μg∕g, a 95% confidence interval of 594.2–856.5  μg∕g results. 
Similarly broad confidence intervals were also obtained for other target 
compounds with high concentrations in air and dust, especially for D5, 
DINP, DIDP, DINCH and DEHT. This is a general disadvantage of the 
bootstrap method, since outliers (see Fig.  2D) distort the distribution 
and broaden the confidence interval. Therefore, the more advanced 
calculation method BCa (bias-corrected accelerated) was also used. The 
bias correction parameter accounts for a systematic deviation of the 
median of the bootstrap distribution from the observed value of the 
original sample. The acceleration parameter estimates the skewness of 
the bootstrap distribution using the jackknife resampling method [29]. 
The results of the bootstrap analyses percentile method and BCa) of all 
19 data sets at the 0.95 level for the geometric mean (𝜇𝑔) and 𝑃95 are 
listed in the Supporting Information. However, it is obvious that there 
are only small differences between the percentile method and BCa, so it 
can be concluded that high values in the data sets have little influence 
on the respective confidence intervals.

5. Conclusion

Data sets on pollutant concentrations in indoor air and house dust 
collected as part of the GerES V program were subjected to advanced 
statistical analyses. This required that the majority of the values be 
greater than LOQ. Importantly, the data of all selected target com-
pounds follow the shape of a two parameter lognormal distribution, 
although the quality of the individual fits vary. Neither a three pa-
rameter lognormal distribution (Eq.  (9)) nor the Weibull distribution 
yielded better results. It can therefore be assumed that the data sets 
examined were collected randomly. The agreement with the results 
of descriptive statistical analysis was satisfactory in most cases. The 
bootstrap method, which can be applied without knowledge of the re-
spective distribution, is suitable for calculating confidence intervals. No 
significant differences were observed between the percentile method 
and the BCa method in our data sets.

In general, choosing an appropriate bin width is necessary for non-
linear regression analysis using the two parameter lognormal density 
function (Eq.  (7)). Analysis using the cumulative density function (Eq. 
(8)) is also recommended because it takes the ranked original data into 
account. By comparing the values, it is possible to determine whether 
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Fig. 6.  Bootstrap histograms for the geometric mean (𝜇𝑔) and the 95th percentile (𝑃95) of the data for formaldehyde in air and DEHP in house dust. Each analysis 
includes 1000 runs. The 95% confidence intervals (𝛼 = 0.95) were calculated using the percentile method. Upper limit: 1 − (1 − 𝛼)∕2; lower limit: (1 − 𝛼)∕2.
the non-parametrically and parametrically obtained percentiles corre-
spond to the expected range. It would then be necessary to check 
whether the deviations can be explained statistically and/or by an-
alytical limitations or whether the data set is biased. This aspect 
should definitely be taken into account when deriving reference val-
ues. Specifying a confidence interval using the bootstrap procedure is 
recommended.

Finding that the investigated indoor pollutants are lognormally 
distributed on the GerES V study-level can imply that:

• The data behave as expected for complex environmental systems 
governed by multiplicative factors, even if the system involves, in 
principle, a myriad of dissociated dwellings across Germany.

• The collection of data underwent a certain degree of representa-
tivity.

• The data’s statistical description can be meaningfully simplified, 
such as through the median (𝑥̃), the geometric mean (𝜇𝑔), the 
geometric standard deviation (𝜎𝑔) and the 95th percentile (𝑃95). 
This may help risk-assessment methods, for example through a 
simplified and reliable estimation of upper percentiles.

• The occurrence of skewed lognormal distributions may provide a 
rationale for focusing health interventions on the small subset of 
dwellings with very high pollutant concentrations.

In addition to the detailed assessment of data sets from the GerES V 
program, our work demonstrates which statistical methods are suitable 
or necessary for characterizing environmental surveys and determining 
10 
parameters. It is recommended to apply these methods to optimally 
analyze data and avoid misinterpretations.
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