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Abstract

In this contribution a robust approach for the estima-
tion of the camera motion is presented. For this purpose,
features from a monocular image sequence are extracted
and evaluated so that the threedimensional path of a mov-
ing camera can be calculated. The algorithm gives robust
results even in the presence of noise and independently mov-
ing objects. The two different categories of constraint equa-
tions used in the proposed algorithm are the epipolar con-
straint and the trilinear constraints. The optimization of the
constraints with respect to the motion parameters is imple-
mented as a robust Iterated Extended Kalman Filter. Test
results are presented from real data, captured from a mov-
ing vehicle in an urban scenario.

1. Introduction

Egomotion estimation is widely used in a variety of
tasks. Several approaches exist already in literature about
how to calculate the motion parameters given only the
data of an image sequence, e. g. [1]. Once the motion
parameters between the single frames are known one can
perform a 3D reconstruction ([2]) and generate depth maps
by fusing the single depth images ([3]).
[4] presented a stratified approach to metric self calibration.
Although the results looked good it is very difficult to
implement this algorithm on a standard PC hardware to run
in real-time.
Very promising results were presented recently by [5]. The
core of this approach, called MonoSLAM, is the online
creation of a sparse but persistent map of natural landmarks
within a probabilistic framework. The algorithm runs very
fast with about 30Hz on standard PC hardware.

Especially in monocular motion estimation tasks the dif-
ficulty of independently moving objects appears. This may
lead to wrong estimates. Therefore it is important to find a

solution that handles outliers reliably. Outliers in this paper
are feature correspondences that belong to either an inde-
pendently moving object or that are simply wrong temporal
feature matches. These outliers should be detected and not
be considered in the further estimation process. There are
mathematical techniques like the epipolar and trifocal ge-
ometry that directly relate the motion parameters and the
2D image data (see [6]). These geometric equation can be
used to constrain the motion parameters. The constraints
are embedded into a robust and well-known state tracker.
An Iterated Extended Kalman Filter (IEKF) with a robust
innovation step is used. Using an IEKF, additional sensor
data, e. g. odometry data, can be easily integrated. Even
more, an extension of the parameter vector can be done,
e. g. the scales of the motion trajectories of several cameras.
A similar IEKF was also successfully used in [7]. There,
additional to the epipolar and trifocal constraints, a bundle
adjustment was implemented ([8]). The drawback of the
bundle adjustment is the increase of state parameters as for
each scene point the depth value is additionally estimated.
Furthermore earlier experiments have shown that in cases
of a bad parameterization the bundle adjustment tends to
converge to zero. Although in [7] an active stereo rig was
continously calibrated , the basic principles could also be
used for a monocular motion estimation.
The motion tracker in this paper is designed to estimate the
camera motion reliably in real world environments even in
the presence of independently moving objects. The IEKF
can easily be varied by integrating other constraint func-
tions or additional sensor information. Furthermore, it is a
well known feature of the Kalman Filter to provide the un-
certainty of the estimated state vector. This is an important
feature for the automatic analysis of the tracker results.

2 Motion Model

Assuming a static background the motion of the camera
is considered as an Euclidean motion (fig 3). Therefore the
motion between two time frames is modeled via a rotation
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matrix R(α, β, γ) with RT R = RRT = I and a transla-
tion vectort = (tx, ty, tz)T , so that

Xk+1 = RT Xk −RT t, (1)

whereXk ∈ R3 is a point in the coordinate system ofck.

Figure 1. Motion model for three consequtive
frames. R, t are the Euclidean motion param-
eters to be estimated. Q, q are the motion
parameters from the previous time step.

3 Constraint Functions

In this approach the only available information is the im-
age data. Therefore sparse optical flow vectors between
three consecutive frames are used ([9], see fig. 2). As these
flow vectors depend on the camera motion itself, the mea-
sured image motion has to satisfy some restrictions that will
be used in a Kalman Filter. Here the well-known epipolar
(for two cameras) and trifocal constraint (for three cameras)
are used ([6]).

Figure 2. The measured data for the IEKF: Op-
tical flow for three consecutive frames.

3.1 Epipolar Constraint

Assuming constant intrinsic camera parmeters, the fun-
damental matrixF and the essential matrixE are given by

F = A−T R[t]×A−1 (2)

respective
E = ATFA. (3)

A is the intrinsic camera matrix containing the focal length
and image center,R andt are the motion parameters be-
tween two consecutive frames and[t]× is the singular,
skew-symmetric matrix oft. For any two corresponding im-
age points(p1i ,p2i) = zi between two frames the epipolar
constraint

pT
1i
Fp2i

= 0 (4)

is satisfied. Here the fundamental matrix can be seen as
a function of the extrinsic and intrinsic camera parameters
x = (f, α, β, γ, tx, ty, tz)T , so the constraint function

hE(x, zi) := pT
1i
F(x)p2i

!= 0 (5)

can be defined. The interpretation of this constraint is that
a pair of corresponding points have to lie within the same
epipolar plane and therefore on its relating epipolar lines
(see fig. 3).

Figure 3. Projection of a 3D point X onto the
image planes I1 and I2 after an Euclidean mo-
tion R, t. The epipolar plane is given by the
three points X, C1 and C2. The epipolar lines
l1 and l2 are the intersections of the epipolar
plane with the image planes.

3.2 Trifocal Constraint

The trifocal constraint is a constraint for corresponding
points between three cameras. In this section the basic
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equations that are used in the Kalman Filter are derived.
For a detailed derivation of the equation please see [6].
The projection of a 3D pointX = (X,Y, Z)T to an image
pointp = (x, y)T is given by

p̃j
∼= A[Rj |tj ]X̃ = PjX̃ =

 P1
j

P2
j

P3
j

 X̃, (6)

where∼= means equal up to a scalar factor.X̃ andp̃j are ho-
mogenous coordinates.Rj , tj respectivePj are the motion
parameters between two consecutive time frames at timej,
pj is the projectied image point at timej. From eq. 6 fol-
lows [

xj

yj

]
=

[
P1

jX̃/P
3
jX̃

P2
jX̃/P

3
jX̃

]
⇔ (7)

[
xjP3

j −P1
j

yjP3
j −P2

j

]
X̃ =:

[
B1

j

B2
j

]
X̃ = 0 ⇒ (8)
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x1P3
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y1P3
1 −P2

1

x2P3
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2

y2P3
2 −P2

2

x3P3
3 −P1

3

y3P3
3 −P2

3

 X̃ =:


B1

1

B2
1

B1
2

B2
2

B1
3

B2
3

 X̃ =: D6×4X̃ = 0. (9)

B1
j is the plane that contains the camera center at timej as

well as the line given byxj = const. Analogously the plane
B2

j is defined by the camera center and the lineyj = const.
The homogenous eq. 9 has non-trivial solution if and only
if the columns ofD are linearly independent. This is given
if the 4 × 4 minors ofD are equal to zero. This leads us to
the constraints

hT1(x, zi) := det([B1
1,B

2
1,B

1
2,B

1
3]

T ) != 0 (10)

and

hT2(x, zi) := det([B1
1,B

2
1,B

1
2,B

2
3]

T ) != 0. (11)

These constraints shall guarantee that the four planes
B1

1,B
2
1,B

1
2,B

1
3 respectiveB1

1,B
2
1,B

1
2,B

2
3 intersect in one

single point. Fig. 4 shows the geometric interpretations of
the last equations.

4 Robust Iterated Extended Kalman Filter

In this paper an Iterated Extended Kalman Filter (IEKF)
is used as described in [10]. Therefore all noise is assumed
as normal distributed noise.

Figure 4. Geometric interpretation of eq. 10
and 11.

4.1 State Parameters

The motion parameters to estimate are the three trans-
lation parameterstx, ty, tz and the three rotation angles
α, β, γ. Furthermore the focal lengthf is estimated. To
calculate the trifocal constraint the motion parameters of the
previous time steps are needed, too (see fig. 1). So these pa-
rameters are simply added as additional arguments instead
of estimating them again by adding them to the state vector.
By reducing the dimension of the state vector the robustness
of the estimation process increases as well as reduces com-
putational time.
This approach has the advantage that the absolute transla-
tion norm w. r. t. the norm of the translation from the previ-
ous time step can be calculated (but still only up to scale as
nothing is known about the scene). This is enforced by the
trifocal constraint. If the parametersQ andq are already
wrong, the estimation ofR and t will be probably wrong,
too. However, as the Kalman Filter provides measures to
evaluate the estimation result, like e. g. the residuals of the
constraint functions or the covariance matrix of the Kalman
Filter, such cases can be caught and some algorithmic coun-
teraction can be started. So, for example, a second Kalman
Filter based only on the epipolar constraint could be run to
estimateR, t without the data from the previous time step.

4.2 System and Measurement Model

There is a state model

xk = f(xk−1,wk−1) with wk ∼ N(0,Σw), (12)
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a measurement model

ẑk = zk + ek with ek ∼ N(0,Σe) (13)

and the constraint function

h(x, z) = 0 (14)

at time k. For each measurement triplezi =
(p1i

,p2i
,p3i

)T ∈ R6, i = 1, ..., N , N is the number of
measurements andz = (..., zT

i , ...)
T , eq. 5, 10 and 11 are

used to define

h(x, z) =


...

hi(x, z)
...

 with (15)

hi(x, z) =

 hE(x, zi)
hT1(x, zi)
hT2(x, zi)

 (16)

Furthermore the assumptions

E{wiwj
T } = E{eiej

T } = E{eiwi
T } = 0 (17)

are made withi, j ∈ N, i 6= j.
The prediction step is performed using a nonlinear function

x̂−k = f(x̂+
k−1,0) (18)

P−k = FxP+
k−1F

T
x (19)

with
Fx = ∂f/∂x|x̂−k−1,0. (20)

The iterated innovation step is performed as follows:
First set x̌k,0 := x̂−k , žk,0 := ẑk.
For l = 0...L− 1 do

x̌k,l+1 = x̂−k −Kk,lrk,l (21)

žk,l+1 = ẑk −ΣeHT
z,l[Hz,lΣeHT

z,l]
−1rk,l (22)

with

Hx,l = ∂h/∂x|x̌k,l,žk,l
(23)

Hz,l = ∂h/∂z|x̌k,l,žk,l
(24)

Kk,l = P−k HT
x,l[Hx,lP−k HT

x,l + Hz,lΣeHT
z,l]

−1 (25)

rk,l = h(x̌k,l, žk,l)+
Hz,l · (ẑ− žk,l)+

Hx,l · (x̂−k − x̌k,l)

(26)

After L iterations set

x̂+
k := x̌k,L (27)

P+
k := [I−Kk,L−1Hx,L−1]P−k . (28)

In cases when the residual or the covariance of the pre-
vious Kalman step is too big, the previous state estimation
is likely to be wrong. Therefore the parametersQ, q cannot
be reliably used for the estimation of the current parameters
R and t (see fig. 1). Point corresondences of the current
frame can be used to estimate the fundamental matrix (eq.
2) using a RANSAC-based estimation algorithm. The in-
trinsic parameters are assumed to change only in slow rates
and therefore to be constant over a small period of time. So
they can be used to calculate the essential matrix (eq. 3) and
hence the rotation and translation parameters by factorizing
E ([11]), e. g. using a quaternion based technique as in [12].
As the translation vector after the factorization is scaled to
1, the translation parameters are scaled with the norm ofq.
The factorization can also be applied for an initialization of
the motion parameters.

4.3 Robust Innovation

The epipolar and trifocal constraint functions are very
sensitive to outliers. Outliers may be bad correspondences
but also correspondences from independently moving ob-
jects. For such correspondences the constraints 5, 10 and
11 are not satisfied anymore so that such outliers have to be
detected and rejected. The following robust innovation is
implemented according to [7]:
From all constraint functionshi Λ subsamplesSm,m =
1, ...,Λ, are randomly selected withλ data samples (corre-
spondence triples) each. For each subsampleSm an innova-
tion step as in eq. 27 and 28 is executed. The results areΛ
state and covariance candidatesx̂k,m,Pk,m. Then for each
candidate the Mahalanobis distance can be calculated

δi
m =hi(x̂k,m, ẑk,i)T ·

[Hxi
Pk,m(Hxi

)T + Hzi
Σei

(Hzi
)T ]−1·

hi(x̂k,m, ẑk,i).

(29)

The best subsample is given by the indexm∗ which has the
smallest median for all corresponding distancesδi

m∗ :

m∗ = argminm=1...Λ{mediani=1...N δi
m} (30)

δ follows aχ2 distribution. All measurementŝzi that do not
satisfy the condition

δi
m∗ ≤ ε (31)

are rejected, where one can getε from aχ2-table with sig-
nificance levelσ=1%. Finally all remaining measurement
data are used to re-estimate thea posteriori statex̂+

k by
performing the IEKF innovation step.

5 Experimental Results

To show the test results of the proposed system two se-
quences of real data are considered in this paper. First,
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the camera-carrying vehicle executes a left turn (Moltke ,
see fig. 9), and second, a double bend turn is performed
(Bahnhof , see fig. 7). The camera looks to the front of the
car. Both sequences contain independently moving objects
just like cyclists, pedestrians or other moving vehicles.
To get more robust flow vectors, the optical flow is calcu-
lated with 20Hz whereas the motion is estimated only with
4Hz. For the tests the number of iterations for the innova-
tion step of the IEKF was set toL = 3 . The noise parame-
ters were set toΣw = 0.1I andΣe = I.

5.1 Path Reconstruction

To calculate the motion path in a world coordinate sys-
tem the current orientation of the camera must be accumu-
lated. For this purpose the rotation matrixRw(ϕ, θ, ψ) is
initially set to Rw(ϕ, θ, ψ) = I. The global 3D position
Xw is initially set to (0, 0, 0)T . At each time stepj the
current orientation and position is updated

Xw := Xw −Rw(ϕ, θ, ψ)R(αj , βj , γj)T
j tj (32)

(ϕ, θ, ψ)T := (ϕ, θ, ψ)T − (αj , βj , γj)T . (33)

5.2 Results with Real Data

Fig. 5 and 6 show image stills from the test scenes. The
results are shown in fig. 8 and 11 respective 10 and 12. Fig.
8 and 10 show the reconstructed paths. The abscissas in 11
respective 12 show the time stamps from the Kalman Filter
(4Hz update rate).
The camera carrying vehicle in fig. 8 is performing a double
bend turn, that is a slight left turn immediately followed by
a right turn. In theMoltke -sequence the ego vehicle per-
forms a left turn. In fig. 10 the camera first moves straight
forward, turns left and then goes straight forward again. It
can be seen that even the angle of the trajectory could be
estimated very well. The estimated tracks in fig. 8 and
10 obviously correspond to the reference paths in the real
scenes in fig. 7 and 9. Notice that the translation parame-
terstx, ty, tz in fig. 11 and 12 have no unit as the absolute
scale of the motion of the camera cannot be determined.
The angleβ can roughly be interpreted as the steering an-
gle. In fig. 11 the estimation ofβ clearly shows the left
(negative angle, time stamp 0-30) and right (positive angle,
time stamp 30-66) steering of the vehicle. One can also see
in fig. 12 when the driver of the car begins steering left
(time stamp 33-77), shortly countersteers (time stamp 77-
97) and then drives straight forward again. There is only
little translational motion in x-direction but a big rotational
motion around the y-axis.

Figure 5. Stills from the Bahnhof -sequence
(double bend turn).

Figure 6. Stills from the Moltke -sequence
(left turn).
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Figure 7. Top view of the Bahnhof -scene with
reference trajectory.

Figure 8. Top view of the estimated 3D mo-
tion trajectory of the Bahnhof -sequence. The
3D trajectory is projected into the XZ-ground
plane of a world coordinate system.

Figure 9. Top view of the Moltke -scene with
reference trajectory.

Figure 10. Top view of the estimated 3D mo-
tion trajectory of the Moltke -sequence. The
3D trajectory is projected into the XZ-ground
plane of a world coordinate system.
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6 Conclusion

An algorithm was proposed to perform a robust motion
estimation of a single camera up to a scale factor. Therefore
standard techniques are used as epipolar and trifocal geom-
etry as well as a robust Iterated Extended Kalman Filter.
More tests with real data and investigations of the filter with
respect its behavior with different parameter constellations
will be done (e. g. estimation of the current and the previ-
ous motion parameters instead of estimating only the cur-
rent ones). There are also other constraint functions that
could be considered. Further investigations are planned us-
ing odometric data like absolute velocity and steering angle
to stabilize the system.
A lot of future tasks base on the current work. One will
be the implementation of a motion-based 3D reconstruc-
tion with multiple cameras on a moving platform. But also
safety relevant applications in advanced driver assistant sys-
tems, e. g. collision warning, could be possible continuative
developments of this approach.
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Figure 11. Diagrams of the estimated motion parameters of the Bahnhof -sequence.

Figure 12. Diagrams of the estimated motion parameters of the Moltke -sequence.
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