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Zusammenfassung

Die vorliegende Arbeit ist durch eine Anwendung aus dem Bereich des optimalen Produkt-
portfolio Designs motiviert, und zwar der Zusammenstellung eines Portfolios von Trans-
portpumpen. Im Unterschied zu klassischen Aufgaben des Produktportfolio Designs wer-
den die Produkte als kompakte Mengen modelliert, die stetig von den Entscheidungsva-
riablen abhängen. Zudem werden als Anforderungen an das Produktportfolio kompakte
Menge bestehend aus unendlich vielen Punkten betrachtet. Wie bei Aufgaben der Pro-
duktportfoliooptimierung üblich, sind die Minimierung der Portfoliogröße und die Maxi-
mierung der Qualität der Anforderungsabdeckung gegensätzliche Ziele.

Der erste Teil der Arbeit ist der Modellierung des kontinuierlichen Abdeckungsproblems
(CSCP) gewidmet. Es wird gezeigt, dass die mengentheoretische Formulierung in natürli-
cher Weise zu einem semi-infiniten Optimierungsproblem führt (SIP). Dieses Problem hat
die unangenehmen Eigenschaften, dass es intrinsisch nicht konvex ist und die beteiligten
Funktionen nicht stetig differenzierbar sind. Umformulierungen und Approximationspro-
bleme stellen Alternativen dar, die unter Umständen die Struktur der zugrunde liegenden
Problemdaten erhalten können. Über die Umformulierungen können aus der Literatur be-
kannte Optimierungsprobleme als Spezialfälle von CSCP identifiziert werden.

Im zweiten Teil der Arbeit wird ein iterativer Lösungsansatz für die SIP-Formulierung des
CSCP präsentiert. Dieser basiert auf der adaptiven Diskretisierung der infiniten Index-
menge und der Glättung der nicht differenzierbaren Nebenbedingungsfunktion. Bereits
unter schwachen Voraussetzungen konvergiert die Methode und eine Worst Case Konver-
genzrate kann angegeben werden.

Neben dem Lösungsansatz wird im zweiten Teil dieser Arbeit das Problem der unte-
ren Stufe der SIP-Formulierung analysiert. Dieses Problem ist nicht konvex und daher ist
globales Lösen im Allgemeinen schwierig. Für einen Spezialfall von CSCP, bei dem die ab-
deckenden Objekte Kreise sind, zeigt sich jedoch, dass die globalen Maxima des Problems
der unteren Stufe Eckpunkte in einem beschränkten Voronoi-Diagramm sind. Durch die-
se geometrische Einsicht motiviert, wird eine Charakterisierung von Problemdaten für
CSCP entwickelt, die es erlaubt, globale Maxima des Problems der unteren Stufe mit
Lösungen endlich vieler, potentiell einfacherer Optimierungsprobleme über Suchräumen
mit niedrigerer Dimension zu identifizieren.

Im letzten Teil der Arbeit werden verschiedene Optionen des auf adaptiver Diskretisierung
und Glättung basierenden Lösungsverfahrens numerisch analysiert. Außerdem werden auf
der Basis eines realistischen Pumpenmodells zwei Fragen des optimalen Pumpenportfolio
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Designs mit Hilfe der CSCP Modellierung unter Verwendung des semi-infiniten Lösungs-
ansatzes beantwortet. Damit ist schließlich die Eignung des präsentierten Modellierungs-
und Lösungsansatzes für Aufgaben der Produktportfolioptimierung gezeigt, bei denen die
Produkte kontinuierlich von den Designparametern abhängen und die Anforderungen an
das Portfolio als kompakte Menge dargestellt werden können.
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Abstract

The present thesis is motivated by an application in optimal product portfolio design and
the example of fluid transporting pumps. In contrast to the classical product portfolio
design task, the considered products are modeled as compact sets that depend continu-
ously on the decision variables. Further, the requirements on the product portfolio are
supposed to form a compact set to be covered by the product models. Similar to usual
product portfolio optimization tasks, the two opponent goals are minimizing the portfolio
size while maximizing the covering quality.

The first part of the thesis is dedicated to the modeling of the continuous set cover-
ing problem (CSCP). It is shown that the set theoretic formulation naturally leads to
a semi-infinite optimization problem (SIP). Unfortunately this formulation of CSCP is
intrinsically not convex and the involved functions are not continuously differentiable.
Further reformulations and the development of approximating problems aim at finding
alternatives that preserve structure of the problem data. A side effect of the presented
reformulations is that known problems from different mathematical fields are identified
as subclasses of CSCP.

In the second part of the thesis, an iterative solution approach for the SIP formulation
of the continuous set covering problem is presented. This approach is based on adaptive
discretization of the infinite index set and smoothing of the semi-infinite constraint func-
tion. It is shown that the procedure converges under very few requirements and a worst
case convergence rate is given.

Besides, in the second part of this thesis, the lower level problem of the SIP is analyzed.
Unfortunately, it is not a convex optimization problem and thus global optimization is
difficult in general. Yet, it can be observed that for a subclass of CSCP with covering sets
being circles, the global maximum points of the lower level problem in fact are vertices
in a bounded Voronoi diagram. This motivates the development of a characterization for
CSCP problem data that allows the identification of global maximum points of the lower
level problem as solutions of a finite number of lower dimensional and thus potentially
easier optimization problems.

The last part of the thesis is devoted to the numerical analysis of different options that
can be used in the adaptive discretization and smoothing based solution approach. Fur-
thermore, based on a realistic model, two questions occurring in optimal pump portfolio
design are answered by means of the modeling and solution approach developed in the
first parts of the thesis. This finally shows the suitability of both the CSCP model and
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the solution approach for the application of optimal product portfolio design with prod-
ucts depending continuously on the design parameters and requirements on the portfolio
represented by compact sets.
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GSIPCSCP(Ẏ ) GSIP formulation of SIPCSCP(Ẏ )
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Introduction

Optimal product portfolio design, also known as product line or product family design,
comprises one of the most important issues a company has to deal with: It is the task of
deciding, which and how many products to produce and offer its customers. The most
obvious conflict in this task is customer satisfaction which usually asks for a large product
portfolio versus production, storage or maintenance costs caused by each of the products.
Usually, product portfolio is an important decision task in the early stages of product
development [Luo+14], but this remains true when it comes to re-design of an already
existing portfolio. The decisions taken on this question may determine a company’s
survival [Tsa+13]. Whereas a strategy based on large product collection may offer an
effective means for a company to differentiate itself from its competitors, it unavoidably
leads to a high complexity and high costs for product fulfillment [Chi+91]. In [JZ05a],
the task is partitioned into two main stages, namely portfolio identification, which aims
at finding the customer needs, and portfolio evaluation and selection, the actual task
of finding the optimal product configuration. The application that motivates this thesis
focuses on the second part.

The problem of optimal product portfolio design was first introduced by [GK85] as the
task of choosing a given number of K out of N > K possible products that maximize
a function describing the benefits of the products. A product is defined by realizations
of certain attributes taken from a finite set of possible values. The resulting product
line design task is a linear optimization problem with binary decision variables. Due to
its combinatorial complexity, the problem was early proven to be NP-Hard by [KK89].
Despite its general difficulty, there is much literature on the topic, and different flavors of
the problem and corresponding solution procedures evolved over time. Typical questions
in optimal product portfolio design involve the determination of product portfolio compo-
sition and size, the composition of alternative collections of products and alternative sets
of promotional benefits [GK85]. Whereas the first descriptors of the problem have prod-
ucts such as differently flavored soups and sets of shampoos to offer in mind, the problem
is also set up for questions concerning portfolios of different circuit boards for medical
screens [Van+17], variants of a series of cell phones [TK09] or electrical motors [DJC14],
to mention just a few applications. Depending on the concrete task, the problem has been
formulated for example as linear program with binary variables [GK85], mixed-integer
combinatorial optimization problem [JZ05b], bilevel problem [DJC14] and as multiob-
jective optimization problem [Du+19]. The variety of solution approaches ranges from
the application of branch-and-bound-method [Van+17] over evolutionary approaches like
simulated annealing and genetic algorithms [Van+17; Du+19] and their combinations
with some heuristic [JZW07] to data-driven decision tree classification [TK09].
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Introduction

However, all these problems have in common that they aim at designing products whose
attributes are treated as discrete. Yet, as [Tsa+13] assert, in real life, many product
attributes are described in terms of continuous, real numbers such as weight, length,
speed, capacity, power, energy and time. They therefore designate themselves as the first
authors that consider product portfolio optimization problems with continuous decision
variables describing product characteristics. Their arguments are that selecting only few
characteristic values in a possible interval of attribute realizations constitutes a very re-
strictive assumption, which on one hand may reduce the problem’s complexity, but on
the other hand may also lead to less than optimal solutions. Considering continuous
decision variables however increases the applicability for practical engineering problems.
Another advantage is that the researcher can manage more complex relationships among
attainable combinations of product attributes that could not be easily handled through
attribute discretization. While [Tsa+13] look at the optimization of a portfolio of in-
dustrial cranes, we think these arguments directly transfer to other engineering portfolio
optimization tasks.

Product portfolio optimization of a circular pump series

As an example for a product portfolio optimization task, we introduce optimal design
of a circular pump series, pumps that are typically used for fluid transportation. Yet,
we emphasize that pumps are just one example for machines determined by parameters
stemming from a continuous range to which our approach applies. Similarly, turbines or
motors could be considered.

An optimal pump portfolio satisfies the two classical goals in product portfolio optimiza-
tion: On the one hand it should provide a large range of customers a pump that satisfies
their needs with high quality. On the other hand the portfolio size should be low for
production and storage cost reasons. If a manufacturer of circular pumps designs or
re-designs a pump series, the decisions taken should be sustainable for the next decades.
Therefore, possibly changing customer needs, but also the costs caused by supply of prod-
ucts and spare parts over the whole time span must be taken into account. The presented
approach to model the product portfolio design task as continuous set covering problem
attempts to tackle the first issue, as explained in the following.

A circular pump can be modeled via its operation area. This is a parametrically given,
connected set of duty points in the flow-height diagram (Figure 1). Duty points are
pairs of flow and height, an equivalent measure of pressure, at which the pump can be
operated.

Traditionally, customer specifications consist of one delivery flow and one delivery height,
the so-called specification duty point, see Figure 2a for a (fictive) set of customer specifica-
tions. When implied in the customer’s fluid transport system however, the pump usually
does not operate in exactly that specification but its duty points vary in a neighborhood
of that point (green areas in 2b). These deviations come with a loss of efficiency or in

2



Figure 1: The pump operation area, the set of duty points at which a pump can be operated, is
determined by technical parameters such as the design point of the pump, minimum and maximum
speed, and minimum efficiency at which the pump should be operated.

the worst case, if deviations are high, with lifetime reduction due to mechanical stress.
In some fields of circular pump application, as for example in drinking-water supply,
customer specifications may further result from worst case requirements on the pump.
Often the customers order a pump that is able to deliver a high amount of water so
that the pump could guarantee water supply in case of shortfalls of other pumps in the
system. As a result, the ordered pump operates at significantly different duty points as
the specification duty point most of the time. Furthermore, customer needs may change
over time, i.e. as generally water consumption is decreasing, smaller pumps are demanded
(this trend is indicated by the range of the ellipse in Figure 2c).

Hence, when designing a new product portfolio, the pump manufacturer could rely on
historical customer specification data (Figure 2a). However, with the knowledge that
pumps are not operated in exactly these duty points but, in the best case, in a neighbor-
hood (Figure 2b), and that customer specifications must be expected to change over time
(Figure 2c), designing the new portfolio simply on the basis of historical orders might not
be the best idea to create a sustainable new portfolio that is supposed to differentiate
the manufacturer positively from its competitors over the next decades.

As all issues mentioned above comprise connected areas in the flow-height diagram, we
dissociate from designing a new pump portfolio upon a finite set of possible customer
specifications estimated from historical data and observed trends. In our conception of
sustainable pump portfolio optimization, due to the uncertainty with regard to future
customer demands and variance in pump operation, the goal must be to cover an infinite
compact set in which the future customer specifications can be expected to occur (gray
ellipse in Figure 2c) by pump operation areas (Figure 1). A feasible portfolio should
comprise a low number of pumps such that for any duty point in the customer specification
set there exists a pump in the portfolio which is able to operate at this duty point. Beyond
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Figure 2: Pump portfolio design task: Set of historical customer specification duty points 2a.
When operated, the duty points of a pump usually vary in a neighborhood (indicated by green
shapes) of the specification duty point 2b. Trends in customer requirements should be estimated
(gray ellipse in 2c) and taken into account for the design decisions. Hence, a sustainable pump
portfolio should rather be designed such that there exists a pump for each point in the shape
which operates at this point with high efficiency rather than only for the finite set of historical
customer data 2d.
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this requirement on the pump portfolio, further objectives are for example to maximize
the lowest efficiency at which any of the duty points can be operated or to maximize
efficiencies of the portfolio in certain duty points within the set to be covered that are
considered as density centers of customer specifications.

Optimal product portfolio design as continuous set covering problem

The application of pump portfolio design in its usual variant would result in a classical
planar set covering task known from literature. Yet, we think of the operation of pumps
as a rather set- than point-based issue and thus we propose that this should be already
considered in the mathematical formulation of the optimal design task. However, before
going into further detail, we provide an overview on existing covering problems and
solution approaches.

Set covering problems in literature

The set covering problem as defined by [GJ90] has the goal to determine if for a given
collection C of subsets of a finite set S, and a positive integer K ≤ |C| there is a cover for
S of size K or less, i.e. if there is a subset C ′ of C with |C ′| ≤ K such that every element
of S belongs to at least one member of C ′. According to [Kar72] this problem remains
NP-complete even if all sets c in C consist of at most three elements. If the cardinalities
of the sets in C are smaller, the problem is solvable in polynomial time by matching
techniques. A product portfolio design task example which could be modeled by the set
covering problem would be the task of finding an optimal portfolio of cell phones for
a finite set of customer specifications that comprise discrete features such as processor
type, screen size or camera resolution, among a basic set of producible phones.

When products with continuous attributes are considered, the so-called planar set cov-
ering problem might be more suitable. Here, the aim is to determine if a set consisting
of a finite number of geometric objects, which could be for example the operation area
of a product, covers a given finite set of points, the customer specifications. This prob-
lem was introduced by [FPT81]. A variation of this problem is the maximum covering
location problem which was originally proposed by [CR74] as linear binary optimization
problem that aims at maximizing the cover of a given set of demands. Another vari-
ant is the p-center or minimax problem which asks for minimizing the coverage distance
such that each demand node is covered within the endogenously determined distance
(the covering range) by one of p facilities [Das95]. These problems, also known as facil-
ity location problems, appear in many applications of planning, managing and decision
making, among them for example pollution control (location of monitoring equipment),
forest fire detection (location of watchtowers) or determination of clustering groups in
data mining. Solution approaches comprise linear programming, greedy algorithms, inte-
ger programming, evolutionary algorithms and heuristic methods. A review of the topic
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Introduction

of planar maximum covering location problems, their impacts and evolution can be found
in [Mur15].

From a mathematical point of view, the base problem constructed in the considerations
about the new pump portfolio optimization task, the problem of covering a compact set
with a finite number of parameterized sets is well known and thus much literature exists.
The task of covering a continuous polygonal set by one ellipsoid for example is solved by
so-called minimum volume or Löwner-John ellipsoids (see for example [Gru11]). An often
considered geometric problem is minimal ball covering, which appears in literature under
different names as for example disc covering or sprinkler problem in the two dimensional
case. Different to the minimum volume covering ellipsoid problem, minimal ball covering
usually comprises more than one covering object. Here a given compact set in Rm should
be covered by a finite number of balls while a certain objective, for example the common
radius, is minimized. Exemplary specifications of these problems can be found in [JW88;
MS00; GK10; KLT09]. However, we have to emphasize that this list is by no means
exhaustive.

The mathematical problem that comes closest to our example task of designing a pump
portfolio that covers a continuous set of possible customer specifications is given by
[Sto+11]. The authors aim at covering a polygonal region by a certain number of rect-
angles that can be moved in the plane. The applications behind this problem are query
optimization in spatial databases or shape recognition for robotics. [Sto+11] formulate
the problem as a feasibility problem and using Φ-function techniques [Ben+10], they
end up with a covering constraint criterion that – although they do not state this –
resembles a semi-infinite constraint. The authors propose a solution strategy for their
two-dimensional feasibility problem based on branching, yet they also state that the fea-
sibility problem of covering a polygonal set by rectangles is multi-extremal and NP-hard
in general.

The continuous set covering problem

These properties remain true when considering more general continuous set covering
problems (CSCPs), as introduced in this thesis. These problems aim at covering a com-
pact set in Rm by a finite number of compact, parametrized geometric objects in Rm

while minimizing some objective function that evaluates the quality of the covering. We
show that the CSCP is naturally reformulated as standard semi-infinite problem (SIP).
However, the semi-infinite constraint function is inherently not convex and not continu-
ous differentiable, even if the basic functions defining covering objects, objective function
and set to be covered, are. Therefore, it is difficult to apply standard approaches from
semi-infinite programming.

6



Scope of this work

Motivated by the application of optimal product portfolio design with continuous product
parameters and uncertain future customer specifications, we set up a continuous set
covering problem. It turns out that the CSCP formulation is a flexible approach which
comprises many existing problems such as planar set covering and the minimum volume
covering ellipsoid task as special cases. We show that the CSCP naturally transforms into
a SIP and thus make use of the powerful modeling language of semi-infinite programming.
However, for effective application of standard solution procedures a problem instance
should obey certain characteristics such as continuous differentiability or convexity of the
lower level problem. This is intrinsically not the case for CSCPs.

We provide reformulations and approximating problems for CSCP for which more ade-
quate solution procedures might exist. Reformulations also come at some cost which will
be discussed in situ. A general observation that holds through most of the reformulation
process is that if problem structure becomes smoother, problem size increases. We dis-
cuss for special subclasses of CSCP the reformulations and approximations that preserve
structure of basic functions or have preferable properties compared to the general formu-
lation of CSCP. Furthermore, via the CSCP subclasses, connections to other well-known
optimization problems are established that can be interpreted as CSCP.

To solve the semi-infinite problems resulting from CSCPs we suggest an iterative, para-
metric approach consisting of the solution of successively refined, finite and smooth ap-
proximation problems that result from the two known approaches of adaptive discretiza-
tion of the infinite index set [BF76] and entropic smoothing of the nonsmooth semi-infinite
constraint function [TPR09]. The suggested solution procedure is very flexible concerning
actual realizations of both approximation strategies. Nevertheless, convergence results
are proven under very few requirements. For adaptive discretization methods, no a-priori
known convergence progress can be expected. Therefore, the proven convergence rate
which dates back to a result given by [Sti01a] on discretization methods in semi-infinite
programming, is necessarily a worst case result. However in the CSCP context under stan-
dard assumptions, we can expect that this worst case does not occur. On the contrary,
the rate usually applies much earlier in the iterative solution process and high quality
approximate solutions can be computed from much smaller optimization problems than
with non-adaptive discretization methods.

The lower level problem of a CSCP in its semi-infinite formulation is a finite max-min-
max problem. In literature, such problems are considered in their equivalent formulation
as finite min-max-min problems, see for example [TPR09]. For these problems, local
solution approaches exist that are based on smoothing of the min-max function for in-
stance. When the finite min-max-min problem appears as the lower level problem of
a SIP, it is necessary to solve the problem to global optimality. Peeking into the field
of computational geometry, reveals that the global maximum points of the lower level
problem of a sprinkler problem, a special case of CSCP for which the covering objects
are circles, can be found within the set of vertices in the Voronoi diagram of the circle
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centers. We pursue this idea of a geometrical approach to determine global solutions of
the lower level problems. Finally, we end up with a reasonable requirement on the CSCP
data under which – at least from a theoretical point of view – the finite max-min-max
problem can be reduced to a finite number of possibly easier optimization problems in a
lower dimensional search space. We show that for a finite max-min-max problem on a
two-dimensional search space with piecewise linear objective function, determining and
solving the reduced optimization problem can, as in the sprinkler case, be replaced by a
geometric procedure based on hyperplane intersections and function evaluations. A rough
estimation of effort for the two geometrical procedures for sprinkler and piecewise linear
problems shows that they generally do not require more effort than solving the lower
level problem approximately by full discretization of the infinite index set and evaluating
the function on it. Yet, the procedures provide (numerically) exact solutions and can be
extended to the determination of the complete set of local solutions.

The third part of the thesis comprises numerical studies on the iterative solution ap-
proach to solve the semi-infinite formulation of CSCP. As the solution approach is very
flexible concerning discretization and smoothing strategies, we only provide some sam-
ples. Within the shown selection of algorithm variants, none of the methods clearly
outperforms the others. Therefore, we suggest that for a given CSCP, a tailored variant
has to be found.

Nevertheless, using our solution approach, we are finally able to answer two questions from
the application of optimal pump portfolio design. Thus, we succeed to show that con-
tinuous set covering problems in their semi-infinite formulations are a framework suited
for modeling product portfolio design tasks comprising continuous decision variables and
requirements on the products that can be modeled by a compact set. Further, the pre-
sented iterative procedure combining adaptive discretization of the infinite index set and
smoothing of the problem data, even though not fully mature, is able to find reasonable
solutions for this problem.

The thesis is structured as follows. In the first section, we state some notation and math-
ematical preliminaries used in the thesis. The mathematical modeling of the continuous
set covering problem then is content of Part I. In Chapter 2.2 we formulate the continu-
ous set covering problem in its set theoretic and semi-infinite versions. An excursus on a
practical application demonstrates how the task of optimal pump portfolio design is set
up as CSCP. Chapter 3 provides reformulations and approximations to CSCP. It ends
with the identification of problem subclasses and classification of known problems from
literature into the CSCP context.

The second part of the thesis concerns the solution of CSCP in its semi-infinite formula-
tion. Chapter 4 presents the iterative solution approach based on adaptive discretization
and smoothing methods as well as its convergence and a worst case convergence rate,
which is content of Section 4.3. In Chapter 5, the lower level problem of the semi-infinite
formulation of CSCP is analyzed with respect to the location of its local and especially
global solutions.
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Chapter 6 in the third part of the thesis comprises a non-exhaustive numerical analysis of
some variants of the solution approach presented in Chapter 4. Finally, Chapter 7 closes
the circle by using the CSCP modeling framework of Part I and the solution procedure
of Chapter 4 to answer two questions occurring in the context of optimal pump portfolio
design. The thesis closes with a summary and suggestions on further work.
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1 Mathematical Basics

1.1 Notations and definitions

We summarize general notations and definitions used throughout this thesis.

By || · || := || · ||2, the standard euclidean norm in a finite-dimensional real space is
meant.

Notation 1.1.1. For a point x in Rn and ε > 0, the open ball of radius ε around x is
denoted as the set

B(x, ε) := {y ∈ Rn|||x − y|| < ε} .

Notation 1.1.2. For two points x and y in Rn, their distance is given by

d(x, y) := ||y − x||.

For x ∈ Rn and a subset A ⊂ Rn, the distance of the point x from the set is defined as

dA(x) := inf
y∈A

||y − x||.

Notation 1.1.3. Denote by

prx : Rn × Rm → Rn

(x, y) �→ x

the vertical projection on to the first n components. In a straightforward manner, this
notation is also applied to the projection of sets.

Consider a function f : Rn → R. Then, for any a ∈ R, its sub- and superlevel sets are
defined as the elements of Rn with function values less or equal or greater or equal than
a, respectively,

lev≤af := {x ∈ Rn|f(x) ≤ a}
lev≥af := {x ∈ Rn|f(x) ≥ a} .

11



1 Mathematical Basics

The following definitions can be found in any textbook on convex analysis or convex
optimization as for example in [Roc97] or [BV04]. A set C ⊆ Rn is affine if for any
x1 �= x2 ∈ C and λ ∈ R

λx1 + (1 − λ)x2 ∈ C

holds, i.e. the line through the points is contained in C. An affine combination of k points
x1, . . . , xk is given by

λ1x1 + · · · + λkxk

with λi ∈ R satisfying
∑k

i=1 λi = 1. Affine sets contain every affine combination of their
points.

Further, if C is an affine set and x̄ ∈ C then the set

V := C − x̄ = {x − x̄|x ∈ C}

is a subspace of Rm.

For some set C ⊆ Rn, the set of all affine combinations of points in C is called the affine
hull of C:

aff(C) :=
{

k∑
i=1

aixi

∣∣∣∣∣k > 0, xi ∈ C, ai ∈ R,
k∑

i=1
ai = 1

}
.

The relative interior of a set C ⊂ Rn, relint C, is defined as its interior relative to aff
C:

relint C := {x ∈ C|B(x, ε) ∩ aff(C) ⊆ C for some ε > 0} .

The relative boundary of C then is given by

r∂C := cl C\relint C

where cl C is the closure of C.

A set C ⊆ Rn is convex if for any x1, x2 ∈ C and any 0 ≤ λ ≤ 1,

λx1 + (1 − λ)x2 ∈ C

holds.

A function f : Rn → R is convex if its domain dom f is a convex set and if for all
x1, x2 ∈ domf and for all 0 ≤ λ ≤ 1,

f(λx1 + (1 − λ)x2) ≤ λf(x1) + (1 − λ)f(x2)

12
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holds. f is strictly convex if the inequality is strict. Furthermore, f is (strictly) concave
if −f is (strictly) convex.

A concept that generalizes the property of a function being convex is quasiconvexity. A
function f : Rn → R is quasiconvex if its domain and its sublevel sets lev≤a(f) are convex
for every a ∈ R. A function f is quasiconcave if −f is quasiconvex. A function that is
both quasiconvex and quasiconcave is called quasilinear. In this case, the domain of f
and every level set {x|f(x) = α} is convex. Quasiconvexity can also be characterized
as follows: A function f is quasiconvex if and only if its domain is convex and for any
x1, x2 ∈ domf and 0 ≤ λ ≤ 1,

f(λx1 + (1 − λ)x2) ≤ max{f(x1), f(x2)}

holds.

As quasiconvexity of a function is a property of the function with respect to line seg-
ments, it can be verified by restricting the function to an arbitrary line and checking
quasiconvexity of the resulting function on R. For the one-dimensional case there are
some simple characterizations of quasiconvexity.

Lemma 1.1.4 ([BV04]). A continuous function f : R → R is quasiconvex if and only if
at least one of the following conditions holds:

(i) f is nondecreasing

(ii) f is nonincreasing

(iii) there is a point c ∈ domf such that for t ≤ c and t ∈ dom f , f is nonincreasing and
for t ≥ c and t ∈ domf , f is nondecreasing.

We will use the so-called Kuratowski-Painlevé convergence, a concept for set convergence.
Its definition and the definitions of limits of sets can be found for instance in [RW09].

Definition 1.1.5 (Lower semicontinuity. [Pol97], Definition 5.1.18). A function f : Rn →
R is said to be lower semicontinuous (l.s.c) at a point x̄ ∈ Rn if for every δ > 0 there
exists a ρ > 0 such that for all x ∈ B(x̄, ρ)

f(x̄) − f(x) < δ

where B(x̄, ρ) is the open ball around x̄ of radius ρ.

Definition 1.1.6 (Kuratowski-Painlevé set convergence. [RW09]). For a sequence
{An}n∈N of subsets of Rn, define the

13
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(i) outer limit as the set

lim sup
n→∞

An := {x ∈ Rn| lim inf
n→∞ dAn(x) = 0}

(ii) inner limit as the set

lim inf
n→∞ An := {x ∈ Rn| lim sup

n→∞
dAn(x) = 0}.

The sequence converges to a set A ⊆ Rn in the sense of Kuratowski-Painlevé, if

lim inf
n→∞ An = lim sup

n→∞
An = A

In this case, write A = limn→∞ An.

Lemma 1.1.7 (Limits of monotone and sandwiched sequences. [RW09]). Consider the
sequences of subsets of Rn {An}n∈N, {Bn}n∈N, {Cn}n∈N.

(i) If {An}n∈N is monotonically increasing with respect to set inclusion, i.e. An ⊆ An+1
for all n ∈ N, then the sequence converges and

lim
n→∞ An = cl

⋃
n∈N

An

(ii) If {An}n∈N is monotonically decreasing with respect to set inclusion, i.e. An ⊇ An+1
for all n ∈ N, then the sequence converges and

lim
n→∞ An =

⋂
n∈N

clAn

(iii) If there is A ⊆ Rn with Bn → A and Cn → A, as n → ∞ and for all n ∈ N,
Bn ⊆ An ⊆ Cn, then also An → A, as n → ∞

1.2 Optimization

This section is devoted to definitions and results from (nonlinear) optimization relevant
for the thesis. We refer to the textbooks [Pol97], [GK02] and [UU12] as detailed intro-
duction to the topics of theory and numerical methods for constrained and unconstrained
nonlinear programming.

Suppose that M ⊆ Rn is nonempty and f : M → R is a given function. Then

P: min f(x) s.t. x ∈ M (1.1)
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is called a minimization problem with objective function f . The set M is the feasible set
of this problem, the set on which solutions are sought. If M = Rn, the minimization
problem is unconstrained, otherwise constrained.

Notation 1.2.1 (Feasible sets of optimization problems). By convention, we denote the
feasible set of an optimization problem by the letter M unless stated otherwise. If more
than one optimization problem is considered, for example the problems P and Q, the
feasible sets are distinguished by indexing them with the problem name, MP and MQ.

The feasible set of a constrained optimization problem often is defined by a system of
equalities and inequalities, the constraints,

M :=
{

x ∈ Rn
∣∣gi(x) ≤ 0, i ∈ I, hj(x) = 0, j ∈ J

}
where I, J ⊂ N are finite index sets and the constraint functions gi, hj are functions from
Rn to R. In this case, P is also written as

P: min f(x)
s.t. gi(x) ≤ 0, i ∈ I

hj(x) = 0, j ∈ J.

(1.2)

A minimization problem can also be considered as maximization problem via the equiv-
alence

min f(x) = − max −f(x)

Both types of problems are subsumed in the term optimization problems. However, by
the stated equivalence, without loss of generality, one can restrict to the consideration
of minimization problems. An optimization problem is nonlinear if at least one of the
functions f , gi, i ∈ I or hj , j ∈ J are nonlinear.

The solutions of an optimization problem have different characteristics.

Definition 1.2.2 (Solutions of P).

(i) x ∈ Rn is feasible for P if x ∈ M .

(ii) x∗ ∈ M is a global solution of P if

f(x∗) ≤ f(x) ∀x ∈ M

(iii) x∗ ∈ M is a local solution of P if there exists ε > 0 such that for all x ∈ M with
||x∗ − x|| < ε

f(x∗) ≤ f(x) (1.3)

holds.
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(iv) x∗ ∈ M is a strict local solution of P if the inequality in (1.3) is strict.

(v) [Sti01a] x∗ ∈ M is a local solution of order p for p = 1 or p = 2 if there exists q > 0
and a neighborhood U of x∗ such that for all x ∈ M ∩ U , the following relation
holds:

q||x∗ − x||p ≤ f(x) − f(x∗). (1.4)

(vi) x∗ ∈ M is a strict local solution of order p for p = 1 or p = 2 if the inequality in
(1.4) is strict.

Depending on whether a minimization or maximization problem is considered, solutions
are also called minimizers or maximizers. When considering approximations for the con-
tinuous set covering problem, we will also deal with sequences of approximating problems.
In this context, we look at local solutions with a certain property, defined as follows:

Definition 1.2.3 (Uniform local minimizers. Variation of [Pol93]). Consider a sequence
of optimization problems {Pn}n∈N. A sequence {xn}n∈N of local minimizers of the prob-
lems Pn consists of uniform local minimizers if there exists a radius of attraction ρ > 0
such that fn(xn) ≤ fn(x) for all x ∈ Xn such that ||xn − x|| ≤ ρ.

The sequence consists of uniformly strict local minimizers, if fn(xn) ≤ fn(x) for all
x ∈ Xn, x �= xn such that ||xn − x|| ≤ ρ.

1.2.1 Reformulation techniques

Lemma 1.2.4. For N ∈ N and pi ∈ N, i = 1, . . . , N , consider the two sets

M1 :={x ∈ Rn| min
1≤j≤pi

gij(x) ≤ 0, i = 1, . . . , N}

M2 :=
{

(x, z1, . . . , zN ) ∈ Rn × Rp1 × · · · × RpN

∣∣∣
pi∑

j=1
zi

jgij(x) ≤ 0, i = 1, . . . , N,

pi∑
j=1

zi
j = 1, i = 1, . . . , N,

zi
j ≥ 0, j = 1, . . . , pi, i = 1, . . . , N

}
with given functions gij : Rn → R, j ∈ {1, . . . , pi}, i ∈ {1, . . . , N}.
Then, M1 = prx(M2).
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Proof. With respect to the index i ∈ {1, . . . , N}, the equalities and inequalities that
define the sets M1 and M2 are independent. Without loss of generality, it thus suffices
to show the equivalence for N = 1.

"M1 ⊇ prx(M2):" Let (x̄, z̄) ∈ M1 be arbitrary. As, by assumption, z̄j ≥ 0 for all
j ∈ {1, . . . , p} and

∑p
j=1 zjg1j(x̄) ≤ 0, there has to be at least one index j ∈ {1, . . . , p}

for which g1j(x̄) ≤ 0 holds. Hence, x̄ ∈ M1.

"M1 ⊆ prx(M2)": Choose x̄ ∈ M1 arbitrarily. Then, either g1j(x̄) = 0 for all j or there is
one l ∈ {1, . . . , p} , for which g1l(x̄) < 0 holds. In both cases, define z̄ ∈ Rp as follows:
zj := 0, j �= l, and zl := 1. Then, (x̄, z̄) ∈ M2 and thus, x̄ ∈ prx(M2).

Remark 1.2.5. There is also a binary variant of Lemma 1.2.4: The set M1 is equal to the
projection of the set M̃2 in which the zi are supposed to be binary vectors, zi ∈ {0, 1}pi ,
for i = 1, . . . , N . The projection prx in this case has to be considered as a function from
Rn × {0, 1}p1 × · · · × {0, 1}pN into Rn.

By the epigraph reformulation technique, optimization problems with nonlinear objec-
tive are transformed into nonlinear optimization problems with linear objective. If the
objective is a pointwise minimum over a finite number of functions, this technique trans-
forms an unconstrained, nonsmooth optimization problem in a constrained but smooth
optimization problem, if the basic functions are smooth.

Lemma 1.2.6. Suppose that N ∈ N and the functions gi : Rn → R, i = 1, . . . , N are
given. Consider the following problems:

P1 : max
x∈Rn

min
1≤i≤N

gi(x)

P2 : max
(x,z)∈Rn×R

z

s.t. z − gi(x) ≤ 0, i = 1, . . . , N.

Then prx (MP2) = MP1 and x ∈ Rn is a solution of P1 if and only if (x, f(x)) is a
solution of P2.

Proof. Epigraph reformulation applied to P1 leads to the problem

P′
2 : max

(x,z)∈Rn×R
z

s.t. z − min
1≤i≤N

gi(x) ≤ 0, i = 1, . . . , N.

The equivalence of the solutions of P1 and P′
2 is obvious.

The constraint can be reformulated to

max
1≤i≤N

(z − gi(x)) ≤ 0.
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which is obviously equivalent to the N constraints

z − gi(x) ≤ 0, i = 1, . . . , N.

1.2.2 Optimality conditions

There is a fundamental difference between local and global solutions of nonlinear opti-
mization problems. In general, global solutions are both more difficult to find and also to
certify than local ones. We thus restrict to characterizations of local solutions and refer
to [HT96] for a comprehensive book on global optimization. An exception to the general
difficulty of finding global solutions are convex optimization problems, which are mini-
mization problems with all convex objective and inequality constraint and affine equality
constraint functions. They have the following propiertes:

Lemma 1.2.7. Suppose that P (1.1) is a convex optimization problem. Then, the fol-
lowing holds:

(i) Any local solution of P is already a global solution.

(ii) The set of global solutions of P is convex.

(iii) If the objective function is strict convex, and a global solution of P exists, this
solution is unique.

Different to global solutions, local solutions of nonlinear optimization problems can be
characterized by optimality conditions. The Karush-Kuhn-Tucker conditions for sure are
the most important optimality conditions in nonlinear optimization. Besides the classical
version presented here, there exist extensions to nonsmooth optimization problems. For
the remainder of the section, assume that the functions f , gi, i ∈ I := {1, . . . , p} and hj ,
j ∈ J := {1, . . . , q} are twice continuously differentiable.

Definition 1.2.8 (Lagrangian function). Consider the constrained optimization problem
P (1.2). Then the Lagrangian function of P is given by

L : Rn × Rp × Rq → R

(x, λ, μ) �→ f(x) +
p∑

i=1
λigi(x) +

q∑
j=1

μjhj(x)
(1.5)

The components of λ and μ are called Lagrangian multipliers.
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Definition 1.2.9 (KKT-conditions). The Karush-Kuhn-Tucker- (KKT-) conditions of
the constrained optimization problem P (1.2) are given by

∇xL(x, λ, μ) = 0 (1.6)
gi(x) ≤ 0, i = 1, . . . , p (1.7)
hj(x) = 0, j = 1, . . . , q (1.8)

λi ≥ 0, i = 1, . . . , p (1.9)
λigi(x) = 0, i = 1, . . . , p (1.10)

A point (x∗, λ∗, μ∗) ∈ Rn ×Rp ×Rq that satsifies the KKT-conditions is called a Karush-
Kuhn-Tucker- or KKT-point.

If additionally,

λ∗
i = 0 ⇒ gi(x∗) < 0

holds for all i = 1, . . . , p, the KKT-point satisfies the strict complementary condition.

To use the KKT-conditions in the characterization of local solutions, so-called regularity
conditions have to hold for the optimization problem. For x ∈ Rn, define the set of active
inequality constraints by

I0(x) := {i ∈ I|gi(x) = 0}

Definition 1.2.10 (Regularity conditions). Consider the constrained optimization prob-
lem P (1.2).

(i) x ∈ M satisfies the linear independence constraint qualification (LICQ) if the gradi-
ents of the constraints ∇gi(x), i ∈ I0(x) and ∇hj(x), j ∈ J are linearly independent.

(ii) x ∈ M satisfies the Mangasarian-Fromovitz constraint qualification (MFCQ) if the
gradients ∇hj(x), j ∈ J are linearly independent and there exists d ∈ Rn such that

∇gi(x)T d < 0, i ∈ I0(x)
∇hj(x)T d = 0, j = 1, . . . , q

(iii) If P is a convex optimization problem, it satisfies the Slater condition (SC) if there
exists a Slater point, a point x ∈ M with

gi(x) < 0, i = 1, . . . , p

hj(x) = 0, j = 1, . . . , q.

We can now state situations under which the KKT-conditions necessarily hold for local
solutions of a minimization problem P.
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Lemma 1.2.11 (Necessary first-order optimality conditions). Let x∗ be a local solution
of the constrained optimization problem P (1.2).

(i) If x∗ satisfies MFCQ, then there exist Lagrangian multipliers λ∗ ∈ Rp and μ∗ ∈ Rq

such that (x∗, λ∗, μ∗) is a KKT-point of P.

(ii) If x∗ satisfies LICQ, the multipliers λ∗ and μ∗ are unique.

(iii) If P is a convex optimization problem that satisfies the Slater condition, then there
exist Lagrangian multipliers λ∗ ∈ Rp and μ∗ ∈ Rq such that (x∗, λ∗, μ∗) is a KKT-
point of P.

For convex optimization problems, the KKT-conditions are already sufficient for a local
(and also global) solution, even if the Slater condition does not hold. For nonconvex
optimization problems, an additional assumption is required to hold to give a sufficient
optimality condition.

Definition 1.2.12 (SOSC). Suppose that (x∗, λ∗, μ∗) is a KKT-point of P (1.2) and
define the set

TM (x∗) :=
{

d ∈ Rm
∣∣∣∇gi(x∗)T d ≤ 0, ∀i ∈ I0(x∗) with λ∗

i = 0

∇gi(x∗)T d = 0, ∀i ∈ I0(x∗) with λ∗
i > 0

∇hj(x∗)T d = 0, j = 1, . . . , q
}

.

Then (x∗, λ∗, μ∗) satisfies the second order sufficient condition (SOSC) if

dT ∇2
xxL(x∗, λ∗, μ∗)d > 0 ∀d ∈ TM (x∗)\{0}.

Lemma 1.2.13 (Sufficient second-order optimality conditions). Suppose that (x∗, λ∗, μ∗)
is a KKT-point of P (1.2) that satisfies SOSC. Then, x∗ is a strict local solution of P.

1.3 Semi-infinite Optimization

Within this section we shortly introduce semi-infinite optimization problems (SIP) and
relevant notations and results. As semi-infinite optimization is a wide field within op-
timization, both from theoretical as well as from numerical point of view, we close the
section with some hints for further reading. Yet, we note already here that this literature
review only throws a short glance on the topic.
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Semi-infinite optimization problems are of the form

SIP: min
x∈Rn

f(x) s.t. x ∈ M (1.11)

where M ⊆ Rn is the feasible set given by

M := {x ∈ Rn|g(x, y) ≤ 0 for all y ∈ Y } . (1.12)

and

Y := {y ∈ Rm|uj(y) ≤ 0, for all j ∈ J} . (1.13)

The index set J is supposed to be finite and the function g maps (x, y) from Rn ×Rm to
R and uj map the index variables y from Rm to R.

We suppose that the following assumption holds for any infinite index set Y that is
considered throughout this thesis:

Assumption 1.3.1. The infinite index set Y ⊆ Rm is compact and of infinite cardinality,
|Y | = ∞.

A constraint of the form

g(x, y) ≤ 0 ∀y ∈ Y. (1.14)

is called semi-infinite constraint.

Semi-infinite problems can possess more than one semi-infinite inequality constraint and
the infinite index sets of several constraints can be different. Furthermore, also finite
inequality and equality constraints on x are allowed. In the following, we often require
that x ∈ X where the set X ⊆ Rn is supposed to be compact and hides further, "finite"
inequalities and bounds on the decision variables.

The name semi-infinite optimization problem comes from the fact that the optimization
problem has finitely many decision variables, but an infinite number of constraints.

Semi-infinite optimization problems can be reformulated as bilevel problems according
to

BLP: min
(x,ȳ)∈X×Rm

f(x)

s.t. g(x, ȳ) ≤ 0,

ȳ is a solution of Q(x)

(1.15)

and the lower level problem is given by

Q(x) : max
y∈Rm

g(x, y)

s.t. y ∈ Y
(1.16)
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1 Mathematical Basics

In the lower level problem, the decision variable of SIP, x, enters as a parameter, whereas
the constraint function is maximized w.r.t. the index variable y. When applying bilevel
strategies to solve SIP, it is of special importance that the lower level problem Q(x) is
solved to global optimality: This is the only possibility to check whether a candidate
solution x is feasible. Defining the optimal value function ϕ of the lower level problem,
ϕ : Rn → R, x �→ maxy∈Y g(x, y) results in another often used description of SIP:

min
x∈X

f(x)

s.t. ϕ(x) ≤ 0

Obviously, the constraint function in general is only known implicitly. Therefore, one
cannot expect it to be differentiable. Nevertheless, it has the following properties

Lemma 1.3.2. Suppose that the infinite index set is nonempty and compact. Then, the
following holds

(i) ϕ is a continuous and real-valued function [Ste12].

(ii) Let g(·, y) be convex for any y ∈ Y . Then the optimality function ϕ is convex
[Sti01b]

Hence, the feasible set M of SIP is closed under Assumption 1.3.1. If the objective
function f is convex and the semi-infinite constraint function is convex in x for any
y ∈ Y , SIP is a convex problem.

Remark that this is different if the lower level is considered for fixed x ∈ Rn: This problem
is a maximization problem and hence, it is convex in y if the infinite index set is convex
and the function g(x, ·) is concave.

For x ∈ Rn, define the set of active indices

Y0(x) := {y ∈ Y |g(y, y) = 0} . (1.17)

It is easy to see that if x is feasible for SIP, any point y ∈ Y0(x) is a global maximizer of
the lower level problem Q(x) stated in (1.16).

There is another class of optimization problems, the so-called generalized semi-infinite
optimization problems (GSIPs). They differ from a standard SIP in that the infinite index
set depends on x.

GSIP: min
x∈Rn

f(x) s.t. x ∈ M (1.18)

where

M := {x ∈ Rn|g(x, y) ≤ 0 for all y ∈ Y (x)} .
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1.4 Piecewise smooth functions

and

Y (x) := {y ∈ Rm|uj(x, y) ≤ 0, for all j ∈ J} . (1.19)

Here, uj : Rn × Rm → R holds for all j ∈ J . GSIPs are generally more difficult than
SIPs.

As already mentioned, semi-infinite optimization is a large research area and we gave only
the most basic notations we need in the following. Without being exhaustive, we mention
some literature for further reading. [HK93; LS07; Sha09] are comprehensive surveys on
SIP. [RR98] is a monograph on the topic. Therein [RG98] present numerical methods, the
most prominent of which are discretization methods. In general, discretization methods
provide finite, outer approximations of SIP. One of these methods is further discussed in
Chapter 4. Theoretical results on the structure of SIP go back to results from parametric
optimization, see for instance [Ban+82]. The relationship between (G)SIPs and bilevel
problems is studied in detail by [Ste03]. In his survey on how to solve a semi-infinite
optimization problem, [Ste12] highlights amongst others structural differences between
SIP and GSIP.

1.4 Piecewise smooth functions

The definition and results on Bouligand- or for short B-differentiable and piecewise
smooth functions are taken from [KS95] and [KS94].

Definition 1.4.1 (B-differentiable function, [Rob87], [KS95]). Let U ⊆ Rn be an open
set and f : U → Rm. The function f is B-differentiable at x̄ ∈ U if

(i) there exists a neighbourhood V ⊆ U of x̄ such that f is Lipschitz on V , and

(ii) the B-derivative f ′(x̄; ·) : Rn → Rm of f at x̄ is well defined, i.e. the limit

f ′(x̄; v) := lim
t↘0

1
t

(f(x̄ + tv) − f(x̄))

exists for every direction v ∈ Rn.

If f is B-differentiable at x̄, the function f ′(x̄, ·) is positively homogeneous in the second
argument.

In [Rob87] and [PRU86] it was shown that for B-differentiable functions

lim
x→x̄

f(x) − f(x̄) − f ′(x̄; x − x̄)
||x − x̄|| = 0.
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Hence, the function

f̃x̄(x) := f(x̄) + f ′(x̄; x − x̄)

is a first order approximation of the B-differentiable function f at x̄, i.e.

f(x) = f̃x̄(x) + o(||x − x̄||) (1.20)

An important class of non-differentiable functions are the piecewise smooth functions.

Definition 1.4.2 (PCr-function. [KS95], Definition 2.1). A continuous function f : U →
Rm defined on an open set U ⊆ Rn is called a PC r-function, r ≥ 1, if at every point
x̄ ∈ U there exists an open neighborhood V ⊆ U and a finite collection {f1, . . . , fk} of
Cr-functions defined on V such that the set of active selection functions

Sf (x) := {i ∈ {1, . . . , k}|f(x) = fi(x)}

is nonempty for every x ∈ V .

To avoid confusion with conventions from semi-infinite programming, the usually used
active index set is termed set of active selection functions throughout this thesis.

Definition 1.4.3 (Activity set). Let f : U → Rm be a PCr-function defined on an open
set U ⊆ Rn, r ≥ 1 and let f̃ be a Cr-function. Then, the activity set of f̃ associated with
f is defined by

Af (f̃) :=
{

x ∈ U |f(x) = f̃(x)
}

. (1.21)

The next lemma provides some important properties of PC1-functions.

Lemma 1.4.4 ([KS94], Proposition 2.1). A PC1-function f : U → Rm is locally Lipschitz
continuous and has a piecewise linear B-derivative at every point x̄ ∈ U . In fact, the B-
derivative is a continuous selection of the (Fréchet-)derivatives of the active selection
functions of f at x̄.

24



Part I

Modeling continuous set covering
problems
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2 The continuous set covering problem

Within this chapter, the continuous set covering problem (CSCP) is defined and its rela-
tions to different types of optimization problems are shown.

The CSCP can be stated as standard semi-infinite program. However, the semi-infinite
constraint function is inherently not convex and not continuously differentiable, even if
the basic functions defining a certain instance of CSCP are. Therefore, it is difficult to
apply standard approaches from semi-infinite programming. We provide reformulations
and approximating problems for CSCP for which more adequate solution procedures
might exist. These reformulations also come at some cost which will be discussed in
situ. A general observation that holds through most of the reformulation process is that
if problem structure becomes smoother an effect that can be for example reached via
"lifting" methods, problem size increases. We discuss for special subclasses of CSCP
the reformulations and approximations that preserve structure of basic functions or have
better smoothness properties compared to the original formulation of CSCP. Furthermore,
via the CSCP subclasses, relations to other well-known optimization problems that can
be interpreted as CSCP are established.

2.1 The semi-infinite formulation of CSCP

The continuous set covering problem is the task of covering a given compact set Y ⊂ Rm

with a fixed number of objects, which themselves are subsets of Rm. The objects depend
continuously on a parameter vector which for example contains information about their
size or location. If the objects are associated with some cost function on this parameter
vector, the goal is to find a configuration of objects such that Y is covered and the cost is
minimized. The following definition states this task as continuous set covering problem.

Definition 2.1.1 (CSCP – set theoretic formulation). Consider the compact sets X ⊂ Rn

and Y ⊂ Rm (n, m ∈ N) with |Y | = ∞. For a given number N ∈ N let Pi(x) ⊂ Rm be
N sets described by a parameter vector x ∈ X. Further, let f : Rn → R be a continuous
function. Then, the continuous set covering problem (CSCP) is defined by

CSCP : min
x∈X

f(x) (2.1a)

s.t. Y ⊆ P (x) :=
N⋃

i=1
Pi(x) (2.1b)
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Y is the set to be covered. Constraint (2.1b) is called covering constraint. For any x ∈ X,
the cover provided by x is the set of points in Y that are also in P (x),

C(x) := {y ∈ R|y ∈ P (x)} . (2.2)

By this definition, a point x ∈ X is feasible for CSCP if and only if C(x) = Y .

The continuous set covering problem is defined for a given number of covering objects.
Note however, that from point of view of the motivating application, N represents the
portfolio size, which should generally be minimized. Thus, one could also extend CSCP
by to comprise N as integer decision variable.

For the remainder of the thesis, we suppose that the functional description assump-
tion 2.1.2 holds for all instances of CSCP.

Assumption 2.1.2. In any instance of the CSCP (2.1), the set Y is of infinite cardinality,
|Y | = ∞. Furthermore, Y and the Pi, i = 1, . . . , N , are compact sets and have a functional
description, i.e.

Y := {y ∈ Rm|uk(y) ≤ 0, k = 1, . . . , q} (2.3a)
Pi(x) := {y ∈ Rm|gij(x, y) ≤ 0, j = 1, . . . , pi} i = 1, . . . , N (2.3b)

where for q ∈ N and pi ∈ N for i = 1, . . . , N , the given functions uk : Rm → R, and
gij : Rn × Rm → R are at least continuous.

Under Assumption 2.1.2, the covering constraint of CSCP (2.1b) can be reformulated
as

Y ⊆
N⋃

i=1

pi⋂
j=1

{y ∈ Rm|gij(x, y) ≤ 0} (2.4)

A further reformulation shows that CSCP is a standard semi-infinite program. Before
this formulation is stated, we introduce the notion of problem equivalence which allows
us to compare relations between optimization problems.

Definition 2.1.3 (Problem equivalence). Consider the minimization problem P (1.1)
with feasible set MP.

(i) Any minimization problem Q is equivalent to P if and only if its objective is f and
MP = MQ.

(ii) Any optimization problem R with feasible set MR ⊆ Rn × Rm for some m ∈ N is
equivalent to P if and only if its objective is f and the projection of MR onto Rn

results in the feasible set of P , prx(MR) = MP.
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2.1 The semi-infinite formulation of CSCP

Proposition 2.1.4 (CSCP – SIP formulation). Consider an instance of the continu-
ous set covering problem CSCP 2.1 and suppose that the functional description assump-
tion 2.1.2 holds. Then, CSCP is equivalent to the semi-infinite optimization problem

SIPCSCP : min
x∈X

f(x)

s.t. min
1≤i≤N

max
1≤j≤pi

gij(x, y) ≤ 0 ∀y ∈ Y
(2.5)

where Y is defined as in (2.3a).

Proof. The expression

Y ⊆
N⋃

i=1

pi⋂
j=1

{y ∈ Rm|gij(x, y) ≤ 0}

is equivalent to the statement

N⋃
i=1

pi⋂
j=1

{y ∈ Rm|gij(x, y) ≤ 0} ∀y ∈ Y.

For any x ∈ X, the union of the covering objects (2.3b) is given by

P (x) = {y ∈ Rm| ∃i ∈ {1, . . . , N} ∀j ∈ {1, . . . pi} gij(x, y) ≤ 0}.

It is easy to see that due to the constraint being a less-or-equal constraint, the exists-
quantor is turned into a piecewise min operator and the for all-quantor can be restated
as a piecewise max operator:

P (x) = {y ∈ Rm| min
1≤i≤N

max
1≤j≤pi

gij(x, y) ≤ 0}.

This completes the proof.

We provide two examples to illustrate CSCP and its SIP formulation. The second example
is the application of optimal pump portfolio design already mentioned in the introduction
of this thesis. It is presented in form of an excursus in Section 2.2. The first, easy
digestible example is the so-called sprinkler problem, which in the literature is also known
as circle covering or N -center problem. The task is to find the thinnest cover for the set
Y ⊂ R2 by a given number of N ∈ N equally sized circles. The "thinnest cover" goal
can be restated as minimizing the common radius of the circle. The name "sprinkler
problem" is an allusion to the application of covering a field with water sprinklers in such
a way that every point of the field is wetted. An extension of this problem, where each
point in Y should be covered by a given number of k ≤ N circles is considered in [GK10]
who mention coverage by navigation systems like GPS, GLONASS and Galileo as an
application for this question. A further discussion of the sprinkler problem is given in
Section 3.3 where special types of CSCP are classified.
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2 The continuous set covering problem

Y

g(x, ·)

r

Figure 2.1: Infeasible configuration of SIPsprinkler with N = 3 sprinklers that are required to
cover the rectangle Y . The aim is to minimize the common radius of the sprinklers r. The blue
shape is the covering constraint function g(x, ·), where x is the vector of the current configuration,
i.e. the three sprinkler centers and r.

Example 2.1.5 (Sprinkler problem). Let Y ⊂ R2 be a compact set. For given N ∈ N,
consider a decision vector x ∈ R2N × R+ where the components (x2i−1, x2i) ∈ R2 for
i = 1, . . . , N are the centers of N circles which share the common radius x2N+1. Then
the sprinkler problem is given by

SIPsprinkler : min
x∈R2N ×R+

x2N+1

s.t. min
1≤i≤N

gi(x, y) ≤ 0 ∀y ∈ Y
(2.6)

where

gi(x, y) := (x2i−1 − y1)2 + (x2i − y2)2 − x2
2N+1, i = 1, . . . , N.

A three-sprinkler configuration with rectangular set to be covered Y and the associ-
ated covering constraint function is depicted in Figure 2.1. The sprinkler problem will
be revisited in Chapter 5 where it motivates the analysis of CSCP-specific lower level
problems.

Unfortunately, in the formulation SIPCSCP (2.5), the covering constraint function

g : Rn × Rm → R

(x, y) �→ min
1≤i≤N

max
1≤j≤pi

gij(x, y) (2.7)

is a min-max function and hence cannot be expected to be continuously differentiable
everywhere. As can be seen in Figure 2.1, the nondifferentiable parts usually are the
"kinks" in the graph of the covering constraint function. They occur at locations where
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2.1 The semi-infinite formulation of CSCP

at least two of the basic functions gij , j = 1, . . . , pi, i = 1, . . . , N , are active for g, i.e.
coincide. Note that the figure depicts the covering constraint function over the index
space and x is fixed. The differentiability situation for x is similar, yet this is more
difficult to illustrate as the decision space usually has higher dimension.

2.1.1 What makes CSCP a special class of optimization problems?

CSCP differs in several ways from a "typical" constrained optimization problem.

First of all, CSCP is not a finite optimization problem, as is revealed by SIPCSCP, the
most natural reformulation of the set-theoretic definition of CSCP. Note that there does
not exist an ad-hoc finite formulation of this problem, whenever the set Y comprises
infinitely many elements. Even if the set to be covered and each of the covering objects
are convex for any x ∈ X, it is not sufficient to formulate containment conditions for
extremal points of Y : To do so, the union of the covering objects P (x) would have to be
convex or reverse convex, however there is no reason why this set should be connected at
all and also occurrence of holes has to be expected. Hence for general CSCP no alternative
than requiring covering for any single point in Y exists.

Nevertheless for semi-infinite optimization problems, a large amount of theoretical and
numerical results has been established, as the literature overview in Section 1.3 reveals.
Most of these results again can be divided into two categories: SIPs with a special struc-
ture, as for example linear SIPs, convex SIPs or SIPs with convex lower level problems,
and SIPs that are at least once continuously differentiable. Yet, both cannot be expected
from CSCP: The covering constraint function (2.7) is in general not continuously differ-
entiable and the combination of minimum and maximum operator destroys any curvature
properties of the basic functions.

There is few literature concerning nonsmooth semi-infinite programs. [ZY07] introduce
the concept of the epi-coderivative of a semi-infinite constraint function to get a Lagrange
multiplier rule for SIP with locally Lipschitz or lower semi-continuous data. Generalized
constraint qualifications and nonsmooth versions of the Fritz John and Karush-Kuhn-
Tucker necessary optimality conditions for SIP are given in [KN09]. Their necessary
conditions use the generalized gradient introduced by [Cla90] and concepts of nonsmooth
analysis (see for example [RW09]). Under generalized convexity, also sufficient conditions
are given in [GK17]. For problems with invex data, [MJL12] formulate Wolfe and Mond-
Weir type duals and establish weak, strong and strict converse duality theorems for
SIP and the corresponding dual problems. All these approaches have in common that
the systems of (in)equalities known from smooth optimization, such as the KKT-system
of an optimization problem (1.6), become set containment conditions. This means a
local optimal solution is not characterized as solution of a system of equalities anymore,
a property which in practice can be utilized to find candidate solutions. Rather, the
characterization is weaker in that at a local optimal solution, zero is part of a certain set
constructed from some kind of generalized gradients of the objective and the semi-infinite
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2 The continuous set covering problem

constraint function. The exact descriptions and used generalizations of the gradient vary
between the cited references.

Probably because the generalized variants of gradients are difficult to compute, to the
best of our knowledge, none of the optimality conditions for nonsmooth SIP is used in
an algorithm yet. For CSCP, the "origin" of nonsmoothness is the min-max structure of
the covering constraint function and not necessarily the problem data. Therefore we also
decide to foresee from using generalized gradients and try to find solution approaches
based on further investigation of CSCP and its structure. This comprises the establish-
ment of reformulations and approximations to CSCP and the discussion of their possible
advantages and disadvantages. A first glimpse of this topic’s extend can be get in Fig-
ure 2.2 which gives an overview on reformulations and approximations of CSCP. Before
going into detail, we go on an excursus that shows how to model a practical application
as SIPCSCP.

2.2 Excursus: Modeling a pump portfolio design task as
continuous set covering problem

The applications motivating our investigations on CSCP are optimal product portfolio
design tasks for products that can be modeled as geometrical objects in Rm parametrized
continuously by the decision vector and a requirement on the product portfolio that has
a description as compact set in Rm. Pump portfolio optimization is just one example
that corresponds this situation. Here, the unknown future customer specifications are
summarized into a compact set in the flow-height diagram and the product portfolio
should be designed such that the pump operation areas cover this set. Beyond the
covering requirement, the task is to select pumps such that every duty point in the set
to be covered can be delivered by a highly efficient pump. In Section 2.2.1, we introduce
a parametric model of a circular pump which then is used in Section 2.2.2 to formulate
the pump portfolio design task as SIPCSCP.

2.2.1 Model of a circular pump

The first step in the task of designing a pump portfolio is the definition of an adequate
model. The model developed in the following is restricted to so-called circular or ra-
dial flow pumps with undivided feed pipe, one stage and typically low specific speeds
up to 70 / min [Hel09]. These type of pumps are typically used for example in water
transportation tasks.

On the one hand, the comprehensive pump model developed in the following should be
an adequate description of the physical process of water transport by a pump and on
the other hand it should be a mathematical abstraction of the machine, a parametric
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Figure 2.2: Reformulations and approximations of CSCP. Bidirectional arrows indicate equiva-
lences between problems.
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Qpeak Qmax

H

Qpeak Qmax

1

η

Qpeak QmaxQ

P

Figure 2.3: Circular pump model: Characteristic-, efficiency- and power curve.

model that can be used in optimization problems. We therefore only strive mechanical
engineering and develop a rather high-level model of a circular pump. Nevertheless,
important physical rules are obeyed. Finally a pump can be identified with a compact,
connected set on the plane, the so-called pump operation area.

Basic pump model

For the beginning, the model of a pump running at one fixed speed is set up. Under this
operation mode, pumps are not characterized by areas but by curves.

When pushing water into a piping system, the pump has to overcome the pressure that
prevails in the system. This pressure can be equivalently be given as a height H given in
m. The characteristic curve of a pump encodes the pressure a pump generates at certain
flows of water Q (in m3/h) it produces (Figure 2.3, top). Although a pump can deliver
flow over a certain continuous range, it is not equally efficient at each duty point on the
characteristic curve. The second curve in Figure 2.3, the so-called efficiency curve of a
pump captures this fact in mapping flow to efficiency η. The physical law that describes
the power consumption P of a pump delivering a certain flow Q > 0 is given by

P (Q) = ρg
H(Q)Q

η(Q)
. (2.8)

Here H is the characteristic- and η the efficiency curve, both evaluated at flow Q. Further,
ρ is the density of the transported medium and g = 9.81 m/s2 the standard gravity. The
power curve is shown in the third panel of Figure 2.3.
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2.2 Excursus: Pump portfolio optimization as CSCP

The basic pump model we set up characterizes these curves by only a few parameters. Fur-
thermore, its implementation can be extended to further mechanisms concerning pump
operation such as speed regulation, efficiency scale-up which describes the dependence
of the efficiency on the size of the pump, or to the definition of a maximum operation
point depending on NPSH values which is an important measure for avoidance of pump
damage by cavitation.

Similar to [Men+15] and [Mor+09] we choose a quadratic polynomial as model for the
characteristic curve and use its coefficients to further define pump efficiency for the duty
points on the characteristic curve. Duty points of a circular pump consist of non-negative
flows and heights, and for physical reasons, the height produced by a circular pump
declines with the flow. Therefore, we restrict the coefficient set of our model to

P :=
{

p ∈ R3 |p2 ≤ 0, p1 < 0 if p2 = 0, p0 > 0
}

. (2.9)

Then, for p ∈ P, the characteristic curve is defined by

Hp : R+ → R

Q �→ p0 + p1Q + p2Q2.
(2.10)

The minimum and maximum feasible flow of the pump are given by the characteristic
values Qpeak,p, the lowest flow a circular pump can work upon without getting damaged
and Qmax,p, the largest value that provides non-negative height (see Figure 2.3). These
values are defined by

Qpeak,p :=

⎧⎨⎩0 if − p1
2p2

< 0 ∨ p2 = 0
− p1

2p2
otherwise.

(2.11)

and

Qmax,p := H−1
p (0). (2.12)

Note that due to the condition p0 > 0, the root Qmax,p > 0 is well-defined. To define the
efficiency curve of a pump, we suppose that another parameter, its maximum efficiency
ηmax ∈ [0, 1] is given. Then the curve depicted in the center of Figure 2.3 is modeled by

ηp : R+ → [0, 1]

Q �→ 4
ηmax

Qmax,p
Q − 4

ηmax
Q2

max,p
Q2.

(2.13)

Due to the definition of the coefficient set P, the flow at which the pump attains its
maximum efficiency, Q = 1

2Qmax,p is on the right-hand branch of the quadratic curve for
any p2 < 0. This special point on the characteristic curve is called the design point of
the pump and denoted by

(QD, HD) :=
(1

2
Qmax,p, Hp

(1
2

Qmax,p

))
ηp(QD) = ηmax

(2.14)

35



2 The continuous set covering problem

QD Qmax

HD

λ = 0
λ = 0.5
λ = 0.95

QD Qmax

ηmax

Figure 2.4: Three basic pumps with identical design point (QD, HD) but different curvature pa-
rameters λ. Note that the efficiency curves of the pumps coincide if they have identical maximum
efficiencies ηmax.

As the efficiency curve is unimodal, the design point is well-defined for all pumps p ∈ P.

The power curve depicted as third curve in Figure 2.3 can also be modeled upon the
three characteristic curve coefficients and the pump’s maximum efficiency. However, as
we do not use it in the following, we resign from the introduction of further notation.

The coefficients of the quadratic characteristic curve function have no intuitive meaning
concerning the location of the curve in the Q − H-diagram. From practitioners point of
view, the task of choosing a good pump to a given customer specification and also the
task of defining a new pump portfolio is done by selecting pumps according to their design
points. Therefore, we parametrize the basic pump model in terms of the design point
(QD, HD) ∈ R2

+ and a curvature parameter λ ∈ [0, 1). It is easily checked that any pump
defined by p ∈ P is equivalently determined by the parameters (QD, HD, λ) ∈ R2

+ × [0, 1)
according to the following rules:

p2 = −λ
HD

Q2
D

p1 =
HD

QD
(3λ − 1)

p0 = 2HD(1 − λ).

(2.15)

Figure 2.4 demonstrates the definition of a pump by means of its design point and a
curvature parameter.

The minimum flow at which a pump in P is allowed to be operated, Qpeak,p has the
following representations the design point based parameterization:

Qpeak,p =
{3λ−1

λ QD if λ > 1
3

0 otherwise
(2.16)
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2.2 Excursus: Pump portfolio optimization as CSCP

Remark that the set P is not closed, as the design points are supposed to be in the positive
orthant. This is an issue when it comes to optimization over the set P. However, for
technical reasons, usually further bounds for the design point coefficients are provided.

To sum up, in our basic model, a pump is defined by four parameters, the maximum
efficiency of the pump ηmax, the design point (QD, HD), at which the pump attains
ηmax, and a curvature parameter λ. A pump is described by a characteristic curve in
the Q − H-diagram that provides the duty points at which the pump can be operated.
The efficiency at which the pump operates on any of these duty points is given by the
unimodal efficiency curve.

Variable speed pump model

The hitherto pump model characterized a water transport pump by a single characteristic
curve and an efficiency curve. This mimics the operation of a pump at fixed speed.

By running a pump faster or slower, the characteristic curve is transformed. In general,
slowing down a pump leads to less flow and less height whereas fastening leads to larger
duty points. Technically, there are different modes to regulate a pump’s speed. In some
water transport systems, it is only possible to run a pump at a few fixed speeds. This
case is already incorporated in the curve-based pump model if a virtual pump is assigned
to each of the finite number of speed values. More interesting are frequency inverters
which modulate speed continuously within a certain given range. Using speed regulation,
a pump can be operated on a field of duty points, the characteristic diagram of a pump
which results from a family of characteristic curves parameterized by the relative speed
of a pump, which transforms characteristic curves continuously.

To model speed regulation, the basic pump model is extended by the parameter of a
pump’s relative speed. This new model is called variable speed pump model. The physical
laws that describe the transformation of a point on the characteristic curve of a pump
depending on its speed are the so-called affinity laws (see for example [Gül10]). A side
effect of speed regulation is a change in the maximal efficiency of the pump, the so-called
efficiency scale-up. However we neglect this effect by now.

Affinity laws. Suppose that (Q1, H1) is a duty point on the characteristic curve of a
pump operated at absolute speed n1 > 0 (in 1/ min). When speed is regulated to a value
n2, the duty point is transformed to (Q2, H2) according to the affinity laws

Q2 = Q1
n2
n1

H2 = H1

(
n2
n1

)2
. (2.17)

In the remainder of the thesis, we suppose that beyond the maximum efficiency ηmax of a
pump also its nominal speed nnom in 1/ min is given and that the coefficients of a pump
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2 The continuous set covering problem

p ∈ P define the characteristic curve of the pump at this nominal speed. We introduce
a new dimensionless parameter, the relative speed of a pump n, defined as a fraction of
the speed nabs at which a pump is operated and its nominal speed nnom.

n :=
nabs
nnom

.

For a given maximum efficiency ηmax ∈ [0, 1] and nominal speed nnom > 0, consider a
pump p ∈ P. Using the affinity laws and introducing the new relative speed parameter n
into the basic pump model, the variable speed pump model is constructed as follows: For
any relative speed n > 0 and flow Q in [Qpeak,p, Qmax,p], the affinity laws (2.17) provide
that Q and Hp(Q) change according to

Qn := nQ and Hn := n2Hp(Q).

Thus, the characteristic- and efficiency curve become functions of not only the flow but
also the relative speed and are given by

Hpnnom : R+ × R+ → R

(Q, n) �→ −λ
HD

Q2
D

Q2 + n
HD

QD
(3λ − 1)Q + 2n2HD(1 − λ)

(2.18)

ηpnn : R+ × R+ → R

(Q, n) �→ −4
ηmax

n2Q2
max,p

Q2 + 4
ηmax

nQmax,p
Q

(2.19)

For the continuous set covering problem we want to derive, it is of practical use to describe
the pump operation area as a closed set in the Q − H-diagram. Therefore, we restate the
characteristic diagram (2.18) in terms of speed:

npnnom : R+,0 × R+,0 → R

(Q, H) �→ − 3λ − 1
2(1 − λ)

Q +
√

(λ + 1)2

16(1 − λ)2
Q2

Q2
D

+
H

2(1 − λ)HD

(2.20)

The characteristic- and the efficiency diagram as functions of duty points are depicted as
level curves in Figure 2.5.

To finally set up the pump operation area, we introduce three parameters that restrict
the set of duty points on which a pump should be operated. These parameters are
the minimum and maximum relative speed between which the speed of the pump can be
regulated, 0 ≤ nmin ≤ nmax, and the minimum efficiency ηmin ∈ [0, ηmax] which is required
from each duty point at which the pump is operated. There are certainly more technical
requirements that could be considered to restrict the pump operation area. However, by
means of providing an illustrative example, we limit ourselves to efficiency and relative
speed bounds. One further restriction of the pump operation area comes up due to the
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2.2 Excursus: Pump portfolio optimization as CSCP
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Figure 2.5: Characteristic and efficiency diagram of a variable regulated pump. The numbers
in the diagram indicate the speed- and the efficiency levels respectively.

basic pump model: In (2.16) it is stated that for pumps with curvature parameter λ > 1
3 ,

the basic pump model and thus also the variable speed pump model is only valid for
flows larger than Qpeak,p > 0 or nQpeak,p > 0. To avoid this artificial restriction, we
suppose for the remainder of this theses that curvature is smaller than the critical value,
i.e. λ ∈

[
0, 1

3

]
For given maximum efficiency ηmax ∈ [0, 1] and nominal speed nnom > 0, we define the
operation area of the pump as set determined by the pump coefficient parameters QD,
HD and λ, and the limiting speed and efficiency parameters nmin, nmax and ηmin:

A(QD, HD, λ, nmin, nmax, ηmin) := {(Q, H) ∈ R2
+|

nmin − n(QD, HD, λ, Q, H) ≤ 0,

n(QD, HD, λ, Q, H) − nmax ≤ 0,

ηmin − η(QD, Hd, λ, Q, H) ≤ 0} .

(2.21)
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2 The continuous set covering problem

The functions n and η are defined based upon equations (2.20) and (2.19) of the variable
speed pump model, using the relation Qmax,p = 2QD from (2.14):

n : R2
+ ×

[
0,

1
3

]
× R2

+ → R

(QD, HD, λ, Q, H) �→ − 3λ − 1
2(1 − λ)

Q

+
√

(λ + 1)2

16(1 − λ)2
Q2

Q2
D

+
H

2(1 − λ)HD

(2.22)

η : R2
+ ×

[
0,

1
3

]
× R2

+ → R

(QD, HD, λ, Q, H) �→ − ηmax
n2(QD, HD, λ, Q, H)Q2

D

Q2

+ 2
ηmax

n(QD, HD, λ, Q, H)QD
Q.

(2.23)

The pump operation area is a set of duty points which results from the intersection of the
zero lower level sets of the negative efficiency diagram and the positive and negative speed
diagram, each vertically translated by the given boundary efficiency or speed values.

The functions defining the pump operation area all depend continuously on the six pa-
rameters QD, HD, λ, nmin, nmax and ηmin. Hence, the pump operation area itself depends
continuously on them. The effect of changes in the curvature parameter λ is already de-
picted in Figure 2.4. How changes in the other five parameters affect the pump operation
area is indicated in Figure 2.6. The design point determines the location of the area in
the Q−H-diagram. Despite that, when all other parameters are fixed, it also determines
size of the area in that an increase in either of the design point components (flow and
height) leads to a larger pump operation area. QD determines the width and HD the
height of the area. However, size is also influenced by the relative speed parameters nmin
and nmax which define the limiting lower and upper characteristic curves at which the
pump is allowed to be operated. By unimodularity of the efficiency curve and thus the
"ridge"-structure of the efficiency diagram (see level curves in the lower picture of Fig-
ure 2.5), the minimum efficiency determines both the left- and right-hand bound of the
pump operation area, which becomes narrower if a higher minimum efficiency is required
and wider if this requirement is relaxed.

2.2.2 The pump portfolio design task as CSCP

Using the variable speed pump model and the pump operation area retrieved from it, we
are finally able to state the pump portfolio optimization task as SIPCSCP.

For the considered task, we suppose that a compact set Y ⊂ R2
+ representing customer

specifications is given. A pump portfolio of size N ∈ N then comprises N variable speed
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2.2 Excursus: Pump portfolio optimization as CSCP

Figure 2.6: Pump operation area and the effects of changes in the parameters QD, HD, nmin,
nmax and ηmin on it. Green arrows indicate changes in boundary resulting from increasing the
associated parameters, red arrows indicate changes resulting from reduction of the associated
parameters. The blue-orange colored arrow depicts the effect of a translated design point.

pumps which we assume to have identical maximum efficiency ηmax and nominal speed
nnom. The portfolio thus can be described by 6N parameters which could set up the
decision space. However, in our examples we suppose that minimum and maximum
speed are given limitations that result from some technical reasons. Hence, we fix them
to identical values for all pumps. Further we consider pump portfolios consisting of
similar types of pumps which is reflected in a given, and all identical curvature parameter
λ ∈

[
0, 1

3

]
. Our goal is to find a pump portfolio such that the operation areas of the pumps

cover the set of customer specifications Y with high efficiency. This can be incorporated
in the design task by supposing identical minimum efficiency ηmin for all pumps in the
portfolio and maximization of this parameter.

Eventually, the optimal design task for a portfolio consisting of N ∈ N pumps with given
common parameters ηmax, nnom, nmin, nmax and λ, and a given compact set to be covered
Y ⊂ R2

+ comprises 2N + 1 decision variables: The design points of the N pumps and the
common minimum efficiency. We define the decision vector x ∈ R2N

+ × [0, ηmax] according
to

(x2i−1, x2i) := (Qi
D, H i

D) i = 1, . . . , N

x2N+1 := ηmin

where (Qi
D, H i

D) is the design point of the i-th pump. The decision space is R2N
+ ×[0, ηmax].

This can be made compact by reasonable additional restrictions on the location of the
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2 The continuous set covering problem

design points, for example by requiring x ∈ X with X := Y N × [0, ηmax]. For each
i ∈ {1, . . . , N}, define the following functions

gi1 : X × Y → R

(x, y) �→ nmin − n(x2i−1, x2i, λ, y1, y2)
(2.24a)

gi2 : X × Y → R

(x, y) �→ n(x2i−1, x2i, λ, y1, y2) − nmax
(2.24b)

gi3 : X × Y → R

(x, y) �→ x2N+1 − η(x2i−1, x2i, λ, y1, y2)
(2.24c)

For given parameters ηmax ∈ [0, 1], nnom > 0, 0 ≤ nmin ≤ nmax and λ ∈
[
0, 1

3

]
, and a

compact set of customer specifications Y ∈ R2
+, the optimal pump portfolio optimization

task as continuous set covering problem in semi-infinite formulation is given by

SIPpump : min
x∈X

−x2N+1

s.t. min
1≤i≤N

max
1≤j≤3

gij(x, y) ≤ 0 ∀y ∈ Y
(2.25)

where for i = 1, . . . , N and j = 1, 2, 3 the functions gij are given in (2.24).

Figure 2.7 shows an (infeasible) configuration of two pumps. The black crosses are the
design points of the pumps which are allowed to vary continuously within a compact
set, for example the set of customer specifications. The blue surface is the graph of the
covering constraint function. The upper and lower boundaries of the pump operation
areas are fixed, whereas the left and right boundaries are determined by the objective
function.

The example of optimal pump portfolio design shows that continuous set covering prob-
lems possess interesting applications. Especially in mechanical engineering, properties
and operation ranges of products or machines are often modeled as continuous functions
of certain design parameters. Thus the SIPCSCP formulation should be an appropriate
means to model arising product portfolio design tasks in this context as an optimization
problem.
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Figure 2.7: Configuration of two pumps that should cover a rectangular part Y of the Q − H-
plane (indicated in the background). The blue surface is the covering constraint function evaluated
over R2

+ for this pump configuration.
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3 Reformulations and approximations for
CSCP

After introducing SIPCSCP, we had to notice that this problem misses two desirable
properties of a SIP, continuous differentiability of the semi-infinite constraint function
and convexity or concavity of this function in the decision or index variables, respec-
tively. This makes direct application of most solution methods difficult. We therefore
collect other classes of optimization problems that are either equivalent to SIPCSCP in the
sense of Definition 2.1.3 or approximate the problem. We discuss whether some of the
reformulations or approximating problems preserve the structure of the problem data.
For better overview, at the beginning of the following sections, a variation of Figure 2.2
is shown that indicates to which part of the diagram the section refers.

3.1 Equivalent reformulations of CSCP

Reformulation

���������������

�������

���
�

����

����
����

�������
����

��������

Figure 3.1: Reformulations of CSCP
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3 Reformulations and approximations for CSCP

Reformulating CSCP has two goals: First, the nonsmoothness of the covering constraint
functions should be removed such that the problem could be handled with standard (semi-
infinite) programming techniques. Second, reformulations allow different perspectives on
the continuous set covering problem which may lead to further insights on its inherent
structure.

3.1.1 Bilevel reformulations

As any semi-infinite optimization problem, SIPCSCP can be stated as bilevel problem

BLPCSCP : min
(x,ȳ)∈X×Rm

f(x)

s.t. min
1≤i≤N

max
1≤j≤pi

gij(x, ȳ) ≤ 0
(3.1)

where ȳ solves the lower level problem

Q(x) : max
y∈Rm

min
1≤i≤N

max
1≤j≤pi

gij(x, y)

s.t. y ∈ Y
(3.2)

Proposition 3.1.1. Any instance of SIPCSCP (2.5) is equivalent to the following bilevel
problem

BLPE
CSCP : min

(x,ȳ,t̄)∈X×Rm×R
f(x)

s.t. t̄ ≤ 0,

(ȳ, t̄) is a solution of QE(x)

(3.3)

with lower level problem

QE(x) : max
(y,t)∈Rm×R

t

s.t. min
1≤j≤pi

(t − gij(x, y)) ≤ 0, i = 1, . . . , N

uk(y) ≤ 0, k = 1, . . . , q

Proof. By applying the epigraph reformulation technique (Lemma 1.2.6) to the lower
level problem Q(x) (3.2), the lower level problem turns into

max
(y,t)∈Rm×R

t

s.t. t − max
1≤j≤pi

gij(x, y) ≤ 0, i = 1, . . . , N

y ∈ Y

The resulting N constraints can be further equivalently reformulated as follows:

min
1≤j≤pi

(t − gij(x, y)) ≤ 0, i = 1, . . . , N

The constraint y ∈ Y is replaced by the functional definition of the set to be covered.
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3.1 Equivalent reformulations of CSCP

Proposition 3.1.2. Any instance of SIPCSCP (2.5) is equivalent to the following bilevel
problem

BLPS
CSCP : min

(x,ȳ,t̄,z̄1,...,z̄N )∈X×Rm×R×Rp1 ×···×RpN
f(x)

s.t. t̄ ≤ 0,

(ȳ, t̄, z̄1, . . . , z̄N ) is a solution of QS(x)

(3.4)

with lower level problem

QS(x) : max
(y,t,z1,...,zN )∈Rm×R×Rp1 ×···×RpN

t

s.t.
pi∑

j=1
zi

j(t − gij(x, y)) ≤ 0, i = 1, . . . , N

pi∑
j=1

zi
j = 1, i = 1, . . . , N

zi
j ≥ 0, j = 1, . . . , pi, i = 1, . . . , N

uk(y) ≤ 0, k = 1, . . . , q

Proof. The stated problem results from applying Lemma 1.2.4 to problem (3.3).

The reformulation BLPS
CSCP finally is a smooth bilevel problem with differentiable con-

straint functions whenever the basic functions gij(x, ·) are differentiable in y for fix
x ∈ X. However, smoothness comes at a cost: Compared to SIPCSCP, the lower level
problem of BLPS

CSCP is much larger: Its decision space is
(
m + 1 +

∑N
i=1 pi

)
- instead of

m-dimensional, it has 2N +
∑N

i=1 pi + q instead of q constraints, and at least N of these
constraints are nonlinear.

The next reformulation of the lower level problem results in a problem known as finite
min-max-min problem [PR03] in literature.

Proposition 3.1.3. Any instance of SIPCSCP (2.5) is equivalent to a bilevel problem
whose lower level problem is a finite min-max-min problem:

BLPFMMM
CSCP : min

(x,ȳ)∈X×Rm
f(x)

s.t. − max
1≤i≤N

min
1≤j≤pi

−gij(x, ȳ) ≤ 0,

ȳ is a solution of QFMMM(x)

(3.5)

with lower level problem

QFMMM(x) : min
y∈Rm

max
1≤i≤N

min
1≤j≤pi

−gij(x, y)

s.t. y ∈ Y
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3 Reformulations and approximations for CSCP

Proof. The proof consists of the straightforward application of the fact that the minimum
value of a function is the negative of the maximum value of the function multiplied by
−1.

Finite min-max-min problems occur for example in path planning ([KK97; LSB70; RS90;
KP98]), or design-centering, tolerancing and tuning problems ([BLT76; PS79; Tit85;
VM82]). [TPR09] present a smoothing approach to approximate the finite min-max-min
problem by a smooth optimization problem and apply a steepest descent strategy to solve
the resulting approximating problems. A discussion of other existent methods for solving
finite min-max-min problems is given by [PR03] who state that the literature on this
kind of optimization problem is generally rather sparse. However, all approaches they
mention have in common that they are of local nature. Yet, in the CSCP context, it
is obligatory to find a global solution of the problem to check feasibility of the actual
decision variable in the upper level, x. The only global approach to finite min-max-min
problems we found in literature is presented by [Dex+08]. They use an interval method
for global solution of finite min-max-min problems which only requires that the basic
functions gij are Lipschitz continuous.

3.1.2 Reformulation as GSIP

CSCP can be reformulated into a generalized semi-infinite problem (GSIP). The idea
for the reformulation is inspired by design centering [Ste06] and can be interpreted as
"interchanging design and container". This means, the covering constraint is turned into
a description of the infinite index set and the functions describing the set to be covered
into the new constraints. To do so, a superset Y env of the set to be covered is introduced.
Further, this set is required to be compact and convex. Its purpose is to bound the newly
constructed generalized semi-infinite index set. Hence an arbitrarily simple set such as a
box for instance can be chosen. In the generalized semi-infinite reformulation, the semi-
infinite constraint function becomes easier in some sense whereas the index set becomes
x-dependent.

Proposition 3.1.4. Let Y env ⊂ Rm be a convex, compact set with Y ⊂ Y env. Then, any
instance of SIPCSCP is equivalent to the following generalized semi-infinite optimization
problem

G̃SIPCSCP : min
x∈X

f(x)

s.t. max
1≤k≤q

uk(y) > 0 ∀y ∈ Y (x)
(3.6)

where Y (x) := {y ∈ Rm| min1≤i≤N max1≤j≤pi gij(x, y) > 0} ∩ Y env

Proof. The proof is clear.
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3.1 Equivalent reformulations of CSCP

In the GSIP reformulation, there is only one pointwise maximum function to consider
in the semi-infinite constraint and this constraint is independent of the decision vector
x. Yet, the inequalities of the constraint and in the description of the generalized semi-
infinite index set are strict which means that the sets are not closed anymore. Thus, the
Weierstrass theorem cannot be expected to hold anymore and the problem might not
attain an extreme point within the feasible set. To distinguish the problem from GSIPs
that are usually given with nonstrict inequalities, we added the tilde to the problem
abbreviation G̃SIPCSCP.

The next reformulation transforms the generalized semi-infinite index set into a conjunc-
tive semi-infinite constraint. This kind of reformulation was introduced in [GJS07].

Proposition 3.1.5. Let Y env ⊂ Rm be a convex, compact set with Y ⊂ Y env. Then, any
instance of SIPCSCP is equivalent to the following disjunctive semi-infinite optimization
problem (DSIP)

D̃SIPCSCP : min
x∈X

f(x)

s.t. max
1≤k≤q

uk(y) > 0 ∨ min
1≤i≤N

max
1≤j≤pi

gij(x, y) ≤ 0 ∀y ∈ Y env (3.7)

While the second part of the disjunctive constraint is nonstrict, the first part, which
requires y /∈ Y , is still strict. However, it is easy to state what happens if it would be
relaxed: In this case, the relative boundary of Y , the points y ∈ Rm such that there
is k ∈ {1, . . . , q} with uk(y) = 0 would be excluded from the requirement of being
covered. Note D̃SIPCSCP possesses a standard infinite index set that is independent of x.
Furthermore, as the only requirements on Y env are that it is a compact, convex superset of
Y it could be chosen to have an easier description than the set to be covered Y . However,
the constraint now is not only nonsmooth but also disjunctive. For completeness, problem
DSIPCSCP, the relaxation of D̃SIPCSCP to nonstrict inequalities is also stated, although
it is not a equivalent reformulation of CSCP.

DSIPCSCP : min
x∈X

f(x)

s.t. max
1≤k≤q

uk(y) ≥ 0 ∨ min
1≤i≤N

max
1≤j≤pi

gij(x, y) ≤ 0 ∀y ∈ Y env (3.8)
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3 Reformulations and approximations for CSCP

3.2 Approximating problems for CSCP
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Figure 3.2: Approximations to CSCP

One possibility to handle difficult optimization problems is to approximate them by easier
ones. The most common approach is discretization of the infinite index set in order to get
a finite optimization problem. Beyond discretization-based approximations, we further
consider approaches that tackle the non-smoothness of the covering constraint function
via regularization. Last but not least, both approaches can be combined to get finite
nonlinear optimization problems that approximate CSCP.

Before introducing the approximating problems for CSCP, we provide a definition on
what is meant by an inner or outer approximation of an optimization problem.

Definition 3.2.1 (Inner and outer approximating problems). Consider a minimization
problem P (1.1). Any optimization problem Q with feasible set MQ ⊆ Rn and the
same objective function as P is called an inner approximating problem to P if and only if
MQ ⊆ MP. Q is an outer approximating problem to P if and only if MQ ⊇ MP.
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3.2 Approximating problems for CSCP

Corollary 3.2.2. Consider the minimization problem P (1.1) as well as an inner ap-
proximating problem Q and an outer approximating problem R to P. Let x�

P, x�
Q and x�

R

be global solutions of P, Q and R, respectively. Then f(x�
R) ≤ f(x�

P ) ≤ f(x�
Q) holds.

3.2.1 Discretization of the semi-infinite index set

Lemma 3.2.3. Consider an instance of SIPCSCP and let Ẏ ⊂ Y be an arbitrary finite
subset of the infinite index set Y , i.e. Ẏ := {y1, . . . , yr}, r ∈ N. Then, the finite problem

SIPCSCP(Ẏ ) : min
x∈X

f(x)

s.t. min
1≤i≤N

max
1≤j≤pi

gij(x, yk), k = 1, . . . , r
(3.9)

is an outer approximation of SIPCSCP.

Proof. Denote by MSIPCSCP the feasible set of SIPCSCP and by MSIPCSCP(Ẏ ) that of the
discretized problem. Obviously, for each x ∈ MSIPCSCP(Ẏ ), it holds that x ∈ MSIPCSCP .

Proposition 3.2.4. Consider an instance of SIPCSCP and let Ẏ ⊂ Y be an arbitrary
finite subset of the infinite index set Y , i.e. Ẏ := {y1, . . . , yr}, r ∈ N. Then, the problem

SIPlift1
CSCP(Ẏ ) : min

x∈X
(γ1,...,γr)∈RN ×···×RN

f(x)

s.t.
N∑

i=1
γk

i max
1≤j≤pi

gij(x, yk) ≤ 0, k = 1, . . . , r

N∑
i=1

γk
i = 1, k = 1, . . . , r

γk
i ≥ 0, i = 1, . . . , N, k = 1, . . . , r

(3.10)

is equivalent to the discretized continuous set covering problem SIPCSCP(Ẏ ).

Proof. Apply Lemma 1.2.4 with m = r, nk = N , k = 1, . . . , r and the functions gik

defined as gik(x) := max1≤j≤pi gij(x, yk). The variables zk in the lemma correspond to
the γk here.

Proposition 3.2.5. Consider an instance of SIPCSCP and let Ẏ ⊂ Y be an arbitrary
finite subset of the infinite index set Y , i.e. Ẏ := {y1, . . . , yr}, r ∈ N. Suppose that the
functions gij : Rn × Rm → R (j = 1, . . . , pi, i = 1, . . . , N) are bounded on X × Y . Then,
the lifted problem
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SIPlift2
CSCP(Ẏ ) : min

x∈X
(γ1,...,γr)∈RN ×···×RN

(z1,...,zr)∈RN ×···×RN

f(x)

s.t. γkT
zk ≤ 0, k = 1, . . . , r

N∑
i=1

γk
i = 1, k = 1, . . . , r

γk
i ≥ 0, i = 1, . . . , N, k = 1, . . . , r

gij(x, yk) − zk
i ≤ 0, j = 1, . . . , pi,

i = 1, . . . , N, k = 1, . . . , r

(3.11)

is equivalent to the discretized continuous set covering problem SIPCSCP(Ẏ ).

Proof. We show the equivalence of the two lifted problems (3.10) and (3.11). It suffices
to show the problem equivalence for k = 1, i. e. Ẏ := {y}.

"⊆": Let (x, γ) ∈ MSIPlift1
CSCP

({y}) holds. Then, due to the boundedness of the functions
gij , max1≤j≤pi gij(x, y) =: ci < ∞. Defining zi := ci results in

0 ≥
N∑

i=1
γi max

1≤j≤pi

gij(x, y) =
n∑

i=1
γizi

and

gij(x, y) − zi = gij(x, y) − max
1≤j≤pi

gij(x, y) ≤ 0

for all i ∈ {1, . . . , N}. Hence, (x, γ, z) ∈ MSIPlift2
CSCP

({y}) and therefore,

(x, γ) ∈ pr(x,γ)

(
MSIPlift2

CSCP
({y})

)
.

"⊇": Let (x, γ, z) ∈ MSIPlift2
CSCP

({y}). As gij(x, y) − zi ≤ 0 for all j ∈ {1, . . . , pi}, for all
i ∈ {1, . . . , N}, it holds that

max
1≤j≤pi

gij(x, y) ≤ zi

Due to γi ≥ 0, for all i, this leads to γizi ≥ γi max1≤j≤pi gij(x, y). Hence,

0 ≥
N∑

i=1
γizi ≥

N∑
i=1

γi max
1≤j≤pi

gij(x, y)

and therefore, pr(x,γ)

(
MSIPlift2

CSCP
({y})

)
⊆ MSIPlift1

CSCP
({y}).
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Proposition 3.2.6. Consider an instance of SIPCSCP and let Ẏ ⊂ Y be an arbitrary fi-
nite subset of the infinite index set Y , i.e. Ẏ := {y1, . . . , yr}, r ∈ N. Then, the generalized
semi-infinite problem

GSIPCSCP(Ẏ ) : min
x∈X

(z1,...,zr)∈RN ×···×RN

f(x)

s.t. wk ≤ 0 ∀wk ∈ W (zk), k = 1, . . . , r

gij(x, yk) − zk
i ≤ 0, j = 1, . . . , pi, i = 1, . . . , N,

k = 1, . . . , r

(3.12)

where W (zk) := {w ∈ R|w ≤ zk
i , i = 1, . . . , N} is equivalent to the discretized continuous

set covering problem SIPCSCP(Ẏ ).

Proof. We show the equivalence between the GSIP problem and the lifted problem (3.11)
by an equivalent reformulation of the constraints concerning the lifting variables only. As
before, it suffices to show the problem equivalence for k = 1, i. e. Ẏ := {y}.

The existence of (γ, z) ∈ RN × Rn such that

γT z ≤ 0
N∑

i=1
γi = 1

γi ≥ 0, i = 1, . . . , N

is equivalent to the existence of two such vectors that fulfill

min
γ∈RN

γT z

s.t. min
γ∈RN

γT z ≤ 0

N∑
i=1

γi = 1

γi ≥ 0, i = 1, . . . , N

By linear programming duality, this is equivalent to

max
w∈R

w

s.t. max
w∈R

w ≤ 0

w ≤ zi, i = 1, . . . , N

The latter is equivalent to the generalized semi-infinite constraint

w ≤ 0 ∀w ∈ {w̄ ∈ R|w̄ ≤ zi, i = 1, . . . , N}
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Proposition 3.2.7. Consider an instance of SIPCSCP (2.5) and let Ẏ ⊂ Y be an arbi-
trary finite subset of the infinite index set Y , i.e. Ẏ := {y1, . . . , yr}, r ∈ N. Then, the
disjunctive program

DPCSCP(Ẏ ) : min
x∈X

f(x)

s.t.
r∧

k=1

N∨
i=1

pi∧
j=1

gij(x, yk) ≤ 0
(3.13)

is equivalent to the discretized continuous set covering problem SIPCSCP(Ẏ ).

Proof.

MSIPCSCP(Ẏ ) =
{

x ∈ X| min
1≤i≤N

max
1≤j≤pi

gij(x, yk) ≤ 0, k = 1, . . . , r

}
=
{

x ∈ X|
r∧

k=1
min

1≤i≤N
max

1≤j≤pi

gij(x, yk) ≤ 0
}

=
{

x ∈ X|
r∧

k=1

N∨
i=1

max
1≤j≤pi

gij(x, yk) ≤ 0
}

=

⎧⎨⎩x ∈ X|
r∧

k=1

N∨
i=1

pi∧
j=1

gij(x, yk) ≤ 0

⎫⎬⎭
= MDPCSCP(Ẏ )

When considering the slight relaxation DSIPCSCP given in (3.8) of problem D̃SIPCSCP –
as already mentioned, only the relative boundary of Y is excluded from the constraint –
an analogous chain of equivalent approximating problems to CSCP as with the discretized
problem SIPCSCP(Ẏ ) can be set up. For completeness, we state the equivalent problems
but omit the proofs as they are similar to the previously given ones.

Corollary 3.2.8. Consider an instance of problem DSIPCSCP and let Ẏ env ⊂ Y env be an
arbitrary finite subset of the infinite index set Y env, i.e. Ẏ env := {y1, . . . , yr}, r ∈ N. For
i = 1, . . . , N + q, define

p̄i :=
{

1, i = 1, . . . , q

pi−q, i = q + 1, . . . , N

Furthermore, for j = 1, . . . , p̄i, i = 1, . . . , N + q, define the functions vij : Rn × Rm → R

as

vij(x, y) :=
{

−ui(y) j = 1, . . . , p̄i, i = 1, . . . , q

g(i−q)j(x, y) j = 1, . . . , p̄i, i = q + 1, . . . , q + N
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3.2 Approximating problems for CSCP

Then, the following problems are equivalent to the discretized problem DSIPCSCP(Ẏ env):

(i)

DPCSCP(Ẏ env) : min
x∈X

f(x)

s.t.
r∧

k=1

N+q∨
i=1

p̄i∧
j=1

vij(x, y) ≤ 0
(3.14)

(ii)

GSIPCSCP(Ẏ env) : min
x∈X

(z1,...,zr)∈RN+q×···×RN+q

f(x)

s.t. wk ≤ 0 ∀wk ∈ W (zk),
k = 1, . . . , r

vij(x, yk) − zk
i ≤ 0, j = 1, . . . , p̄i,

i = 1, . . . , N + q,

k = 1, . . . , r

(3.15)

where W (zk) := {w ∈ R|w ≤ zk
i , i = 1, . . . , N + q}.

(iii)

Pfinite
CSCP(Ẏ env) : min

x∈X
Z∈R(N+q)×r

Γ∈R(N+q)×r

f(x)

γk
i ≤ 0, i = 1, . . . , N + q, k = 1, . . . , r

N+q∑
i=1

γk
i = 1, k = 1, . . . , r

γkT
zk ≤ 0, k = 1, . . . , r

vij(x, yk) − zk
i ≤ 0, j = 1, . . . , p̄i,

i = 1, . . . , N + q, k = 1, . . . , r

(3.16)

where Z := (z1, . . . , zr) ∈ R(N+q)×r and Γ := (γ1, . . . , γr) ∈ R(N+q)×r.

At this point, we add a short remark on the relation between GSIP problems, disjunctive
problems and CSCP. As already mentioned, [GJS07] introduced the disjunctive reformu-
lation of GSIP we used to get the reformulation D̃SIPCSCP. For CSCP, further logical
relations enter through the definition of the cover provided by x as union of intersec-
tions of zero sublevel sets, which can best be seen in the set theoretic formulation of the
covering constraint (2.4). Hence, CSCP is structurally a disjunctive program.
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3 Reformulations and approximations for CSCP

Problem # decision variables # constraints constraint
properties

SIPCSCP(Ẏ ) n 1 nonsmooth
DSIPCSCP(Ẏ env) n 1 nonsmooth,

disjunctive

DPCSCP(Ẏ ) n 1 disjunctive,
smooth

DPCSCP(Ẏ env) n 1 smooth, dis-
junctive

SIPlift2
CSCP(Ẏ ) n + 2rN r(2 + N +

∑N
i=1 pi) smooth, non-

linear
Pfinite

CSCP(Ẏ env) n + 2rN + 2rq r(2 + N +
∑N

i=1 pi + 2q) smooth, non-
linear

GSIPCSCP(Ẏ ) n + rN r(1 +
∑N

i=1 pi) GSIP,
smooth

GSIPCSCP(Ẏ env) n + rN + rq r(1 +
∑N

i=1 pi + q) GSIP,
smooth

Table 3.1: Problem sizes and constraint properties for instances of reformulations of either
SIPCSCP(Ẏ ) or DSIPCSCP(Ẏ env), assuming that both Ẏ and Ẏ env consist of r ∈ N points.

The relationship between disjunctive programs and GSIPs is exploited in [KS16]. They
present a procedure to reformulate an arbitrary disjunctive program equivalently as GSIP
with linear semi-infinite constraints which resembles our formulation GSIPCSCP(Ẏ ). For
this problem, the authors suggest either the application of lower level duality reformu-
lations or replacement of the lower level problem by its Karush-Kuhn-Tucker optimality
conditions combined with smoothing. Both techniques lead to a finite nonlinear opti-
mization problem that can be solved by standard techniques. [KS17] take the opposite
direction and formulate a GSIP as disjunctive program. A sequence of discretizations
of DP is then solved by a branch-and-bound method. This could also be an interesting
method to apply to the problem DPCSCP(Ẏ ) given in (3.13).

Table 3.1 compares the sizes of the discretization-based approximations for SIPCSCP
with respect to problem size and properties of the constraint functions. As indicated by
the arrows in the overview Figure 3.2, problem complexity in terms of non-smoothness
or disjunctive structure is high for small problems whereas for approximating problems
with smooth constraints, large numbers of decision variables and constraints have to be
accepted.
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3.2 Approximating problems for CSCP

Smoothing of the covering constraint function

Within this section, regularization is introduced to get a smooth approximation of the
covering constraint function. The resulting problems remain semi-infinite, but they are
as smooth as the basic functions defining the covering objects.

Before stating the smoothed variants of SIPCSCP, in the following section the used smooth-
ing functions are defined and their convergence properties are proven.

Convergence of approximating optimization problems

A common method to tackle difficult optimization problems is to solve a sequence of
successively improvied, easier approximations to the problem. However, such a procedure
can only be successful if the solutions of the approximating problems converge to solutions
of the original problem. Epiconvergence of approximating problems is a property that
guarantees convergence of global solutions and certain types of local minimizers.

The concept of epiconvergence was first used in [DSJ83] to show that sequences of global
minimizers of approximating problems converge to global minimizers of the original prob-
lem, if the approximating problems epiconverge to the latter. [Pol93] strengthened this
result by showing, that sequences of uniform local minimizers, i.e. local minimizers with
radii of attraction that do not vanish (see Definition 1.2.3), converge to a local minimizer
of the original problem. In this section, after introducing the concept of epiconvergence,
Polaks result in the version of [Pol97] is presented.

For the definition of epiconvergence, we use the concept of Kuratowski-Painlevé conver-
gence for sets stated in Chapter 1. The concept of epiconvergence is introduced for an
abstract optimization problem and a sequence of approximating problems. Therefore,
consider the problem

P: min
x∈X

f(x)

where f : Rn → R̄ is lower semicontinuous, X ⊆ Rn is the constraint set and R̄ the
extended reals, R ∪ {−∞, ∞}. For all n ∈ N, let fn : Rn → R̄ be lower semicontinuous
functions that approximate f and let Xn ⊆ Rn be approximations to the original set of
constraints X. Consider the set of approximating problems for n ∈ N

Pn : min
x∈Xn

fn(x)

By epigraph-reformulation, the problems P and Pn can be restated as

P : min
(x,z)∈E

z

Pn : min
(x,z)∈En

z„
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3 Reformulations and approximations for CSCP

where E and En, n ∈ N denote the epigraphs of the problems

E := {(x, z) ∈ X × R̄|f(x) ≤ z}
En := {(x, z) ∈ Xn × R̄|fn(x) ≤ z}

In this reformulation, it is obvious that the original problem and its approximating prob-
lems only differ in the constraint set. Thus, to be of any use at all, at least the epigraphs of
the approximating problems have to converge to the epigraph of the original problem.

Definition 3.2.9 (Epiconvergence. [Pol97]). The sequence of approximating problems
{Pn}n∈N epi-converges to the problem P, Pn →epi P, if the epigraphs En converge to the
epigraph E,

lim
n→∞ En = E.

Another characterization of epiconvergence is given in the following result.

Lemma 3.2.10 ([Pol97]). The epigraphs of the problems Pn, n ∈ N converge to the
epigraph of P if and only if

(i) for every x ∈ X there exists a sequence {xn}n∈N, with xn ∈ Xn, such that xn → x,
as n → ∞ and lim supn→∞ fn(xn) ≤ f(x)

(ii) for every sequence {xn}n∈N with a converging subsequence {xnk}k∈N such that xnk ∈
Xnk

, for all k ∈ N, and xnk → x, as k → ∞, it follows that x ∈ X and
lim infk→∞ fnk

(xnk) ≥ f(x).

The main result of epiconvergence is stated in the next theorem.

Lemma 3.2.11 ([Pol97]). Suppose that Pn →epi P.

(i) If {x̄n}n∈N is a sequence of global minimizers of the approximating problems Pn and
x̄ is any accumulation point of this sequence, then x̄ is a global minimizer of P, and
fnk

(x̄nk) → f(x̄), as k → ∞ for any subsequence {x̄nk}k∈N with x̄nk → x̄.

(ii) If {x̄n}n∈N is a sequence of uniform local minimizers of the approximating problems
Pn, and x̄ is any accumulation point of this sequence, then x̄ is a local minimizer of
P, and fnk

(x̄nk) → f(x̄), as k → ∞ for any subsequence {x̄nk}k∈N with x̄nk → x̄.

Entropic smoothing

Many efficient optimization methods require gradient information during the solution
process. Hence, they cannot be applied when problem data is not continuously differ-
entiable. One possibility to use this methods anyway when working with nonsmooth
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3.2 Approximating problems for CSCP

functions is approximating the functions by smooth ones. It then is of importance that
the approximations converge uniformly to the nonsmooth function, the approximation
error is known and that convergence can be steered by some parameter.

The pointwise maximum of a finite number of functions can be approximated by so-
called entropic smoothing functions. This approach originates from the maximum entropy
principle. It is employed in minimax optimization for example by [Li94; CT95; LF97;
Xu01; PRW03]. A similar function, called cross-entropy is applied by [ZLL09] and [W
R09] to approximate the Lagrangian function of a minimax problem.

[Sch13] applies entropic smoothing in a different context: He uses the entropic smooth-
ing function and a translation of it to interpolate between pointwise maximum, average
and minimum of a finite number of functions. The translated version of the entropic
smoothing function then is applied in the reformulation and approximation of the func-
tion defining the infinite index set of a GSIP.

In the context of continuous set covering problems, not only a pointwise maximum of
finitely many functions but a combination of pointwise minimum and maximum occurs.
Therefore, applying the entropic smoothing approach is not sufficient to get smooth
approximations of these functions. However, an extension based on the combination of
entropic smoothing with the idea presented by [Sch13] that a likewise function can also
be used to approximate a pointwise minimum of finitely many functions, yields the double
entropic smoothing approach for min-max functions presented in the following. The same
idea is already somewhat differently introduced by [TPR09] who reduce a finite min-max-
min problem to the problem of minimizing a smooth function. This is not surprising as
in Section 3.1 we have already seen how the lower level problem of SIPCSCP can be
formulated as finite min-max-min problems.

For given N ∈ N, pi ∈ N, i = 1, . . . , N and functions gij mapping from Rn into R (n ∈ N),
as well as two parameters s < 0 and t > 0, the double entropic smoothing function is
given by

gs,t : Rn → R

x �→ 1
s

ln

⎛⎝ 1
N

N∑
i=1

exp

⎛⎝s

t
ln

⎛⎝ pi∑
j=1

exp(tgij(x))

⎞⎠⎞⎠⎞⎠ .
(3.17)

In the following we show how the function gs,t approximates the min-max function

g : Rn → R

x �→ min
1≤i≤N

max
1≤j≤pi

gij(x). (3.18)

The double entropic smoothing function obeys monotonicity with respect to the smooth-
ing parameters and converges uniformly to the min-max function g.
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Lemma 3.2.12. The family of double entropic smoothing functions {gs,t}s,t with s < 0
and t > 0 is monotonically decreasing in (|s|, t).

In the proof of the lemma, the following result from [TPR09] is used:

Lemma 3.2.13. For all b > 1, 0 ≤ ai ≤ 1, i ∈ {1, . . . , m}, we have(
1

1 +
∑m−1

i=1 ai

)b

+
m−1∑
i=1

(
ai

1 +
∑m−1

k=1 ak

)b

≥ m1−b

Proof of Lemma 3.2.12. The proof is splitted in showing the monotonicity behaviour in
for a pair of parameters 0 < t1 < t2 and a pair of parameters 0 > s1 > s2 under the
assumption that the other parameter s < 0 or t > 0, respectively, is fixed. The parts of
the proof are further segmented into steps.

Let 0 < t1 < t2 and s < 0 be given.

1. Define

fi(t) :=

⎛⎝ pi∑
j=1

exp (tgij(x))

⎞⎠ 1
t

Then, for any i ∈ {1, . . . , N} the following holds

fi(t2)
fi(t1)

=

(∑pi
j=1 exp (t2gij(x))

) 1
t2(∑pi

j=1 exp (t1gij(x))
) 1

t1

=

⎡⎢⎢⎣
∑pi

j=1 exp (t2gij(x))(∑pi
j=1 exp (t1gij(x))

) t2
t1

⎤⎥⎥⎦
1

t2

=

⎡⎢⎢⎢⎢⎢⎣
pi∑

j=1

⎛⎜⎜⎜⎜⎝ exp (t1gij(x))(∑pi
k=1 exp (t1gik(x))

)︸ ︷︷ ︸
≤1

⎞⎟⎟⎟⎟⎠
t2
t1

⎤⎥⎥⎥⎥⎥⎦

1
t2

t2
t1

>1
≤
⎡⎣ pi∑

j=1

exp (t1gij(x))(∑pi
k=1 exp (t1gik(x))

)
⎤⎦ 1

t2

= 1

Hence, fi(t2) ≤ fi(t1) for all i ∈ {1, . . . , N}.
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2. By s < 0, it further holds for any t > 0 that

fi(t)s =
1

fi(t)|s|

and therefore, together with step 1 fi(t2)s ≥ fi(t1)s.

3. As the first two steps hold for all i ∈ {1, . . . , N},

1
N

N∑
i=1

fi(t1)s ≤ 1
N

N∑
i=1

fi(t2)s

4. By the same argument as in the second step, the inequality is reversed due to
negativity of s: (

1
N

N∑
i=1

fi(t1)s

) 1
s

≥
(

1
N

N∑
i=1

fi(t2)s

) 1
2

5. Last but not least, monotonicity of the logarithm yields

gs,t1(x) ≥ gs,t2(x)

Thus, {gs,tk}k∈N is monotonically decreasing with respect to t.

For the second part, let 0 > s1 > s2 and t > 0 be given.

1. For i ∈ {1, . . . , N}, define

yi :=
1
t

ln

⎛⎝ pi∑
j=1

exp (tgij(x))

⎞⎠
and

h(s) :=
( 1

N

) 1
s

(
N∑

i=1
exp(syi)

) 1
s

Then for any i ∈ {1, . . . , N} the following holds

h(s2)
h(s1)

=

(
1
N

) 1
s2(

1
N

) 1
s1

(∑N
i=1 exp(s2yi)

) 1
s2(∑N

i=1 exp(s1yi)
) 1

s1

=
( 1

N

) 1
s2

− 1
s1

(∑N
i=1 exp(s2yi)

) 1
s2(∑N

i=1 exp(s1yi)
) 1

s1

=
( 1

N

) 1
s2

− 1
s1

⎡⎣ N∑
i=1

(
exp(s1yi)∑N

k=1 exp(s1yk)

) s2
s1

⎤⎦
1

s2
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2. Define y0 := min1≤i≤N yi and for i ∈ {1, . . . , N},

ai :=
( exp(yi)

exp(y0)

)s1

Then

h(s2)
h(s1)

=
( 1

N

) 1
s2

− 1
s1

⎡⎢⎢⎣ N∑
i=1

⎛⎝ exp(s1y0)
(

exp(yi)
exp(y0)

)s1

∑N
k=1 exp(s1y0)

(
exp(yk)
exp(y0)

)s1

⎞⎠
s2
s1

⎤⎥⎥⎦
1

s2

(�)

3. For all i ∈ {1, . . . , N}, yi ≥ y0 and there is k ∈ {1, . . . , N} with yk = y0. These
relations are still true when applying the exponential function. However, as s1 < 0,
we have

exp(yi)s1 ≤ exp(y0)s1

and therefore, for all i ∈ {1, . . . , n}, ai ∈ [0, 1] and ak = 1 for one of them.

4. As s2
s1

> 1, the auxiliary result 3.2.13 can be applied to (�), which results in

N∑
i=1

⎛⎝ exp(s1y0)
(

exp(yi)
exp(y0)

)s1

∑N
k=1 exp(s1y0)

(
exp(yk)
exp(y0)

)s1

⎞⎠
s2
s1

≥ N
1− s2

s1

5. Applying the previous step and remembering s2 < 0 leads to

h(s2)
h(s1)

=
( 1

N

) 1
s2

− 1
s1

⎡⎢⎢⎣ N∑
i=1

⎛⎝ exp(s1y0)
(

exp(yi)
exp(y0)

)s1

∑N
k=1 exp(s1y0)

(
exp(yk)
exp(y0)

)s1

⎞⎠
s2
s1

⎤⎥⎥⎦
− 1

|s2|

≤
( 1

N

) 1
s2

− 1
s1

(
1

N
1− s2

s1

) 1
|s2|

= 1

Hence, h(s2) ≤ h(s1) for all i ∈ {1, . . . , N}

6. Finally, again the monotonicity of the logarithm yields

gs2,t(x) ≤ gs1,t(x)

Thus, {gs,t}s<0 is monotonically increasing with respect to s.

The statement of the second part can be reversed to {gs,t}−|s|>0 is monotonically decreas-
ing with respect to |s|, which together with the first part is the claim of the lemma.
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The next result characterizes the relationship of the double entropic smoothing function
to the min-max function (3.18).

Lemma 3.2.14. For arbitrary parameters s < 0 and t > 0 and any x ∈ Rn,

0 ≤ gs,t(x) − g(x) ≤ 1
s

ln
1
N

+
1
t

ln max
1≤i≤N

pi

holds.

Proof. The proof is done in several steps. To simplify the expressions, for i ∈ {1, . . . , N}
define p := max1≤i≤N pi and the functions gi(x) := max1≤j≤pi gij(x). Let x ∈ Rn be
arbitrary.

Claim 1: For all i ∈ {1, . . . , N} and t > 0, the following holds:

gi(x) ≤ 1
t

ln

⎛⎝ pi∑
j=1

exp (tgij(x))

⎞⎠ ≤ 1
t

ln p + gi(x).

Fix i ∈ {1, . . . , N}. By definition, gi(x) ≥ gij(x) for all j ∈ {1, . . . , pi} with equality for
at least one index j. As t > 0 and the exponential function is strictly monotonous and
assumes only positive values,

exp(tgi(x)) ≤
pi∑

j=1
exp(tgij(x)) ≤ pi exp(tgi(x))

holds. By applying the also monotonous logarithm function, the claim is proven:

tgi(x)) ≤ ln

⎛⎝ pi∑
j=1

exp(tgij(x))

⎞⎠ ≤ ln pi + tgi(x) ≤ ln p + tgi(x).

The last inequality results from the definition of p.

Claim 2: For all i ∈ {1, . . . , N}, t > 0 and s < 0, the following holds:

exp
(

s

t
ln p

)
exp (sgi(x)) ≤ exp

⎛⎝s

t
ln

⎛⎝ pi∑
j=1

exp (tgij(x))

⎞⎠⎞⎠ ≤ exp(sgi(x)).

The statement follows directly from the first claim under the following operations: First,
multiply the inequalities by the negative scalar s. This reverses their order. Afterwards
apply the exponential function which keeps the order upright due to its monotonicity.
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Claim 3: For all s < 0, the following holds:

exp (sg(x)) ≤
N∑

i=1
exp (sgi(x)) ≤ N exp (sg(x)) .

By definition, g(x) ≤ gi(x) for all i ∈ {1, . . . , N}. As s < 0, this is equivalent to
sg(x) ≥ sgi(x). Combining this with the fact that

exp(sg(x)) ≤
N∑

i=1
exp(sgi(x))

yields

exp(sg(x)) ≤
N∑

i=1
exp(sgi(x)) ≤ N exp(sg(x)).

To get the final result, for t > 0 and s < 0, combine claims 2 and 3 to get

exp
(

s

t
ln p

)
exp (sg(x)) ≤

N∑
i=1

exp

⎛⎝s

t
ln

pi∑
j=1

exp(tgij(x))

⎞⎠ ≤ N exp (sg(x)) .

Dividing by N and applying the monotonous logarithm yields

ln
1
N

+
s

t
ln p + sg(x) ≤ ln

⎛⎝ 1
N

N∑
i=1

exp

⎛⎝s

t
ln

pi∑
j=1

exp(tgij(x))

⎞⎠⎞⎠ ≤ sg(x).

Under multiplication with s < 0, the inequalities turn and the claim of the lemma results,
when g(x) is subtracted :

1
s

ln
1
N

+
1
t

ln p ≥ 1
s

ln

⎛⎝ 1
N

N∑
i=1

exp

⎛⎝s

t
ln

pi∑
j=1

exp(tgij(x))

⎞⎠⎞⎠− g(x) ≥ 0.

Lemma 3.2.15. Let {(sk, tk)}k∈N be a sequence of parameters with sk < 0 and tk > 0 for
all k ∈ N. Further, suppose that both parameter sequences are monotonous and divergent
with sk → −∞ and tk → ∞, as k → ∞. Then, the sequence of double entropic smoothing
functions {gsk,tk}k∈N has the following properties:

(i) The functions gsk,tk bound the min-max function g from above.

(ii) The sequence of double entropic smoothing functions is monotonically decreasing in
k.
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3.2 Approximating problems for CSCP

(iii) The sequence of double entropic smoothing functions converges uniformly towards
the min-max function.

(iv) Any of the functions gsk,tk is d-times continuously differentiable if all of the basic
functions gij, j = 1, . . . , pi, i = 1, . . . , N are at least d-times continuous differen-
tiable.

Proof. Points (i) - (iii) of the claim are direct results of Lemma 3.2.12 and Lemma 3.2.14.

The last statement follows from the differentiability properties of the exponential function.

Remark 3.2.16. From Lemma 3.2.14 not only uniform convergence of a sequence of double
entropic smoothing functions can be derived, the lemma also gives the maximum deviation
between the min-max function and any element of the sequence {gsk,tk}k∈N: For arbitrary
x ∈ Rn,

0 ≤ gsk,tk(x) − g(x) ≤ err(k)

where err(k) is the smoothing error associated with the pair of parameters (sk, tk),

err(k) :=
1
sk

ln
1
N

+
1
tk

ln max
1≤i≤N

pi. (3.19)

By the shifted entropic smoothing function we introduce another function that can be used
for regularization. This function results from translating the double entropic smoothing
function downwards by the smoothing error.

gs,t−err : Rn → R

x �→ 1
s

ln

⎛⎝ 1
N

N∑
i=1

exp

⎛⎝s

t
ln

⎛⎝ pi∑
j=1

exp(tgij(x))

⎞⎠⎞⎠⎞⎠
− 1

s
ln

1
N

− 1
t

ln max
1≤i≤N

pi.

(3.20)

For a sequence of shifted entropic smoothing functions, the following properties are direct
consequences of the properties of the double entropic smoothing function.

Corollary 3.2.17. Let {(sk, tk)}k∈N be a sequence of parameters with sk < 0 and tk > 0
for all k ∈ N. Further, suppose that both parameter sequences are monotonous and
divergent with sk → −∞ and tk → ∞, as k → ∞. Then, the sequence of shifted entropic
smoothing functions {gsk,tk−err}k∈N has the following properties:

(i) The functions gsk,tk−err bound the min-max function g from below.
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3 Reformulations and approximations for CSCP

(ii) The sequence of shifted entropic smoothing functions is monotonically increasing in
k.

(iii) The sequence of shifted entropic smoothing functions converges uniformly towards
the min-max function.

(iv) Any of the functions gsk,tk−err is d-times continuously differentiable if all of the
basic functions gij, j = 1, . . . , pi, i = 1, . . . , N are at least d-times continuous
differentiable.

Figure 3.3 shows the behavior of the double entropic smoothing function gs,t (3.17) and
the shifted entropic smoothing function gs,t−err (3.20) for different pairs of parameters
(s, t). The larger the absolute values of the parameters, the better the smoothing functions
approximate the min-max function g (3.18) (in the figure given as the maximum over two
lines and the minimum over this function and a convex parabola). Despite that, it seems
that the quality of the approximation differs with the ratio of the parameters s and t:
The approximation appears "curvier" if the negative parameter s has larger absolute value
(dashed curves) and "more convex" if the absolute value of the positive parameter t is
dominant (dotted curves). However, before conclusion concerning the "convexification"
properties of double and shifted entropic smoothing can be drawn, further investigations
on their behavior with respect to the choice of the smoothing parameters have to be done.

Smoothing-based approximations to SIPCSCP

Finally, we are able to provide smoothing-based approximating problems to SIPCSCP and
their convergence properties.

Proposition 3.2.18. Consider an instance of SIPCSCP. Let {(sk, tk)}k∈N be a sequence
of parameters with sk < 0 and tk > 0 for all k ∈ N. Further, suppose that both parameter
sequences are monotonous and divergent with sk → −∞ and tk → ∞, as k → ∞. Then,
for any sk < 0 and tk > 0, such that

M sk,tk := {x ∈ X|gsk,tk(x, y) ≤ 0 ∀y ∈ Y } �= ∅

the problem

SIPsk,tk
CSCP : min

x∈X
f(x)

s.t. gsk,tk(x, y) ≤ 0 ∀y ∈ Y
(3.21)

where gsk,tk is the double entropic smoothing function (3.17), is an inner approximation
to SIPCSCP.
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Figure 3.3: Double- (top) and shifted entropic smoothing functions (bottom) approximate a
min-max function consisting of the pointwise minimum of the pointwise maximum of two lines
and a convex parabola (thick black curve).
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3 Reformulations and approximations for CSCP

Further, for

M := {x ∈ Rn|g(x) ≤ 0}
where g is the min-max function (3.18), the following statements hold:

(i) For all (sk, tk), k ∈ N, M sk,tk ⊆ M .

(ii) The sequence of sets {M sk,tk}k∈N is monotonically increasing w.r.t. set inclusion,
i.e. M sk,tk ⊆ M sk+1,tk+1 for all k ∈ N.

(iii) The sets M sk,tk are closed.

Proof. Statement (i) is just the definition of inner approximation (see Definition 3.2.1).
The sets M sk,tk and M are the the lower level sets of the corresponding entropic smoothing-
or min-max function to the level zero. By gsk,tk(x) ≥ g(x) for all x ∈ Rn,

lev≤0gsk,tk ⊆ lev≤0g

holds for all k ∈ N.

The second statement follows by the same argument from the monotonicity of the smooth-
ing functions (Lemma 3.2.12).

Last but not least, the third point is given by the fact that sublevel sets of continuous
functions are closed and the functions gsk,tk are continuous if the functions gij are for all
i = 1, . . . , N , j = 1, . . . , pi.

In [Sch13] an additional statement on the convexity of the smoothing sets whenever the
defining base functions are convex can be found. This property does not transfer to
the double entropic smoothing situation: Assume that the base functions are all convex.
Then, of course, the N maximum functions max1≤j≤pi gij(·) are also convex functions.
However, the pointwise minimum of a set of convex functions in general is not convex
anymore.

An analogous result is given for sets defined using the shifted double entropic smoothing
function.

Proposition 3.2.19. Consider an instance of SIPCSCP. Let {(sk, tk)}k∈N be a sequence
of parameters with sk < 0 and tk > 0 for all k ∈ N. Further, suppose that both parameter
sequences are monotonous and divergent with sk → −∞ and tk → ∞, as k → ∞. Then,
for any sk < 0 and tk > 0, the problem

SIPsk,tk−err
CSCP : min

x∈X
f(x)

s.t. gsk,tk−err(x, y) ≤ 0 ∀y ∈ Y
(3.22)
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where gsk,tk−err is the shifted double entropic smoothing function (3.20), is an outer
approximation to SIPCSCP.

Further, for

M := {x ∈ Rn|g(x) ≤ 0}
where g is the min-max function (3.18), and

M sk,tk−err := {x ∈ X|gsk,tk−err(x, y) ≤ 0 ∀y ∈ Y } �= ∅
the following statements hold:

(i) For all (sk, tk), k ∈ N, M sk,tk−err ⊇ M .

(ii) The sequence of sets {M sk,tk−err}k∈N is monotonically decreasing w.r.t. inclusion,
i.e. M sk,tk−err ⊇ M sk+1,tk+1 for all k ∈ N.

(iii) The sets M sk,tk−err are closed.

Remark 3.2.20. For the inner approximations based on double entropic smoothing of
the covering constraint function, we need an additional assumption on the size of the
smoothing parameters to guarantee that the sets M sk,tk are not empty. For the outer
approximations SIPsk,tk−err

CSCP , due to M ⊆ M sk,tk−err, this cannot occur if M �= ∅.

We finish this section with the definition of an approximating sequence of smoothing
parameters. Any such sequence fits the requirements of Proposition 3.2.18 and Proposi-
tion 3.2.19.

Definition 3.2.21. A sequence {sk, tk}k∈N with elements (sk, tk) ∈ R− × R+ is called
an approximating sequence of smoothing parameters if and only if both partial sequences
{sk}k∈N and {tk}k∈N are divergent, and {sk}k∈N is monotonically decreasing whereas
{tk}k∈N is monotonically increasing.

The sequence {sk, tk}k∈N is called a feasible approximating sequence of smoothing param-
eters if it is an approximating sequence of smoothing paramters and

M s1,t1 := {x ∈ Rn|gs1,t1(x) ≤ 0} �= ∅
holds.

3.3 Special cases of CSCP

Although SIPCSCP is an intrinsically nonsmooth, nonconvex semi-infinite optimization
problem in general, there are subclasses of CSCP that have a more comfortable structure.
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3 Reformulations and approximations for CSCP

Within this section, we introduce these subclasses and indicate which reformulations best
utilize the structure introduced by the data of a certain problem instance. Furthermore,
we take a look at known problems from literature which can be equivalently stated as a
problem in one of the subclasses of CSCP.

3.3.1 The CSCP subclasses

Three special cases of CSCP can be identified which differ from the original formulation
in the number of covering objects or the number of describing functions for one covering
object.

In the first subclass of CSCP presented, a single object defined by only one function is
supposed to cover a set Y .

Definition 3.3.1 (Special case 1). Consider the compact sets X ⊂ Rn and Y ⊂ Rm

(n, m ∈ N) with |Y | = ∞. Let N = 1 and suppose that the covering object is given as
zero sublevel set of one function,

P (x) := {y ∈ Rm|g(x, y) ≤ 0}

Further, let f : Rn → R be a continuous function. Then, the following special case is a
subclass of CSCP:

SC1CSCP : min
x∈X

f(x)

s.t. g(x, y) ≤ 0 ∀ y ∈ Y

We list some properties of SC1CSCP for smooth basic data f and g.

Remark 3.3.2.

(i) If the functions f and g are sufficiently smooth, SC1CSCP is a smooth problem.

(ii) If f and g(·, y) are convex for all y ∈ Y , SC1CSCP is a convex SIP.

(iii) If for a given x ∈ X, g(x, ·) is concave on Y and Y is a convex set, the lower level
problem Q(x) is convex and hence each local is already a global maximum.

A famous example that can be formulated as SC1CSCP-type problem is the minimum
volume covering ellipsoid problem which is depicted in the left-most picture of Figure 3.4.
It aims at finding the so-called Löwner ellipsoid, the ellipsoid of minimal volume that
covers a polyhedral set [Gru11]. Similar to the sprinkler object functions (Example 2.1.5),
the covering constraint states that y has to be within the ellipsoid for all y ∈ Y and x
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3.3 Special cases of CSCP

determines the size and location of the ellipsoid. Hence, the covering constraint function is
convex in x. The existence and uniqueness of such an ellipsoid was first shown by [DLL57].
One of the basic algorithms to solve the minimum volume ellipsoid problem leads back to
[Kha96]. Nowadays, algorithms are as diverse as the applications for minimum volume
ellipsoids. [SF04] for instance provide an algorithm for covering a large number (m =
30000) of points in high-dimensional space (n = 30), which is a problem arising in data-
mining and robust statistics. In applications from the fields of computational geometry
and computer graphics, the question of approximating complicated objects by simpler
ones occurs. In this context, [Yil06] presents a method for finding the minimum volume
covering ellipsoid for a set of ellipsoids, which is supposed to be used in the construction
of a bounding volume hierarchy. The problem of finding the minimum volume covering
ellipsoid of a set of points is a convex semi-definite program (see for example [SF04]). If
the aim is to cover a set of ellipsoids, the problem can be formulated as convex determinant
optimization problem with linear matrix inequalities [Boy94]. A further problem which
can be modeled as SC1CSCP and which we could not find in literature by now, is the the
task to cover a non-polyhedral compact set by a nonconvex covering object.

The second special case of CSCP allows more than one covering objects, but each of them
is described by only one function.

Definition 3.3.3 (Special case 2). Consider the compact sets X ⊂ Rn and Y ⊂ Rm

(n, m ∈ N) with |Y | = ∞. For a given number N ∈ N let the covering objects be given
as sublevel sets of one function each,

Pi(x) := {y ∈ Rm|gi(x, y) ≤ 0}
Further, let f : Rn → R be a continuous function. Then, the following special case is a
subclass of CSCP:

SC2CSCP : min
x∈X

f(x)

s.t. min
1≤i≤N

gi(x, y) ≤ 0 ∀ y ∈ Y

By the sprinkler problem given in Example 2.1.5 (see also Figure 3.4) we have already
presented the most prominent problem of type SC2. In Literature, similar problems also
appear as circle or ball covering problems [JW88], depending on the dimension of the
space in which the covering objects are considered, N -center problems [GK10] or thinnest
coverings with circles [MS00]. These problems come in different flavors, an overview of
which is given by [KLT09]. The authors also state some fields of application which range
from the problem of positioning sprinklers on a field to finding best locations for cellular
communication stations. [GK10] present a variant of the circle covering problem which is
of interest for navigation systems and requires multiple coverage of the set to be covered
by a given number of k ≤ N circles.

For convex sets in the plane that are covered by congruent circles, [Tót53] gives a lower
bound on the sum of circle areas of a thinnest covering configuration that depends on the
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3 Reformulations and approximations for CSCP

area of the set to be covered. However, whereas for simple sets, literature provides mini-
mal circle radii (for example [TG95; HM97]), the location of circles within an arbitrary
(convex) set is not clear and the lower bound does not need be strict.

As there are different variants of the sprinkler problem, there are also different solu-
tion approaches. [JW88] solve the m-dimensional sphere covering problem by iteratively
improving an approximation to the problem made of a finite number of convex, quasidif-
ferentiable optimization problems. [KLT09] use optimal set partition. A global algorithm
based on branch-and-bound are given by [BPL15]. Facility location planning in general
falls in the category of SC2CSCP. The task of finding the location of a given number
of facilities with certain influence radius such that the total area of demands that can
be satisfied by the facilities is maximized is solved by a multistart heuristic approach
combined with a gradient search from a randomly generated set of locations in [DS10].

The last subclass of CSCP presented here consists of covering a set by only one object
which is described by multiple functions.

Definition 3.3.4 (Special case 3). Consider the compact sets X ⊂ Rn and Y ⊂ Rm

(n, m ∈ N) with |Y | = ∞. Let N = 1 and suppose that the covering object is given as
intersection of the zero sublevel sets of p ∈ N functions gj ,

P (x) := {y ∈ Rm|gj(x, y) ≤ 0, j = 1, . . . , p}

Further, let f : Rn → R be a continuous function. Then, the following special case is a
subclass of CSCP:

SC3CSCP : min
x∈X

f(x)

s.t. max
1≤j≤p

gj(x, y) ≤ 0 ∀ y ∈ Y

Compared to the basic CSCP formulation, the inner pointwise max-function remains.
Yet, SC3 is obviously equivalent to

S̃C3CSCP : min
x∈X

f(x)

s.t. gj(x, y) ≤ 0 ∀ y ∈ Y, j = 1, . . . , p.

This means, similar to SC1CSCP, SC3CSCP is actually a smooth SIP if the functions gj are
smooth. The only difference is that SC3CSCP has more than one semi-infinite constraint.
So, the two subclasses could also be considered as one. Nevertheless, for completeness,
we provide an example for a problem that can be formulated as SC3CSCP-problem in the
right-most panel of Figure 3.4.
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Figure 3.4: Special cases of CSCP. From left to right: SC1CSCP – Minimum volume covering
ellipsoid for an arbitrary polyhedron. SC2CSCP – four sprinkler cover a polygonal field. SC3CSCP
– a triangular object circumscribes a polygonal set.

3.3.2 Analysis of the CSCP subclasses with respect to reformulation and
approximation

The goal of this section is identifying the formulations for any of the CSCP subclasses
which best utilize the properties of the data of a problem instance. Therefore, we assume
for the moment that the functions gij , j = 1, . . . , p, i = 1, . . . , N describing the covering
objects are continuously differentiable in both the decision and the index variables.

Note that all subclass problems are "intrinsically smoother" than the general CSCP in that
the covering constraint function comprises at most one minimum or maximum operator.
As already mentioned, SC1CSCP and SC3CSCP are standard SIPs with one or p semi-
infinite constraints, respectively. Hence, for problems of these types, standard methods
for SIPs can be applied, whenever the problem data fulfills their requirements. In some
cases, as for the minimum volume covering ellipsoid problem, the instance can even be
stated as a finite problem.

Reformulations

For SC2CSCP, the epigraph bilevel reformulation (3.3) yields a smooth SIP:

BLPE
CSCP(SC2) : min

x∈X,t̄∈R
f(x)

s.t. t̄ ≤ 0,

(ȳ, t̄) is a solution of QE(x)

(3.23)
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with lower level problem

QE(x) : max
(y,t)∈Rm×R

t

s.t. t − gi(x, y) ≤ 0 i = 1, . . . , N

uk(y) ≤ 0, k = 1, . . . , q

The epigraph reformulation has the advantage that it immediately shows the properties
of the functions gi required for the lower level problem Q(x) being convex.

Lemma 3.3.5. Consider an instance of BLPE
CSCP(SC2). The lower level problem QE(x)

is convex if the set to be covered Y is convex and the the functions gi(x, ·), i = 1, . . . , N
are concave on Y .

Proof. As they appear with negative sign in the first N constraints of the lower level
problem, and t occurs only in linear terms, the functions

t − gi(x, y)

are convex if the functions gi(x, ·) are concave in y for i = 1, . . . , N .

Note that in practice, the lower level problems of SC2CSCP cannot be expected to be
convex: The covering objects area in CSCP are given as the zero sublevel sets of the
functions gi(x, ·). However, for concave functions, only the super level sets are known
to be convex. Considering a standard concave paraboloid for example, moved somewhat
upwards along the z-axis has a circle as zero superlevel set, but the zero sublevel set,
what would be the covering object, is the plane without that circle.

Whereas in the SIP formulation, the constraint function of SC2CSCP is nonsmooth, in
the GSIP reformulation, the index set for this CSCP subclass is given by the intersection
of superlevel sets of smooth functions:

Y (x) := {y ∈ Rm| min
1≤i≤N

gi(x, y) > 0} ∩ Y env (3.24)

= {y ∈ Rm| gi(x, y) > 0, i = 1, . . . , N} ∩ Y env (3.25)

This set has almost the same structure as the semi-infinite index set of G̃SIPCSCP applied
to SC1CSCP,

Y (x) := {y ∈ Rm| g(x, y) > 0} ∩ Y env.

One can observe that the number of covering objects determines the number of con-
straints that define the generalized semi-infinite index set. Hence, in contrast to the SIP
formulation, considered as GSIPs, the problem classes SC1CSCP and SC2CSCP are GSIPs
with similar structure but different number of constraints, whereas for the standard SIP-
situation, SC1CSCP and SC2CSCP exhibit similar problem structure.
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The discrete approximations

The different types of discrete approximations for CSCP differ also in their structure when
considered for one of the three special cases. As SC1CSCP and SC3CSCP are standard SIPs
for a smooth covering constraint function, SIPCSCP(Ẏ ) applied to SC1CSCP or SC3CSCP
results in finite nonlinear problems.

For SC2CSCP where N objects are described by only one smooth function, the first lifted
reformulation of the discretized SIP SIPlift1

CSCP(Ẏ ) given in (3.10) yields a smooth nonlinear
problem:

SIPlift1
CSCP(Ẏ )(SC2) : min

(x,γ1,...,γr)∈X×RN ×···×RN
f(x)

s.t.
N∑

i=1
γk

i gi(x, yk) ≤ 0, k = 1, . . . , r

N∑
i=1

γk
i = 1, k = 1, . . . , r

γk
i ≥ 0, i = 1, . . . , N, k = 1, . . . , r

Remark 3.3.6. The first r constraints are nonlinear, even if the data of SC2CSCP consists
of linear functions.

This is a result of the multiplication of the additional variables γk
i with the functions

describing the covering objects.

When discretizing the GSIP reformulation of CSCP, GSIPCSCP(Ẏ ) given in (3.12), no
further advantages can be observed.

The smoothing approximations

As the previous discussion already suggests, smoothing is not the only way of getting
a smooth variant – either exact or approximation – of any of the three subclasses of
CSCP. Obviously, for SC1CSCP no smoothing at all is necessary whereas for SC2CSCP
and SC3CSCP either the minimum or the maximum function could be smoothed. Yet,
SC2CSCP can be reformulated as smooth problem into the bilevel problem BLE

CSCP(SC2)
given in (3.23) via the epigraph reformulation. This comes at the cost of one additional
variable. For SC3CSCP, smoothing can be easily avoided by accepting p instead of one
semi-infinite constraints.

To sum up, the two subclasses of CSCP, SC1CSCP, and SC3CSCP are smooth standard
SIPs. SC2CSCP, the problem class of the sprinkler problem for example, is still nons-
mooth but can be turned into a smooth problem with acceptable effort via the epigraph
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reformulation or stated as GSIP with an infinite index function defined by N smooth
constraints as shown in (3.24). However this problem cannot be straightforwardly used,
but rather the strict inequalities have to be relaxed.

While we have shown that nonsmoothness is easily removed for the subclasses of CSCP,
they all remain semi-infinite problems, at least as long as the basic functions describing
the covering objects are not supposed to have any special structure. Hence, no matter
which case we look at in the following – the pump problem as general CSCP or the
sprinkler problem as SC2CSCP – our solution approach has to deal with an infinite index
set.
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4 Solving CSCP by means of semi-infinite
optimization

This chapter presents an approach to solve CSCP in its semi-infinite reformulation
SIPCSCP by solving a sequence of successively refined approximation problems.

In Section 4.1, the solution method is presented in form of a conceptual algorithm. This
algorithm is highly flexible in the realizations of its substeps that concern the approxima-
tion refinement. A few exemplary variants are further analysed from a numerical point
of view in Section 6.1 in the third part of this thesis. By means of a further abstraction
of the method, global and local convergence of sequences of approximate solutions are
proved in Section 4.2. Afterwards, the known result on a convergence rate for solution
of SIP by a discretization-based method of [Sti01a] is transferred to the CSCP context
in Section 4.3. In comparison to the situation of the original convergence rate result,
the CSCP context is different concerning several points. First, CSCPs are nonsmooth
whereas in the origin, smooth SIPs have been considered. The integration of smoothing
in our approach results in additional technical difficulties in the proof of the convergence
rate. Furthermore the procedure in [Sti01a] is based on a successively refined discretiza-
tion of the infinite index set with decreasing Hausdorff-distance from the infinite index.
To reduce size of the approximating problems, we opt for adaptive discretization. How-
ever, in consequence of this decision we can only prove a worst case convergence rate.
Nevertheless, in the discussion that closes this chapter we provide arguments that wake
hope that for typical instances of CSCP the presented solution approach performs the
worst case does not occur.

4.1 The adaptive discretization and smoothing based approach

The presented solution approach combines two types of approximating problems for
SIPCSCP, the discretization based approximation SIPCSCP(Ẏ ) given in (3.9) and either
one of the two smooth problems that result from applying an entropic smoothing regular-
ization to the covering constraint function of SIPCSCP, SIPs,t

CSCP from (3.21) or SIPs,t−err
CSCP

defined in (3.22). Figure 4.1 indicates the classification of this approach within the refor-
mulation and approximating problems overview (gray box).

As base procedure for our method we use the adaptive discretization algorithm given by
[BF76]. The idea beyond this method is a general cutting-plane approach [EZ71]. It
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Solution   
approach
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Discretization of the
infinite index set
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Figure 4.1: Approximating problems that are combined in the adaptive discretization and
smoothing based solution approach for SIPCSCP (gray box).
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4.1 The adaptive discretization and smoothing based approach

sequentially generates nonlinear cuts, i.e. adds new constraints to finite nonlinear opti-
mization problems of type SIPCSCP(Ẏ ) that approximate SIPCSCP. The new constraints
are selected to be the covering constraint restricted to a point y∗ of the infinite index set
that solves the lower level problem Q(x) with a parameter x being point for the approx-
imate problem SIPCSCP(Ẏ ). This point then is added to the discretization set Ẏ and a
new finite approximating problem to SIPCSCP results. Note that for this method, the
growing number of points in the infinite index set corresponds the number of nonsmooth
constraints in the finite approximating problem SIPCSCP(Ẏ ).

However, instead of solving the finite but still nonsmooth problems SIPCSCP(Ẏk), we
extend the method by either inner or outer approximations of the covering constraint
function and solve problems of type SIPsk,tk

CSCP(Ẏk) or SIPsk,tk−err
CSCP (Ẏk). In order to get

successively better approximations for the actual problem, the smoothing parameters are
updated at several points in the process.

The adaptive discretization and smoothing based approach is stated in Algorithm 1.
This variant aims at solving a successively better approximating sequence of problems
SIPs,t

CSCP(Ẏ ) consisting of discretization of the infinite index set and double entropic
smoothing of the covering constraint function. By replacing line 3 with the alternative

3: compute a solution xk+1 of SIPsk,tk−err
CSCP (Ẏk) using xk as starting point

the same procedure can also be applied with outer approximations SIPs,t−err
CSCP (Ẏ ) of

SIPCSCP. In this case, all problems considered in the algorithm are outer approxima-
tions and the requirement M s0,t0 �= ∅ is not needed.

The algorithm is rather a template than ready for implementation. It has some degrees
of freedom we discuss in the following. A closer look on several variants of the approach
from a numerical point of view is taken in Chapter 6.

First of all, two methods have to be specified further. In step 3 of Algorithm 1, the solution
of a finite, smooth nonlinear optimization problem is required. For such problems, well-
founded theory and many numerical methods exist that aim at finding either global or
local solutions. In the numerical analysis of the method, we will apply standard local
solution methods like the sqp method (described for example in [NW06]) and work with
approximate solutions. However, for the convergence results presented in Sections 4.2
and 4.3, we assume that exact solutions are at hand. Whether global or local solutions
are under consideration is stated in the particular claim.

The second method to be specified is the update of the smoothing parameters in step 11
of the algorithm. We do not require that the sequence of smoothing parameters is given
a-priori. Like the discretization update, it can be constructed adaptively.

Beyond these methods, some criteria that steer the progress of the algorithm have to be
specified. The first of them are classical stopping criteria that terminate the iterative
solution procedure. The most general realization of a stopping criterion is a maximum
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4 Solving CSCP by means of semi-infinite optimization

Algorithm 1 Solution procedure based on adaptive discretization and double entropic
smoothing

input: x0 ∈ Rn, Ẏ0 := {y1, . . . , yr0} ⊂ Y , s0 < 0, t0 > 0 such that M s0,t0 �= ∅
1: Set k = 0
2: while ¬ stopping criteria satisfied do
3: compute a solution xk+1 of SIPsk,tk

CSCP(Ẏk) using xk as starting point
4: if discretization update criteria satisfied then
5: compute a global solution yk+1 of Q(xk+1)
6: set Ẏk+1 := {yk+1} ∪ Ẏk

7: else
8: set Ẏk+1 := Ẏk

9: end if
10: if smoothing parameter update criteria satisfied then
11: (sk+1, tk+1) :=UpdateParameters
12: else
13: (sk+1, tk+1) := (sk, tk)
14: end if
15: k = k + 1
16: end while
output: {xi}k

i=0, {Ẏi}k
i=0

number of allowed iterations steps. Yet, also quality measures for the approximations
can be introduced here. For the smoothing of the covering constraint, the algorithm
could be forced to run until the smoothing error (3.19) is smaller than a given threshold.
To guarantee a certain quality of the cover provided by the current iterate solution, a
meaningful stopping criterion would be a threshold on the constraint violation of the
newest added discretization point.

A special flexibility in the algorithm template provide the two update criteria asked
for in line 4 and line 10. Here, different strategies can be implied. For example, both
approximations can be updated in each iteration of the algorithm, i.e. the update criteria
are true in both places. This so-called diagonalization strategy. The opposite of this
strategy is the antithetic strategy which plays with the outer approximating property of
the discretization and the inner approximating property of the double entropic smoothing
of the covering constraint. In Section 6.1 the effects of different such update strategies is
further investigated.

With this peek on the variability of the conceptual Algorithm 1 in mind, we turn into
the theoretical investigations of its convergence properties. All presented results are
essentially valid if the realized algorithm constructs and solves problems that become
successively better approximations over the iterations. This is realized if the following
assumptions hold.
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4.2 Convergence of the procedure

Assumption 4.1.1. {Ẏk}k∈N0 is a sequence of (not necessarily strict) monotonically
increasing sets with respect to set inclusion.

Assumption 4.1.2. The update method for the smoothing parameters in step 11 of Al-
gorithm 1 constructs new iterates (sk+1, tk+1) such that the partial sequence {(si, ti)}k+1

i=0
has the properties of an approximating sequence of smoothing parameters as defined in
3.2.21.

Assumption 4.1.1 states that only addition of elements is allowed. The assumption on
the smoothing parameters is of special importance for the realized parameter update
method.

4.2 Convergence of the procedure

We provide convergence results for sequences of solutions of different approximating prob-
lems generated by an conceptual algorithm that originates from the discretization algo-
rithm for SIPs by [BF76]. The basic algorithm is given in Algorithm 2, its adaptations
to sequences of discretized and smoothed approximations for SIPCSCP are given in Al-
gorithm 3 and Algorithm 4 for the shifted entropic smoothing and the double entropic
smoothing variant, respectively. The three algorithms are abstractions of Algorithm 1.
Different tho this algorithm, they miss a termination criterion and therefore construct
infinite sequences of iterates. This avoids technical distinction of cases in the following
theoretical considerations. Furthermore, the abstract algorithms do not require local or
global solutions of the finite problems that approximate SIPCSCP but only feasible points.
This allows us to formulate convergence results for different classifications of these points
by means of the same algorithm. Last but not least, as the proofs of the convergence
results for procedures operating on the original and the two smoothed versions of the
covering constraint function differ, we state an abstract algorithm variant for each type
of approximating problems.

4.2.1 Approximation based on discretization of the index set

Discretization of the infinite index set is a widely used approach in solution procedures
for semi-infinite optimization problems, see for example [RG98] for a summary on dis-
cretization methods for SIPs. Convergence results and also a convergence rate [Sti01a]
are given for the approach to solve SIP approximately by the solution of a sequence
of finite problems resulting from the discretization of the infinite index set by succes-
sively refined, a-priori known grids. The idea goes back to the Remez-algorithm to solve
Chebyshev-approximation problems [Che00], which was modified for usage with SIPs by
[Ree90]. Adaptive methods based on this approach refine a given discretization of the
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4 Solving CSCP by means of semi-infinite optimization

infinite index set by successively adding those gridpoints from a fine reference grid at
which the semi-infinite constraint is violated most. The main goal of this strategy is that
the resulting finite optimization problems are much smaller than if the fine reference grid
itself is used to approximate SIP. Yet, it is clear that the grid size of the underlying grid
determines the minimum overall constraint violation that has to be accepted. The basic
idea of the adaptive discretization of the semi-infinite index set found in [BF76] suggests
to add global solutions of the lower level problem to a discretization of the infinite index
set to get successively better approximating finite upper level problems.

First, we consider the approximating problems that result from discretization of the semi-
infinite index set. We provide convergence results for Algorithm 2 which corresponds to
the classical discretization algorithm for semi-infinite problems as given for example by
[BF76]. The proof of Lemma 4.2.1 is already given in the mentioned articles, the proof
of [Ree94] also comprises convergence of local solutions. As the ideas used in this proof
are reused in convergence results for other approximating problems, we conduct it here
in the CSCP-notation.

To avoid distinction of the cases in which the algorithm terminates with a feasible solution
or it terminates with an infeasible approximate solution according to a given external
termination criterion, we state the algorithm in a theoretical fashion that produces (non-
terminating) sequences of solutions (Algorithm 2).

Algorithm 2 Adaptive discretization algorithm for SIP, [BF76].

input: Ẏ0 ⊂ Y , |Ẏ0| < ∞
1: set k = 0
2: while true do
3: compute xk ∈ M(Ẏk)
4: compute zk := maxy∈Y g(x, y)
5: if zk > 0 then
6: choose yk ∈ arg maxy∈Y g(x, y)
7: set Ẏk+1 := Ẏk ∪ {yk}
8: else
9: if k > 0 then

10: set yk := yk−1

11: else
12: choose yk ∈ Ẏk

13: end if
14: set Ẏk+1 := Ẏk

15: end if
16: set k = k + 1
17: end while
output: {xk}∞

k=0, {yk}∞
k=0, {Ẏk}∞

k=0

Lemma 4.2.1. Consider an instance of SIPCSCP with f and g being continuous func-
tions. Let a finite initial discretization of the index set Ẏ0 ⊂ Y be given and the sequences
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4.2 Convergence of the procedure

Algorithm 3 Adaptation of the adaptive discretization algorithm to approximations by
SIP sk,tk−err

CSCP (Ẏk).

input: Ẏ0 ⊂ Y , |Ẏ0| < ∞, approximating sequence of smoothing parameters
{sk, tk}k∈N0

Steps 1-2 as in Algorithm 2

3: compute xk ∈ M sk,tk−err(Ẏk)

Steps 4-17 as in Algorithm 2
output: {xk}∞

k=0, {yk}∞
k=0, {Ẏk}∞

k=0

Algorithm 4 Adaptation of the adaptive discretization algorithm to approximations by
SIP sk,tk

CSCP(Ẏk).

input: Ẏ0 ⊂ Y , |Ẏ0| < ∞, feasible approximating sequence of smoothing parameters
{sk, tk}k∈N0

Steps 1-2 as in Algorithm 2

3: compute xk ∈ M sk,tk(Ẏk)

Steps 4-17 as in Algorithm 2
output: {xk}∞

k=0, {yk}∞
k=0, {Ẏk}∞

k=0
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4 Solving CSCP by means of semi-infinite optimization

{xk}k∈N0, {yk}∞
k=0 and {Ẏk}k∈N0 be constructed according to Algorithm 2. Then, the

following holds

(i) If {xk}k∈N0 is a sequence of global solutions of SIPCSCP(Ẏk), then the sequence
possesses an accumulation point x̄ ∈ M . Furthermore, each of these accumulation
points is a global solution of SIPCSCP and f(xk) ↗ f(x̄), as k → ∞.

(ii) If {xk}k∈N0 is a sequence of uniform (not necessarily strict) local minimizers of
SIPCSCP(Ẏk), then the sequence possesses an accumulation point x̄ ∈ M and each
such point is a local minimizer of SIPCSCP.

Proof. First, the feasibility of an accumulation point w.r.t. SIPCSCP is proven. Any
sequence of feasible solutions of the problems SIPCSCP(Ẏk), k ∈ N0, is in the compact set
X ⊆ Rn. Hence, according to the Bolzano-Weierstrass theorem, the sequence possesses
an accumulation point x̄ ∈ X. We show that x̄ ∈ M := {x ∈ X|g(x, y) ≤ 0 ∀y ∈ Y }.

For the sake of contradiction, assume that x̄ /∈ M . Then, there must be ỹ ∈ Y with
g(x̄, ỹ) > 0. Let {xkl}l∈N0 be a subsequence with xkl → x̄, as l → ∞. Then, by
construction of {ykl}l∈N0 , g(xkl , ỹ) ≤ g(xkl , ykl) holds for all l ∈ N0. Again, the Bolzano-
Weierstrass theorem provides the existence of an accumulation point ȳ ∈ Y for {ykl}l∈N0 .
Choosing a convergent subsequence and using continuity of g on the compact set X × Y ,
this results in

g(x̄, ỹ) = lim
m→∞ g(xklm , ỹ)

≤ lim
m→∞ g(xklm , yklm ) = lim

m→∞ g(xklm , yklm−1 )︸ ︷︷ ︸
≤0

= g(x̄, ȳ) ≤ 0

This is a contradiction to g(x̄, ỹ) > 0.

Now we show that the type of the accumulation point corresponds to the minimizer type
of the sequence.

(i) By construction, Ẏk ⊆ Ẏk+1 and Ẏk ⊂ Y for all k ∈ N0. This implies for M(Ẏk) :=
{x ∈ X|g(x, y) ≤ 0 ∀y ∈ Ẏk} that M(Ẏk) ⊇ M(Ẏk+1) and M(Ẏk) ⊇ M for all
k ∈ N0. Hence, for any sequence of global solutions {xk}k∈N0 , {f(xk)}k∈N0 is a
monotonically increasing sequence which is bounded by the minimum value f∗ of
SIPCSCP. As f is continuous, for any converging subsequence,

f(x̄) = lim
l→∞

f(xkl)︸ ︷︷ ︸
≤f∗

≤ f∗.

Hence, x̄ is a global minimizer of SIPCSCP.

(ii) Assume that there is an accumulation point x̄ ∈ M that is not a local minimizer.
Denote by ρ > 0 the common radius of attraction of the local minimizers xk, k ∈ N0.
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4.2 Convergence of the procedure

Then, there is x̃ ∈ M ∩ B(x̄, 1
2ρ) such that f(x̃) < f(x̄). For any converging

subsequence, there exists l∗ ∈ N such that for all l ≥ l∗, xkl ∈ B(x̄, 1
2ρ) and

hence, x̃ ∈ B(xkl , ρ). As M ⊆ M(Ẏkl
) for all l ∈ N0, x̃ is feasible for any of the

approximating problems. As its distance to xkl is within the radius of attraction,
f(x̃) ≥ f(xkl), l ≥ l∗. Continuity of f then provides the contradiction

f(x̃) ≥ lim
l→∞

f(xkl) = f(x̄).

Whereas the results for discretization of the index sets are established in Literature for
a long time, the remaining parts of this section yield new results on the convergence of
minimizers for approximations in which smoothing of the constraint function is applied
or discretization and smoothing are combined.

4.2.2 Approximations based on smoothing of the covering constraint
function

Within this section we prove the epiconvergence of the two kinds of approximating prob-
lems to SIPCSCP based on double entropic smoothing and shifted entropic smoothing of
the covering constraint function. While [Pol03] gave a proof for the epiconvergence of
a finite min-max-min problem where the inner, pointwise minimum was approximated
by an entropic smoothing function, [TPR09] showed uniform convergence of the double
entropic smoothing function towards the min-max-function. In the proofs, we make use
of the results on convergence of approximating problems from Section 3.2.1.

Lemma 4.2.2. Consider an instance of SIPCSCP with f and g being continuous func-
tions. Let {(sk, tk)}k∈N0 be an approximating sequence of smoothing parameters as defined
in Definition 3.2.21. Then, the sequences of problems {SIPsk,tk

CSCP}k∈N0 and
{SIPsk,tk−err

CSCP }k∈N0 both epiconverge to SIPCSCP.

Proof. First, we show the epiconvergence of the inner approximations SIPsk,tk
CSCP. As the

objective functions of the approximating problems are identical to the objective function
of SIPCSCP, it suffices to show convergence in the sense of Kuratowski-Painlevé for the
feasible sets of the approximating problems. By the properties of the entropic smoothing
function and the approximating sequence of smoothing parameters {(sk, tk)}∞

k=0, accord-
ing to Proposition 3.2.18, the sequence of feasible sets {M sk,tk}∞

k=0 of approximating
problems SIPsk,tk

CSCP is monotonically increasing with respect to inclusion with M sk,tk ⊆ M
for all k ∈ N0. According to Lemma 1.1.7, this sequence converges to

lim
k→∞

M sk,tk = cl
∞⋃

k=0
M sk,tk
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We thus have to prove that

cl
∞⋃

k=0
M sk,tk = M

"⊆": Let x ∈ cl
⋃∞

k=0 M sk,tk . Then there exists a sequence {xl}l∈N0 with xl ∈ ⋃∞
k=0 M sk,tk

and xl → x, as l → ∞. This means that for all l, there is k ∈ N0 such that xl ∈ M sk,tk .
But then, xl ∈ M for all l ∈ N0. As M is closed, the limit point x is in M .

"⊇": As M sk,tk ⊆ M for all k ∈ N0,
⋃∞

k=0 M sk,tk ⊆ M . Furthermore, M is closed and
therefore, also the closure of the union is part of M .

Now, we show the epiconvergence of the outer approximations SIPsk,tk−err
CSCP by proving

that the statements (i) and (ii) of Lemma 3.2.10 are satisfied. As M ⊆ M sk,tk−err for any
k ∈ N0, for any x ∈ M , the sequence {xk}k∈N0 with xk := x fulfills the conditions of (i).
Now, let {xk}l∈N0 ⊂ X have a converging subsequence {xkl}l∈N0 with xkl ∈ M skl

,tkl
−err

and xkl → x, as l → ∞. As f is continuous, the function values also converge which
results in

lim inf
l→∞

f(xkl) = lim
l→∞

f(xkl) = f(x)

By uniform convergence of gskl
,tkl

−err to g with respect to (skl
, tkl

) and convergence of
xkl as well as continuity of g(·, y), for all y ∈ Y , it holds that

g(x, y) = lim
l→∞

g(xkl , y) = lim
l→∞

gskl
,tkl

−err(xkl , y)︸ ︷︷ ︸
≤0

≤ 0

Hence, x ∈ M which completes the proof.

The next proposition is a direct result of the previous statement, together with Polak’s
Theorem (Lemma 3.2.11) on minimizers of sequences of epiconverging problems.

Proposition 4.2.3. Consider an instance of SIPCSCP with f and g being continuous
functions. Let {(sk, tk)}k∈N0 be a feasible approximating sequence of smoothing parame-
ters according to Definition 3.2.21. Then, the following convergence results hold:

(i) Any sequence {xk}k∈N0 of global solutions of SIPsk,tk
CSCP possesses an accumulation

point x̄ ∈ M . Each of these accumulation points is a global solution of SIPCSCP
and f(xk) ↘ f(x̄), as k → ∞.

(ii) Any sequence {xk}k∈N0 of global solutions of SIPsk,tk−err
CSCP possesses an accumulation

point x̄ ∈ M . Each of these accumulation points is a global solution of SIPCSCP
and f(xk) ↗ f(x̄), as k → ∞.
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4.2 Convergence of the procedure

(iii) Any sequence {xk}k∈N0 of uniform local minimizers of SIPsk,tk
CSCP possesses an accu-

mulation point x̄ ∈ M and each of these accumulation points is a local minimizer
of SIPCSCP.

(iv) Any sequence {xk}k∈N0 of uniform local minimizers of SIPsk,tk−err
CSCP possesses an ac-

cumulation point x̄ ∈ M and each of these accumulation points is a local minimizer
of SIPCSCP.

4.2.3 Approximations based on combined discretization of the index set and
smoothing of the covering constraint

In this section the convergence of global and local solutions of the discretized and smoothed
approximating problems {SIPsk,tk−err

CSCP (Ẏk)}k∈N0 to feasible minimizers of the correspond-
ing types for SIPCSCP in the same sense as Lemma 4.2.1 and Proposition 4.2.3 (iii) and
(iv) is shown. As both approximations, that resulting from discretization and that based
on application of the shifted entropic smoothing function, are outer approximations, the
monotonicity of the feasible sets with respect to set inclusion is maintained. Therefore,
the proof is a straightforward connection of the arguments given in the previous results
and is thus omitted.

Proposition 4.2.4. Consider an instance of SIPCSCP with f and g being continuous
functions. Suppose that {(sk, tk)}k∈N0 is a feasible approximating sequence of smoothing
parameters. Further, let Ẏ0 ⊂ Y be a finite subset of the infinite index set. Compute the
sequences {xk}k∈N0, {yk}k∈N0 and {Ẏk}k∈N0 according to Algorithm 3.

Then, the following holds:

(i) Any sequence {xk}k∈N0 of global solutions of SIPsk,tk−err
CSCP (Ẏk) possesses an accu-

mulation point x̄ ∈ M . Each of these accumulation points is a global solution of
SIPCSCP and f(xk) ↗ f(x̄), as k → ∞.

(ii) Any sequence {xk}k∈N0 of uniform local minimizers of SIPsk,tk−err
CSCP (Ẏk) possesses

an accumulation point x̄ ∈ M and each of these accumulation points is a local
minimizer of SIPCSCP.

When sequences of approximating problems that result from discretization of the index
set and double entropic smoothing of the covering constraint function are considered,
the feasible sets cannot be expected to be monotonous with respect to set inclusion:
discretization of the index set leads to outer, smoothing of the covering constraint func-
tion with double entropic smoothing to inner approximations of SIPCSCP. Therefore,
the arguments of the previous proofs cannot be straightforwardly transferred to prove
convergence of minimizers for problems {SIPsk,tk

CSCP(Ẏk)}∞
k=0.
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4 Solving CSCP by means of semi-infinite optimization

Proposition 4.2.5. Consider an instance of SIPCSCP with f and g being continuous
functions. Suppose that {(sk, tk)}k∈N0 is a feasible approximating sequence of smoothing
parameters. Further, let Ẏ0 ⊂ Y be a finite subset of the infinite index set. Compute the
sequences {xk}k∈N0, {yk}k∈N0 and {Ẏk}k∈N0 according to Algorithm 4.

Then, the following holds:

(i) Any sequence {xk}k∈N0 of global solutions of SIPsk,tk
CSCP(Ẏk) possesses an accumula-

tion point x̄ ∈ M . And each of these accumulation points is a global solution of
SIPCSCP.

(ii) Any sequence {xk}k∈N0 of uniform local minimizers of SIPsk,tk
CSCP(Ẏk) possesses an ac-

cumulation point x̄ ∈ M and each of these accumulation points is a local minimizer
of SIPCSCP.

Proof. The existence of an accumulation point for both the sequence of global as well
as the sequence of local minimizers is given by the same arguments as in Lemma 4.2.1:
Suppose that x̄ ∈ X is an accumulation point of a sequence {xk}k∈N0 of feasible points
for the approximating problems for which x̄ /∈ M holds. Then there is ỹ ∈ Y with
g(x̄, ỹ) > 0. Let {xkl}∞

l∈N0
a subsequence with xkl → x̄. If this sequence possesses a

subsequence of elements in M , this subsequence also converges to x̄. As M is closed, the
limit point x̄ then is in M .

Without loss of generality assume that xkl /∈ M for all l ∈ N0. Then there is a se-
quence {ykl}l∈N0 with g(xkl , ykl) ≥ g(xkl , ỹ) > 0 and ykl ∈ Ẏkl+1 for all l ∈ N0. Fur-
thermore, as the double entropic smoothing function bounds g from above, for xkl+1 ∈
M

skl+1 ,tkl+1 (Ẏkl+1) satisfies

g(xkl+1 , ykm) ≤ g
skl+1 ,tkl+1 (xkl+1 , ykm) ≤ 0

for all m ≤ l. By the Bolzano-Weierstrass theorem, {ykl}l∈N0 has an accumulation point
ȳ ∈ Y and a subsequence such that yklm → ȳ, as m → ∞. Thus,

g(x̄, ỹ) ≤ g(x̄, ȳ) = lim
m→∞ g(xklm , yklm ) = lim

m→∞ g(xklm , yklm−1 ) ≤ 0

This is a contradiction to g(x̄, ỹ) > 0 and therefore proves that x̄ ∈ M .

Now, we check that x̄ is a minimizer of the correct type.

(i) Suppose that the accumulation point x̄ is not a global minimizer of SIPCSCP. This
means that there is x̃ ∈ M with

0 < δ := f(x̄) − f(x̃).
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4.2 Convergence of the procedure

Let {xkl}l∈N0 be a subsequence of the sequence of global minimizers for SIPsk,tk
CSCP(Ẏk)

that converges to x̄. As the objective function is continuous, there exists l∗ ∈ N

such that for all l ≥ l∗ it holds that

|f(x̄) − f(xkl)| ≤ 1
2

δ.

Note that due to the mixture of inner and outer approximation, we cannot state
whether a global solution xk of SIPsk,tk

CSCP(Ẏk) has larger or smaller objective value
than that of the accumulation point. Nevertheless, due to the assumption that x̄ is
not a global minimum, the above relations imply that

f(xkl) − f(x̃) >
1
2

δ

for all l ≥ l∗. As the elements of the converging sequence are global minimizers,
obviously x̃ /∈ M skl

,tkl (Ẏkl
) for all l ≥ l∗. Given an approximating sequence of

smoothing parameters, the following relationships are valid for the feasible sets of
the corresponding approximating problems:

M sk,tk ⊆ M sk,tk(Ẏk) for all k ∈ N0 (�)
M sk,tk ⊆ M sk+1,tk+1 for all k ∈ N0 (��)

Furthermore, in the proof of Lemma 4.2.2, it was already shown that

cl
∞⋃

k=0
M sk,tk = M.

Obviously, due to monotonicity of the sequence of sets given in (��), this relationship
also holds for the subsequence {M skl

,tkl }∞
l=l∗ .

By (�),

x̃ /∈
∞⋃

l=l∗
M skl

,tkl

and therefore, as x̃ ∈ M ,

x̃ ∈ ∂
∞⋃

l=l∗
M skl

,tkl

Thus, there is a sequence {x̃m}m∈N0 in
⋃∞

l=l∗ M skl
,tkl with x̃m → x̃, as m → ∞.

Continuity of f then provides f(x̃m) → f(x̃), as m → ∞. This means that there
exists m∗ ∈ N0 such that for all m ≥ m∗,

|f(x̃) − f(x̃m)| ≤ 1
2

δ
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4 Solving CSCP by means of semi-infinite optimization

holds. But for any m ≥ m∗, there also exists n ≥ l∗ such that

x̃m ∈ M skn ,tkn ⊆ M skn ,tkn (Ẏkn).

However, the latter implies

f(x̃m) ≥ f(xkn) > f(x̃) +
1
2

δ

which obviously leads to a contradiction for f(x̃m) converging to f(x̃) and hence
for x̃ being a feasible solution with smaller objective value than x̄.

(ii) The proof for sequences of local minimizers of SIPsk,tk
CSCP(Ẏk) having as accumulation

points local minimizers of SIPCSCP in general uses the same arguments as the proof
concerning global minimizers. Yet, some adaptations to locality have to be done.

Suppose that the accumulation point x̄ is not a local minimizer of SIPCSCP. Denote
by ρ > 0 the common radius of attraction of the local minimizers xk of SIPsk,tk

CSCP(Ẏk)
for k ∈ N0. Then there is x̃ ∈ M ∩B(x̄, 1

4ρ) with f(x̄)−f(x̃) = δ > 0. By continuity
of f , for any converging subsequence {xkl}l∈N0 , there is l∗ ∈ N such that for all l ≥ l∗

||xkl − x̄|| ≤ 1
4

ρ

|f(xkl) − f(x̄)| ≤ 1
2

δ.

Hence, the distance between x̄ and xkl is within half the radius of attraction and
therefore, for all l ≥ l∗

f(xkl) > f(x̃) +
1
2

δ.

As in the proof of part (i), this implies that x̃ /∈ M sl,tl(Ẏl) for all l ≥ l∗ and thus,
by the same arguments as before, x̃ ∈ ∂

⋃∞
l=l∗ M sl,tl . Hence, there exists a sequence

{x̃m}m∈N0 in
⋃∞

l=l∗ M sl,tl with x̃m → x̃, as m → ∞. Thus, there is m∗ ∈ N0 such
that for all m ≥ m∗

||x̃m − x̃|| ≤ 1
4

ρ

|f(x̃m) − f(x̃)| ≤ 1
4

δ

But, for any m ≥ m∗, there is n ≥ l∗ such that x̃m ∈ M skn ,tkn ⊆ M skn ,tkn (Ẏkn).
For this n, we have

||x̃m − xkn || = ||x̃m − x̃ + x̃ − x̄ + x̄ − xkn ||
≤ ||x̃m − x̃|| + ||x̃ − x̄|| + ||x̄ − xkn ||
≤ 1

4
ρ +

1
4

ρ +
1
4

ρ
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4.3 A worst case rate of convergence

Hence, x̃m ∈ B(xkn , ρ) ∩ M skn ,tkn (Ẏkn) and therefore,

f(x̃m) ≥ f(xkn) > f(x̄) − 1
2

δ > f(x̃) +
1
4

δ

which is a contradiction for f(x̃m) converging to f(x̃) and hence for x̃ being a
feasible solution with smaller objective value than x̄.

4.3 A worst case rate of convergence

Within this section, a variant of a known result on the rate of convergence for discretiza-
tion approximations of smooth semi-infinite problems is proven for Algorithm 2 applied to
discretized CSCP problems and approximating problems SIPsk,tk−err

CSCP (Ẏk) or SIPsk,tk
CSCP(Ẏk).

In his article on discretization in semi-infinite programming [Sti01a], Still gives a rate of
convergence for a convergent sequence of local solutions of approximating problems to a
local solution of a smooth SIP. The approximating problems are based on successively
refined discretizations of the semi-infinite index set. A similar convergence rate is al-
ready stated in [Ree90] for a modification of the first Remez algorithm (see for example
[Che00]) which is used to solve Chebyshev approximation problems and which consists of
a similar procedure as the algorithm of [BF76] for SIPs. Both results commonly suppose
that the Hausdorff distances of the discretizations and the semi-infinite index set form
an a-priorily known, monotone null sequence. Methods using adaptive discretization of
the index set where new discretization points are selected upon the current approximate
solution like Algorithm 2 do not fulfill this premise. In practice, this is an advantage as
usually less discretization points are needed and hence the finite approximating problems
remain smaller. Yet this also means that the Hausdorff distance cannot be an adequate
measure for convergence of an adaptive discretization algorithm. Maybe this is the rea-
son why – to our knowledge – no convergence rate results similar to that of [Sti01a] are
known for adaptive discretization methods according to Algorithm 2.

It appears natural to replace Hausdorff distances by maximum constraint violations as
a measure for convergence for adaptive discretization methods. However, these depend
on the actual sequence of iterates and form neither a monotonous sequence nor are they
predictable. Nevertheless we show that Algorithm 2 constructs an approximate solution
which has maximum constraint violation below a given tolerance within a finite number
of steps and the upper bound of these steps only depends on the problem data. Using
this result, a rule for selecting a subseqence of any convergent sequence of approximative
solutions generated by the algorithm is defined. For this subsequence, the convergence
rate result given by Still is shown to hold for the adaptive discretization method applied
to SIPCSCP under certain adaptations concerning the measure – an upper bound for the
maximum constraint violation instead of mesh size of the discretized index set – and
nonsmoothness of the CSCP problem.
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4 Solving CSCP by means of semi-infinite optimization

The result is then extended to the two entropic smoothing-based variations of Algo-
rithm 2.

Afterwards we discuss the possibility that for some types of CSCP, one constructive step
could also be tackled differently than in the proof using the special geometrical structure
of CSCP problems.

As the shown convergence rate is a worst case result, the section closes with an example
that demonstrates the meaning of worst case with respect to the size of the involved
nonlinear optimization problems but also shows that the solution approach usually gets
along with significantly less effort.

Summary of the basic proof

The convergence rate result in [Sti01a] consists of three steps.

First, by means of the mesh size of the discretization of the infinite index set, an up-
per bound for the violated semi-infinite constraint is found. In this step the proof for
the adaptive discretization algorithm differs most from the method based on a-priori
determined refinements of the discretizations. Here, we change the point of view from
measuring the spread of the discretization over the index set to estimation of the max-
imum constraint violation. It is also the point where we have to restrict to a certain
subsequence of the convergent sequence of approximating solutions which makes the final
convergence rate for the adaptive discretization algorithm a worst-case result only.

The second step comprises the construction of a feasible point for SIP, starting from a
solution of the current approximating problem. This feasible point has two properties.
First, its distance from the current iterate is measured in terms of the upper bound on
the constraint violation that holds for the current iterate solution according to the first
step. Second, the feasible point has to be close enough to the limit point x̄. In this step
we have to adapt the assumptions originally made for smooth SIPs to the nonsmooth
situation of CSCP.

The third step finally provides an upper bound on the distance between the current iterate
solution from the limit point x̄ based on the current maximum constraint violation bound,
respectively. The estimate results from relations of the objective function values of the two
points and the feasible point constructed in the second step. To establish these relations,
local optimality of x̄ and xk, as well as the optimality order of the local minimizer x̄ are
used.
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4.3 A worst case rate of convergence

4.3.1 The rate of convergence for adaptive discretization

Throughout this section, consider the following situation: Let an instance of SIPCSCP be
given. Further, denote by x̄ a local optimal solution of SIPCSCP and let {xkl}l∈N be a
subsequence of local solutions of the discretization approximations SIPCSCP(Ẏkl

) created
by Algorithm 2 that converges towards x̄. For simplicity, we use in the following the
notation {xk}k∈N0 and suppose that this is already the convergent subsequence.

The next definition defines the part of Y that is already covered by a certain configuration
x of the covering objects.

Definition 4.3.1. Consider an instance of SIPCSCP. For x ∈ X, the cover provided by
x is given by

C(x) := {y ∈ Y |g(x, y) ≤ 0}

Step 1: Estimating the constraint violation

The first issue of this section is a kind of pre-processing compared to Stills proof. We
show that Algorithm 2 produces in a finite number of steps situations which obey a given
coverage threshold. For this purpose, we need the following assumption on the covering
constraint function of the considered SIPCSCP:

Assumption 4.3.2 (Lipschitz assumption on g with respect to y). There is a constant
Lg > 0 such that for all x ∈ X, the covering constraint function g(x, ·) is Lipschitz
continuous on Y with constant Lg, i.e. for any y1, y2 ∈ Y ,

|g(x, y1) − g(x, y2)| ≤ Lg||y1 − y2||.

For a given x ∈ X and ȳ ∈ arg maxy∈Y g(x, ȳ), we introduce a variable μ that abbreviates
the maximum (nonegative) constraint violation,

μ(x) :=
{

g(x, ȳ) if x /∈ M

0 otherwise.

Hence, for the sequence of {xk}k∈N0 we have a sequence of {μk}k∈N0 = {μ(xk)}k∈N0 with
μk assuming being the maximum constraint violation as long as xk is not feasible for
SIPCSCP.

Lemma 4.3.3. Suppose that the covering constraint function g satisfies Assumption 4.3.2.
Then for x ∈ X\M , and ȳ ∈ arg maxy∈Y g(x, y), the distance of ȳ to the covering pro-
vided by x is bounded from below by

dC(x)(ȳ) ≥ 1
Lg

μ(x)
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4 Solving CSCP by means of semi-infinite optimization

This claim obviously is true by Lipschitz-continuity of g in y w.r.t. X. The following
Corollary is intrinsic to the selection of new discretization points in the adaptive dis-
cretization procedure.

Corollary 4.3.4. Let xk ∈ X\M and yk ∈ Y be two iterates generated in the kth step
of Algorithm 2, and Ẏk the current discretization of the semi-infinite index set. Then,

dẎk
(yk) ≥ 1

Lg
μk.

Proof. As xk is feasible for SIPCSCP(Ẏk), the discretization Ẏk is part of the cover provided
by xk. Hence,

dẎk
(yk) ≥ dC(xk)(yk) ≥ 1

Lg
μk.

The following property provides that any given threshold concerning the constraint vio-
lation is reached by Algorithm 2 within a finite number of iterations.

Proposition 4.3.5. Suppose that the covering constraint function g satisfies Assump-
tion 4.3.2 and let {xk}k∈N0 be a sequence of feasible points for SIPCSCP(Ẏk) constructed
by Algorithm 2. Then for all δ > 0 there is k ∈ N0, k < ∞, such that μk < δ.

Proof. Without loss of generality suppose that the algorithm produces a sequence of
feasible points with μk > δ for all k ∈ N0. By Corollary 4.3.4, for any k, the new point
yk that is added to the discretization set satisfies

dẎk
(yk) ≥ 1

Lg
μk >

1
Lg

δ. (4.1)

However, there can only be a finite number of points with distances from each other
bounded from below by 1

Lg
δ > 0 in the compact set Y . Hence, there is a maximum

number of iterations k(δ) ∈ N0 within which μk has to be smaller or equal to δ for the
first time.

Independent of the sequence of approximate solution, for any given number δ > 0, there
is a fixed iteration number k̄(δ) at which the algorithm guarantees to generate an approx-
imate solution for which the maximum constraint violation is smaller or equal to δ in the
worst case. This number only depends on Y and g, i.e. the problem structure, but not on
the sequence of approximate solutions. The proof of the proposition provides a hint for
the construction of k̄(δ). However, this is difficult task for arbitrary Y . For illustration,
we provide an example how to compute the worst-case iteration number for a Y being
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Figure 4.2: Covering constraint function (lighter grey hyperplane) that satisfies the constraint
violation threshold δ = 1

4 and the worst-case grid on Y = [0, 1]2 (w.r.t the maximum norm) that
guarantees that this threshold is reached (red dots).

the unit square in R2 and the maximum norm instead of the euclidean norm to measure
mesh size. The latter has the advantage that the maximum number of discretization
points at a given mesh size is reached for regular orthogonal grid. The result transfers
to the euclidean norm by the equivalence of norms. As the maximum norm of a point
is smaller or equal than its euclidean norm, a regular grid on a rectangle with distance
γ > 0 of each point from the others has less points when maximum norm is considered
than for the euclidean norm. Nevertheless, both possess a finite number of points.

Example 4.3.6. Consider Y = [0, 1]2 ⊆ R2 and let g : R × R2 → R be given by g(x, y) :=
2y1+x, i.e. Lg = 2 (see Figure 4.2). Suppose that the threshold on the covering constraint
violation is δ = 1

4 . For any x ∈ R, the set of maximum points arg maxy∈Y g(x, y) is the
line segment {1} × [0, 1] and the closest elements on the boundary of the set C(x) to
the set of maximum points is the line segment {y1} × [0, 1] with y1 = 1 − μ(x)

Lg
. Hence,

an adaptive discretization algorithm that adds those points from Y points where the
covering constraint is most violated, would have to add at most

k̄(δ) =
(⌊Lg

δ
(1 − 0)

⌋
+ 1
)2

= 81

points of distance δ
Lg

= 1
8 to end up with the first feasible point for the associated

approximating problem that provides a cover for Y with maximum constraint violation
beyond the threshold. This situation is shown in Figure 4.2.

In a sequence of optimization problems, where the iterates {xk}k∈N are supposed to
converge (at least in a subsequence) towards a feasible point of the CSCP, the "realized"
iterate in which the maximum constraint violation for the first time is smaller or equal
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4 Solving CSCP by means of semi-infinite optimization

to a given δ > 0 will be much smaller in practice than the worst-case number k̄(δ). The
reason is demonstrated in an example at the end of the chapter.

Proposition 4.3.5 is the final result which we need in the pre-processing. For the remainder
of the section, we select a subsequence from the convergent sequence {xk}k∈N0 . Let
{δl}l∈N0 be an arbitrary sequence with δl ↘ 0, as l → ∞ and select the subsequence of
solutions according to the following rule:

k1 := min{k ∈ N0|μk ≤ δ1}
kl := min{k ∈ N0|k ≥ kl−1 ∧ μk ≤ δl}.

(4.2)

The requirement k ≥ kl−1 guarantees that the subsequence is selected monotonically
from the sequence of solutions. When k̄(δ) denotes the worst-case iteration number, the
subsequence has properties that kl ≤ ∑l

i=0 k̄(δi). However, this upper bound will not be
strict in practice.

For notational simplicity in the following proofs, we omit double indices and refer to
the subsequence selected in (4.2) as {xl}l∈N0 . Nevertheless we state it here as it is our
entering point into the statement of a convergence rate in the style of [Sti01a].

Lemma 4.3.7. For a given sequence {δl}l∈N0 with δl ↘ 0 and {xl}l∈N0 being selected
from a sequence of approximate solutions generated by Algorithm 2 according to rule (4.2),

g(xl, y) ≤ δl

holds for all y ∈ Y .

Step 2: Construction of a feasible point for piecewise differentiable functions

In this section, we have to deal with the nonsmoothness of the covering constraint func-
tion. However, we assume that this function has at least some structure which is subsumed
in the following assumption:

Assumption 4.3.8 (Structure of the covering constraint function).

(i) The covering constraint function

g : Rn × Rm → R

(x, y) �→ min
1≤i≤N

max
1≤j≤pi

gij(x, y)

is PC1 on X × Y , and all constituting functions gij are continuously differentiable
on X × Y .
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4.3 A worst case rate of convergence

(ii) There exists a neighborhood N (x̄) ⊂ Rn of x̄ and a vector v ∈ Rn such that for all
active y ∈ Y0(x̄) and for all (i, j) ∈ IN (x̄)×Y0(x̄)

∇xgij(x̄, y)T v < −1

holds. The index set IN (x̄)×Y0(x̄) is given by

IN (x̄)×Y0(x̄) := {(i, j)| i ∈ {1, . . . , N}, j ∈ {1, . . . , pi}
∃x ∈ N (x̄) ∃y ∈ Y0(x̄) : (i, j) ∈ Sg(x, y)}

where Sg(x, y) is the set of active selection functions of the piecewise continuous
function g in (x, y) according to Definition 1.4.2.

Note that for y ∈ Y given, g′
x(x, y; d) denotes the B-derivative of g(·, y) with respect to

x in direction d ∈ Rn introduced in Section 1.4.

Lemma 4.3.9. Suppose that Assumption 4.3.8 is satisfied. Then there exists ε > 0 such
that for all x in an open ball B(x̄, ε) around x̄ of radius ε, the following relation holds:

g′
x(x, y; v) ≤ −1

2
∀y ∈ Y ε

0 (x̄) (4.3)

where v ∈ Rn is the Mangasarian-Fromovitz Constraint Qualifiation (MFCQ)-like vector
in part (ii) of the assumption and Y ε

0 (x̄) := {y ∈ Y |dY0(x̄)(y) < ε}.

Proof. Due to the assumption, g is a PC1-function. As Y is compact, the second part
of the assumption and continuous differentiability of the functions ∇xgij , for any (i, j) ∈
IN (x̄)×Y0(x̄) there exists ε(i, j) > 0 such that for all x ∈ B(x̄, ε(i, j)) × Y

ε(i,j)
0 (x̄),

∇xgij(x, y)T v ≤ 1
2

holds. Define ε := min(i,j)∈IN (x̄)×R0(x̄) ε(i, j) and reduce this further, if necessary, such
that B(x̄, ε) ⊆ N (x̄). Then, for all (x, y) ∈ B(x̄, ε) × Y ε

0 (x̄), we have according to [KS94],

g′
x(x, y; v) ∈

{
∇xgij(x, y)T v, (i, j) ∈ Sg(x, y)

}
⇒g′

x(x, y; v) ≤ −1
2

.

Lemma 4.3.10. Suppose that for ε > 0, the covering constraint function satisfies (4.3)
with v ∈ Rn according to Assumption 4.3.8. Then there exists ε̄ > 0 such that for all
x ∈ B(x̄, ε̄) the following relation holds:

g(x, y) ≤ 0 for all y ∈ Y \Y ε
0 (x̄) (4.4)
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Proof. The elements y ∈ Y \Y ε
0 (x̄) lie in the interior of the cover provided by x̄, i.e.

g(x̄, y) < 0. As g is continuous and the set Y \Y ε
0 (x̄) is closed, there is ε̄ > 0 such that

for all x ∈ B(x̄, ε), the claim holds.

Proposition 4.3.11. Suppose that Assumption 4.3.8 holds and the covering constraint
function satisfies the conditions (4.3) given in Lemma 4.3.9 as well as (4.4) stated in
Lemma 4.3.10 in the limit point x̄ with associated radii ε and ε̄, and MFCQ-like vector
v ∈ Rn. Further, let for a given sequence {δl}l∈N0 with δl ↘ 0, {xl}l∈N0 be the convergent
subsequence of iterates generated by Algorithm 2 selected according to rule (4.2). Then
there exists r > 0 such that for all l ∈ N0 satisfying ||x̄ − xl|| ≤ min{ε, ε̄} and

δl <
1
2

ε̄ − ||xl − x̄||
||v|| ,

the points

x̂l := xl + rδlv (4.5)

are feasible for SIPCSCP.

Proof. To prove the claim, it must be shown that the relation

g(x̂l, y) ≤ 0 for all y ∈ Y

is satisfied.

Lemma 4.3.10 guarantees that

g(x̂l, y) ≤ 0 ∀y ∈ Y \Y ε
0 (x̄)

holds if x̂l ∈ B(x̄, ε̄). By construction, we have

||x̂l − x̄|| = ||xl + rδlv − x̄|| ≤ ||xl − x̄|| + rδl||v||
Hence, if

rδl||v|| < ε̄ − ||xl − x̄||

⇔r <
ε̄ − ||xl − x̄||

δl||v||
then x̂l ∈ B(x̄, ε̄).

Turn to the remainder of Y and choose arbitrary y ∈ Y ε
0 (x̄). We use the first-order

approximation function for B-differentiable functions introduced in (1.20) in Section 1.4
and the assumption that Lemma 4.3.9 applies to xl, to deduce the following relation:

g(x̂l, y) = g(xl, y) + g′
x(xl, y; x̂l − xl) + o(||x̂l − xl||)

= g(xl, y) + rδlg
′
x(xl, y; v) + o(rδl||v||)

≤ δl − 1
2

rδl + o(rδl||v||)
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In the last step, the property of the approximate solution xl given in Lemma 4.3.7 is
used.

Choosing r > 2 thus provides that g(x̂l, y) ≤ 0.

To sum up, if the requirement r ∈
(
2,
(
ε̄ − ||xl − x̄||

)
(δl||v||)−1

)
was met, x̂l ∈ M would

hold. For that being possible, the interval has to be non-empty.

Yet, by the requirement on δl, it holds that

ε̄ − ||xl − x̄||
δl||v|| − 2 > 2

(
ε̄ − ||xl − x̄||

)
||v||

(ε̄ − ||xl − x̄||) ||v|| − 2 = 0

This finishes the proof.

Remark that for Proposition 4.3.11 to hold, it is required that δl is smaller than some term
which depends on the current iterate xl. This requirement is naturally satisfied for large
l, as {ε̄ − ||xl − x̄||}l∈N0 is monotonically increasing whereas {δl}l∈N0 is a null sequence.
If a MFCQ-like direction v exists for the limit point x̄ for which Assumption 4.3.8 (ii)
holds, there is an area outside M for which v is also a descent direction pointing towards
M .

Step 3: Estimating the convergence rate from relations of the objective values

The third step on the way towards the convergence rate for adaptively refined discretiza-
tion approximations in CSCP problems is analogous to the third step in [Sti01a]. However,
in order to keep consistency with the previous steps, we provide it here. Despite that, we
amend that xl are uniform local minimizers to the assumptions needed for this last step
towards establishment of the convergence rate result. This assumption was found to be
missing in the proof of [Sti01a] by [SSK19]. Its necessity is explained in the proof.

Assumption 4.3.12 (Lipschitz continuity of f). The objective function f of SIPCSCP is
Lipschitz continuous on X with Lipschitz constant Lf > 0.

Assumption 4.3.13 (Types of local minimizers).

(i) The limit point x̄ is a strict local minimizer of SIPCSCP of order p ∈ {1, 2}, i.e. there
exists a neighborhood U of x̄ and q > 0 such that for all x ∈ M ∩ U , the following
relation holds:

q||x̄ − x||p ≤ f(x) − f(x̄) (4.6)

(see (1.4)).
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(ii) The sequence of feasible points for the discretized problems, {xk}k∈N consists of
uniformly strict local minimizers (Definition 1.2.3).

We are now able to prove the main result for a convergent subsequence constructed by
Algorithm 2.

Theorem 4.3.14 (Convergence rate for adaptive discretization approximations of CSCP).
Suppose that Assumptions 4.3.12 and 4.3.13 are satisfied. Denote by U the neighborhood
of x̄ from the first part of the assumption and let ρ > 0 be the common radius of attraction
of the uniform local minimizers generated by Algorithm 2. For a given sequence {δl}l∈N0

with δl ↘ 0, let {xl}l∈N0 be the convergent subsequence of iterates selected according to
the rule (4.2). Furthermore x̂l denotes the feasible point associated to xl given in (4.5).

Then there exists a constant c > 0 such that for all l ∈ N0 large enough to satisfy
x̂l ∈ M ∩ U and x̄ ∈ B(xl, ρ), the following holds:

||x̄ − xl|| ≤ cδ
1
p

l

Proof. Choose l ∈ N0 that large such that the assumptions of the claim hold. As
SIPCSCP(Ẏl) is an outer approximation to SIPCSCP, x̄ ∈ M(Ẏl) holds. Furthermore
the assumptions of the claim provide x̄ ∈ B(xl, ρ). Hence, f(x̄) ≥ f(xl) holds. Together
with the assumption x̂l ∈ M ∩ U , this yields

f(xl) ≤ f(x̄) < f(x̂l) (4.7)

Combining this relation with the definition of the order of the minimizer x̄ and Lipschitz
continuity of f provides

||x̂l − x̄||p ≤ 1
q

(
f(x̂l) − f(x̄)

)
≤ 1

q

(
f(x̂l) − f(xl)

)
≤ Lf

q
||x̂l − xl|| =

Lf

q
rδl||v||

This bound is further used in the following step:

||x̄ − xl|| = ||x̄ − x̂l + x̂l − xl|| = ||x̄ − x̂l + rδlv||

≤ ||x̄ − x̂l|| + rδl||v|| ≤
(

Lf

q
rδl||v||

) 1
p

+ rδl||v||

≤
⎧⎨⎩cδ

1
p

l , if δl ≤ 1
cδl, otherwise

with c :=
((

Lf

q r||v||
) 1

p + r||v||
)

. As δl ↘ 0 for l → ∞, the first case is true for large
l ∈ N0.
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4.3 A worst case rate of convergence

Remark 4.3.15. Taking together Proposition 4.3.11 and Theorem 4.3.14, for any sequence
{δl}l∈N0 , the index upon which the convergence rate can be assumed to hold depends on
the conditions

||x̄ − xl|| ≤ min{ε, ε̄} (4.8a)

δl <
ε̄ − ||xl − x̄||

2||v|| (4.8b)

x̂l ∈ M ∩ U (4.8c)

x̄ ∈ B(xl, ρ) (4.8d)

The remark reveals that there might be situations, where the minimum index l for which
the convergence rate result holds might be reduced in situations where the requirements
(4.8a) and (4.8b) are more restrictive than (4.8c) and (4.8d): For some subclasses of
the geometric CSCP problems, another method for constructing a feasible point might
be available that satisfies all assumptions of Theorem 4.3.14 but does not depend on
the requirements of Proposition 4.3.11. In Section 4.3.4, such a construction method for
the sprinkler problem is discussed. However, this example also shows that construction
methods differing from Step 2 strongly depend on the underlying model of the covering
objects. Hence, they have to be found for CSCP subclasses instances individually and
generalization is difficult if possible at all.

4.3.2 Convergence rate for SIPsk,tk
CSCP(Ẏk) and SIPsk,tk−err

CSCP (Ẏk)

Aim of this section is the establishment of convergence rate results for the adaptations
of Algorithm 2 where not only the infinite index set is adaptively discretized but also
the nonsmooth covering constraint function is approximated by smooth functions, i.e. we
consider the variants 3 and 4 of Algorithm 2.

We show both variants by the same method which is based on a variant of a convergence
rate result for global solutions of perturbed generalized SIPs that originates from [Sti04].
The following subsection establishes results on perturbed SIPs, dependent on a perturba-
tion general perturbation parameter τ > 0. How the smoothed approximation problems
of SIPCSCP relate to this general problem is explained afterwards.

Perturbations of SIPs

For compact X ⊆ Rn and Y ⊆ Rm, consider the following SIP and its perturbed vari-
ant,

SIP: min
x∈X

f(x) s.t. ϕ(x) ≤ 0

SIPτ : min
x∈X

f(x) s.t. ϕτ (x) ≤ 0
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4 Solving CSCP by means of semi-infinite optimization

with optimal value functions of the associated lower level problems ϕ(x) := maxy∈Y g(x, y)
and for every τ > 0, ϕτ := maxy∈Y gτ (x, y), where gτ is a perturbation of the function
g.

For the remainder of this section, suppose that f is Lipschitz continuous on X with
Lipschitz constant Lf > 0 and that the following assumption holds for the semi-infinite
constraint functions.

Assumption 4.3.16. Suppose that g : Rn × Rm → R is the semi-infinite constraint
function of SIP. Then for all τ > 0, gτ : Rn ×Rm → R are perturbations of g parametrized
by τ such that SIPτ epiconverges towards SIP for τ → ∞.

Consider a local solution x̄ of SIP and for a given monotonically divergent sequence
of positive perturbation parameters {τk}k∈N0 such that the feasible set of SIPτ0 is not
empty, suppose that {xk}k∈N0 is a sequence of local minimizers of SIPτk

with xk → x̄, as
k → ∞.

To establish the convergence rate result, certain quantitative assumptions are required.

Assumption 4.3.17 (Convergence of the perturbed optimal value function). There exist
t̄1 > 0 and α > 0 such that

|ϕτ (x) − ϕ(x)| ≤ ατ−1 for all x ∈ X, τ ≥ t̄1. (4.9)

Assumption 4.3.18 (Constraint qualification). There exist ε, t̄2, β > 0 and v ∈ Rn

satisfying

ϕ(x + τ−1v) ≤ ϕ(x) − βτ−1 for ||x − x̄|| ≤ ε, τ ≥ t̄2. (4.10)

Assumption 4.3.19. All elements of the sequence {xk}k∈N0 and also their limit point
x̄ are uniform local minimizers of the perturbed problems SIPτk and SIP, respectively,
with common radius of attraction ρ > 0.

Assumption 4.3.20 (Growth condition). The local minimizer x̄ is of order p = 1 or
p = 2 (see (1.4)).

We now state the convergence rate result for uniform local minimizers of perturbed prob-
lems.

Lemma 4.3.21. Suppose that Assumption 4.3.16, 4.3.17, 4.3.18 and 4.3.19 hold for x̄
and a given sequence of perturbation parameters {τk}k∈N0. Then there exists k̄ ∈ N0 and
c1 > 0 such that for all k ≥ k̄

|f(xk) − f(x̄)| ≤ c1τ−1
k .
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4.3 A worst case rate of convergence

If moreover Assumption 4.3.20 is satisfied, then there is c2 > 0 such that further

||xk − x̄|| ≤ c2τ
− 1

p

k

holds for all k ≥ k̄.

Proof. Let α and t̄1 as well as β, ε and t̄2 be constants and v ∈ Rn a vector such that the
Assumptions4.3.17 and 4.3.18 are satisfied. Due to convergence of {xk}k∈N0 , there exists
k∗ ∈ N0 such that ||xk − x̄|| ≤ ε for all k ≥ k∗. Define κ := α

β and

x̂k := xk + κτ−1
k v

x̃k := x̄ + κτ−1
k v.

We show that for k ≥ k∗ and k such that τk ≥ max{t̄1, t̄2
κ }, x̂k is feasible for SIP and x̃k

is feasible for the perturbed problem SIPτk .

The first claim is given by

ϕ(x̂k)
(4.10)

≤ ϕ(xk) − κβτ−1
k

(4.9)
≤ ϕτk(xk) + ατ−1

k − κβτ−1
k .

As xk is feasible for SIPτk , the optimal value function attains non-positive value. There-
fore,

ϕτk
(xk) + ατ−1

k − κβτ−1
k ≤ ατ−1

k − κβτ−1
k = 0

holds. The two assumptions also hold for x̄ which allows to use similar arguments to
prove the feasibility of x̃k for SIPτk :

ϕτk(x̃)
(4.9)
≤ ϕ(x̄ + κτ−1

k ξ̄) + ατ−1
k

(4.10)
≤ ϕ(x̄) − κτ−1

k β + ατ−1
k ≤ 0.

Let ρ > 0 be the common radius of attraction of the local minimizers. By increasing k
we can assume that x̂k ∈ B(x̄, ρ). Using x̃k ∈ B(xk, ρ) and using Lipschitz continuity of
f , the function values of the different points can be ordered according to

f(x̄) ≤ f(x̂k) ≤ Lf ||x̂k − xk|| + f(xk) = Lf κτ−1
k ||v|| + f(xk)

≤ Lf κτ−1
k ||v|| + f(x̃k) ≤ Lf κτ−1

k ||v|| + Lf ||x̃k − x̄|| + f(x̄)
= 2Lf κτ−1

k ||v|| + f(x̄).

Hence,

|f(xk) − f(x̄)| ≤ c1τ−1
k

with c1 := Lf κ||v||.
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4 Solving CSCP by means of semi-infinite optimization

If further x̄ is of order p, then for k such that x̂k ∈ U , we get

||xk − x̄|| ≤ ||xk − x̂k|| + ||x̂k − x̄|| ≤ κτ−1
k ||v|| +

(1
q

(f(x̂k) − f(x̄))
) 1

p

≤ κ||v||τ−1
k +

(1
q

Lf κ||v||
) 1

p

τ
− 1

p

k

≤
⎧⎨⎩c2τ−1

k if τk < 1

c2τ
− 1

p

k otherwise

with c2 := κ||v|| +
(

1
q Lf κ||v||

) 1
p . As τk ↗ ∞ for k → ∞, the second case is true for large

k ∈ N0.

At this point, all preliminaries are at hands such that the convergence rate result for
Algorithm 3 and Algorithm 4 can be established.

Transfer to SIPsk,tk
CSCP(Ẏk) and SIPsk,tk−err

CSCP (Ẏk)

Suppose in the remainder of this section, that a sequence {δl}l∈N0 is given with δl ↘ 0 and
let {sk, tk}k∈N0 be a sequence of feasible approximating sequence of smoothing parameters
according to Definition 3.2.21. By

err(k) =
1
sk

ln
1
N

+
1
tk

ln max
1≤i≤N

pi

we denote the smoothing error for the pair of parameters (sk, tk) given in (3.19). Note
that for an approximating sequence of smoothing parameters, the associated errors form
a null sequence.

In the following, we consider sequences of uniform local solutions of SIPsk,tk
CSCP(Ẏk) or

SIPsk,tk−err
CSCP (Ẏk) computed according to the variants 3 or 4 of Algorithm 2, respectively.

Our aim is to show a worst-case convergence rate result in the style of Theorem 4.3.14
that equally holds for both smoothing approaches. Therefore, we do not distinguish
between the sequence of solutions of either one of the two kind of approximating problem
sequences unless it becomes necessary at some point. Last but not least, suppose that
the sequence of local solutions converges towards the limit point x̄ which is feasible for
SIPCSCP.

There are some differences between the adaptive discretization approach that directly
operates on the covering constraint function and its variants that involve either type
of smoothing. First, note that for a solution of SIPsk,tk

CSCP(Ẏk) the ordering of objective
function values in (4.7) need not to hold anymore for the feasible solution of the approx-
imating problem, the limit point and a constructed point that is feasible for SIPCSCP.
The reason for this is that the approximating problems need neither to be outer nor inner
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4.3 A worst case rate of convergence

approximations of SIPCSCP. Yet, at least Proposition 4.3.5 remains valid and hence a
subsequence of {xk}k∈N0 according to the selection rule (4.2) exists. This is different
for the situation of SIPsk,tk−err

CSCP : The shifted entropic smoothing constraint is stricter
than the covering constraint, and therefore the discretization set Ẏk cannot be expected
to be part of the cover provided by a solution of SIPsk,tk−err

CSCP . This means that (4.1)
in the proof of Proposition 4.3.5 needs not to be true. However, using uniform conver-
gence of the shifted entropic smoothing function, the result can be proven also for this
approximation of SIPCSCP.

Lemma 4.3.22. Suppose that the covering constraint function g satisfies Assumption
4.3.2, and {(sk, tk)}k∈N0 is a feasible approximating sequence of smoothing parameters.
Suppose that {xk}k∈N0 is a sequence of feasible points for SIPsk,tk

CSCP(Ẏk) or SIPsk,tk−err
CSCP (Ẏk)

constructed by either variant 3 or 4 of Algorithm 2. Then for all δ > 0 there is k ∈ N0,
k < ∞, such that μk < δ, with μk = maxy∈Y g(xk, y).

Proof. As mentioned, we only need to consider the shifted entropic smoothing-based
approach. The smoothing error is a nullsequence, therefore there is k∗ ∈ N0 such that
δ > err(k) for all k ≥ k∗. Suppose that the algorithm produces a subsequence of iterates
with maximum covering constraint violation μkl

> δ for all l ∈ N0 and kl ≥ k∗.

The assumption kl ≥ k∗ implies μkl
≥ δ ≥ err(k∗) for all l ∈ N0. Consider the partition

Ẏkl
= U ∪̇V where U := {y ∈ Ẏkl

|g(xkl , y) ≤ 0} and V := {y ∈ Ẏkl
|g(xkl , y) > 0}.

Obviously, for y ∈ U , Corollary 4.3.4 remains valid and

d(y, ykl) ≥ 1
Lg

δ.

However, for y ∈ V , by uniform convergence of the shifted entropic smoothing function,
g(xkl , y) ≤ err(kl), and therefore

d(y, ykl) ≥ 1
Lg

|g(xkl , ykl) − g(xkl , y)|

≥ 1
Lg

(μkl
− err(kl)) ≥ 1

Lg
(δ − err(k∗)) =: δ∗ > 0

This shows that dẎkl
(ykl) ≥ δ∗ > 0 for all l ∈ N. However, there cannot be infinitely

many points in the compact set Y that have a distance from each other larger than δ∗.

Remark that in the worst case, the iteration number k̄(δ) for which μk ≤ δ has to occur
can be larger for the shifted entropic smoothing variant than for the double entropic or the
non-smoothed approach. This is due to the reduction of the worst-case mesh width from
1

Lg
δ caused by Lipschitz continuity of g(x, ·) to 1

L (δ − err(k∗)), a value which also takes
into account the maximum possible difference in function values between the covering
constraint and the shifted entropic smoothing function.
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4 Solving CSCP by means of semi-infinite optimization

Nevertheless, with this result at hand, we can return to work with a sequence of local
solutions {xl}l∈N0 of the discretized and smoothed approximating problems which is
constructed according to rule (4.2), and for which μl ≤ δl holds for all l ∈ N0 and the
given null sequence {δl}l∈N0 .

To prove the convergence rate, we need some auxiliary results.

Lemma 4.3.23. Suppose that x̄ is a feasible point for SIPCSCP. For a given ε̄ > 0
consider the closed ball B(x̄, ε̄) around x̄ of radius ε̄. Then, there are l̄ ∈ N0 and l̄err ∈ N0
such that M sl,tl

CSCP ∩ B(x̄, ε̄) �= ∅ for all l ≥ l̄ and M sl,tl−err
CSCP ∩ B(x̄, ε̄) �= ∅ for all l ≥ l̄err

holds.

Proof. For the outer approximation SIPsl,tl−err
CSCP , the ordering of the feasible sets w.r.t. set

inclusion yields l̄err = 0, as x̄ ∈ MCSCP ∩ B(x̄, ε̄) and MCSCP ⊆ M sl,tl−err
CSCP for all l ∈ N0.

For the inner approximation, we make use of epiconvergence. This property holds be-
cause {(sl, tl)}l∈N0 is a feasible approximating sequence of smoothing parameters. By
Lemma 3.2.10, for the feasible point x̄ of SIPCSCP there exists a sequence {x̃l}l∈N0 with
x̃l ∈ M sl,tl

CSCP, l ∈ N0, which converges towards x̄. The convergence of any such sequence
provides the existence of l̄ ∈ N0 such that ||x̄ − x̃l|| ≤ ε̄ for all l ≥ l̄.

Lemma 4.3.24. For the considered feasible approximating sequence of smoothing pa-
rameters {(sl, tl)}l∈N0, define {τl}l∈N0 by τl := min{|sl|, tl}, l ∈ N0. Then, the following
holds:

(i) The optimal value functions of the lower level problems of SIPsl,tl
CSCP and SIPsl,tl−err

CSCP
satisfy Assumption 4.3.17.

(ii) If Assumption 4.3.8 holds for the covering constraint function g, the optimal value
function of the lower level problem of SIPCSCP satisfies Assumption 4.3.18 at x̄, its
local minimizer and limit point of the sequence {xl}l∈N0.

Proof.

(i) For the double and the shifted entropic smoothing functions, the following properties
hold

0 ≤ g(x, y) − gsl,tl−err(x, y) ≤ err(l) ≤ 1
τl

(
ln max

1≤i≤N
pi − ln

1
N

)
0 ≤ gsl,tl(x, y) − g(x, y) ≤ err(l) ≤ 1

τl

(
ln max

1≤i≤N
pi − ln

1
N

)
for all (x, y) ∈ Rn × Rm. Define

α := ln max
1≤i≤N

pi − ln
1
N

. (4.11)
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4.3 A worst case rate of convergence

For arbitrary x ∈ X, fix a maximizer for each of the two lower level problems, y1 ∈
arg maxy∈R g(x, y) and y2 ∈ arg maxy∈R gsl,tl−err(x, y). Denote by ϕ the optimal
value function of the lower level problem of SIPCSCP and by ϕl the corresponding
function of the shifted entropic smoothing problems SIPsl,tl−err

CSCP , l ∈ N0. Then,
the following inequalities follow directly from uniform convergence of the shifted
entropic smoothing function and its property of being a pointwise lower bound for
the covering constraint function.

0 ≤ ϕ(x) − ϕl(x) = g(x, y1) − gsl,tl−err(x, y2)
≤ gsl,tl−err(x, y1) + err(l) − gsl,tl−err(x, y2) ≤ err(l) ≤ τ−1

l α.

Hence, Assumption 4.3.17 holds for all l with the defined α. For the double entropic
smoothing function, the proof is analogous.

(ii) The second claim follows directly form Assumption4.3.8 and Lemma 4.3.9.

Theorem 4.3.25 (Convergence rate for the adaptive discretization and smoothing ap-
proach). Suppose that Assumptions 4.3.12 and 4.3.8 hold for the objective f and the
covering constraint function g of SIPCSCP. Further, let the elements of the convergent
sequence {xl}l∈N0 be uniform local minimizers of the associated approximating problems
and their limit point x̄ be a local minimizer of SIPCSCP of order p = 1 or p = 2.

Then there exists a constant c > 0 and l∗ ∈ N0 such that for all l ≥ l∗ the following holds:

||x̄ − xl|| ≤ c
(
δl + τ−1

l

) 1
p

where τl is defined by τl := min{|sl|, tl} for l ∈ N0.

Proof. We introduce the following agreement and notation to keep the proof readable.
Throughout the proof, suppose that either approximating problems based on double en-
tropic smoothing of the covering constraint function or problems based on shifted entropic
smoothing of the covering constraint function are considered, i.e. either SIPsl,tl

CSCP and
SIPsl,tl

CSCP(Ẏl) or SIPsl,tl−err
CSCP and SIPsl,tl−err

CSCP (Ẏl). We abbreviate the smoothed problems
by SIPl

CSCP, its discretized versions by SIPl
CSCP(Ẏl) and the feasible sets by M l

CSCP and
M l

CSCP(Ẏl), respectively. By ϕl we denote the optimal value function of the lower level
problem, ϕl(x) := maxy∈Y gl(x, y) where gl is the smoothing function of the currently
considered type of approximating problems.

As x̄ is a local minimizer of order p, there exists q > 0 and a neighborhood U ⊆ Rn such
that for all x ∈ MCSCP ∩ U ,

||x − x̄||p ≤ 1
q

(f(x) − f(x̄))

109



4 Solving CSCP by means of semi-infinite optimization

Fix ε̄ > 0 such that B(x̄, ε̄) ⊆ U . Then x̄ is the unique global minimizer for SIPCSCP
on MCSCP ∩ B(x̄, ε̄), the restriction of SIPCSCP to the closed ball of radius ε̄ around x̄.
Lemma 4.3.23 states the existence of l̄ ∈ N0 such that for all l ≥ l̄, the restriction of
the approximating problems’ feasible sets to B(x̄, ε̄) is nonempty and hence compact.
Therefore, we can find a sequence {x̃l}l≥l̄ of global minimizers of the problems SIPl

CSCP
restricted to this set.

By definition, the smoothed problems SIPCSCP and SIPl
CSCP, l ∈ N0, all possess an

identical compact X ⊆ Rn which comprises the actual feasible set MCSCP or Ml
CSCP,

respectively. The intersection of the feasible set with B(x̄, ε̄) thus is equivalent to the
consideration of the problems on a common base set X̃ := X ∩ B(x̄, ε̄). Hence, Proposi-
tion 4.2.3 applies.

Compactness of Ml
CSCP ∩ B(x̄, ε̄) provides that the sequence of global minimizers x̃l pos-

sesses an accumulation point in B(x̄, ε̄). This point is a global minimizer for SIPCSCP
on B(x̄, ε̄) by Proposition 4.2.3. Yet, the only global minimizer of this problem is x̄ and
therefore, the sequence x̃l converges towards x̄, as l → ∞. Therefore, there exists l̃ ≥ l̄
such that x̃l ∈ B (x̄, ε̄

2
)

for all l ≥ l̃. Thus, the sequence {x̃l}l≥l̃ actually consists of
uniform local minimizers for the problems SIPl

CSCP with common radius of attraction ε̄
2 .

By the auxiliary result 4.3.24, Lemma 4.3.21 applies. Thus there is l∗ ∈ N0 such that for
all l ≥ min{l̃, l∗},

||x̄ − x̃l|| ≤ cτ
− 1

p

l (∗)

holds for c := κ||v|| +
(

1
q Lf κ||v||

) 1
p . Here, κ > 0 and v ∈ Rn are the constant and vector

in the Lemma whereas Lf is the Lipschitz constant of f .

Using the vector v ∈ Rn from Assumption 4.3.18, we construct the points

x̂l := xl + rδlv

and show how r ∈ R can be chosen such that these points are in both sets, MCSCP∩B(x̄, ε̄),
and Ml

CSCP ∩ B(x̄, ε̄). Hence, three points have to be shown:

1. x̂l ∈ B(x̄, ε̄)

2. x̂l ∈ M l
CSCP

3. x̂l ∈ MCSCP

We next establish for each of these points conditions, that imply the corresponding claim
and afterwards evaluate if they can all be satisfied at once and if yes, under which
conditions.
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4.3 A worst case rate of convergence

1. The first claim would be true if r could be chosen such that

r ≤ ε̄ − ||x̄ − xl||
δl||v|| . (4.12)

2. To establish a condition for the second claim, we make use of Assumptions 4.3.17
and 4.3.18. Let thus ε, t̄2 and β be the constants in the second assumption and α
defined by (4.11). Then, for

rδl ≤ 1
t̄2

(4.13)

and

||x̄ − xl|| ≤ ε (4.14)

the following inequalities hold

ϕl(x̂l)
(4.9)
≤ ϕ(x̂l) + ατ−1

l

(4.10)
≤ ϕ(xl) − βrδl + ατ−1

l .

The selection of xl provides ϕ(xl) ≤ δl and therefore, x̂l is feasible for SIPl
CSCP if

δl − βrδl + ατ−1
l ≤ 0. (4.15)

3. The condition under which the third claim would be satisfied results similar to that
of the second claim from Assumption 4.3.18. Obviously, it does not require the
usage of Assumption 4.3.17 which refers to the relation between the original and
the approximating problem. Hence, under the conditions (4.13) and (4.14), the
following relation can be established:

ϕ(x̂l)
(4.10)

≤ ϕ(xl) − rβδl

Hence, the condition

δl − rβδl ≤ 0 (4.16)

implies x̂l ∈ MCSCP.

We now evaluate the conditions, under which a value r ∈ R can be found that satisfies
conditions (4.12) to (4.16). First, remark that – similar as in the non-smoothed conver-
gence rate result Theorem 4.3.14 – the current iterate solution has to be close to the limit
point, i.e. l has to be that large such that

||x̄ − xl|| ≤ min{ε̄, ε} (4.17)

holds. Second, from (4.12) and (4.13) we get the common requirement

r ≤ min
{

ε̄ − ||x̄ − xl||
δl||v|| ,

1
δl t̄2

}
. (4.18)
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4 Solving CSCP by means of semi-infinite optimization

The inequality (4.15) differes from (4.16) by the positive term ατ−1
l on the left-hand side

and therefore, both conditions are fulfilled if

r ≥ 1
β

(
1 + α(δlτl)−1

)
(4.19)

holds. Hence, r can be chosen such that the points x̂l for sufficiently large l are feasible
for the smoothed and the nonsmoothed CSCP if the with lower bound given in (4.19)
and upper bound (4.18) is nonempty. This is can be guaranteed by

δl + ατ−1
l ≤ β min

{
ε̄ − ||x̄ − xl||

δl||v|| ,
1

δl t̄2

}
. (4.20)

Now we can proceed with proving the claim similar to the proof of Theorem 4.3.14. First,
remark that x̂l ∈ MCSCP ∩ B(x̄, ε̄), and the order of the minimizer x̄ yield

||x̂l − x̄||p ≤ 1
q

(
f(x̂l) − f(x̄)

)
=

1
q

(
f(x̂l) − f(x̃l) + f(x̃l) − f(x̄)

)
.

As both sequences converge towards x̄, there exists l̃ ∈ N0 such that for all l ≥ l̃, x̃l is
within the radius of attraction ρ of the uniform local minimizer xl of SIPl

CSCP(Ẏl). Due
to M l

CSCP ⊆ M l
CSCP(Ẏl), therefore f(xl) ≤ f(x̃l) holds. Together with Lemma 4.3.21 and

the constant c1 therein, this yields

||x̂l − x̄||p ≤ 1
q

(
f(x̂l) − f(x̃l) + f(x̃l) − f(x̄)

)
≤ 1

q

(
f(x̂l) − f(xl) + c1τ−1

l

)
≤ 1

q
Lf rδl||v|| +

1
q

c1τ−1
l .

Finally, we get

||xl − x̄|| ≤ ||xl − x̂l|| + ||x̂l − x̄|| ≤ rδl||v|| +
(1

q
Lf rδl||v|| +

1
q

c1τ−1
l

) 1
p

= rδl||v|| +
(1

q
Lf rδl||v|| +

1
q

Lf κ||v||τ−1
l

) 1
p

≤ rδl||v|| +
(1

q
Lf max{r, κ}||v||

) 1
p (

δl + τ−1
l

) 1
p .

For large l, as δl ↘ 0 and τl ↗ ∞, the claim follows for the constant

c :=
(1

q
Lf max{r, κ}||v||

) 1
p

.

Remark 4.3.26. Note that the conditions on the convergence rate result for the nons-
moothed problems SIPCSCP(Ẏl) summarized in (4.8) and the conditions required in the
proof of Theorem 4.3.25 are very similar. This is due to the selection of the subsequence
{xl}l∈N0 , the elements of which in all cases are chosen according to the maximum violation
of the original, nonsmoothed semi-infinite constraint.
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4.3 A worst case rate of convergence

Consider the approximating problems SIPsl,tl−err
CSCP (Ẏl), i.e. the problems resulting from

the application of shifted entropic smoothing to the covering constraint function. Then,
the result of Theorem 4.3.25 can be sharpened to the following, seemingly smoothing-
independent variant:

Corollary 4.3.27. Suppose that Assumptions 4.3.12 and 4.3.8 hold for the objective
f and the covering constraint function g of SIPCSCP. Further, let the elements of the
convergent sequence {xl}l∈N0 be uniform local minimizers of the approximating problems
SIPsl,tl−err

CSCP (Ẏl) and their limit point x̄ be a local minimizer of SIPCSCP of order p = 1 or
p = 2.

Then there exists a constant c > 0 and l∗ ∈ N0 such that for all l ≥ l∗ the following holds:

||x̄ − xl|| ≤ cδ
1
p

l .

This corollary reflects that the problems SIPsl,tl−err
CSCP (Ẏl) are outer approximations to

SIPCSCP and hence the same proof as for Theorem 4.3.14 could be applied. In the situa-
tion of that theorem, it sufficed to construct the sequence {x̂l}l∈N0 such that its elements
were feasible for SIPCSCP and not for the smoothing approximation. In this sense, the
upper bound on the distance of iterate solution to limit point given in Theorem 4.3.25
is too large. However, as Proposition 4.3.22 showed, the worst-case sequence of local
solutions for which the convergence rate result holds clearly depends on the approximat-
ing sequence of smoothing parameters. To remind this intrinsic dependence, we decided
to state Theorem 4.3.25 in the given form, as a result that applies for both variants of
smoothing approximation.

4.3.3 Discussion of the rate of convergence result

While the mesh size as a measure for convergence needs no interpretation, the relationship
between maximum constraint violation and quality of an approximate solution of the
adaptive discretization method needs an explanation. Furthermore, we present an idea
on alternatives for the second step of the proof especially suited to the geometry of
CSCP subclasses. The section closes with a discussion on the size of the convergence rate
measure for which the result applies.

Maximum constraint violation and the grade of covering

When solving continuous set covering problems, a naturally arising question is the mean-
ing of the bound on the maximum constraint violation for the cover provided by an
approximate solution. If the problem structure satisfies a condition on minimal growth,
this question has a geometric answer.
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4 Solving CSCP by means of semi-infinite optimization

Assumption 4.3.28 (Minimal growth assumption). For all x ∈ X there is a constant
K > 0 such that for all y ∈ Y with g(x, y) > 0 there exists d ∈ Rm, ||d|| = 1 and
ty ∈

[
0, g(x,y)

K

]
for which

g(x, y + tyd) ≤ 0 (4.21)

holds.

Under this assumption, from μ(x) ≤ δ, a "grade of covering" can be deduced which
provides a maximum distance for any noncovered point in Y to the cover provided by
the approximate solution.

Lemma 4.3.29 (Grade of covering). Suppose that Assumption 4.3.28 is satisfied with
minimal growth constant K > 0. Then for any x ∈ X, and all y ∈ Y ,

dC(x)(y) ≤ μ(x)
K

holds.

Proof. For y ∈ C(x), the claim obviously holds. Hence, let y ∈ Y \C(x) be arbitrary.
Let d ∈ Rm and ty ∈

[
0, g(x,y)

K

]
be the vector and the scalar from Assumption 4.3.28. As

y + tyd ∈ C(x), the following inequality holds:

dC(x)(y) ≤ ||y − (y + tyd)|| = ty||d|| = ty ≤ g(x, y)
K

≤ μ(x)
K

.

If the Lemma holds, asking for μ(x) to be smaller than a given δ > 0 is a criterion which
guarantees a certain grade of covering. The requirement that the maximum constraint
violation is below the threshold δ states that for a given approximate solution x ∈ X
of SIPCSCP, an element in the infinite index set that is not already covered is located
in a distance of at most δK−1 from the cover provided by x. Hence, there is always a
direction in which the cover is "as close as δK−1", a value which, although K might be
small, tends towards zero for decreasing values of δ. Further, even for small values of
δK−1, the noncovered parts of the index set can still be large. In Figure 4.3 a situation
with a two-dimensional set to be covered and piecewise linear covering constraint function
demonstrates that for K = 1 and δ := μ(x, y) = 1, the noncovered parts of Y =
[0, 10] × [0, 5] form tubes that extend over the total width of the set to be covered in the
direction (0, y2) while in direction (y1, 0), the minimum growth assumption applies.

As can be suggested from Figure 4.3, the minimum growth constant coincides with the
minimum slope that any of the basic functions of the covering constraint function exhibits
with respect to noncovered points y ∈ Y for all x ∈ X. Hence, this constant is the
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Figure 4.3: Piecewise linear covering constraint function on the set to be covered Y = [0, 10] ×
[0, 5] (dark gray rectangle at z = 0). The minimum growth constant K = 1 is the minimum slope
of any of the hyperplanes. The noncovered parts of Y (orange areas) extend over the total width
of Y in direction of y2 whereas they are bounded according to Lemma 4.3.29 in y1-direction.
Blue dashed rectangles indicate the maximum possible extension of the noncovered parts from
their centers in the direction that satisfies Assumption 4.3.28 given that the maximum constraint
violation corresponds the threshold δ. The horizontal extension of the blue rectangles is δK−1.

infimum of infinitely many local lower bounds on function growth. Nevertheless, we
suggest that such a constant can often be established for CSCP. As an example, we
mention SIPsprinkler with a given lower bound on the radius: As the slopes of the sprinkler
paraboloids increase with distance from their centers, the minimum growth constant K
for this problem corresponds to the slope of the paraboloid at minimum radius.

To sum up, if Assumption 4.3.28 holds, a criterion guaranteeing that each noncovered
point has at most distance ε > 0 from the cover provided by the approximate solution,
would require Algorithm 2 to run until μk ≤ δ for δ := Kε. Proposition 4.3.5 states that
this occurs within a finite number of steps.

Revealing the worst case nature of the convergence rate result

Keeping the connection of maximum constraint violation and covering grade in mind, we
finally provide an example that illustrates the worst case iteration number established in
Proposition 4.3.5, compare it with the number of grid points the standard discretization
procedure needs to guarantee a similar covering grade and finally show that in practice,
adaptive discretization usually reaches this grade with much less discretization points.

For convenience of calculation, we compare the numbers of discretization points com-
puted for grids with pairwise point distance measured in the maximum- and not in the
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4 Solving CSCP by means of semi-infinite optimization

euclidean norm. The effect of this, i.e. lower grid densities was already discussed for
Example 4.3.6. Hence, all given numbers on grid points are under estimations. However,
they still impressively show the differences in scales.

Consider the problem of placing three sprinklers on the unit square. Let the minimal and
maximal allowed sprinkler radii be rmin = 1

3 and rmax = 1, and allow sprinkler centers
only to be located in the set to be covered. Hence, Y = [0, 1]2 and X = [0, 1]6 ×

[
1
3 , 1
]
.

The Lipschitz- and minimum growth constants for this problem are Lg = 2
√

2 and K = 2
3 ,

respectively.

Suppose that a solution given by Algorithm 2 satisfies μk ≤ δ := 1
27 . Then all noncovered

points of Y have at most distance 3
28 ≈ 0.0117 from the cover provided by the solution.

Approximating the sprinkler problem using a fixed discretization of the semi-infinite
index set would need

(⌊
28

3

⌋
+ 1
)2

= 7396 uniformly spread discretization points (see also
Example 4.3.6) to guarantee the same grade of covering, i.e. the unit square in Figure 4.4
would be completely filled with the black dots indicated in the lower left corner. The
associated finite approximating problem would have 7396 constraints.

The worst case iteration number for adaptive discretization to reach a maximum con-
straint violation below the required value is k̄(δ) =

(⌊
2
√

227
⌋

+ 1
)2

> 131769, with
the real worst-case number being even larger, as the presented value is calculated for
the maximum- and not the euclidean norm. However, from the starting point x0 =
(0.1, 0.5, 0.7; 0.7, 0.2, 1

3)T , Algorithm 2 reaches δ within eight steps. This means, the al-
gorithm solved eight finite optimization problems with one to eight constraints to find a
solution where each noncovered point is not farer than 0.0117 from the cover provided
by the solution (Figure 4.4).

4.3.4 An alternative construction of a feasible point

For the sprinkler problem (2.6) with minimum allowed sprinkler radius, the minimal
growth assumption 4.3.28 is satisfied. In this case, a feasible point for SIPsprinkler can be
constructed from xl associated to δl, according to Lemma 4.3.29 by

x̂l := xl +
(

0, . . . , 0,
δl

K

)T

.

The distance of approximate solution and constructed point is ||xl − x̂l|| = δl
K . Figure 4.5

shows the feasible solution constructed from an approximate solution of the three sprinkler
problem in the previous section that satisfies μ ≤ 0.25.

For the sprinkler problem, if the alternative construction method is used in the proof,
only restrictions (4.8c) and (4.8d) but not the restrictions (4.8a) and (4.8b) resulting from
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Figure 4.4: 3 sprinkler solution with covering grade 0.0117 found by Algorithm 2 after 8 it-
erations. Red points: adaptively added discretization points. Black points indicate the density
of points necessary for a discretization approximation of SIPsprinkler which would guarantee the
same covering grade.
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Figure 4.5: Feasible solution (dashed circles) constructed from approximate solution (solid
circles) using the alternative construction method.
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4 Solving CSCP by means of semi-infinite optimization

the second step of the basic proof have to be satisfied by an approximate solution xl for
Theorem 4.3.14 to hold. In consequence, the rate of convergence might already apply to
larger values of δl and hence, in the worst case, to a coarser grid.

A sharp look on the given construction method for a feasible point of the sprinkler problem
reveals its strong dependence on the problem structure. Obviously, the constructed point
must provide cover for all points in Y , including those not covered by the approximate
solution xl. Yet the value of the maximum constraint violation provides no knowledge
on the location of these points. Hence the construction method has to guarantee that
any object can be increased independent of its location to cover a zone of width 1

K δl

around it or alternatively provide a way to move objects such that they form a cover for
R. For subclasses of CSCP with covering objects changing their sizes as a function of
their locations, it thus might be difficult to provide a construction method that works
individually on xl.

However if the feasible point cannot be constructed individually from xl, establishing its
distance from the approximate solution as a decreasing function of δl is not possible and
hence either the constructed point satisfies requirement (4.8c) of Theorem 4.3.14 only for
much smaller values of δl or even not at all.

Application range of the convergence rate result

In various steps of the convergence rate proofs, we had to suppose that our convergence
measures, the constraint violation threshold and the inverse minimum smoothing param-
eter, had to be already very small. We summarized this "very small" in the conditions
(4.8) that were used to proof Proposition 4.3.11 for the situation of adaptive discretiza-
tion without smoothing. The reason for the occurrence of such conditions is mainly that
the convergence rate results hold only locally for approximate solutions that are already
within the attraction area of their limit point. Thus, the results have to be expected
to hold for large (worst case) approximating problems only. The actual size of "small"
is difficult to establish, as this would require local information of the functions g and f
at the unknown approximate solutions and limit point. From observations on numerical
examples we expect that an essential factor that determines this number is the number
of covering objects.

Nevertheless, the Theorems 4.3.14 and 4.3.25 hold for CSCP under very few assumptions
on the actual problem data and structure. For instance, there are no requirements on
convexity of the objective or the constraint function. Hence, they might probably yield
the best possible rates under these assumptions. This is also suggested by the non-
existence of further literature on convergence rates for discretized SIPs except of [Sti01a]
which was the starting point of our investigations. The given example of an alternative
to step 2 for the sprinkler problem demonstrates that the range from which on the rate
of convergence result is valid might be enlarged if further knowledge on the structure
for a problem subclass is involved. We suggest that there might also be potential for
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increasing the limit of "small" δ in the other steps of the proof by taking further properties
of CSCP under consideration. Despite this potential for improvement, application of
the adaptive discretization and smoothing based solution approach to a three sprinkler
example reached a given threshold on the constraint violation quite fast while keeping
the number of discretization points of the infinite index set, and thus also the size of the
nonlinear optimization problems to be solved, very small.

4.4 Summary

Before closing this chapter, let us summarize its various content. We started with the pre-
sentation of a conceptual algorithm to solve CSCPs in their semi-infinite reformulation by
an iterative approach based on adaptive discretization of the infinite index set and either
double or shifted entropic smoothing of the covering constraint function. Algorithm 1
is rather a template than a concrete procedure and we discussed some of the options it
comprises. Nevertheless, we want to emphasize that for the simple requirements of mono-
tonical improvement of both the discretization of the infinite index set and the smoothing
approximation of the covering constraint functions, the algorithm produces accumulation
points that are minimizers of the same type than those of the approximate solutions that
are computed by the given realization of one of its substeps. Furthermore, for all variants
comprised by the presented algorithm, we showed how to measure distance from elements
of a convergent subsequence of the approximate solutions to their limit point based on
maximum constraint violation and the smoothing error.
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5 Geometric approach to solve CSCP lower
level problems

A main problem in many solution procedures for SIPs is the check for feasibility of a
candidate solution. This requires solving the lower level problem to global optimality.
Therefore, a often made assumption in SIP procedures is the convexity of the lower
level problem to avoid the necessity of applying costly global solution strategies to check
whether a point is feasible or not. As already discussed, CSCP naturally does not sat-
isfy this assumption. On the contrary, continuous set covering problems usually have
multiple local optima. Nevertheless the semi-infinite constraint function of CSCP has
a very specific structure due to the geometric origin of the covering task. Therefore,
for some subclasses of CSCP, methods from computational geometry can be advanta-
geously implied to find all local optima and thus also a global optimum of the lower level
problem.

Within this chapter we characterize the structure required on the functions that define
the covering objects such that a geometrically inspired procedure to solve the lower level
problem exists. In Section 5.2 CSCP with circular covering objects in R2 are considered.
The sprinkler problem SIPsprinkler introduced in Example 2.1.5 belongs to this type of
CSCP. By means of these problems we motivate the ideas and establish the general steps
of a solution procedure based on problems for which efficient methods in computational
geometry exist. The main result of this chapter can be found in Section 5.3, within
which the properties of the covering objects’ basic functions are derived that provide the
existence of a geometrical solution procedure for lower level problems of CSCP in arbitrary
finite dimensions. However, if such a solution procedure exists from a theoretical point
of view, it might still comprise difficult optimization problems and a high computational
effort such that it cannot be realized in practice. Yet, for CSCP with a piecewise linear
covering constraint function and a two-dimensional set to be covered, a solution procedure
based on the intersection of hyperplanes and lines is established in Section5.4. The
chapter closes with a discussion on the utility of geometrical solution procedures for
lower level problems of CSCP.

In the following sections we leave CSCP problems aside and look at the finite nonlinear
optimization problems that form the lower level problems of SIPCSCP. Remember that
the lower level problem of a SIP is a parametric optimization problem with the decision
variables of SIP being the parameters and the index variables being the actual decision
variables.
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In analogy to the equivalent problem class of finite min-max-min problems in literature
(for example [PR03]), we call problem (5.1) finite max-min-max problem (FMMMP):

FMMMP : max
y∈Rm

g(y)

s.t. uk(y) ≤ 0, k = 1, . . . , q
(5.1)

where for N ∈ N and pi ∈ N, i = 1, . . . , N , the function g : Rm → R is a pointwise
min-max function,

g(y) := min
1≤i≤N

max
1≤j≤pi

gij(y) (5.2)

defined on given basic functions gij : Rm → R. The feasible set of FMMMP is given by
the q ∈ N constraint functions uk : Rm → R, k = 1, . . . , q:

Y := {y ∈ Rm|uk(y) ≤ 0, k = 1, . . . , q}

Note that the abbreviation FMMMP was already used in Section 3.1 for a bilevel refor-
mulation of CSCP with finite min-max-min problem as lower level. However, we think
there is no possibility for confusion.

Throughout the chapter, we suppose that the following assumption on the data of FM-
MMP holds:

Assumption 5.0.1. Let N ∈ N, pi ∈ N, i = 1, . . . , N and q ∈ N be given. Suppose that
the basic functions

gij : Rm → R, j = 1, . . . , pi, i = 1, . . . , N

and the constraint functions

uk : Rm → R, k = 1, . . . , q

are continuous.

Assumption 5.0.2. The feasible set of a finite max-min-max problem FMMMP given
in (5.1) is compact.

Remark 5.0.3. The finite max-min-max problem (5.1) in general is a finite nonlinear
maximization problem. Its objective is not concave and not continuous differentiable.

5.1 Preliminiaries: Voronoi diagrams

The content of this section is taken from Okabe’s book on spatial tessellations [Oka00].
Notations are changed to fit the notations used in this thesis, if necessary.
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5.1 Preliminiaries: Voronoi diagrams

Definition 5.1.1 (Voronoi diagram. [Oka00], Def. V4). Consider a finite set of pairwise
distinct points P := {p1, . . . , pn} ⊂ Rm, m, n ∈ N, n ≥ 2. For any generator point
pi ∈ P , the Voronoi polyhedron is defined as the set

V (pi) :=
{

x ∈ Rm| d(x, pi) ≤ d(x, pj) for j �= i, j ∈ {1, . . . , n}
}

The set of all Voronoi polyhedra,

V(P ) := {V (p1), . . . , V (pn)}

is called Voronoi diagram generated by P .

The Voronoi polyhedron or Voronoi cell of a point pi is the intersection of the n − 1
dominance regions each of which splits the space into two half spaces,

V (pi) =
n⋂

j=1
j 
=i

H(pi, pj),

with

H(pi, pj) :=
{

x ∈ Rm| d(x, pi) ≤ d(x, pj)
}

.

A Voronoi diagram in R2 (Figure 5.1) is a tessellation of R2 by polygons. The vertices
of these polygons form the Voronoi vertices whereas the edges are called Voronoi edges.
The union of the Voronoi edges forms the Voronoi skeleton. Algorithms computing two
dimensional Voronoi diagrams of n points have a worst case time complexity of O(n log n)
[Oka00], as for example Fortune’s algorithm [For87].

Lemma 5.1.2 (Number of edges and vertices in a Voronoi diagram. [Oka00], Property
V9 and Property V11). Let n, ne and nv be the number of generator points, Voronoi
edges and Voronoi vertices of a Voronoi diagram in R2, respectively.

(i) Assume that 2 ≤ n < ∞. Then

nv − ne + n = 1.

(ii) Assume that 3 ≤ n < ∞. Then

ne ≤ 3n − 6
nv ≤ 2n − 5.

Voronoi vertices have the following interesting properties which we make use of later.
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Figure 5.1: Two dimensional Voronoi diagram generated by 7 points.

Lemma 5.1.3 (Property of Voronoi vertices. [Oka00], Property V7). Let v be a vertex
in a two dimensional Voronoi diagram. Then there exists a unique circle centred at v
which passes through three or more generator points and contains no generator points in
its interior.

A circle which does not contain any generator points in its interior is called an empty
circle.

Definition 5.1.4 (Bounded Voronoi diagram). Let S ⊂ R2 be a compact set and P :=
{p1, . . . , pn} ⊂ S. Then, the set

VS(P ) := {V (p1) ∩ S, . . . , V (pn) ∩ S}
is called bounded Voronoi diagram or Voronoi diagram bounded by S.

The intersection points of Voronoi edges with the boundary of S are called boundary
Voronoi vertices. Together with the vertices of the Voronoi diagram that are located in
S the regular Voronoi vertices, they form the extended set of Voronoi vertices.

If S ⊂ R2 is a polygon, the vertices of S are defined to be part of the boundary Voronoi
vertices.

The bounded Voronoi skeleton is the set of edges of the bounded Voronoi diagram, possibly
truncated to endpoints on ∂S and the boundary of S segmented by the boundary Voronoi
vertices.

Note that the boundary and the regular Voronoi vertex set need not to have empty
intersection.

The Voronoi polyhedron associated with a point pi ∈ {p1, . . . , pn} ⊂ Rm is also given by
the expression

V (pi) = {x ∈ Rm|g(x) = gi(x)} .
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Figure 5.2: Lower envelop of seven paraboloids centered at the points that generate the Voronoi
diagram shown in Figure 5.1.

with functions gi, i = 1, . . . , n and g defined as

gi : Rm → R, x �→ d(x, pi)2

g : Rm → R, x �→ min
1≤i≤n

gi(x) (5.3)

For m = 2, the graph of gi is an elliptic paraboloid and g the lower envelop of n elliptic
paraboloids centred at the points pi (Figure 5.2). We therefore call g the Voronoi envelop
function. This function is differentiable except on the boundaries of the Voronoi polyhedra⋃n

i=1 ∂V (pi). This boundary consists of elements in Rm, for which at least two of the
paraboloid functions are active, i.e. there are i, j ∈ {1, . . . , n}, i �= j, such that gi(x) =
gj(x). As the functions gi are C∞-functions, g is a piecewise C∞-function.

Corollary 5.1.5. For a set of points P := {p1, . . . , pn} ⊂ R2, and arbitrary r > 0,
consider the function

g̃(x) : R2 → R

x �→ min
1≤i≤n

g̃i(x)

where g̃i(x) := d(x, pi)2 − r2, for i = 1, . . . , n. Then the set of points where g̃ is not
continuously differentiable is the Voronoi skeleton of V(P ).

Proof. The claim follows directly from the fact that g̃ is a vertical downward translation
by r2 of the Voronoi envelop g.
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5.2 Solving finite max-min-max problems with convex quadratic
basic functions

Within this section, we consider FMMMPs on R2 where the basic functions describe
elliptic paraboloids as occur for example in SIPsprinkler. For a set of N pairwise distinct
points P := {p1, . . . , pN } ⊂ R2 and a given radius r ∈ R+, as well as a set of constraint
functions uk : Rm → R, k = 1, . . . , q, these problems are defined as

FMMMPsprinkler : max
y∈R2

min
1≤i≤N

(
(pi

1 − y1)2 − (pi
2 − y2)2 − r2

)
s.t. uk(y) ≤ 0, k = 1, . . . q.

(5.4)

The objective function is a vertical translate by r2 of the Voronoi envelop function for the
set of points P . According to Corollary 5.1.5 in Section 5.1, the set of points where the
function is not continuously differentiable corresponds to the intersection of the Voronoi
skeleton with the feasible set of FMMMPsprinkler, V(P ) ∩ Y .

We suppose that the following assumption holds:

Assumption 5.2.1. The feasible set of FMMMPsprinkler,

Y = {y|uk(y) ≤ 0, k = 1, . . . , q} ⊂ R2

is a convex polygon.

The following result provides that the local maximizers of this type of FMMMP are part
of the bounded Voronoi skeleton VY (P ) and hence can be computed efficiently and even
analytically.

Proposition 5.2.2. Consider an instance of the FMMMPsprinkler with parameters P :=
{p1, . . . , pN } ⊂ R2, pi �= pj for i �= j, and r ∈ R+. Suppose that Assumption 5.2.1 holds,
i.e. the feasible set is a convex polygon.

Then the local solutions of the problem form a subset of the regular and boundary vertices
of the bounded Voronoi diagram VY (P ). Furthermore, the problem has finitely many local
solutions.

Proof. As mentioned before, the objective of FMMMPsprinkler is a vertical translate of
the Voronoi envelop function of the N points. Therefore, the set of local solutions of
FMMMPsprinkler is identical to the set of local solutions of the problem that results from
replacing the objective function by the Voronoi envelop and it is sufficient to consider
this function.
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y1 y2

g

Figure 5.3: The intersection of a paraboloid in the Voronoi envelop function with a vertical
hyperplane is a convex parabola (red curve). Restricted to a line segment in the boundary of the
Voronoi polygon (black lines), the parabola assumes local maxima at the endpoints of the line
segment (red points).

The Voronoi envelop is a PC∞-function that consists of piecewise convex paraboloids

gi(y) := (pi
1 − y1)2 + (pi

2 − y2)2 i = 1, . . . , N, (5.5)

centered at the points in P . Each such paraboloid assumes its maximum values on the
boundary when considered on a bounded, closed set.

For any i ∈ {1, . . . , N}, the paraboloid gi is a selection function for the piecewise smooth
function g, and its activity set Ag(gi), the set of points in Y where g(y) = gi(y) holds
(Definition 1.4.3), is equal to the bounded Voronoi polygon of the point pi,

Ag(gi) = VY (pi).

Hence, gi assumes its local maxima on the boundary of the Voronoi polygon of pi re-
stricted to Y . As this holds true for all i ∈ {1, . . . , N}, local maximizers of g can only
occur within the Voronoi skeleton bounded by Y .

The intersection of the graph of g with a vertical hyperplane defined by a Voronoi edge
of VY (pi) corresponds to the intersection of the paraboloid gi with that hyperplane and
hence is a one-dimensional convex parabola (Figure 5.3). Restricted to the Voronoi edge,
this parabola assumes maximum values at the boundary points of the edge, which are
either regular or boundary Voronoi vertices.

The number of local solutions of FMMMPsprinkler is finite as the number of regular and
bounded Voronoi vertices in VY (P ) is finite.
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Figure 5.4: Not all Voronoi vertices are local maximizers of the Voronoi envelop function.
Blue circles: The underlying Voronoi vertices are local maximum points. Orange triangles: The
underlying Voronoi vertices are not local maximizers.

Algorithm 5 is a pseudocode algorithm that solves FMMMPsprinkler to global optimal-
ity. All subproblems occurring in the algorithm can be solved analytically and efficient
solution methods from computational geometry exist.

Algorithm 5 Solve FMMMPsprinkler (5.4).

input: Set of N points P = {p1, . . . , pN } ⊂ R2 , radius r > 0, set of vertices VY of the
polygon to be covered

1: compute the Voronoi diagram V(P )
2: define Vreg to be the set of regular Voronoi vertices in Y
3: compute the boundary Voronoi vertices of VY (P ) → Vbnd
4: set V := Vreg ∪ Vbnd ∪ VY

5: evaluate the objective g of FMMMPsprinkler on V → Vg := {(v, g(v))|v ∈ V }
6: sort Vg by the last component of its elements in descending order

output: first element of sorted Vg

Computational efficiency of adaptive discretization methods can be increased by not only
adding the global maximum point but all local solutions of the lower level problem that
cause constraint violations for CSCP are added to the discretization. Further, Algo-
rithm 5 calculates the complete set of bounded Voronoi vertices V anyway and thus a
superset of all local maximum points of FMMMPsprinkler. In general, this is a real su-
perset and not every Voronoi vertex – regular or boundary – is a local maximum point
of the Voronoi envelop function as is shown in Figure 5.4. The next goal is to provide
criteria for the identification of actual local maximizers among these points.
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5.2 Finite max-min-max problems with quadratic basic functions

Lemma 5.2.3. Consider an instance of the FMMMPsprinkler with pairwise distinct pa-
rameter points P := {p1, . . . , pN } ⊂ R2 and r ∈ R+ for which Assumption 5.2.1 holds.
Suppose that v and w ∈ R2 are the vertices of an arbitrary edge l in the bounded Voronoi
diagram VR(P ) and suppose further that l belongs to the bounded Voronoi polygon asso-
ciated with the generator pi, for some i ∈ {1, . . . , N}.

Then the Voronoi envelop function restricted to the edge l is part of a convex parabola
along the line through this edge which assumes its minimum at

mv,w := v +
(pi

1 − v1)(w1 − v1) + (pi
2 − v2)(w2 − v2)

||v − w||2 (w − v) (5.6)

Proof. As the line segment l := [v, w] belongs to the bounded Voronoi polygon associated
with the generator pi, the Voronoi envelop restricted to l is given by the function gi defined
in (5.5) restricted to l. Considered on the whole line through l, gi is a convex parabola
with parametric representation

g̃i : R → R

t �→ (pi
1 − (1 − t)v1 − tw1)2 + (pi

2 − (1 − t)v2 − tw2)2.

This parabola assumes its minimum at g̃′
i(t) = 0, where the prime denotes the classical

derivative. The solution of this linear equality is

t̄ =
1

||v − w||2
(
(pi

1 − v1)(w1 − v1) + (pi
2 − v2)(w2 − v2)

)
(5.7)

Insertion of t̄ into the parametric representation yields the searched minimum point,

mv,w = v +
(pi

1 − v1)(w1 − v1) + (pi
2 − v2)(w2 − v2)

||v − w||2 (w − v).

Remark 5.2.4. For edges that belong to the original Voronoi diagram V(P ), (5.6) simplifies
to

mpi,pj :=
pi + pj

2
. (5.8)

as the envelop function attains restricted to the edge attains its minimum at the midpoint
of the two generator points pi and pj associated to the edge.

Proposition 5.2.5. Consider an instance of the FMMMPsprinkler with parameters P :=
{p1, . . . , pN } ⊂ R2, pi �= pj for i �= j and r ∈ R+ for which Assumption 5.2.1 holds. For
any vertex v in the bounded Voronoi diagram VY (P ) define by Wv the set of neighboring
Voronoi vertices of v, i.e. Wv is the set of endpoints of edges in the bounded Voronoi
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5 Geometric approach to CSCP lower level problems

skeleton that start in v. For w ∈ Wv, denote by t̄v,w the parameter value that determines
the minimum point of the parabola associated with the edge l = [v, w] according to (5.7).

Then v is a local maximizer of FMMMPsprinkler if and only if the values t̄v,w are positive
for all w ∈ Wv.

Proof. Let v be a vertex in the bounded Voronoi skeleton of P . For arbitrary w ∈ Wv,
the convex parabola defined by the restriction of g to l = [v, w] assumes its minimum in
mv,w (Lemma 5.2.3). From the view point of v, this parabola is decreasing in direction
mv,w − v and increasing in the opposite direction on the line through l. Hence, the part
of the parabola on [v, w] is decreasing if and only if the minimum point can be found in
direction w − v. By the definition of t̄v,w in (5.7), this is equivalent to t̄v,w > 0.

Thus, if t̄v,w > 0 holds for all w ∈ Wv, the Voronoi envelop function g restricted to the
edges starting in v is decreasing in outgoing direction and therefore, v is a local maximum
point of g on Y .

To sum up the ideas behind Proposition 5.2.2 and Proposition 5.2.5, the task of identifying
the maximum points of the pointwise minimum function that forms the objective of
FMMMPsprinkler consists of the following steps: First, the subsets of Y where pairs of
active basic functions gi and gj , i �= j, intersect have to be identified. For FMMMPsprinkler,
these sets coincide with line segments in the bounded Voronoi diagram of the sprinkler
centers. Afterwards, for each one-dimensional intersection segment, one of the active
functions is parameterized along the segment. The result is a number of one-dimensional,
finite maximization problems which have to be solved on the associated intersection
segments. For each solution of the lower dimensional problems, it has to be checked
whether the point is also local maximizer for FMMMPsprinkler on Y .

In the context of continuous set covering problems, FMMMPsprinkler appears as a para-
metric optimization problem and the parameters might be some of the points in P and
the radius r. Furthermore, this parameter at the same time is the decision variable in
the upper level problem of CSCP. In an iterative solution procedure, FMMMPsprinkler is
solved often for varying parameters.

For the sake of an impression of the effort Algorithm 5 requires to compute a global
maximum point and the associated objective value of FMMMPsprinkler, we provide a
rough estimation of time complexity of the algorithm. The following argumentation is
based on worst-case situations that can occur in the single steps of Algorithm 5 but it
does not consider consequences the situation in one step has for another. Hence, we
expect the bound on time complexity not to be strict.

Suppose that the convex polygon Y that should be covered has nY vertices and edges.
The number of basic functions of FMMMPsprinkler is given by N . If in the first step of
Algorithm 5 Fortune’s algorithm [For87] can be used to compute the Voronoi diagram of
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5.2 Finite max-min-max problems with quadratic basic functions

the N points, and O(N log N) time is required in the worst case. For the decision whether
a Voronoi vertex is in Y or not, for each of the nY hyperplanes defined by the boundary
segments of Y it has to be checked on which side of the hyperplane the vertex is. The check
consists of arithmetic operations which can be considered constant in time. The number
of vertices in a Voronoi diagram is bounded from above by nv ≤ 2N − 5 (Lemma 5.1.2).
Hence, we assess the second step of the algorithm with O(nY N) time. The third step of
the algorithm can be realized by intersecting each edge of the Voronoi diagram with the
line defined by a boundary segment of Y and afterwards deciding whether the intersection
– if it exists – is within the boundary segment. Again using Lemma 5.1.2, this results in
at most 3nY N −6nY intersections and decisions. The evaluation of the objective function
on all boundary vertices can be done in O(|V |), where V is the set of vertices. Using
the Euler inequality and the estimations on the number of Voronoi edges and vertices
from Lemma 5.1.2, |V | ≤ 3nY N + 2N − 5nY − 5 holds. Last but not least, the list of
evaluated points is sorted by the last component of its entries. Sorting can be done in
O(n log n) time, where n is the length of the list to be sorted. In the considered case,
this list has length |V |. In summary, adding the efforts of the single steps of Algorithm 5
leads to a total worst-case time complexity of O(nY N log(nY N)) where nY is the number
of vertices of the polygon Y and N the number of generator points.

5.2.1 Solution of sprinkler-type FMMMPs with varying radii using power
diagrams

By means of the so-called power diagrams, Proposition 5.2.2 can be generalized to FM-
MMPs where the basic functions describe elliptic paraboloids with different minimum
values and hence zero sublevel sets that are circles of different radii. These so-called
varying sprinkler FMMMPs are defined for a set of N pairwise distinct points P :=
{p1, . . . , pN } ⊂ R2 and N radii {r1, . . . , rN } ⊂ R+, as well as a set of q ∈ N constraint
functions uk : Rm → R, k = 1, . . . , q, as

FMMMPvar
sprinkler : max

y∈R2
min

1≤i≤N
(pi

1 − y1)2 + (pi
2 − y2)2 − r2

i

s.t. uk(y) ≤ 0, k = 1, . . . q.
(5.9)

Power diagrams were introduced by [Aur87]. In [Aur88], the utility of power diagrams in
algorithms for union, intersection and measure problems for discs and balls is exploited.
Their usage leads to improvement in computation times of the stated algorithms, because
power diagrams – as Voronoi diagrams – can be efficiently computed in O(n log n) time
for n generator points in R2. The presented properties of power diagrams are taken from
the book of [Oka00] where also their relation to Voronoi diagrams is discussed.

For a given point p ∈ R2 and a weight w ∈ R, define the power distance of x ∈ R2 to p
by

dpow(x, p, w) := d(x, p)2 − w (5.10)
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5 Geometric approach to CSCP lower level problems

Using this function, the power diagram of a set of points and weights is defined analo-
gously to the Voronoi diagram in Definition 5.1.1.

Definition 5.2.6 (Power diagram). Consider a set of points P :=
{
p1, . . . , pn

} ⊂ R2

and a set of weights W := {w1, . . . , wn} ⊂ R, n ≥ 2, such that pi �= pj , if i �= j. For any
generator point pi ∈ P , the power (Voronoi) polygon is defined as the set

Vpow(pi, wi) :=
{
x ∈ R2∣∣
dpow(x, pi, wi) ≤ dpow(x, pj , wj) for j �= i, j ∈ {1, . . . , n}}.

The set of all power polygons,

Vpow(P, W ) :=
{

Vpow(p1, w1), . . . , Vpow(pn, wn)
}

is called power (Voronoi) diagram generated by P and W .

Power diagrams have, among other, the following properties:

Lemma 5.2.7 (Properties of power diagrams. [Oka00], Properties PW2, PW3). Con-
sider a set of points P :=

{
p1, . . . , pn

} ⊂ R2 and a set of weights W := {w1, . . . , wn} ⊂ R,
n ≥ 2, such that pi �= pj, if i �= j. Then, any power polygon Vpow(pi, wi), i ∈ {1, . . . , n},
has the following properties

(i) If Vpow(pi, wi) �= ∅, the power polygon is a convex polygon.

(ii) The generator pi may not be in Vpow(pi, wi).

(iii) The power diagram Vpow(P, W ) is a partition of the plane into n convex regions.

The second property is an interesting observation for CSCP. It states that when sprinklers
with different radii are considered as covering objects, some of the sprinklers can disappear
in the covering although their center is within the set to be covered and it does not coincide
with any other sprinkler center. An example for this is shown in Figure 5.5 where the
circle with purple center is completely contained in the yellow one. In this case, the power
polygon of the contained circle restricted to the set to be covered might be empty or –
as in the figure – be far from the circle.

The first property allows us to speak of power diagrams bounded to a given polygon
Y ⊂ R2, and the regular and boundary vertices of these diagrams in a similar manner
as this notions were introduced for Voronoi diagrams. When a bounded power diagram
is considered, only the intersection of the power diagram with Y is considered. Regular
vertices are power diagram vertices located in or on the boundary of Y and boundary
vertices result from the intersections of power diagram edges with the boundary of Y and
the vertices of Y themselves.
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Figure 5.5: Power diagram for 6 circles of different radii and power envelop function (mesh).
Remark that the purple generator is outside its power polygon (Lemma 5.2.7 (ii)).

Remark 5.2.8. The power distance function (5.10) of a point p ∈ R2 and a positive weight
w describes a convex paraboloid defined by the generator p and the radius r :=

√
w.

When introducing a power envelop function in analogy to the Voronoi envelop function,
the similarity of both concepts in the CSCP context becomes clear. The power polygon
of a point p ∈ R2 and a weight w > 0 is given by the expression

Vpow(pi, wi) :=
{
x ∈ R2∣∣g(x) = gi(x)

}
with functions gi, i = 1, . . . , n and g defined as

gi : R2 → R, x �→ dpow(x, pi, wi)
g : R2 → R, x �→ min

1≤i≤n
gi(x). (5.11)

Whereas the objective of FMMMPsprinkler is a vertical translate of the Voronoi envelop
function, the objective of FMMMPvar

sprinkler coincides with the power envelop function
(Figure 5.5).

Based on this observation, the generalizations of the results on the location of global
and local maximizers of FMMMPsprinkler to FMMMPvar

sprinkler are straightforward. We
therefore state them without proof.

Lemma 5.2.9. Consider an instance of the FMMMPvar
sprinkler with parameters P :=

{p1, . . . , pN } ⊂ R2, pi �= pj, for i �= j, and {r1, . . . , rN } ⊂ R+. Suppose that As-
sumption 5.2.1 holds, i.e. the feasible set is a convex polygon.

133



5 Geometric approach to CSCP lower level problems

Then the local solutions of the problem form a subset of the regular and boundary ver-
tices of the bounded power diagram Vpow(P, {r2

1, . . . , r2
N }). Furthermore, the problem has

finitely many solutions.

By means of the two special cases FMMMPsprinkler and FMMMPvar
sprinker, we demonstrated

the geometrically inspired ideas of solving a finite max-min-max problem. In the next
section, we leave quadratic functions and R2 behind and return to the general finite max-
min-max problem FMMMP given in (5.1). Our goal is the identification of structures the
problem data should obey such that a similar solution procedure to Algorithm 5 can be
established.

5.3 Characterization of the solutions to finite max-min-max
problems

The main observation in the previous section was that the two dimensional, non con-
vex optimization problem FMMMPsprinkler could be reduced to a finite number of easy
maximization problems on compact one dimensional spaces (line segments) that could
be solved independently. This is the idea of dimension and problem difficulty reduction
at the cost that the number of problems to solve increased linearly in the number of the
basic functions of FMMMP. Of course, other than for FMMMPsprinkler, in general FM-
MMPs, the identification of the lower dimensional sets on which optimization problems
have to be considered can be much more difficult, the optimization problems can be more
complex and also their number must not increase "only" linearly in the number of the
basic functions. Note further that for the lower dimensional problems the credo of find-
ing the global solution remains upright when the considered finite max-min-max problem
actually is the lower level problem of a CSCP. This is of special importance if the basic
functions and thus, in general, their intersections are nonlinear. Nevertheless,the question
arises under which conditions a transfer of the geometrically motivated solution ideas to
other types of finite max-min-max problems is possible. Within this section, we charac-
terize a class of FMMMP that have a geometrical structure in some sense similar to that
of FMMMPsprinkler, which could be solved by a strategy of finding function intersections
and afterwards solving a finite number of lower dimensional optimization problems. The
concept beyond this problem class is that of the so-called in some direction-increasing
functions (i.s.d.-increasing).

5.3.1 In some direction-increasing functions

The maximum principle for convex functions states that these functions considered on
convex sets assume their global maximum at the boundary of the set, if at all [Roc97].
The sprinkler paraboloids considered on their associated Voronoi polygons satisfy the
premises for this result. However, in the context of CSCP, we have already seen that
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5.3 Characterization of solutions of finite max-min-max problems

for a general FMMMP neither basic functions have to be convex or at least quasiconvex
functions nor their activity sets with respect to the min-max objective function have to
be convex.

The concept of in some direction-increasing functions introduced by [Hab04] turns out
to be a remedy for these observations. The i.s.d.-increasing property of a function is a
generalization of quasiconvexity. Haberl shows that functions with this property assume
their global maximum at the boundary of compact sets. We extend this claim and show
that the pointwise maximum of a finite number of i.s.d.-increasing functions also assumes
its global maximum at the boundary of a compact set. If the functions are even strictly
i.s.d.-increasing, we show that local maximum points exclusively occur at the boundary
of a compact set. We use this result to characterize the locations of solutions of FMMMP,
where the objective is not only a pointwise maximum of a finite number of functions but
a min-max function.

Consider a subset Y of Rm. For a function f : Y → R and a point y ∈ Y , f is said to
be increasing in direction d ∈ Rm at y with respect to Y if f is increasing on the line
segment of the half line in direction d that starts in y which is located in Y .

Definition 5.3.1 (in some direction-increasing ). Let Y ⊆ Rm be a nonempty subset of
Rm. The function f : Y → R is said to be in some direction-increasing, i.s.d.-increasing,
at y ∈ Y if there is a direction d ∈ aff(Y ) − y such that f is increasing in the direction
d at the point y with respect to Y . Formally, this is given by

∃d ∈ aff(Y ) − y, d �= 0 ∀ 0 ≤ t < t′ : (5.12a)(
y + td ∈ Y ∧ y + t′d ∈ Y

) ⇒ f(y + td) ≤ f(y + t′d). (5.12b)

f is i.s.d.-increasing on Y if it is i.s.d.-increasing at each point of Y .

f is strictly i.s.d.-increasing at y ∈ Y if there is d ∈ aff(Y ) − y such that f is strictly
increasing in the direction d at the point y with respect to Y , i.e. the inequality at the
right-hand side of (5.12b) is strict.

Remark 5.3.2. For univariate functions, the i.s.d.-increasing property is equivalent to
quasiconvexity of a function. For multivariate functions, this is not the case.

Example 5.3.3 (I.s.d.-increasing function that is not quasiconcave). The function

f : R2 → R

x �→ x2
2 + x1 cos(x2)

is in some direction-increasing at every point in R2. In Figure 5.6 this is indicated for
two points by red arrows pointing in the direction in which the function is increasing.

The contour lines of the function do not enclose convex sets and hence, f is not quasi-
concave.
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Figure 5.6: In some direction-increasing function (red arrows) that is not quasiconvex (contour
curves).

The next lemma provides the already announced result that i.s.d.-increasing functions
assume their global maximum at the boundary when considered on a bounded set.

Lemma 5.3.4 ([Hab04], Theorem 4.1). Let Y ⊆ Rm be a bounded subset and suppose
that f : Y → R assumes a maximum on Y . If f is i.s.d.-increasing on Y , then a global
maximum of f is achieved on r∂Y .

Remark 5.3.5. Obviously, if a function is i.s.d.-increasing on a bounded set, it is i.s.d.-
increasing on every bounded subset of that set.

From practitioners point of view, the following sufficient criterion to check whether a
multivariate function is i.s.d.-increasing is very useful. We also state the proof as it
illustrates the relation between quasiconvexity and the i.s.d.-increasing property.

Lemma 5.3.6 (Sufficient criterion for a function being i.s.d.-increasing. [Hab04], The-
orem 4.4). Consider the space Rm as the Cartesian product R × Rm−1 and write y :=
(x, u) ∈ Rm with x ∈ R and u ∈ Rm−1. Let f : A × B → R be a function with A ⊆ R

and B ⊆ Rm−1. If f(·, u) is quasiconvex on A for each u ∈ B, then f is i.s.d.-increasing
on A × B.

Proof. Let y ∈ A × B be an arbitrary point. As the i.s.d.-increasing property on R

coincides with quasiconvexity, the function f(·, u) is i.s.d.-increasing on A. This means
that there is d ∈ R such that

f ((x + td, u)) ≤ f
(
(x + t′d, u)

)
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for all 0 ≤ t < t′ and x + td as well as x + t′d in A.

Extend d to the vector d := (d, 0, . . . , 0) ∈ Rm. Then, both y + td as well as y + t′d are
in A × B. Therefore,

f ((x + td, u)) = f(y + td) ≤ f(y + t′d) = f
(
(x + t′d, u)

)
which states that f is i.s.d.-increasing at y. Since y was chosen arbitrarily, f is in some
direction-increasing on A × B.

Remark 5.3.7. The proof of Lemma 5.3.6 reveals that it does not play a role, which
component of the argument is chosen for checking quasiconvexity of the function restricted
to one dimension.

5.3.2 Localization of maximum points for FMMMP with i.s.d.-increasing
data

With these results from literature, we are now in the position to characterize the location
of the maximum points of a pointwise maximum of i.s.d.-increasing functions.

Proposition 5.3.8. Let Y ⊆ Rm be a compact set and suppose that for a given p ∈ N,
the functions gi : Y → R, i = 1, . . . , p are i.s.d.-increasing and assume global maxima on
Y . Then

g : Y → R

y �→ max
1≤i≤p

gi(y)

assumes its global maximum on r∂Y .

If the functions gi, i = 1, . . . , p, are strictly i.s.d.-increasing on Y , the function g assumes
local maxima exclusively on r∂Y .

Proof. First consider the case where all gi are i.s.d.-increasing on Y . As they all assume
global maxima on Y , this also holds true for g. Suppose that there is a global solution
ȳ ∈ relint Y . Choose arbitrary i ∈ Sg(ȳ), i.e. gi is an active selection function (Defini-
tion 1.4.2) in ȳ. By the i.s.d.-increasing property of gi, there is a direction d ∈ aff(Y ) − ȳ
such that gi is increasing on the intersection of the half line ȳ + td, t ∈ R+,0 with Y .
Assume that this line intersects r∂Y in t̄. Then gi(ȳ+ t̄d) ≥ gi(ȳ). However, by definition
of g, gi(ȳ + t̄d) ≤ maxj=1,...,p gj(ȳ + t̄d) = g(ȳ + t̄d) and therefore ȳ + t̄d ∈ r∂Y is also
a global maximum of g.

In order to proof the second claim, suppose that the gi are strictly i.s.d.-increasing func-
tions. In this situation, a similar argumentation as in the first case leads to a contradic-
tion. Suppose that ȳ ∈ relint Y is a local maximum point of g on Y and for i ∈ {1, . . . , p},
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Figure 5.7: Pointwise maximum of three i.s.d.-increasing functions. The red curves form the
vertically translated zero level set of the function.

the function gi is active in ȳ. Then there is ε > 0 such that B(ȳ, ε) ⊂ Y and g(ȳ) ≥ g(y)
for all y ∈ B(ȳ, ε). Furthermore, for a direction d in which gi is strictly i.s.d.-increasing
outgoing from ȳ, there exists t̄ > 0 such that ȳ + t̄d ∈ B(ȳ, ε) and

g(ȳ + t̄d) = max
1≤j≤p

gj(ȳ + t̄d) ≥ gi(ȳ + t̄d) > gi(ȳ) = g(ȳ).

However, the strict inequality is a contradiction to ȳ being a local maximum of g.

An impression of the scope of Proposition 5.3.8 is given in Figure 5.7. The figure shows
the pointwise maximum function of the three i.s.d.-increasing functions

f1(y) =
1

y2
2 + 1

log(y2
1y2 + 1) − 0.5

f2(y) =
1
60

(y2
2 + y2 sin(y1)) − 0.5

f3(y) =
1
20

(y2
2 − y2

1) − 0.5

on R2. The zero level set of the function is shown in red. Note that in the context of CSCP,
the covering objects are interpreted as the zero sublevel sets of such a pointwise maximum
function. Hence, the example provides an idea of how flexible the semi-infinite modeling
approach together with the i.s.d.-increasing property of the basic function is with respect
to the covering objects. The pointwise maximum of a i.s.d.-increasing function in general
is not a monotonous function and can even exhibit a large variation in its function values.
This suggests that the concept of i.s.d.-increasing functions as basic functions for covering
objects in CSCPs might be a requirement that is not too restrictive to satisfy.

138



5.3 Characterization of solutions of finite max-min-max problems

The next theorem finally characterizes the class of pointwise min-max functions to which
the observations concerning the location of maximum points of FMMMPsprinkler can be
generalized.

Theorem 5.3.9. Consider a finite max-min-max problem FMMMP as given in (5.1)
for which Assumptions 5.0.1 and 5.0.2 hold. Further, suppose that the basic functions
gij : Y → R, i = 1, . . . , N , j = 1, . . . , pi are i.s.d.-increasing on the feasible set Y .

Then, the global maximum of FMMMP is located in the set

C := r∂Y ∪
{

y ∈ Y
∣∣ N⋃

i=1
r∂Ag(gi)

}
(5.13)

where gi(y) := max1≤j≤pi(y) for i = 1, . . . , N and the set Ag(gi) is the activity set of gi

given in Definition 1.4.3,

Ag(gi) = {y ∈ Y |g(y) = gi(y)} .

If the functions gij are strictly i.s.d.-increasing on Y , local solutions of FMMMP are
exclusively found in the set C given in (5.13).

Proof. It is beyond question that g attains a global maximum on Y because the assumed
continuity of the basic functions transfers to the min-max function and the set Y is
supposed to be compact, hence the Weierstrass theorem applies.

The i.s.d.-increasing property of the gij on Y implies that this property holds on arbitrary
subsets of Y . Thus for any i ∈ {1, . . . , N}, Proposition 5.3.8 applies to the function gi :=
max1≤j≤pi gij on its activity set Ag(gi). As the functions are assumed to be continuous,
the relative boundaries of these sets consist of points from (5.13). From the definitions,

N⋃
i=1

Ag(gi) = Y

follows and thus the function g(y) = min1≤i≤N gi(y) assumes its global maximum on the
set C given in (5.13).

If the functions gij are even strictly i.s.d.-increasing functions, the second claim is a
consequence of the second part of Proposition 5.3.8.

In the continuous set covering context, Theorem 5.3.9 is just the result we are looking
for: It states that the search for the global maximum of FMMMP can be restricted to the
boundary of the set to be covered and the subsets of Y where the set of active selection
functions contains more than one element. The requirements of the theorem are also as
comfortable as they could be: It suffices to check whether the functions gij are (strictly)
i.s.d.-increasing. And for this we can make use of Haberl’s sufficient condition 5.3.6 and
check quasiconvexity for one-dimensional functions.
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5 Geometric approach to CSCP lower level problems

Remark 5.3.10. Theorem 5.3.9 holds for finite max-min-max problems FMMMP in arbi-
trary finite dimensions m ∈ N and not only for polyhedral but any compact feasible set
Y ⊂ Rm.

We demonstrate that the i.s.d.-increasing property is satisfied by the basic functions when
the problem FMMMP is the lower level problem of SIPpump introduced in Section 2.2.
The i.s.d.-increasing property of the functions that define the pump operation area is
depicted in Figure 5.8. In this Figure, also the dimension in which the criterion for
checking the i.s.d.-increasing property (Lemma 5.3.6) is applied, is marked.

Example 5.3.11 (Basic functions of SIPpump satisfy the i.s.d.-increasing property). For
given ηmax ∈ [0, 1], nnom ∈ R+ let x := (QD, HD, λ) ∈ R2

+ ×
[
0, 1

3

]
be a variable speed

pump as defined in Section 2.2.1. Then, the pump operation area functions given (2.24)
are i.s.d.-increasing on R2

+.

To show that the pump operation area functions are i.s.d.-increasing on the Q-H-diagram,
it suffices to prove this property for the functions n(QD, HD, λ, ·) and η(QD, HD, λ, ·)
given in (2.22) and (2.23). For both functions, we check the i.s.d.-increasing property by
one of the three characterizations of quasiconvexity for one dimensional functions given in
Lemma 1.1.4 for either one of the variables y1 or y2, i.e. pump flow or height, respectively.

(i) We start with the functions concerning relative speed g1(x, ·) and g2(x, ·) in (2.24).

Look at the speed diagram (2.20):

n(QD, HD, λ, y1, y2) = − 3λ − 1
2(1 − λ)

y1 +

√
(λ + 1)2

16(1 − λ)2
y2

1
Q2

D

+
y2

2(1 − λ)HD

Fixing y1 ∈ R+ and deriving by y2 results in

∂n

∂y2
(QD, HD, λ, y1, y2) =

QD

HD

(
y2

1(1 + λ)2 +
8y2Q2

D(1 − λ)
HD

)− 1
2

Obviously, this function is larger than zero on R+ for any feasible y1 ∈ R+. Thus,
n(QD, HD, λ, y1, ·) is monotonically increasing and hence quasiconvex for any y1 ∈
R+. This shows that g2 is i.s.d.-increasing on R2

+. Similarly, −n(QD, HD, λ, y1, ·)
is monotonically decreasing and hence also quasiconvex for any y1 ∈ R+, which
provides that g1 is i.s.d.-increasing on R2

+.
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5.3 Characterization of solutions of finite max-min-max problems
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Figure 5.8: Pump operation area functions are i.s.d.-increasing. Left-hand side: the nmin-
constraint g1 and the nmax-constraint g2 are quasiconcave for fix y1 (blue and red curve). Right-
hand side: the minimum efficiency function g3(·, y2) is quasiconcave for fix y2 (blue curve).

(ii) To show that g3 is i.s.d.-increasing, for fix y2 ∈ R+ we derive η w.r.t y1 and calculate
the root of this function.

∂η

∂y2
(QD, HD, λ, y1, y2) =

64ηmaxy2Q2
D(λ − 1)2

HD

√
y2

1(1 + λ)2 − 8y2Q2
D(λ−1)
HD(

y1(λ − 3) +
√

y2
1(1 + λ)2 − 8y2Q2

D(λ−1)
HD

)
(

y1(3 − λ) +
√

y2
1(1 + λ)2 − 8y2Q2

D(λ−1)
HD

)3

This function has two roots,

∂η

∂y2
(QD, HD, λ, y1, y2) = 0 ⇐⇒ y1 ∈

{
± QD√

HD

√
y2

}
The roots are well-defined for y2 ∈ R+. The positive root, denoted by y0

1(y2),
splits the domain of y1 in two parts and insertion shows that ∂η

∂y2
(QD, HD, λ, y1, y2)

larger than zero for y1 ≤ y0
1(y2) and smaller than zero for y1 ≥ y0

1(y2). For
−η(QD, HD, λ, ·, y2), this is vice versa. Hence, −η(QD, HD, λ, ·, y2) is monotoni-
cally decreasing for 0 < y1 ≤ y0

1(y2) and monotonically increasing for y1 > y0
1(y2)

which means that this function is quasiconvex for all y2 ∈ R+ and thus, g3 is i.s.d.-
increasing on R2

+.
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5 Geometric approach to CSCP lower level problems

5.4 Solving finite max-min-max problems with linear basic
functions

To finally get the global maximum of the lower level problem might still be difficult, even
if Theorem 5.3.9 holds: The set C in (5.13) has to be identified and in general, it is not
clear if the optimization problems on its subsets are easier than the lower level problem.
Further, there can be many of them, depending on the structure of the boundaries of the
activity sets that make up C. However, for finite max-min-max problems with linear basic
functions considered on R2, the theorem results in a procedure for finding global solutions
by solving a finite number of analytic problems and selecting among the resulting sets of
solutions the point with maximum function value.

In the remainder of the section, we consider the problem

FMMMPlin : max
y∈R2

min
1≤i≤N

max
1≤j≤pi

gij(y)

s.t. y ∈ Y
(5.14)

where the basic functions gij are linear functions,

gij : R2 → R

y �→ nij
1 y1 + nij

2 y2 + dij

(5.15)

with nij ∈ R2\{0} and dij ∈ R for given i = 1, . . . , N and j = 1, . . . pi. Further suppose
that Assumption 5.2.1 holds for all FMMMPlin under consideration, i.e. the feasible set
Y is a convex polygon.

The following result is the analogon to Proposition 5.2.2 for the situation of FMMMPlin.

Proposition 5.4.1. Consider FMMMPlin as given in (5.14).

Then, the following holds:

(i) The functions gij, i = 1, . . . , N , j = 1, . . . , pi are strictly i.s.d.-increasing on R2.

(ii) The set C defined in (5.13) consists of line segments and there is an endpoint of a
line segment in C which is a global maximizer of FMMMPlin.

(iii) If g is not constant on any line segment in C, then FMMMPlin has finitely many
local solutions which form a subset of the set of end points of the line segments in
C.

Proof. By assumption, the functions gij describe hyperplanes in R3 that are not horizontal
(nij �= 0). Hence, the first claim is true.
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5.4 Finite max-min-max problems with linear basic functions

Together with Proposition 5.3.8, (i) provides that for any i ∈ {1, . . . , N}, the piecewise
linear functions gi(y) := max1≤j≤pi gij(y) attains its maximum on the boundary of its
associated activity set. The boundary of this activity set is necessarily built upon intersec-
tions of hyperplanes in R3 which are lines, if the hyperplanes are not parallel or identical.
Hence the relative boundaries of the activity sets of the piecewise linear functions gi re-
stricted to the feasible set Y consist of line segments where one of the pi hyperplanes
defining gi intersects one of the hyperplanes of another function gk, k = 1, . . . , N , k �= i.
On each such line segment, the function gi assumes its maximum at one of the endpoints,
if it is not constant along the segment. The endpoints of all such line segments and the
vertices of Y together form the set of end points of the line segments in C. This proves
the second claim.

The third claim is a direct consequence of the second claim.

We next provide a sufficient condition for claim (iii) of the proposition.

Corollary 5.4.2 (Sufficient condition for finitely many local maximum points). Consider
FMMMPlin with linear basic functions given in the form of (5.15). If for any i1 �= i2 ∈
{1, . . . N} and any j1 ∈ {1, . . . , pi1} as well as j2 ∈ {1, . . . , pi2}

ni1j1
1 ni2j2

2 = ni1j1
2 ni2j2

1

is satisfied, then FMMMPlin possesses only finitely many local solutions.

Proof. The functions gij define hyperplanes in R3 given by the equations

nij
1 y1 + nij

2 y2 − y3 + dij = 0.

Two hyperplanes in R3 intersect in a horizontal line if and only if the third component
of the cross product of their normal vectors equals zero.

The next result is analogous to Proposition 5.2.5 given for FMMMPsprinkler.

Corollary 5.4.3. Consider FMMMPlin (5.14). Suppose that V is the set of endpoints of
all line segments that constitute the set C given in (5.13). Further, for any v ∈ V define
the set Wv as the set of neighboring endpoints of v, i.e. Wv is the set of endpoints of line
segments in C that start in v.

Then v is a local maximizer of FMMMPlin if and only if

g(w) ≤ g(v)

holds for all w ∈ Wv.
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5 Geometric approach to CSCP lower level problems

We close this section by remarking that Algorithm 5 can be analogously implied to finite
max-min-max problems on R2 with linear basic functions. One difference is that the
procedure of computing the bounded Voronoi diagram has to be replaced by a procedure
of computing the relevant intersections of hyperplanes that make up the activity sets
of the functions gi on Y . Due to the restriction on Y not only hyperplane intersections
between the basic functions have to be calculated but also the intersection of the resulting
lines projected onto R2 with the boundary of Y . Algorithm 6 states the pseudocode of
this procedure.

Algorithm 6 Solve FMMMPlin (5.14).

input: Linear basic functions gij : R2 → R, set of vertices VY of the polygon to be
covered

1: compute the sets r∂Ag(gi), where gi := max1≤j≤pi gij

2: define V to be the set of all vertices occuring as endpoints of segments in any of the
N activity sets (note that VY ⊂ V )

3: evaluate g(·) on V → Vg := {(v, g(v))|v ∈ V }
4: sort Vg by the last component of its elements in descending order

output: first element of sorted Vg

To give an impression of the effort for Algorithm 6, we give an estimation of time com-
plexity for steps 1 to 3 which is – similar to Section 5.2 – by no means rigorous. Denote
by p := max1≤i≤N pi and let nY be the number of line segments that bound the polygon
Y . Then the set of vertices V consist of the nY vertices of Y and the projections onto R2

of points where two hyperplane intersection lines intersect. These points in R3 coincide
with the intersections of at least three of the at most Np+nY hyperplanes, taking also the
restriction onto the polygonal set Y into account. Hence, the effort to compute V can be
estimated by O ((Np + nY )3). Note that only intersection points whose projections are
located in Y are of interest. Thus if further information on the hyperplanes is available,
the effort might be reduced. To find the global maximum among the set of vertices V , at
first the at most Np basic functions have to be evaluated on these points, which results
in an effort of O ((Np + nY )3Np

)
.

At a first glance, this roughly estimated effort seems very high when compared to the
effort required for evaluating the covering constraint function on a discretization set of
Y , a standard approach to solve lower levels of SIPs approximately that can be applied
to FMMMP. A closer look on the issue however leads to a relativization. Suppose that
the feasible set Y ⊂ R2 is discretized by a grid consisting of n ∈ N points in each
dimension, i.e. the grid in total comprises n2 points. Evaluating the covering constraint
function on these points can be done in O(n2Np). Which method is more efficient then
depends on the number of grid points, indicated by n and the number of basic functions,
determined by N and p. We do some further simplifications to get an impression of
when the two efforts are of similar magnitude. Suppose that the number of vertices
of Y can be neglected and the effort for evaluating the covering constraint function on
the candidate solutions computed with Algorithm 6 is O

(
(Np)4). Then, the balance in

effort magnitude is given by Np4 = n2Np, i.e. for Np = n
2
3 . We illustrate this in an
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example. Suppose that FMMMPlin comprises N sets of p = 4 hyperplanes each. This
might be a reasonable number if, for instance, a pump operation area is approximated
by linear functions. Assume further that a discretization approach evaluates the covering
constraint function Y at 64 grid points. Then, the worst case effort of Algorithm 6 is
smaller or equal to the effort of the evaluation on the discretization set for N ≤ 4 sets.

This number is not very impressive. Note however, that the rough estimation of effort
does not take into account further information on the hyperplane location. We suggest
that in the huge field of computational geometry under the category of hyperplane ar-
rangements, more efficient procedures to compute the set V could be found. Additionally,
and even more important, Algorithm 6 computes the exact global maximizer and using
Corollary 5.4.3, it can be easily extended to identify the complete list of local maximizers
of FMMMPlin.

5.5 Discussion

We close this chapter by embedding the findings on solutions of FMMMPs into the context
of CSCP, where FMMMP occurs as lower level problem of the semi-infinite formulation.

First of all, we established a characterization of the CSCP basic functions under which the
task of finding a global solution of the lower level problem can be reduced to the solution of
finitely many, possibly easier optimization problems on a lower dimensional search space.
We further provided three examples, FMMMPsprinkler, FMMMPvar

sprinkler and FMMMPlin,
where the reduced problems indeed are easier and actually can analytically be solved by
methods from computational geometry. If the lower level problem of SIPCSCP is one such
subclass of FMMMP, a feasibility certificate for a candidate solution of SIPCSCP can be
given. This is remarkable as, due to nonconvexity and nondifferentiability of the lower
level problems, feasibility otherwise can only be checked approximately or by applying
costly global solution strategies to solve the lower level problem.

Furthermore, the procedures to find global solutions of the three mentioned subclasses
of FMMMP compute a superset of all local maximizers and criteria to identify the lo-
cal maximizers among this set were given. For adaptive discretization methods applied
to SIPCSCP, providing all these local maximizers as new discretization points might im-
prove performance as information on all noncovered regions becomes available in each
refinement step.

In higher dimensions, discretization of the infinite index set Y is costly as the number
of points of an adequate discretization set grows exponentially with the dimension. We
suggest that both presented solution procedures for FMMMPsprinkler and for FMMMPlin
can also be established for higher dimensions. Naturally, there effort increases also,
that of Algorithm 6 also exponentially with the dimension. Nevertheless, as our rough
comparison of efforts shows, the balance between the effort of discretization of the infinite
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5 Geometric approach to CSCP lower level problems

index set and a geometrically-inspired procedure to solve FMMMPlin depends on the
relation of the number of grid points to the number of covering objects and the functions
describing them.
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Part III

Numerical Analysis
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6 Analysis of the adaptive discretization
and smoothing based solution approach

Within this chapter, we discuss possible realizations of the adaptive discretization and
smoothing based solution approach for SIPCSCP stated as Algorithm 1 in Chapter 4.
Analyzing all variants that fall below this concept would be a combinatorial exhausting
task. We therefore analyze and compare exemplary only a few options and strategies.

6.1 Numerical analysis of algorithm options

For convenience, we state the procedure already presented as pseudocode again in the
form of a flow diagram (Figure 6.1). Before entering the analysis, we provide some details
on the implementation.

6.1.1 Implementation

All presented variants of Algorithm 1 are implemented in MATLAB R2018b. The occur-
ring finite nonlinear problems of the types SIPCSCP(Ẏ ), SIPs,t

CSCP(Ẏ ) and SIPs,t−err
CSCP (Ẏ )

are solved using the sqp-method [NW06] provided by the solver fmincon from the Opti-
mization Toolbox, v. 8.2. The solver is used with standard options. First order deriva-
tives are supplied if available, i.e. for the smoothed variants and instances of CSCP with
continuously differentiable basic functions. As for adaptive discretization methods, the
solution of one approximating problem usually becomes infeasible for the next problem
in the iterative procedure, it is of importance that the solution method used for solving
the finite, nonlinear optimization problems can cope with infeasible initial values.

The computations are done on a Windows notebook with Intel Core i7-5600U 2.6 GHz
processor and 8 GB RAM.

Discretization update

Although theoretically the lower level problems of the SIPpump examples considered in
the following could be solved by reduction to finitely many lower dimensional problems
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6 Numerical analysis of the solution approach

INPUT: x0, Ẏ0, s0 < 0, t0 > 0

Set k = 0

Check
stopping
criteria

OUTPUT: {xi}k
i=0, {Ẏi}k

i=0

Compute solution xk+1 of
SIPCSCP(Ẏk) /
SIPsk,tk

CSCP(Ẏk) /
SIPsk,tk−err

CSCP (Ẏk)

Check
discretization

criteria

Compute global so-
lution yk of Q(xk)

Set Ẏk+1 := {yk+1} ∪ Ẏk

Set Ẏk+1 := Ẏk

Check
smoothing

criteria

Set (sk+1, tk+1) :=
UpdateParameters

Set (sk+1, tk+1) := (sk, tk)

Set k = k + 1

satisfied

not satisfied

satisfied

not satisfied

satisfied

not satisfied

Figure 6.1: Flowchart of Algorithm 1
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6.1 Numerical analysis of algorithm options

(Chapter 5), we have not implemented this in practice. Instead, we solve a lower level
problem at the current iterate solution of the upper level by evaluating the covering
constraint function on a fine reference grid of the set to be covered and selecting the
point with largest function value. The reference grid is equally spaced and consists of
200 × 200 grid points.

Remark 6.1.1. Although the solved finite approximating problems are the smooth prob-
lems SIPsk,tk

CSCP(Ẏk) or SIPsk,tk−err(k)
CSCP (Ẏk), new grid points are chosen by evaluating the

maximum constraint violation of the original covering constraint function g(xk, ·) on the
reference grid.

Stopping criteria

A classical degree of freedom of an iterative algorithm is the stopping criterion, the first
decision in the algorithm flow chart 6.1. For approximative solution procedures, this
criterion is often utilized to guarantee a certain quality of the final approximation. In
this sense, we force the algorithm to run until the error (3.19) of the smoothing function
falls below the threshold errstop := 0.01. We further require that each constraint resulting
from the points in the updated adaptive discretization set is fulfilled within a tolerance
of 10−6, which corresponds the standard tolerance values of the used NLP-solver. For
the case that the procedure gets stuck, a maximum iteration number prevents an infinite
loop.

Choice of smoothing parameters and parameter update

If not stated otherwise, the smoothing parameters are initiated by the values s0 = −10
and t0 = 10. As realization for the method UpdateParameters in Figure 6.1, we choose a
geometrical parameter update by the factor of 5 percent. This means if at iteration k > 0
the (not yet specified) smoothing criteria are satisfied, parameters are updated according
to the rule

sk := 1.05sk−1 tk := 1.05tk−1.

Hence the values in the approximating sequence of smoothing parameters are known a-
priori. Note however that this does not mean that the sequence itself is known, as the
algorithm needs not to increase the parameters on every step, depending on the update
strategy. Nevertheless, using the geometric parameter update, a minimum number of
required steps can be computed until the smoothing threshold could be reached. This
required iteration number is defined upon the initial values of the smoothing parameters,
the update factor and the required smoothing quality errstop. By solving err(k) ≥ errfinal
for the smallest integer k in our example, where both initial smoothing parameters are
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6 Numerical analysis of the solution approach

selected to be equal, the number of steps to reach the required smoothing quality is given
in the form

#steps required =
⌈

log
(

log max1≤i≤N pi − log 1
N

t0errstop

)
(log 1.05)−1

⌉
(6.1)

where the numbers N ∈ N and pi ∈ N, i = 1, . . . , N are the number of covering objects
and basic functions per object of the considered SIPCSCP instance, respectively.

A lot of questions arise when smoothing is involved in the solution procedure of an
optimization problem. However, as [Sch13] states who uses smoothing for nonsmooth
constraints in a lower level problem of SIP, smoothing-based approaches are parametric
procedures for which it is not clear at all what good initial values are. Numerical tests
with our procedure (not shown) concerning initial smoothing parameters and also update
of smoothing parameters confirm this. Therefore, we choose the given strategy which
seemed to perform acceptably well for the example cases.

6.1.2 Example instances of CSCP

The following analyses are based on pump portfolio optimization problems for N = 4, 5, 6
pumps, unless stated otherwise. The associated CSCP SIPpump was introduced in (2.25)
in Section 2.2. However, for convenience we state it here again:

For given parameters ηmax ∈ [0, 1], nnom > 0, 0 ≤ nmin ≤ nmax and λ ∈
[
0, 1

3

]
, and a

compact set of customer specifications Y ∈ R2
+, the optimal pump portfolio optimization

task is given by

SIPpump : min
x∈X

−x2N+1

s.t. min
1≤i≤N

max
1≤j≤3

gij(x, y) ≤ 0 ∀y ∈ Y

where for i = 1, . . . , N and j = 1, . . . , 3 the functions gij are given in (2.24).

In our examples, we choose the set to be covered as rectangle in R2
+,

Y := [500, 5000] × [100, 500].

The parameters are set to the following values:

ηmax = 0.9 nnom = 1900
nmin = 0.7 nmax = 1.2

λ = 0.2

The decision variables, i.e. the design points of the N pumps and their common minimum
efficiency, are restricted to

X := Y N × [0, ηmax].
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6.1 Numerical analysis of algorithm options

6.1.3 Inner or outer smoothing approximation

In the following we give some insight on the differences that occur when Algorithm 1
is used with either problems SIPsk,tk

CSCP(Ẏ ) or SIPsk,tk−err
CSCP (Ẏ ) (see also the second rect-

angular box in the flow chart 6.1). While application of double entropic smoothing to
the covering constraint function yields an inner approximating problem, shifted entropic
smoothing results in an outer approximation in the sense of Definition 3.2.1. In combina-
tion with discretization of the infinite index set, which also yields outer approximations to
SIPCSCP, Algorithm 1 in the shifted entropic smoothing variant constructs a sequence of
successively better outer approximations to SIPCSCP. For the double entropic smoothing
variant, the combination of inner and outer approximation strategies in smoothing and
discretization combine to approximating problems whose feasible sets must not be sub-
or supersets of the feasible set of SIPCSCP.

In Figure 6.2 the local optimal minimum efficiency values of the approximate prob-
lems computed during a run of Algorithm 1 for SIPpump with 6 pumps are shown for
both smoothing strategies. The optimal values of the outer approximation problems
SIPsk,tk−err(k)

pump (Ẏk) are declining as the problem gets stricter (red curve) whereas those
of the non-monotonic problems SIPsk,tkpump(Ẏk) are increasing. This suggests that for the
given choice of initial smoothing parameters and the parameter update rule, the second
variant behaves rather like an inner approximation, at least in the initial iteration steps.
Table 6.1 allows a more precise comparison of the algorithm performance under the two
smoothing strategies.

Note that except for the case of 5 pumps, the inner smoothing method yields better
results. The final problem size in each algorithm variant is represented by the total
number of points that discretize the infinite index set, as these numbers equal the number
of nonlinear constraints in the final approximation problem. Hence in the shifted entropic
smoothing variant problems with around three times as many nonlinear constraints as in
the double entropic smoothing variant have to be solved.

For the inner smoothing method, the realized number of iterations is only slightly larger
than the required one. The three examples therefore suggest that establishing feasibility
with respect to the nonsmoothed covering constraint function on the reference grid is
rather easy when using the approximating problems SIPsk,tk

CSCP(Ẏk). As a look at the
values of the final smoothing error in Table 6.1 reveals, this is different for the outer
approximation approach: The finally reached smoothing errors are much smaller than
the required smoothing quality. The reason for both observations lies in the nature of
the smoothing types: The double entropic smoothing function is an upper bound for
the covering constraint function, the shifted entropic smoothing approximation a lower
bound. Hence, for the feasible sets of the discretized problems, the following relation
holds

M sk,tk−err
CSCP (Ẏk) ⊆ MCSCP(Ẏk) ⊆ M sk,tk

CSCP(Ẏk).
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Figure 6.2: Objective values ηmin for SIPpump with N = 6 pumps for the approximating problems
solved by Algorithm 1 with double entropic smoothing (blue curve) or shifted entropic smoothing
(red curve). The horizontal axis is normed to the total number of iterations of each algorithm
run.

Thus, all feasible approximate solutions from M sk,tk
CSCP(Ẏk) satisfy the original covering

constraint at least for the current discretization set. However, solutions of the outer
approximations, although being feasible w.r.t. M sk,tk−err

CSCP (Ẏk), need not to be feasible for
MCSCP(Ẏk) and often will not. This is especially the case for discretization points where
the smoothed constraint is active. Hence, establishing feasibility with respect to the
original covering constraint requires more effort. In Figure 6.2 the struggle for feasibility
of the outer smoothing method can clearly be seen: the algorithm converges to its final
solution within less then 50 percent of its total number of iterations. Afterwards, the
optimal value declines only slightly in the intent to make the solution feasible for the
original covering constraint function on the reference grid.

This suggests that when outer approximation is used in Algorithm 1, another stopping
criterion concerning feasibility should be used or one has to accept larger iteration num-
bers.

If global solutions were computed, this would mean that the solutions of the approxi-
mating problems would represent lower bounds for the solution of CSCP. Due to non-
convexity of the problem and the usage of the local sqp method to solve the finite ap-
proximating problems, the iterate solutions are usually not globally optimal. Therefore,
we do not think that it is a disadvantage to use double entropic smoothing which leads
to non-monotonous sequences of approximating problems. Further, as we will see in the
next part of this section, the combination of inner approximation by double entropic
smoothing and outer approximation by discretization offers interesting possibilities for
update strategies.
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time # steps
required

# steps
done

# disc.
points

err(kfinal) η∗
min(kfinal)

N = 4
SIPs,t

CSCP(Ẏ ) 29.141 66 70 26 0.008 0.668
SIPs,t−err

CSCP (Ẏ ) 37.191 66 244 69 1.679 10−6 0.659
N = 5
SIPs,t

CSCP(Ẏ ) 32.526 68 71 32 0.008 0.658
SIPs,t−err

CSCP (Ẏ ) 632.241 68 244 88 1.830 10−6 0.688
N = 6
SIPs,t

CSCP(Ẏ ) 32.058 69 72 29 0.009 0.752
SIPs,t−err

CSCP (Ẏ ) 1353.200 69 244 78 1.953 10−6 0.725

Table 6.1: Key figures of running Algorithm 1 on problems SIPs,t
CSCP(Ẏ ) and problems

SIPs,t−err
CSCP (Ẏ ) for N = 4, 5 and 6 pumps.

6.1.4 Update strategy

We now have a look on the effects of different strategies that steer the discretization and
smoothing parameter update via the corresponding update criteria (see the flow chart
6.1). All strategies use the double entropic smoothing variant of the algorithm.

The first, so called diagonal strategy has been already implied in the previous example.
Here, discretization and smoothing parameters are updated in each step. Note that if
an iterate solution is already feasible on the fine reference grid, no new discretization
point ist added. The second strategy is called antithetic. Here, the discretization is
updated as long as a feasible solution of SIPsk,tk

CSCP(Ẏk) is found, while the smoothing
parameters are kept constant. This means, the approximating problem gets successively
stricter. If no feasible solution is reported anymore, the entropic smoothing parameters
are updated and the problem is relaxed. While numerous variants of update strategies
are possible, the diagonal and the antithetic strategy from our experience showed the
best properties concerning problem size, convergence speed and solution quality. We
compare these two strategies with matrix strategy a. and matrix strategy b. which both
consist of two nested loops. In the inner loop of the matrix a. strategy, the smoothing
parameters are updated until the smoothing threshold is reached, while the discretization
is kept constant. In the outer loop, the discretization is updated and the inner loop starts
again with low smoothing parameter values. Matrix strategy b. is vice versa: here, the
inner loop consists of discretization updates and operates as long as feasible solutions
can be found for the successively stricter approximating problems or until the objective
value does not change anymore. Then, in the outer loop, the smoothing parameters
are updated and the inner loop starts again. Note that both matrix strategies do not
comply with Assumptions 4.1.1 and 4.1.1 made in Chapter 4. Hence, we cannot expect
the convergence results to hold for them.
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Figure 6.3: Optimal values of the approximating problems solved using the discretization and
smoothing based solution procedure with different update strategies.

Figure 6.3 shows the optimal values of the approximating problems over the iterations.
First, note the logarithmic scale of this plot: The matrix strategies need much more
iterations until a solution satisfies the stopping criteria. While, as expected, the matrix
strategies show no convergence behavior, both the diagonal and the antithetic strategies,
which comply with the discretization and smoothing update assumptions 4.1.1 and 4.1.1,
converge (dark blue and yellow curve in Figure 6.3).

Table 6.2 suggests that the antithetic strategy tends to better final solutions. However,
it also needs more steps. The variable "# steps required" for this update strategy, which
otherwise represents the least number of steps needed to reach the required smoothing
approximation quality, for this strategy has a slightly different meaning. Using the an-
tithetic strategy, not only the discretization but also the smoothing parameter update
is adaptive and hence the iteration in which the smoothing threshold is reached cannot
be computed in advance according to (6.1). Yet, to see the effort the method has to
do to reach an acceptable solution with respect to the covering, the iteration number
when the smoothing approximation threshold is reached is computed a-posteriori. The
problem size remains rather small. Compared to the nearly 3.5 times larger number of
iterations the antithetic strategy needs in all three shown examples, the number of total
discretization points, and hence final problem size is only slightly larger than for the diag-
onal strategy. However, as shown for the example configuration of 6 pumps in Figure 6.4,
the optimization problems solved by the procedure using antithetic update strategy are
significantly smaller than those for the diagonal strategy in the first 72 iterations and
remain smaller than the final problem size in diagonal strategy about more than half of
the total number of 242 iteration steps.
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Figure 6.4: Update of the discretization of the infinite index set (left) and of the smoothing
parameters (right) for the diagonal and the antithetic update strategy.

# steps required # steps done # disc. points ηmin(kfinal)
N = 4
antithetic 246 256 46 0.617
diagonal 66 70 26 0.668
matrix a. 2381 2380 41 0.665
matrix b. 31586 31648 31 0.601
N = 5
antithetic 233 241 37 0.731
diagonal 68 71 32 0.658
matrix a. 2557 2556 44 0.667
matrix b. 690 703 11 0.616
N = 6
antithetic 235 242 38 0.783
diagonal 69 72 29 0.752
matrix a. 4609 4608 73 0.677
matrix b. 662 683 15 0.524

Table 6.2: Key figures applying the discretization and smoothing based solution procedure with
different update strategies to the example instances SIPpump with N = 4, 5, 6.
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To sum up, we cannot clearly determine which of the two feasible strategies is better.
The antithetic strategy leads to better final solutions in two of three cases whereas the
diagonal strategy meets the stopping criteria much faster. The final problem size is larger
for the antithetic strategy than for the diagonal one, but its increase over the iteration
steps is slower. Hence, at least for these small problems, the antithetic strategy still needs
affordable effort. The two matrix strategies are both not successful.

6.1.5 Initial values

We tested different initial values for the example problems SIPpump using double entropic
smoothing of the covering constraint. The initial solutions we used can be qualitatively
stated as a solution that is feasible for SIPpump, a solution that is not feasible and with
the objects not even well-distributed over the set to be covered such that this set is
nearly covered. The third initial value consists of N all identical pumps and the fourth
initial value is computed by a preprocessing procedure that consists of solving a packing
problem. This procedure is described in the following. First, however, note that none of
the initial values is feasible for the approximating problem SIPs0,t0

pumps(Ẏ0).

Pre-processing by solving a packing problem

For N covering objects, compute the initial value by packing the set to be covered with
N easy geometric objects, such as circles or ellipses. It is of importance that the objects
behave similar to the covering objects w.r.t. the decision vector, i.e. they should have
similar orientation and change their size like the covering objects with change of variables.
Another property the easy objects should have is that they should be smaller than the
covering objects to fit into the set to be covered. For our pump examples, we pack
ellipses into the logarithmized set to be covered. Due to the pump model based on
quadratic functions, logarithmization has the advantage that N identical ellipses can be
packed whereas in the original Q-H-diagram, a change of size of the pump operation
areas (as indicated in Figure 2.6) would have to be modeled. The centers of the packed
ellipses coincide with the logarithmic design points of the pumps for which an initial
value is sought. Based upon an assumed initial minimum efficiency, the given maximum
efficiency ηmax and the curvature parameter λ, the ellipses are rotated counterclockwise
by the angle ϕ, defined as

ϕ := π − arccos
(

c− − c+ + d+ − d−
c− − c+

)

μ :=

√
1 − x0

2N+1
ηmax

c± := log(1 ± μ)
d± := log(1 ± λμ).
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The axis of the ellipses are chosen such that the horizontal axis a (before rotation) is two
times larger than the vertical axis b, and selected small enough such that N ellipses fit
into the logarithmized set to be covered. In total, the design of each of the N ellipses is
described by

Di(x) :=
{

y ∈ R2∣∣gi(x, y) := (y1 − log(x2i−1))T RT AR (y2 − log(x2i)) − 1 ≤ 0
}

where the rotation matrix R and elongation matrix A are given by

R :=
(

cos ϕ − sin ϕ
sin ϕ cos ϕ

)

A :=
(

1
a2 0
0 1

b2

)
.

The resulting problem is a multiple body design centering problem as introduced in
[SSK19] in 2N decision variables x̃ := (x1, . . . , xN ):

GSIPMBDC : max
x̃∈Y N

N∑
i=1

Vol(Di(x̃))

s.t. gi(x̃, y) ≤ 0 ∀y ∈ Ylog, i = 1, . . . , N

where Vol denotes the volume of the i-th ellipse and Ylog is the logarithmized set to be
covered. We solve this problem using the transformation-based discretization method for
GSIPs developed by [Sch13].

Results of solving CSCP with different types of initial values

By testing different types initial values, we observe that there is no variant which is clearly
better than the others in all examples. Yet, starting with all identical pumps does not
work very well and not in all of our testcases feasible solutions are found. For the other
variants, problem sizes and number of iterations are quite close and the variant which
reaches the best result changes over the three example problems. The difference in the
initial value characteristics that still yield similar results is indicated in Figure 6.5. While
the initial value of the feasible solution (upper left picture) looks already very good, it
is outperformed by the packing solution (upper right picture) which has attains better
optimal value, ends up with three discretization points less and only one iteration step
more.

To sum up, we observe that an initial solution should have a certain spread of covering
objects over the set to be covered. It needs not to be feasible for the original SIP, as the
discretization based solution procedure has to be able to cope with initial solutions that
become infeasible due to adding of new discretization points anyway. As [Sto+11] already
remarks for the feasibility problem of covering a polygon with reactangles, these type of
problems are usually multi-extremal. This also explains how two types of initial values
can lead to different solutions attaining similar objective function values (Figure6.5).
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Figure 6.5: Two different types of initial values for SIPpump with 4 pumps (upper row) lead to
similar results when applying Algorithm 1 with double entropic smoothing and diagonal update
strategy. Red dots are the discretization points of the infinite index set (rectangle).
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6.1.6 Method performance

When considering method performance, two approximation strategies have to be distin-
guished that both transform one critical property of the original SIPCSCP into a simpler
one that allows usage of standard nonlinear optimization methods.

The gain of adaptive discretization

Discretization of the infinite index set is a classical procedure. We compare the adaptive
variant used in our solution approach with optimizing finite approximations of SIPpump
on a fixed grid and on a sequence of fixed grids with an a-priori known successive refine-
ment.

First, note that the overall grid size that is possible to be used in the fixed grid approach
and also the final grid size for successively refined grids is smaller than those for a reference
grid from which new grid points are chosen in the adaptive discretization method. This is
due to the fact that the grid size for a fix discretization method transforms directly into
optimization problem size, as each discretization point corresponds to one constraint. On
the contrary, the reference grid for the adaptive discretization method is only used in the
discretization update step but not for the optimization of a NLP. For the shown examples,
we use the reference grid with 200 times 200 points mentioned in the introduction of
this section and a rougher grid consisting of 65 times 65 regularly spaced grid points.
This latter grid could also be used in the fix grid approach. In the successively refined
grid approach, we solve several optimization problems on successively finer grids with(
2k + 1

)2
grid points in each step up to k = 6.

All finite optimization problems are solved using double entropic smoothing with the
initially described starting values and geometric parameter update. The diagonal update
strategy is applied for approximation improvement.

When comparing the methods with respect to the the iteration numbers, there is hardly
any difference (Table 6.3). Hence, all methods solve a similar number of optimization
problems which is only marginally larger than the number of steps required to reach the
smoothing threshold. Hence, we suggest that none of the methods has difficulties with es-
tablishing feasibility on the considered grid or reference grid, respectively. Yet, the solved
optimization problems differ significantly in size: for the adaptive discretization based
approach, a maximum of 50 nonlinear constraints for N = 6 pumps has to be consid-
ered, whereas the fixed and successively refined grid variants have to solve optimization
problems comprising 4225 nonlinear constraints (Table 6.3). Figure 6.6 shows the final
configuration for this example, including the discretization points. Here one easily sees
that adaptive discretization chooses the points only in places where they are needed, for
example where two pumps come close, whereas the grid is spread equally on the whole set
to be covered for the approaches that construct the grids a-priori. This is also confirmed
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Figure 6.6: Solutions of SIPpump for N = 6 and the final discretization of the infinite index set
(red points) using either adaptive discretization (left) or fix discretization with a 65× 65 points
comprising grid (right).

when looking at the computation times given in the table: the adaptive discretization
methods need about half a minute at maximum for the shown example instances whereas
the methods using successively refined grid run from about ten to almost thirty minutes
and the fix grid procedure even longer. Except for the situation of four pumps and the
rough reference grid, the final optimal values of the adaptive discretization methods are
better than those for the grid-based methods and although the sample of three problems is
rather small, there seems to be a tendency that the difference in optimal values increases
with portfolio size. Hence, as expected, the adaptive discretization methods outperform
the variants with a-priori determined grid even more for larger portfolio size. Further,
the larger the portfolio size, the larger becomes SIPpump with respect to the basic func-
tions. This prolongs runtime additionally, as to evaluate the constraints approximated
by double entropic smoothing, each basic function has to be evaluated. Hence, there are
at least number of discretization points times number of basic functions many function
evaluations.

The gain of smoothing

The question whether there is some gain by smoothing does not possess such a clear an-
swer than that concerning adaptive discretization. Smoothing, at the first sight has some
disadvantages. First, it makes the solution approach a parametric procedure depending
on two parameters that have to be chosen appropriately in each iteration step. As [Sch13]
remarks for a smoothing-based procedure that involves only one smoothing parameter, it
is not clear at all what a good initial value is for the smoothing parameter. This gets not
easier in a method comprising two of them. Looking back at Figure 3.3 in Section 3.2.1
reveals that the behavior differs between the two parameter values. While a absolutely

162



6.1 Numerical analysis of algorithm options

cpu time # steps re-
quired

# steps
done

# disc.
points

ηmin(kfinal)

N = 4
adaptive disc. (rough) 15.850 66 70 19 0.624
adaptive disc. (fine) 29.141 66 70 26 0.668
fix disc. (rough) 8877.580 66 70 4225 0.666
succ. refined disc. (rough) 548.812 66 70 4225 0.637
N = 5
adaptive disc. (rough) 20.561 68 71 27 0.699
adaptive disc. (fine) 32.526 68 71 32 0.658
fix disc. (rough) 6478.940 68 71 4225 0.657
succ. refined disc. (rough) 728.494 68 71 4225 0.644
N = 6
adaptive disc. (rough) 29.952 69 74 50 0.745
adaptive disc. (fine) 32.058 69 72 29 0.752
fix disc. (rough) 29359.076 69 72 4225 0.708
succ. refined disc. (rough) 1587.357 69 72 4225 0.666

Table 6.3: Key figures of optimizations using different types of discretization.

larger positive smoothing parameter t > |s| seems to yield "convexer" functions, an abso-
lutely larger negative smoothing parameter |s| > t leads to "curvier" functions. However,
we could not figure out combinations of initial smoothing parameters that perform bet-
ter than others. Therefore, no results are shown. The only thing one should guarantee
when using double entropic smoothing is that the feasible set for the initial smoothing
parameters is non-empty.

Another question is how to update the smoothing parameters. Unfortunately we also
cannot provide a concise answer to this question. Other than the used geometric param-
eter update, one could also pursue an incremental update strategy and the update factor
of five percent is also somehow arbitrary. [PR03; PRW03] even incorporate an update
strategy in their algorithms that switches between two update rules, depending on the
solution procedure progress. Nevertheless, based on our samples, we think that a rather
small update factor between 1 and 15 percent leads to the best results – at least for these
small test examples. An incremental update with small increments appears to be equally
good but needed much more iterations. Therefore, we opt for the strategy of geometric
update with 5 percent.

Since the basic functions of SIPCSCP are at least C1-functions, the covering constraint
function is a PC1-function and hence also continuously differentiable almost everywhere.
Thus, the question occurs why not ignoring the nondifferentiability on Lebesgue nullsets
or replacing it by some vector from the subgradient, which for piecewise continuous
functions is the convex hull of the active functions’ gradients [KS95]. We test that
by comparing the smoothing approach to the following solution approaches based on
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cpu time # steps done # disc. points ηmin(kfinal)
N = 5
smoothing 89.607 71 45 0.503
no smoothing 5.850 10 18 0.493
combined gradient 6.287 10 18 0.493
N = 10
smoothing 242.878 75 59 0.685
no smoothing 20.140 42 54 0.604
combined gradient 7.909 19 32 0.603
N = 15
smoothing 1489.716 80 60 0.770
no smoothing 19.297 27 45 0.760
combined gradient 16.552 30 48 0.766

Table 6.4: Key figures of optimizations using smoothed problems and gradients, no smoothing
and difference quotients or no smoothing and a convex combination of gradients of the active
functions.

adaptive discretization but without using smoothing. In the first approach, we do not
supply any gradient functions. In this case, the solver fmincon works with difference
quotients. In the second approach, we define the "gradient function" at a given point
x ∈ X as the mean of the gradients of all active functions in x.

The results computed for pump portfolios consisting of either 5, 10 or 15 pumps, sug-
gest that smoothing might not be obligatory (Table 6.4). Although the final objective
values are better for the variants using smoothing of the covering constraint function,
the variants without smoothing yield comparable results. Furthermore, they need much
less iterations and are faster, as no smoothing approximation threshold has to be satis-
fied. Beyond the fewer iterations, this is also due to less function evaluations: Especially
the variant without smoothing only has to evaluate the covering constraint function, i.e.
all basic functions at the discretization points and the pointwise maximum and mini-
mum at a given value x and some neighboring values to compute a difference quotient.
The smoothed covering constraint function and its gradient need evaluation of all basic
functions at all iteration points and some further operators on these evaluations (sum,
exponential and logarithm and multiplication with scalars). The problem sizes for the
smoothed variant is generally larger but the increase of the number of final discretization
points with the number of pumps in the portfolio seems to be flatter than for both the
other methods.

To sum up, at least for the shown examples of pump portfolio optimization it is not
clear whether smoothing provides a significant advantage. Computations last longer and
problem sizes are larger whereas the final objective value is only marginally better. Nev-
ertheless, our considerations on the lower level problem in Chapter 5 have shown that
under certain conditions, the local optima of PC1 functions tend to be located within
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the set of points where the covering constraint function is nondifferentiable. If this is the
case, smoothing could result in a "gentle" adduction to such a location. Before exclud-
ing smoothing because of the higher effort, we also opt for further investigation on the
properties of the smoothing process. There might be a possibility to use smoothing for
"convexification" of the problem if the parameters are chosen adequate. Maybe smoothing
could also be useful with respect to the multi-extremality of the problem: If the parame-
ters are chosen right, the initial configuration could be drawn into the convergence area
of a "good" local extremum. However, it is not yet clear, if and how such a choice could
be made. Therefore further work has to be done to find a suitable strategy.

6.1.7 Global optimization attempts

All our partly ambiguous results concerning Algorithm 1 and its realizations might be
attributed to the fact that the combinatorial CSCP has multiple local extrema and
therefore, applying local solution procedures cannot be expected to find the global min-
imum. Therefore, we have made attempts to solve the finite problems SIPCSCP(Ẏk) in
the adaptive discretization based solution approach globally. Our trials comprise the
two global solvers BARON [TS05; Sah17] and Couenne [Bela; Belb] we accessed via
the NEOS platform [Eli01; Gil+86; JMJ98], the derivative-free direct search method
NLOPT_GN_ORIG_DIRECT, developed by [JPS93] provided in the library Nlopt
[Joh], and the patternsearch method in MATLAB’s Global Optimization Toolbox ver-
sion 4.0. The first two solvers use branch-and-bound technique and thus, if they finish,
guarantee a global solution. The other two methods do not provide this guarantee. It is
clear that our example problem SIPpump, if no further constraints are added, has more
than one global minimizer: if x ∈ R2N+1 is a global minimizer, any pairwise permutation
of design points in the decision vector as for example

x̃ := (x1, x2, . . . , x2j−2, x2j+1, x2j+2, x2j−1, x2j , x2j+3, . . . , x2N+1)

is also a global solution.

For the the solvers BARON and Couenne we use the smooth reformulation SIPlift2
CSCP(Ẏ ),

as they both do not implement minimum or maximum operators. Hence, the provided
problems have by the number the of discretization points many more decision variables
(see Table 3.1 in Section 3.2). Both solvers reached the available limits of computation
time (8 hours) for a pump portfolio optimization problem consisting of three pumps with
at most eight discretization points.

The direct search solver in the Nlopt library succeeds but does not perform well. We
suggest that our multi-extremal problem is not suitable for this method.

MATLABs patternsearch sometimes gets stuck. In this cases, we restart using the
current solution as warmstart and a manually added new discretization point. Under
this additional effort, this approach yields the best results from all tested global methods.
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Still, it lasts very long and we suggest that using local methods and multistart would be
more efficient.

All in all, we are not convinced from any of the global solvers available to us. If they
provide results at all, these results are either not good or they require long runtime and
work-arounds for some technical issues.

6.2 Discussion

Within this chapter, some impressions of the adaptive discretization and entropic smooth-
ing based solution procedure stated in Algorithm 1 are given. We implement several real-
izations of the algorithm and compare their results for a SIPpump with low portfolio sizes
(N = 4, 5, 6). Our stopping criteria are high smoothing quality and guaranteed covering
of a fine reference grid on the set to be covered. Although the algorithm converges in all
variants that obey Assumptions 4.1.1 and 4.1.1, we are not able based on the presented
examples to identify a best performing procedure.

The biggest advantage of the adaptive discretization and smoothing based solution pro-
cedure for SIPCSCP clearly lies in the adaptive discretization which keeps the problem
size small. Even for increasing numbers of objects, the number of constraints in general
does not increase that much (see Tables 6.3, 6.4).

Based on the given results, we prefer double entropic smoothing over shifted entropic
smoothing, at least if a termination criterion based on the nonsmoothed covering con-
straint function is considered. However, if one compares the key figures on the optimiza-
tion runs using either the smoothed or the nonsmoothed covering constraint function,
smoothing seems not to provide a much better solution. Furthermore, it requires much
longer runtimes and larger problems. Maybe a process consisting of the solution of ini-
tially smoothed approximations to SIPCSCP(Ẏ ) until a rather low smoothing threshold
is reached combined with the solution of problems of type SIPCSCP(Ẏ ), i.e. adaptive
discretization without smoothing, could improve the solution procedure w.r.t. runtime.

When the decision for double entropic smoothing is made, there is still a choice in the
update strategy, i.e. when which of the two approximation methods is updated. We
have presented the two strategies which we think are most opponent. In the diagonal
strategy both methods try to update within each iteration of the algorithm. In contrast
to that, the antithetic strategy acts upon the inner and outer approximation nature of
double entropic smoothing and adaptive discretization approximations. It makes the
problem stricter by updating discretization as long as feasible solutions are found and
relaxes the problem otherwise by increasing the smoothing parameters. Naturally, the
diagonal strategy reaches the smoothing threshold earlier than the antithetic strategy.
In our examples, the final problems constructed under the diagonal strategy are smaller
than those of the antithetic strategy. Nevertheless, as the combinatorial nature of CSCP
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results in the existence of multiple local optima, at least for small numbers of covering
objects, it might be worth the time to apply both strategies and use the better result.

We give similar advice concerning initial values. On the one hand, we observe that the
algorithm is very sensitive to the choice of the initial values. On the other hand, among a
set of four differently characterized initial configurations applied to three test problems,
we cannot not identify one initial value type that outperforms the others. The only thing
which stands out is the obvious observation that providing N identical covering objects
is not a good idea. Although it may not be necessary for our pump example, we present
a preprocessing idea to find initial solutions by packing easy objects that behave like the
covering objects into the set to be covered. This problem can be solved for low to medium
N very efficiently using the transformation-based discretization method for GSIPs given
in [Sch13; SSK19].

To sum up, we cannot state one best realization of Algorithm 1 yet. Nevertheless, we
think the approach has potential to solve continuous set covering problems. Due to
their combinatorial nature, the problems usually have multiple local extrema, even if the
objective function is as simple as the linear objective in SIPpump. Therefore, we think
there is no alternative to apply multistart approaches with different start configurations
and then select the best result. Thanks to adaptive discretization, problem sizes remain
small during the procedure, which supports usage of multistart. Even more, as our trials
to solve SIPCSCP – or at least finite approximations of the problem – using available
global solvers failed. We think it is worth the task to further investigate the mentioned
issues on the adaptive discretization and smoothing based solution procedure concerning
smoothing and update strategy. Finally we emphasize that for our examples with portfolio
sizes of up to 15 pumps, all feasible variants of the algorithm converge and the problem
size remains acceptably small.
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7 Designing a pump portfolio using
semi-infinite optimization

The last chapter of this thesis is a proof of concept showing that the adaptive discretiza-
tion and smoothing based approach to solve SIPCSCP can be applied to product portfolio
optimization tasks. We consider two tasks that occur in the context of pump portfolio
optimization. The first concerns the classical trade-off in product portfolio optimization
and also in set covering: Which covering quality in terms of minimal efficiency can be
reached at which portfolio size? In the second task, additionally to covering each point
in the set to be covered as efficiently as possible, we ask for high-quality coverage of
certain prioritized duty points. This could be thought of equipping the set to be covered
with further information about the distribution of customer specifications. Before looking
at the two case studies, we extend the variable speed pump model from Section 2.2 by
adding missing size effects to the efficiency model.

7.1 Excursus: Size effects in the pump model

In SIPpump, the maximum efficiency ηmax was a given value identical for all pumps. In
reality, this efficiency changes with the size of the pump as well as with the speed at
which a pump is operated. As a rule of thumb, both, larger size of the pump and higher
operation speed, increase efficiency. To integrate these effects into the pump models, the
maximum efficiency can be defined as a function of (relative) speed and pump size.

7.1.1 Efficiency scale-up

The change in efficiency of a pump caused by operation at different speeds is called
efficiency scale-up. There are no general laws found yet that describe the change in
efficiency. However, for similarly constructed pumps, the formula of Pfleiderer [Pfl55,
p. 170] provides an approximation of the change of efficiency dependent on the ratio
of Reynold numbers (Re) of either two different pumps or one pump run at different
speeds:

η2 = 1 − (1 − η1)
(Re1

Re2

)0.1
(7.1)
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The Reynolds number is a dimensionless characteristic coefficient of fluid mechanics de-
scribing the ratio of the inertia force and the friction force [Hel09]. Due to transition
between laminar and turbulent flow behavior, Pfleiderer proposes usage of the formula
only for ratios of Reynold numbers between

[
1
20 , 20

]
[Pfl55, p. 174].

The Reynolds number changes anti proportional with the viscosity of the medium trans-
ported by a pump, and proportional with constructional changes on the pump or the
speed at which the pump is operated [Pfl55]. Hence, for a variable speed pump, the ratio
of the Reynolds numbers for two different speeds can be approximated by the ratio of
the speeds, as the other influencing factors remain the same. This reduces (7.1) to

η2 = 1 − (1 − η1)
(

n1
n2

)0.1
(7.2)

We add this formula to our pump model as a function of speed providing the maximum
efficiency of a pump. For a given efficiency ηmax ∈ [0, 1) and nominal speed nnom ∈ R+,
define the efficiency scale-up function as a function of relative pump speed by

ηηmax,nnom :
[
(1 − ηmax)10, ∞

)
→ [0, 1]

n �→ 1 − (1 − ηmax)n−0.1
(7.3)

This efficiency scale-up function describes how the maximum efficiency of a pump char-
acteristic curve transforms with operation speed. As n in the variable speed pump model
is a function of the pump design point (QD, HD), its curvature parameter λ and the duty
points (Q, H), ηηmax,nnom can also be interpreted as function of these parameters.

The lower bound of the domain is given by the root of (7.2). For a given efficiency
ηmax ∈ [0, 1) and nominal speed nnom ∈ R+, the efficiency scale-up function ηηmax,nom is
continuously differentiable, strictly monotonically increasing and attains values in [0, 1]
on its domain.

7.1.2 Dimensioning of a pump

Similar to the already mentioned efficiency scale-up, it is observed that the efficiency also
varies between different types or differently sized pumps. To compare types of pumps, a
characteristic coefficient, the so-called specific speed of a pump was introduced. According
to [Hel09], the specific speed is the theoretical rotational speed at which a geometrically
similar impeller to a pump would run if it were of such a size as to produce 1 m of head
at the flow of 1 m3 s−1 at its best point. The formula is given by

nspec := nnom

√
QD

60H
3
4
D

(7.4)

(QD, HD) is the design point of the pump, i.e. the point at which the pump attains its
best efficiency when operated at nominal speed nnom in min−1.
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7.2 Product portfolio quality versus product portfolio size

Specific speed and efficiency. [Pfl55, (p. 164)] already observed the trend, that within
a certain range of specific speeds, the higher the specific speed, the more efficient a pump
is. [Gül10, p. 142] provides statistically derived formulas that describe the optimal
efficiency of a pump depending on its specific speed for different types of pumps. We use
the formula 3.9.1 of [Gül10] for circular pumps with specific speed ns ≤ 100 to model the
maximum efficiency of a dimensioned pump at its design point:

ηmax :=1 − 0.095
(3600

QD

)m

− 0.3
[
0.35 − log

nspec
23

]2 (3600
QD

)0.05

m :=0.1a

(3600
QD

)0.15
(

45
nspec

)0.06

a :=
{

1 if QD ≤ 3600 m3 h−1

0.5 if QD > 3600 m3 h−1

(7.5)

The formula differs from that given by [Gül10] by a conversion factor. Although only
sporadically mentioned, we consider flows in units m3 h−1. However, the specific speed as
well as the formula for optimal efficiency assume flows given in m3 s−1. Hence, consistency
requires an additional conversion factor of 1/3600 h s−1 in our model. The difference
between a variable speed pump and a dimensioned pump is the origin of the maximum
efficiency: When defining the set of variable speed pumps, we assumed the maximum
efficiency to be given. In the model itself, the maximum efficiency can be seen as a
placeholder in the formulation of the efficiency function but does not affect at all the set
P which defines characteristic pump curves. The definition of the dimensioned pumps
can be seen as an extension which provides a definition for the maximum efficiency of a
pump depending on its location within the Q-H-plane, thus on the machine size.

To sum up, the maximum efficiency of a dimensioned pump at its design point is computed
according to (7.5). When speed is regulated, not only the design point is transformed
according to the affinity laws, which is already incorporated in the variable speed pump
model of Section 2.2, but also its efficiency transforms according to the efficiency scale-up
function (7.3). Both effects are functions of the pump parameters nnom, (QD, HD) and
λ, yet the efficiency scale-up function additionally depends on the actual duty point at
which a pump is operated.

7.2 Product portfolio quality versus product portfolio size

In the first of our two applications, we investigate the trade-off between the two main
objectives in product portfolio optimization, portfolio quality and size. In our example
SIPpump from Section 2.2 we used minimum efficiency as quality measure. For the more
realistic dimensioned pump model, it does not make sense anymore to require identical
minimum efficiency for all pumps. Therefore we aim at maximizing the minimum relative
efficiency ηmin, rel common to all pumps. Minimum relative efficiency is the percentage of
maximum efficiency that bounds the left- and right-hand side of the pump operation areas.
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7 Pump portfolio design using semi-infinite optimization

Thus in the decision vector, we replace the last component which was ηmin ∈ [0, ηmax] for
SIPpump by ηmin, rel ∈ [0, 1]. The constraint determining the left- and right-hand side of
the operation area of the i-th pump given in (2.24c) becomes

g̃i3(x, y) = ηmax(x2i−1, x2i, n(x2i−1, x2i, λ, y1, y2))ηmin,rel − η(x2i−1, x2i, λ, y1, y2) (7.6)

The first term of the function corresponds the minimum efficiency the pump must not
fall below for the characteristic curve on which the duty point (y1, y2) is located. The
optimization problem has 2N +1 decision variables, similar to SIPpump. For given N ∈ N

and nnom > 0, the common nominal speed for all pumps, the portfolio optimization
problem for N dimensioned pumps then is given by

SIPpump, dim : min
x∈X

−x2N+1

s.t. min
1≤i≤N

max {gi1(x, y), gi2(x, y), g̃i3(x, y)} ≤ 0 ∀y ∈ Y
(7.7)

where for i = 1, . . . , N and j = 1, . . . , 2 the functions gij are given in (2.24). Note that
the first two basic functions gi1 and gi2 that determine the lower and upper bound of a
pump operation area are independent of minimum efficiency and hence the change in the
last component of the decision vector from minimum to minimum relative efficiency does
not affect these functions.

To work out the trade-off between the objectives portfolio size and quality, SIPpump, dim
is solved for pump portfolios of size N = 4 to N = 20 using the adaptive discretization
and smoothing based approach presented in Chapter 4. As in our previous examples,
nnom = 1900, λ = 0.2, nmin = 0.7 and nmax = 1.2 are assumed to be identical for all
pumps. The set to be covered is set to

Y := [100, 10000] × [100, 500].

The double entropic smoothing function is applied to the covering constraint function with
initial smoothing parameters (s0, t0) = (−10, 10) for N < 10 and (s0, t0) = (−20, 20) for
N ≥ 10 and geometric update factor 1.15. For N = 4 we provide a reasonable initial
configuration and for N > 4 we use the optimal solution computed for the portfolio of size
N − 1 to which a pump with design point at the center of the set to be covered is added.
We do not supply analytical gradients to the solver. For comparison we also apply
the solution approach directly to the nonsmooth problem (blue curves in Figure 7.1).
Although smoothing seemed to have no significant advantages in the simpler examples
given in Section 6.1.6, in the more complex situation of the dimensioned pump model,
the smoothed variant clearly outperforms the nonsmoothed one when the optimal value
is considered (upper left picture in Figure 7.1). Up to a portfolio size of 20 pumps, the
maximum size of optimization problems remains rather small, for the smoothed variant
the largest nonlinear problem that has to be solved comprises 75 nonlinear constraints for
N = 20 pumps. However, the maximum problem size clearly increases with the number
of pumps. This is different for the nonsmoothed problems. The number of iterations for
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Figure 7.1: Results for SIPpump, rel and N = 4, . . . , 20 computed using adaptive discretization
method with either double entropic smoothing (red) or no smoothing (blue) of the covering
constraint function. Left: objective values of the solutions. Center: final number of points in
the discretization of the infinite index set. Right: iteration numbers. Circles mark the number
of iteration steps, triangles denote the number of steps when the smoothing threshold is reached.
The downwards shift from N = 9 to N = 10 in this curve is due to a change in initial smoothing
parameters.

both situations remains in general below 60 except for three outliers in the nonsmoothed
and two outliers in the smoothed variant for which the algorithm does not terminate
before reaching the maximum allowed number of 1000 iterations. In Figure 7.1 we set
the iteration steps for these problems manually to 100 to keep the other results visible.
However, comparing the number of steps after which the smoothing threshold is reached
with the total number of iterations reveals the tendency that for larger portfolio sizes
the difference between required and realized iterations increases. To see this, in the right
picture of Figure 7.1, compare the red circles (iterations done) with the red triangles
(iterations required w.r.t. the smoothing threshold).

In Figure 7.2 the final solutions for the smoothing based approach are shown for the
portfolios consisting of 12 and 13 pumps. The figure reveals the already mentioned
existence of multiple local optima: Although the left picture in Figure 7.1 shows the
expected increase in minimum relative efficiency when the pump portfolio size is increased,
in both example configurations in Figure 7.2 not all pumps are used to generate the
covering. Therefore, the covering can be improved further. Hence, for larger product
portfolio sizes, the solution approach based on adaptive discretization and smoothing as
applied to this pump portfolio optimization task seems not to be able to leverage the
full potential of the task. At least, several optimization procedures using different initial
values have to be performed, as only local optima can be expected (see the discussion
in Section 6.2). For the shown example, we do not provide additional constraints on
the design points. If a good initial configuration can be constructed by a pre-processing
method, like the solution of an easier packing problem (Section 6.1.5), it might be a
good idea to restrict the design points of the pumps to certain areas around the design
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Figure 7.2: Dimensioned pump portfolios for N = 12 and N = 13 optimized with respect to
relative minimum efficiency.

points of the initial configuration. Of course, this instantly raises questions on good
pre-processing methods and the type of such further restrictions on the design points.
Furthermore, these restrictions necessarily result in additional constraints, at least box
constraints, which increase the problem size. Nevertheless, the algorithm using double
entropic smoothing of the covering constraint function in general reflects the trade-off
between high-quality covering and size of the product portfolio.

7.3 Product portfolio design with different qualities of covering

When looking at customer specification data, i.e. duty points for which the customers
demand pumps from the manufacturer, one observes that they are usually not uniformly
distributed on the Q-H-diagram. Often in the central areas of the diagram, customer
specifications occur with higher frequency whereas extremely small and large pumps, or
pumps with extreme rations between design flow and design height are rarely demanded.
Hence, a possible strategy to set up the pump portfolio is to require covering with high
efficiency especially in so-called density centers of customer specifications and accept
lower quality in regions where not so many demands are expected. Note that this does
not mean that these demands are excluded from being supplied by the portfolio, as we
still solve a continuous set covering problem.

To capture non-uniform distribution of customer specifications, we set up a CSCP which
aims at maximizing the weighted sum of common minimum relative efficiency of the
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pumps and the efficiencies at three explicitly given duty points within the set to be
covered which are considered as "customer specification density centers":

f(x) := w0ηmin,rel(x) +
3∑

i=1
wiη̃(x, ỹi) (7.8)

where ỹ1 := (825, 175), ỹ2 := (1550, 250) and ỹ3 := (2275, 325) are the density cen-
ter points, and w ∈ [0, 1]4 is a given vector of weights. The efficiency function of a
dimensioned pump portfolio at a certain duty point is given by

η̃(x, y) :=
1
N

N∑
i=1

η(x2i−1, x2i, λ, y)ξi(y) (7.9)

where η is given in (2.23) and ξi, i = 1, . . . , N evaluates if a duty point y is in the
operation area of the ith pump:

ξi(y) :=
{

1 if y ∈ Ai

0 otherwise.

The operation area of the ith dimensioned pump Ai is defined as

Ai :=
{

y ∈ R2
+

∣∣∣gi1(x, y) ≤ 0, gi2(x, y) ≤ 0, g̃i3(x, y) ≤ 0
}

.

We look at a portfolio consisting of four dimensioned pumps that should cover the set
Y = [100, 3000] × [100, 400]. The common, fixed parameters for all pumps are nnom =
1900, nmin = 0.7, nmax = 1.2 and λ = 0.2. We optimize the problem for 21 different
weight vectors w listed in Table 7.1.

Figure 7.3 summarizes the values the summands in the objective function (7.8) attain
at the optimal solutions over the sets of weights tested. One can see that minimum
relative efficiency exhibits the most variance, reaching from almost zero in optimizations
where this aspect is not considered at all to about 0.5. Nevertheless, more than half
of the optimizations yielded values above 48 percent minimum relative efficiency. The
maximum efficiencies reached for each of the three density center points reveal that on
the one hand the variability in efficiencies decreases with the size of the density center
point, which is defined as its norm. On the other hand the maximum efficiency increases
with size, a result that seems independent of the used weighting. This observation is
explained by the dimensioning: larger pumps and larger relative speeds both lead to
higher efficiencies and larger density center points have to be covered by larger pumps.
Besides this obvious fact, we have a closer look on the covering.

In the following considerations, pumps are indexed in ascending order w.r.t. the norm
of their design points, i.e. pump 1 is the smallest, pump 4 the largest pump in the
portfolio.

When looking at the question which pump covers which density center, one can observe
that the smallest pump, pump 1, in all of the test cases is only used for the covering of
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7 Pump portfolio design using semi-infinite optimization

w0 w1 w2 w3 ηmin, rel
0 0.33 0.33 0.33 0.034 (*)
0 0.8 0.1 0.1 1.2 10−6 (*)
0 0.1 0.8 0.1 1.7 10−6 (*)
0 0.1 0.1 0.8 2.7 10−4 (*)
0.2 0.1 0.1 0.6 0.483
0.2 0.1 0.6 0.1 0.493
0.2 0.6 0.1 0.1 0.135 (*)
0.2 0.27 0.27 0.27 0.204
0.4 0.1 0.1 0.4 0.508
0.4 0.1 0.4 0.1 0.402
0.4 0.4 0.1 0.1 0.256 (*)
0.4 0.2 0.2 0.2 0.489
0.6 0.1 0.1 0.2 0.542
0.6 0.1 0.2 0.1 0.542
0.6 0.13 0.13 0.13 0.508
0.6 0.2 0.1 0.1 0.529
0.8 0 0.1 0.1 0.504
0.8 0.067 0.067 0.067 0.536
0.8 0.1 0 0.1 0.492
0.8 0.1 0.1 0 0.499
1 0 0 0 0.474

Table 7.1: Weights used in objective (7.8) for 21 test cases. (*) marks the cases in which the
second largest pump, pump 3, yields maximum efficiency for the largest density center point ỹ3.
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Figure 7.3: Distribution of the optimal relative minimum efficiencies and the maximum efficien-
cies at the three density center duty points over the optimizations using weights given in Table 7.1
for the objective function (7.8).
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Figure 7.4: Distribution of covering pumps for the three density center points. Pumps are sorted
in ascending order with respect to the euclidean norm of their design points. Right: covering pump
that provides maximum efficiency for the density center point.

the index set but it does not cover any of the density center points (Figure 7.4). The
left-hand picture in Figure 7.4 reveals that pump 3 always covers the smallest density
center whereas pump 4 provides cover for the two larger density centers in all 21 example
cases.

On the right-hand side of Figure 7.4, the distribution of covering pumps that provide
maximum efficiency at the density center points is shown. These are the pumps that
contribute most to the value of the function η̃ given in (7.9) at the considered duty point.
It seems that the medium sized density center point almost equally receives maximum
efficiency by either the largest or the second largest pump whereas the smallest density
center tends to be covered with maximum efficiency by the larger of the pumps that
cover it. It is interesting, that for the largest density center point ỹ3 in 7 of 21 cases the
second largest pump, pump 3 in Figure 7.4, and not the larger pump 4 yields maximum
efficiency for that point. In Table 7.1, these situations are marked by (*). Looking the
last column in the table reveals that for all these cases, a very low minimum relative
efficiency is reached. This is due to the generally low weights for this term. But also in
cases where the weight for the smaller density center point is higher than those of the
other density points and where the weight of the minimum relative efficiency is rather
small, the value of the minimum relative efficiency is very small.

Figure 7.5 points out the qualitative difference in solutions with respect to different
weights. Clearly, solutions with high weight w0 aim at maximizing minimum relative
efficiency (right-hand side of Figure 7.5), in contrast to those that ignore minimum relative
efficiency (left-hand side in the figure). Observe that the right-hand side solution has a
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7 Pump portfolio design using semi-infinite optimization

very high overall minimum relative efficiency, i.e. all points in the set to be covered can
be operated by a pump such that operation efficiency is about 54 percent of the maximum
efficiency the covering pump exhibits in the characteristic curve on which the point is
located. Yet, this does not mean that all pumps are operated at high overall efficiencies.
Looking at the upper pictures in Figure 7.5 even reveals that the solution with vanishing
minimum relative efficiency indeed has a larger area of high absolute efficiency values in
the set to be covered Y (left) than the solution that maximizes minimum relative efficiency
(right). Further, the solution shown at the right-hand side of Figure 7.5 exhibits a valley
of relatively low efficiencies within the set to be covered whereas the solution depicted
on the left-hand side has low efficiencies only at the boundary ranges of the set to be
covered. This covering might be preferable from the manufacturer’s point of view, as
customer specifications close to the boundary of the set to be covered may rarer. Hence,
more customers can be satisfied by providing a pump portfolio that leads to a highly
efficient covering on larger central parts of the set to be covered.

Maximizing minimum relative efficiency and efficiency in density centers are partly op-
posing goals, depending on where the density centers are located. Yet, the weighted
objective function allows to modulate between them. As a result, if weights are ade-
quately chosen, the quality of the covering can be steered according to the preferences of
the manufacturer.

To sum up, we have shown how to model different aspects of covering quality in the
pump portfolio design task with SIPCSCP. In a similar way, further aspects could be
incorporated, ranging from additional information on expected customer specifications
over advanced technical requirements to production costs depending on further portfolio
characteristics. The case study thus demonstrates that the continuous set covering model
is flexible enough to capture requirements on a product portfolio that go beyond simple
covering.
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Figure 7.5: Optimization results of a pump portfolio with N = 4 pumps and different weights
concerning minimum relative efficiency, and the efficiency of three density center points. Color of
density center points in the upper pictures represents the pump which yields maximum efficiency
for the point. Blue: pump 2, red: pump 3, orange: pump 4; pumps are ordered ascending in
norms of their design points.
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Summary and further work

The work presented in this thesis is motivated by an application in optimal product
portfolio design. As an example, we considered product portfolio optimization of circular
pumps. Each pump is modeled by a compact set, its operation area, that continuously
depends on the decision variables location, and minimum efficiency. The pump portfolio,
i.e. the union of all pump operation areas, is required to cover a compact set of customer
specifications. The resulting mathematical optimization problem differs from usual planar
set covering problems known for example from facility location problems in that not a
finite set of points but an infinite, compact set should be covered. As a result, we could
formulate the set theoretic CSCP as SIP.

Although SIP is a mighty tool for modeling, we pointed out that SIPCSCP, the semi-
infinite problem describing a continuous set covering task, has two properties that make
it difficult to solve: First, the problem is intrinsically not continuous differentiable every-
where in the decision space and in the space of the infinite index variables. The second
critical property is that in general the covering constraint function is not concave in
the index variables. As a result, the lower level problem of SIPCSCP considered as bilevel
problem is not convex. Therefore, neither standard nonlinear optimization problems that
depend on gradients can be applied nor is it easy to check whether a candidate solution
is feasible, because this check requires computation of a global solution of the parametric
lower level problem.

With this knowledge of the difficulties that prevent usage of standard solution techniques
for SIPCSCP, we evaluated different formulations and also approximations for SIPCSCP.
We ended up with a list of mathematical problems that are either equivalent to CSCP
or approximate the problem. The reformulations and approximations reach from smooth
bilevel problems over GSIPs and disjunctive programs to smooth finite approximating
problems. We further analyzed subclasses of CSCP and drew connections to known
problems from literature, that fall into this new class of set covering problems. Despite
that we looked at CSCP subclasses and filtered the set of reformulations for formulations
that preserve structure of the problem data. All different formulations for CSCP have
advantages and disadvantages, and we observed that there is a trade-off between smooth-
ness and problem size. Nevertheless, we suggest that among this variety of formulations,
there is a potential to find new approaches to solve CSCP. It is certainly worth the time
to do further investigations on this topic.

As a first solution approach for CSCP, we connected the known approaches of the adap-
tive discretization method for SIPs [BF76] and double entropic smoothing [TPR09] to
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get continuously differentiable approximating problems. By the combination of these two
approaches we generated with Algorithm 1 a template for iterative approximation proce-
dures that aim at solving SIPCSCP. Under very few assumptions on the parameters that
determine the quality of the approximating problems, we showed that the procedures
converge and keep the type of solutions. This means, if a global solver is used to solve
the approximating problems, the accumulation points of the generated sequences are also
global solutions, if a local solver is used, the accumulation points are local solutions.
Further, under the same assumptions, we proved a worst case convergence rate for the
method. The "worst case" is a result of adaptive discretization, for which the approxima-
tion progress is not known in advance. Yet, by means of an example we argued that in
the CSCP context, the iterate solutions follow this convergence rate much earlier than in
the worst case and even earlier than for standard grid-based discretization approaches to
SIP.

As we noticed that the lower level problems of SIPCSCP by no means are convex, the
need came up to investigate these problems further. Lower level problems of SIPCSCPs are
finite max-min-max problems. These problems are known in literature in their equivalent
formulation as finite min-max-min problems and local solution approaches already exist
[TPR09]. From the perspective of SIPCSCP however, global solutions are needed. By
means of sprinkler problems as subclass of CSCP we discovered the special structure
of the finite max-min-max problem, drew a connection to the field of computational
geometry and learned that in this special case, all local solutions are located on the
bounded Voronoi skeleton of the sprinkler center points. We further retrieved the result
that a global solutions of a finite max-min-max problems can be found within the global
solutions of finitely many optimization problems on a lower dimensional search space if
the basic functions that describe the covering objects satisfy the i.s.d.-increasing property.
We derived geometrical approaches to solve the lower level problem of SIPsprinkler and
SIPCSCP with linear basic functions for problems with sets to be covered in R2. We suggest
that an extension to higher dimensional spaces is straightforward. Further, investigations
on efficient methods from the field of computational geometry could help to decrease
computational effort. If this is successfully done, it would be of interest how these methods
perform compared to full discretization of the infinite index set which is applicable only
for low dimensional index sets. Maybe a geometrically inspired approach as presented
could be an alternative.

In the third part of the thesis we tested different options of the adaptive discretization
and smoothing based solution approach to solve SIPCSCP and compared the results. How-
ever, we did not find a unique best strategy. Within this thesis, we developed a template
for solution procedures, and determined the assumptions under which convergence and a
certain worst case convergence rate can be expected. Yet, we think that an adequate real-
ization of the algorithm, comprising smoothing parameter update, general approximation
update strategies and the decision for any type of smoothing (inner, outer or none) to
a certain degree depends on the actual problem instance. Nevertheless, the approach
is promising, as adaptive discretization is able to keep the size of the approximating
problems small and double entropic smoothing yields good performance concerning the

182



stopping criterion based on feasibility of the original covering constraint function on a
fine reference grid.

Two example tasks from pump portfolio optimization with the dimensioned pump model
provided first insights indicating that the algorithm is capable to answer questions of
optimal product portfolio design in practically relevant settings. Although the algorithm
did not find the global optimal solutions for larger portfolio sizes, it detected the trade-off
between portfolio size and covering quality, which was not the case for a variant that did
not use smoothing. Our second example application gave an impression on the flexibility
of modeling product portfolio optimization tasks as semi-infinite CSCPs: Beyond the
requirement to cover a compact set, many different further requirements and objectives
can be incorporated in the CSCP model. In the example, we added an additional quality
measure. A weighted sum as objective function allowed us to modulate between high
total covering quality and covering of a finite set of special customer specifications with
high efficiency.

All in all CSCP and its semi-infinite formulation provide a flexible modeling framework for
problems concerning optimal product portfolio design. They are a generalization of the
known planar set covering problems [FPT81] and embed these combinatorial problems
into continuous, semi-infinite optimization. Beyond the already stated suggestions, the
following questions in our opinion are worth further considerations.

Smoothing in general is a critical issue as it introduces further parameters into the op-
timization process. Ideally, these parameters should be chosen such that there is some
advantage in the approximating formulation. However, we did not succeed in finding
a generally good strategy for parameter selection, which is a difficult task [Sch13]. For
example optimizations of the problem SIPpump based on a simple model of a variable
speed pump, the results even suggested that smoothing might not be necessary at all:
Optimization results on the original, nonsmooth problems were not much worse than
those for the smoothed problems, whereas the latter required much more runtime (Sec-
tion 6.1.6). However computations based on the more realistic and also more complex
dimensioned pump model in Section 7.2 relativized this finding. Here, only solutions
of the adaptive discretization and smoothing based procedure were able to depict the
trade-off between product portfolio size and quality. In contrast, covering quality of solu-
tions computed without smoothing stagnated even if portfolio size was increased. Hence,
especially when models become more complex, smoothing of the covering constraint func-
tion contributes positively to the solution procedure. Yet, further investigations on good
smoothing strategies are required.

Concerning the double entropic smoothing, it could be interesting to utilize "convexifica-
tion properties" of this function. It seems that updating either one of the two parameters
has different effects on the structure of the resulting smooth function. Yet, although
[PR03; PRW03] and also [TPR09] use update strategies for one and two smoothing pa-
rameters, respectively, that change their update rule depending on algorithm progress,
we did not find any theoretical results on this topic. However we ask ourselves if, in the
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situation of the multi-extremal CSCP, smoothing could help to direct iterate solutions
towards "good" local optimum points already early in the solution process.

Open questions arising in the context of the application are the problem of adding one
or more products to an already existing portfolio and the question of determining good
initial values that lead to reasonable solutions. As our application example revealed, the
algorithm is not capable to place all products efficiently for larger portfolio sizes. Maybe
a combination of the adaptive discretization and smoothing based approach in an early
stage with a post-optimization step could leverage further potential.

Problems that are in some sense dual to continuous set covering are set containment prob-
lems. They require that one or multiple parameterized sets are contained in a given set.
This is also the difference to set covering problems, where one or multiple parameterized
sets have to cover a given set. Yet, both problems have in common the condition that
one set is contained in another. An analysis of common and different characteristics of
both problem types and the resulting consequences for solution approaches would be very
interesting. An entry point to this topic could be the close relation of both problems to
semi-infinite optimization. Set containment problems emerged in semi-infinite optimiza-
tion in the form of design centering problems [Ste06] much earlier than continuous set
covering problems. They have an application for example in gemstone cutting [KSW08;
Win08]. Like CSCP can be formulated as SIP, the set containment problem is stated
as GSIP. It is knwon that under certain conditions SIPs and GSIPs can be transformed.
We got to know a transformation of SIPCSCP into GSIP based on the construction of
set complements in Chapter 2. [Ste06] applied the same approach to turn a GSIP into
a SIP. Yet the resulting problems possess no semi-infinite constraints in the usual sense,
as strict inequalities arise in the reformulation. Relaxing these inequalities might change
the feasible set. Different to that, it is known that under certain regularity conditions,
GSIP can – at least locally – be transformed into a SIP by a transformation of the infi-
nite index set [Sti99; Web99]. If the lower level problem is convex, also a globally valid
transformation exists. For problems other than design centering, the difficulty consists in
finding a transformation function. For SIPCSCP we neither succeeded in finding a trans-
formation for the infinite index set nor in proving that no such function exists. Clearly,
the lower level problem of SIPCSCP is not convex. But this is no exclusion criterion for the
existence of a transformation function. On the contrary, as [Sch13] demonstrates, when
transforming a GSIP with convex lower level problem into a SIP by means of transforma-
tion of the infinite index set, convexity can get lost. Thus, viewed from the perspective of
SIPCSCP there arises the question, if by finding the right transformation function, a GSIP
with convex lower level problem could be established. All in all, further investigations
on similarities and differences of the "dual" problems of continuous set covering and set
containment might lead to structural insights that could end up in new synergies for the
development of solution approaches.
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