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Zusammenfassung

In der technischen Textilindustrie wachst die Bedeutung von Modellen und Simula-
tionen zugrundeliegender Herstellungsmethoden, um existierende Spinnanlagen
zu optimieren und die Entwicklungszeiten fiir neue Anlagen zu verkiirzen. Eine
grofRe Bedeutung wird der Studie von Fadendynamiken zugemessen, da die Eigen-
schaften der gesponnen Faden maf3geblich die Beschaffenheit des finalen Produkts
bestimmen. Im Zuge der Modellierung industrieller Spinnprozesse muss eine Fiille
von Effekten berticksichtigt werden. Dies sind zum Beispiel die wechselseitige
Interaktion der Faden mit einer moglicherweise hoch turbulenten dufleren Luft-
stromung, diffusive Effekte im Fadeninneren als auch Warme- und Stoffiibergang
am Fadenrand auf Grund von Losungsmittelverdampfung und elektrische Effekte,
die auf einen elektrifizierten Jet (englisch fiir Fadenstrahl) in einem dufReren elek-
trischen Feld einwirken. Auf Grund des zu hohen Rechenaufwandes fiir die Losung
der zugrundeliegenden dreidimensionalen Multiskalen-Multiphasen-Probleme
ist eine direkte numerische Simulation nicht praktikabel. Die spezielle Cosserat
Theorie, welche auf einer eindimensionalen Beschreibung eines Fadens mittels
dessen Mittellinie und der Orientierung seiner Querschnittsflichen beruht, bildet
deshalb unsere Modellbasis. In dieser Arbeit zeigen wir, wie diese Modellbasis
auf geeignete Weise erweitert werden kann, dass sdmtliche industrierelevan-
ten physikalischen Effekte beschrieben werden konnen. Fiir die numerische
Losung der entstehenden Randwertprobleme gewohnlicher bzw. partieller Dif-
ferentialgleichungen entwickeln wir auf das jeweilige Problem zugeschnittene
Losungsstrategien. Das Potenzial und die Leistungsfihigkeit unseres Modell-
Simulations-Rahmens demonstrieren wir exemplarisch anhand dreier industrieller
Spinnprozesse: Trockenspinnen, Elektrospinnen und Meltblown-Prozess (englisch
fiir Schmelzblasverfahren). Zum ersten Mal in der Literatur prasentieren wir
Simulationsergebnisse von vielen gleichzeitig trockengesponnen Fiden in einer
wechselseitigen Interaktion mit der duf3eren Luftstromung, eine detaillierte Un-
tersuchung der Whipping-Instabilitdt (englisch fiir Schwingungs-Instabilitdt) beim
industriellen Elektrospinnprozess mittels eines rotierenden Bezugssystems und
Simulationsergebnisse von Fiden im Meltblown-Prozess, wobei die Einbeziehung
von viskoelastischen Materialeffekten und der dufReren turbulenten Luftstromung
zu realistisch diinnen Fadendurchmessern fiihrt.






Abstract

In the technical textile industry models and simulations of underlying manufac-
turing processes increasingly gain attention in order to optimize existing spinning
devices and to shorten development times for new setups. Special attention is paid
to studies of fiber dynamics, since the properties of the spun fibers are crucial for
the final product. In view of modeling industrial spinning setups plenty of effects
have to be taken into account. These are, for example, the two-way interaction of
the fibers with a possibly highly turbulent outer airflow, diffusive effects in the
fiber interior as well as heat and mass transfer at the fiber boundary due to solvent
evaporation, and electric effects when an electrified jet is injected into an outer
electric field. Since the underlying three-dimensional multiscale-multiphase prob-
lems require unfeasible computation times, direct numerical simulations are not
practical. Thus, the special Cosserat theory with one-dimensional descriptions of
the fibers in terms of the fiber’s centerline and the orientation of its cross-sections
build our model basis. In this work we show that this model basis can be suitably
extended to describe all physically relevant effects present in industrial setups.
For the numerical treatment of resulting boundary value problems of ordinary
and partial differential equations we develop problem tailored solution strategies.
To show the capability and efficiency of our model-simulation framework we
exemplarily investigate three industrial spinning processes: dry spinning, electro-
spinning, and melt-blowing. For the first time in literature we present simulation
results of multiple simultaneously dry spun fibers in a two-way interaction with an
outer airflow, a detailed investigation of the fiber’s whipping movement present in
industrial electrospinning utilizing a rotating reference frame as well as simulation
results of melt-blown fibers including viscoelastic and turbulent airflow effects
leading to realistically thin fibers.
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1. Introduction

The spinning of fibers as well as the production of nonwovens are key processes
in the industrial manufacturing of technical textiles which are characterized by
specific material properties such as flexibility, durability, absorbency, robustness,
and insulation capacity. The application of technical textiles ranges from daily
life products like diapers or cleaning cloths to high-tech products such as battery
separators and medical products. Moreover, they find use in filtration (air or water
filters), construction industry (glass wool), plastics industry (lightweight parts),
textile industry (protection clothing), and car manufacturing (wall-paneling). At
the basis of all such fibers and nonwovens is some sort of molten polymer which
is extruded through small nozzles such that polymeric liquid jets evolve. These
jets are stretched and solidified before they are either taken up by a roller or laid
down onto a conveyor belt. Depending on the required fiber properties and the
used polymers there exist different manufacturing processes.

Fiber and nonwoven manufacturing methods

One of the oldest methods for the production of fibers is wet spinning, which is
used for polymers that must be dissolved into a solvent to be able to be spun.
The polymeric jets are extruded into a chemical bath that forces the fibers to
precipitate and solidify. A similar method is dry spinning. There, a polymer solvent
mixture is extruded into a tempered air stream, which leads to evaporation of
the solvent and leaves solidified fibers behind. The process of melt spinning is
suitable for thermoplastic polymers, i.e., polymers that can be melted and directly
be spun. The polymeric fibers solidify by cooling after being extruded from the
nozzles. Electrospinning is a method to produce very fine fibers (up to micro- and
nano-scale) either from a polymer solvent mixture or also a polymer melt. In this
process electric forces bring the electrically charged jet into a whipping motion
leading to drastic jet thinning. An alternative method for the production of micro-
and nano-fibers is the rotational or centrifugal spinning process. In this process the
polymer solvent mixture or polymer melt is first distributed onto a rotating disc. By
centrifugal forces the spinning fluid is ejected from the disk, undergoes stretching
as well as solidification and the final fibers are deposited on a collector. Concerning
the production of nonwovens thousands of fibers are overlaid forming a chaotic
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structure. The fibers are bound together either mechanically, thermically or under
the use of additional binders. For the production of staple fiber nonwovens the
spun fibers are cut into pieces of centimeters length and put into fiber mats.
Thereafter, these mats are re-opened, fed into a turbulent air stream and spread
on a conveyor belt to form a web (airlay process). In the spunbond process fibers
are spun into air, cooled and stretched, and directly deposited on a conveyor belt.
Melt-blowing processes are also employed to produce nonwovens. In contrast
to spunbond processes the resulting fibers are of much smaller size (diameters
of micro- and nano-scale) due to a turbulent high speed air stream leading to a
drastic jet thinning. An overview and further details on spinning technologies can
be found in [63, 121, 129].

Need for simulations and mathematical challenges

In all fiber and nonwoven manufacturing processes the quality of the final product
is crucially determined by the dynamics of the spun jets. The quality depends
mainly on the regularity of the fiber characteristics, such as diameter and strength.
Regarding industrial spinning devices the challenge is to produce high quality
fibers and nonwovens while maintaining a high productivity at the same time.
With the help of simulation tools this challenge on quality and productivity can
be tackled. Simulations of such complex manufacturing processes provide the
opportunity to optimize existing spinning devices and to design new devices in an
optimal way. In general, a spinning process forms a multiphase-multiscale prob-
lem such that a straightforward simulation of the underlying three-dimensional
problem originating from classical continuum mechanics is very challenging. In
particular, considering the simultaneous spinning of hundreds and thousands of
fibers in mutual interaction with turbulent air and, additionally, the expected
high order of fiber elongations lead to unfeasible computation times that make a
full three-dimensional simulation of such problems completely unpractical [109].
Thus, the mathematical challenge lies in finding appropriate fiber models that
contain all physically relevant effects and remain computationally feasible. In
addition, the numerical framework has to be robust and efficient which creates
the need for problem tailored solution algorithms.

Fiber models and preliminary studies

In this thesis we focus on the modeling and simulation of fiber dynamics during
the actual spinning, since the properties of the spun fibers are crucial for the
properties of the final fibrous structure. For modeling and simulation of fiber
laydown and web forming we refer to literature, e.g., [43, 54, 109]. Note that
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in the following the word ’jet’ denotes the viscous polymer stream leaving the
nozzle, whereas we call this stream ’fiber’ when it has been solidified and behaves
mostly elastic.

Without any claim to completeness we give a short survey over previous works
in the modeling and simulation of jet and fiber dynamics. First attempts in the
modeling of spinning processes started in the 1960s, when Kase and Matsuo [51]
as well as Matovich and Pearson [69] developed a one-dimensional, uni-axial,
axis-symmetric, steady state jet model considering an isothermal viscous flow
on a slender body. First strict asymptotic derivations of uni-axial jet models are
given by Dewynn et al. [26] based on Stokes equations and by Howell et al. [49]
based on Navier-Stokes equations. Panda, Marheineke and Wegener developed
an asymptotic model for the dynamics of curved jets with and without surface
tension [67, 77]. Furthermore, Marheineke et al. [65] asymptotically derived
a one-dimensional model with viscoelastic material behavior from the three-
dimensional upper-convected Maxwell model. The models of all these named
works belong to the class of so called string models and the slenderness parameter
¢ as ratio of fiber diameter to length plays a key role in their asymptotic derivation.
In particular, string models are asymptotic systems of leading order with respect
to €. However, Gotz et al. [40] showed that due to the occurrence of singularities
the solvability of string models is restricted to certain parameter regimes. To
overcome this limitation, Noroozi et al. [73] added higher-order regularization
terms to the string equations, yielding stable solutions. Beyond that, a further
class of fiber models has been established, the so called rod models. Including
angular momentum effects, these rod models can also be seen as a regularization
of the associated string models as shown by Arne et al. [3, 6]. Fundamental works
in the field of rods were done for example by Entov and Yarin [30, 119] as well
as by Ribe [81]. Nevertheless, the use of rod models is not always advantageous
over the string models due to their more complex numerical treatment. So in
view of simulations of industrial spinning processes the choice of the specific fiber
model requires careful considerations in order to achieve numerical computability
and efficiency.

Aims and results of the thesis

The Flexible Structures group at Fraunhofer ITWM has been convinced for quite
a while that string and rod models offer the basis to model and simulate the fiber
dynamics in any industrial spinning process [109]. In particular, a viscous rod
model has been used for the simulation of rotational spinning processes [3, 5]
and a generalized elastic string model for fiber dynamics in airlay and spunbond
processes [43, 54, 109]. In this thesis we provide a model-simulation framework
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that extends the applicability of rod and string models to any industrial spinning
process. To show the capability of our framework we exemplarily consider three
types of spinning processes that are driven by completely different effects: dry
spinning, electrospinning, and melt-blowing. We do not claim to be the first ones
being able to model and simulate these three spinning processes. But taking a close
look at the existing literature, as done below, we find that the available models and
simulation results still show the lack of important effects when industrial setups
are investigated. We will show that by extending the basic rod/string models
with process-specific effects we are able to close this gap between simulations
and real world experiments. In the following we give an overview over our main
achievements in the modeling and simulation of dry spinning, electrospinning,
and melt-blowing with a basic embedding into literature. A detailed discussion of
existing literature is given in Chap. 4, Chap. 5, and Chap. 6, respectively.

Considering the spinning of polymer solutions in view of the dry spinning method,
the interaction of the spun fibers with the outer air stream is not included in the
models of existing literature [16, 35, 74, 75]. Other previous works [41, 42, 88]
focus on the simulation of one single fiber in an airflow, which has been measured
in experiments or is assumed to be constant. However, in industrial setups several
hundred fibers are spun simultaneously, such that mutual fiber-air interaction
has to be taken into account. Moreover, industrial dry spinning processes are
crucially determined by radial diffusive effects of the fiber quantities due to
solvent evaporation leading to a coupled system of one- and two-dimensional
model equations [41, 42, 88]. To make the simulation of all fibers in air with
these radial diffusive effects feasible an efficiently evaluable model framework
is needed, which we develop in this thesis. Our proposed dry spinning fiber
model includes heat and mass transfer due to solvent evaporation based on the
principle that action equals reaction. The presented numerical framework makes
an efficient two-way coupling of fiber and airflow simulations for industrial setups
feasible.

In electrospinning processes the whipping motion of the electrified jets is of
fundamental importance for the jet thinning. This so called whipping instability
has been approached by means of stability analysis in previous papers [58, 59,
80, 120]. In this thesis, we follow the idea of [85] and propose an alternative
model framework in which the instability can be computed straightforwardly as
the stable stationary solution of an asymptotic Cosserat rod description. For this
purpose, the jet dynamics are described with respect to a frame rotating with the
a priori unknown whipping frequency, which itself becomes part of the solution.
Our numerical procedure makes the efficient and robust simulation of setups with
high fiber elongations possible. The numerical results characterize the whipping
effect qualitatively well and reveal the helical structure of the fiber curve in more
detail than has been achieved in previous works [124, 126].
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In previous studies on melt-blowing processes [91, 104, 118, 125] the numerically
computed/predicted fiber thickness differs several orders of magnitude from those
experimentally measured. Recent works [93, 118] suggest that this discrepancy
might arise from the neglect of the turbulent aerodynamic fluctuations in the
simulations. In this thesis we confirm this suggestion numerically. Whereas, in
[122] a viscoelastic fiber model has been employed for melt-blowing, which is
opposed to random pulsations, we develop a simulation framework with direct
incorporation of the turbulent nature of the airflow. The turbulent effects are
taken into account by a stochastic aerodynamic force model where the underlying
velocity fluctuations are reconstructed from a k-e turbulence description of the
airflow taken from [50]. Our numerical framework for a growing fiber in turbulent
air makes the simulation of industrial setups with viscoelastic effects feasible and
the simulation results show the significance of the turbulence on the jet thinning.
In particular, we achieve fiber diameters of realistic order of magnitude.

Structure of the work

This thesis is structured as follows. In Chap. 2 we give a survey over existing
models for fiber dynamics. Starting with an introduction into the theory of
special Cosserat rods we present two possible parameterizations (Lagrangian,
Eulerian) of the model equations, which can be equipped with various geometric
models (inertia free, standard, incompressible) and material laws (elastic, viscous,
viscoelastic). Furthermore, we describe a general transformation concept in order
to obtain a non-dimensional form of the model equations. The class of string
models is introduced as simplification of the rod models by considering the limit
of vanishing slenderness parameter. All together, this chapter serves as "box of
bricks’ from which we start to build the specific fiber models for each considered
spinning process in the subsequent chapters. Chap. 3 provides the numerical
framework for the solution of the fiber models covering boundary value problems
of ordinary differential equations and hyperbolic partial differential equations as
well as radial advection-diffusion equations with Robin-type boundary conditions.
Moreover, the concept of weak iteratively coupling fiber and airflow simulations is
introduced. In the subsequent chapters we study the previously named spinning
processes: Chap. 4 is dedicated to spinning scenarios with evaporation effects
in airflows with particular focus on dry spinning processes. After developing an
efficiently evaluable viscous fiber model for uni-axial as well as curved fibers,
we demonstrate the accuracy and efficiency of our proposed numerical solution
strategy. Moreover, the applicability of our framework to industrial spinning setups
with multiple fibers interacting with the airflow is shown. In Chap. 5 we describe
the rotating model frame that allows the transition to a stationary consideration of
the whipping instability present in electrospinning processes. After demonstrating
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the performance of our numerical solution algorithm, the instability is examined
with the help of a parameter study. Furthermore, we show the applicability of our
framework to electrospinning scenarios with highly evolved whipping. In Chap. 6
we study fibers in turbulent airflows in view of melt-blowing processes. We utilize
a viscoelastic fiber model on a growing fiber domain and explain the model closing
with appropriate boundary conditions as well as the concept of incorporating
turbulent airflow effects. Our proposed numerical simulation strategy makes
the simulation of industrial melt-blowing setups feasible and shows final fibers
of realistic fineness. In App. A we examine our string model with viscoelastic
material behavior. In particular, we give an analytic expression for the stresses
in the elastic limit case and embed our model hierarchically into the model base
we find in literature. In App. B we validate the convergence of our numerical
solution scheme used for the simulation of melt-blowing processes. Furthermore,
we give a detailed derivation of an implicit solution expression for the radial
advection-diffusion equation which we employ in the modeling of dry spinning
processes and show convergence as well as stability properties of the product
integration method used to solve the associated integral equation. Finally, in
App. C we further examine the electrospinning process. With the help of a global
linear stability analysis we show that the whipping instability is also an instability
in mathematical sense. Furthermore, we demonstrate that occurring boundary
layers are well resolved with our numerical solution algorithm.

Published works within the scope of this thesis

Within the scope of this thesis the following works have been published:
Journal articles:

e M. Wieland, W. Arne, R. Fel3ler, N. Marheineke, and R. Wegener. Modeling
and efficient simulation of dry spinning in airflows. J. Comput. Phys.,
384:326-348, 2018. [110]

e M. Wieland, W. Arne, N. Marheineke, and R. Wegener. Modeling and
simulation of curved fibers in dry spinning scenarios. Results Appl. Math.,
3:100013, 2019. [115]

e W. Arne, N. Marheineke, M. Pérez-Saborid, J. Rivero-Rodriguez, R. Wegener,
and M. Wieland. Whipping of electrified visco-capillary jets in airflows.
SIAM J. Appl. Math., 78(1):343-371, 2018. [4]

e M. Wieland, W. Arne, N. Marheineke, and R. Wegener. Melt-blowing of
viscoelastic jets in turbulent airflows: Stochastic modeling and simulation.
Appl. Math. Model., 76:558-577, 2019. [113]
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Peer-reviewed proceedings and contributions to books:

e M. Wieland, W. Arne, R. Fel3ler, N. Marheineke, and R. Wegener. Product
integration method for simulation of radial effects in dry spinning processes.
In PAMM - Proc. Appl. Math. Mech., volume 18, page e201800055. Wiley;,
2018. [111]

e M. Wieland, W. Arne, R. Fel3ler, N. Marheineke, and R. Wegener. On a dry
spinning model using two-phase flow. In I. Farago, E Izsak, and P Simon,
editors, Progress in Industrial Mathematics at ECMI 2018, pages 19-25.
Springer, 2019. [112]

e W. Arne, N. Marheineke, R. Wegener, and M. Wieland. Setup and numerical
solution of a viscous Cosserat rod model describing electrospinning. In
S. Petrik, editor, NART 2017 — Nanofibers, Applications and Related Technolo-
gies, pages 9-16. Technical University of Liberec, 2017. [8]

e M. Wieland, W. Arne, N. Marheineke, and R. Wegener. Model hierarchy
of upper-convected Maxwell models with regard to simulations of melt-
blowing processes. In PAMM - Proc. Appl. Math. Mech., volume 19, page
€201900018. Wiley, 2019. [114]

All publications are closely related to the three industrial applications that we
study in this thesis, namely dryspinning in Chap. 4, electrospinning in Chap. 5, and
melt-blowing in Chap. 6. In [110, 115, 111, 112] we investigate the dry spinning
process. Regarding these publications the author of this thesis implemented the
software in major parts, carried out all simulations and produced the drafts of
the papers. The electrospinning process is subject of our studies in [4, 8]. The
publications are the result of a collaboration with a group from the University of
Sevilla in Spain. The basic idea of describing the jet’s whipping in terms of steady
solutions with the help of a rotating reference frame originates from J. Rivero-
Rodriguez and has been published by him in [85]. The author of this thesis
contributed great parts of the numerical framework, which makes simulations
of industrial-relevant parameter setups possible. Furthermore, he implemented
major parts of the software, carried out all simulations and drafted the paper [4] in
significant parts. The publications [113, 114] deal with the melt-blowing process.
Regarding these works the author of this thesis implemented the software, carried
out all simulations and drafted the papers. In all named publications the Flexible
Structures group at the Fraunhofer ITWM helped to set up the industrial examples
(physical parameters, airflow data, device geometries), which are closely related
to real setups from their industrial partners. N. Marheineke acted supportively
and advised on all stages from the initial idea development to the final versions
of all publications.






2. Models for fibers and jets

Fibers and jets are slender objects due to their small ratio of cross-sectional di-
ameter to length indicated by the slenderness parameter ¢ < 1. Thus, their
dynamics can be modeled by one-dimensional equations resulting from averaging
the three-dimensional balance laws over their cross-sections. First works develop-
ing one-dimensional mass, momentum and energy balances under the assumption
of slenderness are [51, 69], an historical overview is given in [129], more recent
publications are [26] and in particular [67, 77]. Our model core is built by the
special Cosserat rod theory of [1], which specifies the fiber position with the help
of a curve and the orientation of its cross-sections by means of an orthonormal
triad. The model basis consists of balance laws for mass, linear as well as angular
momentum and can be used to describe any material and physical setup. The
rod model itself is closed by physically reasonable one-dimensional geometrical
relations and material laws as well as models for the acting outer forces. Consid-
ering three-dimensional continuum mechanics, the asymptotic limit € — 0 results
in the so called string equations, which omit the angular momentum balance
equation and the evaluation of the dynamics of the cross-sectional orientations.
For industrial applications string models provide a simpler modeling framework
and, therefore, form the basis for more efficient numerical solution algorithms
compared to the more sophisticated rod models. However, the solvability of string
models is crucially dependent on the physical parameters. Studies on viscous
stationary string models, for example, show the loss of solutions for certain pa-
rameter regimes due to the occurence of singularities [3, 6, 40]. The associated
viscous rod models do not show these problems and can be seen as ¢-dependent
regularization of the string models.

This chapter is structured as follows. Since the rod model can be formulated with
respect to various basis representations (invariant, director or outer basis), param-
eterizations (Lagrangian or Eulerian), setups (time-dependent or -independent)
and dimensions (dimensional or nondimensional), we start with the invariant for-
mulation in Lagrangian description of the kinematic and dynamic rod equations.
Thereafter, we introduce possible geometric models (inertia free, cross-section-
preserving, and incompressible) as well as material laws (elastic, viscous, and
viscoelastic). In addition, we present a dimensionless formulation of the rod equa-
tions and explain the concept of parameterizing these equations in the Eulerian
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description. Then, we turn to the string models and present three different types
for viscous, elastic and viscoelastic material behavior. To close the chapter we con-
sider models for external loads, where we focus on gravitational and aerodynamic
forces. To large parts the subsequent presentation is adopted from [2, 89, 109].

2.1. Special Cosserat rod theory

As a jet is a slender long object, its dynamics can be reduced to a one-dimensional
description by averaging the underlying three-dimensional balance laws over
its cross-sections. In the special Cosserat rod theory there are two constitutive
elements: a curve 7 : D — IE3 spec1fy1ng the jet position (e.g., midline) and an
orthonormal director triad {dl,dz,d } : D — E?® that is attached to the curve
and characterizes the orientation of the cross-sections in the three-dimensional
Euclidean space E?, see Fig. 2.1. We assume 33 =d, x 32, such that the director
triad forms a right-handed system. The Euclidean space E*, equipped with the
Euclidean norm ||-||, can be identified with R® by choosing a basis. We particularly
use the space-time domain D = {({,t) € R*|{ € O(t), t € (0, t,,4]} with time-
dependent space domain Q(t) = ({,(t),{z(t)), where t [s] is the time and ¢ [m]
indicates the coordinate of each material point (material determined cross-section)
to impose a Lagrangian (material) description. The left and right boundary of
the domain are identified with the functions ¢,y : [0, t,,q4] — R, respectively,
where {;(t) < {x(t) holds for all t € (0, t,,;]. The end time is represented by
t..q- The Lagrangian parameterization is determined up to a constant by choosing
an initial orientation and a time-independent reference state with fixed material
configuration.

Notation 2.1. In the following we write Z for any vector Z € E* and use double
over-lined capital letters for rank-two tensors Z € E* ® E®. A vector Z € E® can be
represented in various ways: We write z € R® (italic and bold) for the component
tuple with respect to an outer orthonormal basis {d,d,,ds} C E3, whereas z € R®
(bold) addresses the representation of Z with respect to the space- and time-dependent
director basis {le, 32, &3}. Moreover, we write - for scalar products and tensor-vector-
operations, and use ® for tensor products. To clarify their meaning, new quantities
are introduced with their SI unit in brackets [-].

2.1.1. Reference state

The reference state of a Cosserat rod is given by its referential curve 7#° : Q(t°) —
E? and the orthonormal referential director triad {d,,d,,d,}: Q(t°) — E? with

10



2.1. Special Cosserat rod theory

Figure 2.1.: Constitutive description of a special Cosserat rod with the help of
the curve 7 and the director triad {d,,d,,d3}.

3; = c_ii X Ei; The reference time t° € R is fixed and not necessarily contained in
the considered time interval [0, t,,;]. In particular, the complete reference state
must not necessarily be formed by the considered rod but serves as an idealized
state. In the reference state we additionally assume

e°d, = 9,7°, (2.1)

with e® : Q(t°) — R. This means we consider a class of reference states with e°
characterizing the parameterization. A popular choice is e* =1, i.e., an arc length
parameterized reference state. In the description of the geometry and material
models we will utilize the assumption (2.1).

2.1.2. Kinematic and dynamic equations

The kinematic equations of the rod are given through the relations
3ti: = 1-;, 8@/? = ’_&, (223)

i.e., the velocity v [m/s] of the rod is the temporal and the rod tangent 7 is the
spatial derivative of the rod curve ¥ [m]. The director triad {d,,d,,d5} forms an
orthonormal system, so there exist vector fields @ [1/s] and K [1/m] with

od;=&xd;, 9d;=#xd,; (2.2b)

i € {1,2,3}, indicating the angular velocity and the curvature of the rod, respec-
tively. Assuming sufficient regularity (2.2a) and (2.2b) yield the compatibility
conditions

0,% = 9,v, O,K = 0,0+ w XK. (2.20)

11



2. Modéels for fibers and jets

The dynamic equations of the rod are given by the conservation laws for mass as
well as linear and angular momentum

8tQM - O)
o(oyV) =20+ f, (2.3)

-

0,(J - &)=, +7% xii+1.

Due to mass conservation the mass line density p,, [kg/m] is constant over time
in the material description and, hence, only depends on its referential value.
External loads are included with the help of the body force line densityf [N/m]
and the body couple line densityi [N]. The contact force i [N] and contact
couple m [N m] are modeled with the help of material laws. For the inertia tensor
J € E®* ® E® [m*] a geometric model is required.

The invariant formulation for a rod is given by the kinematic equations (2.2a),
(2.2b) together with the dynamic equations (2.3).

System 2.2 (Invariant rod in Lagrangian description).
Kinematic and dynamic equations in D:

oF =7,

o,F =7,

dd; = xd,,

o,d; =& xd,, ie{1,2,3},
.04 =0,

8,(ouV) = ;i + f,
0,(J - @)=, +7% xii+1.

Here, any of the kinematic equations in (2.2a) and (2.2b) can be replaced by
the corresponding compatibility condition in (2.2c). The preferable formulation
of the kinematics is determined by the considered real problem, the boundary
conditions as well as the intended numerical solution strategy.

It is common to represent the invariant rod model (System 2.2) with respect to the
director basis and an outer basis. This simplifies the subsequent discussion of the
geometric models and material laws. Besides the director basis {&1, &2, 33} C E3
we introduce the fixed (space- and time-independent) orthonormal outer basis
{d,,d,,ds} C E*. The director and outer bases are related by the tensor-valued
rotation R, i.e., R = 21.3:1 d; ® d;. For any quantity 2 € E® we use the following

12



2.1. Special Cosserat rod theory

coordinate terminology:

with z = (z,,2,,2;) € R® and 2 = (2,, 2, 2;) € R®. Hence, the coordinate triples ful-
fill z = R - z with associated orthogonal matrix R = (R;;); j=1 23 = (d; *d;); j=123 €
SO(3). For the temporal and spatial derivatives follows

(ai : al‘E)i=1,2,3 = atz + W X z, ((_il * 852)1':1,2,3 = acz + K X Z.

Moreover, the kinematic equations for the director triad (2.2b) can be rewritten
in terms of the rotational matrix R

J,R=—w xR, o,R=—kxR.

Here, the cross product between a vector b € R® and a matrix B € R**? is defined
as (bxB)-z=Db x (B-z) for all z€ R>. The invariant rod model (System 2.2) is
now formulated with respect to the director basis, except the equations for the
curve ¥ which are written in the outer basis.

System 2.3 (Rod in director/outer basis and Lagrangian description).
Kinematic and dynamic equations in D:

o,r =R"-v,

or=R"-n,

JR=—w xR,

0,R=—k xR,
dom =0,

o (oyV) =pouvx W+ n+kxn+f,
oJ w=J - w)xw+dm+kxm+Txn+l

Here, J € R**® denotes the matrix representing the inertia tensor J with respect
to the director basis, i.e., J = Zijzl Jij d; ® c_ij and J = (J;;); j=1,2.3- The tangent
T and curvature k represent the distortion of the rod and are crucial for the
formulation of material laws. In particular, T,, T, represent the shear strains, T,
the stretching strain, k;, K, the bending and k4 the torsion of the rod. Analogously,
n,, n, are measures for the shear stress, n; for the tension, m;, m, for the bending

torque and m, for the twisting torque. Moreover, we introduce
e= |7l

representing a measure for the elongation of the rod.

13



2. Modéels for fibers and jets

Remark 2.4 (Quaternions for rotation). To parameterize the rotation R € SO(3)
we use unit quaternions, i.e., ¢ = (qo,q1,q,,q3) € R* with ||q|| = 1. Consider

C—@¢—g+q  2(9195—909s) 2(q195 + q092)
R(Q)=| 2q192+9093) —4+9—a+3q;  2(9295—9091)  |»
209195 —9092)  2(q295+qoq1) —9°—q5+q5+q;

then, the equations 6,R = —w x R and J;R = —k x R in System 2.3 are replaced by
dq=S(w)-q, Iq=5(x)-q. (2.4)
with the skew-symmetric matrix S defined as

0 z; z, z4

8(z) = ol —z, =z 0 7

for all z € R®. This equivalence is only true if ||q|| = 1 holds initially for the
time evolution and at the boundaries for the space evolution. The unit norm of
the quaternions is then guaranteed through the evolution equations (2.4) due to
the skew-symmetry of S (note that the exponential of a skew-symmetric matrix is
an orthogonal matrix). Numerically this can be realized with the help of isometric
methods.

2.1.3. Geometric models

The geometrical modeling denotes the specification of the inertia tensor J. Here,
we consider three geometrical models which all originate from the embedding of
the Cosserat rod theory into three-dimensional continuum mechanics. We assume
that the rod cross-sections are circular and homogeneous, i.e., the mass density is
constant within cross-sections. The geometrical models then give formulations
for the inertia tensor associated matrix J.

Inertia free model

The inertia free model neglects all inertial effects, i.e.,
J=0.

Using this model the angular momentum equation in System 2.3 becomes quasi-
stationary and can be used to find explicit expressions for the normal components
of the stresses n.

14



2.1. Special Cosserat rod theory

Cross-section-preserving model

The basic assumption for the cross-section-preserving model is that the rod cross-
sections do not change over time. Three-dimensional considerations yield

J.J=0,
with the following form of the inertia matrix J

_ OmPOv
e

J

P,,

where p, [m?] is the volume line density and P, = diag(1, 1, x)/(4m) for any
x € R. Introducing the area of cross-sections A [m*] as A = p, /e and utilizing
the conservation of mass yields

8,A=0.

This means, the rod cross-sections do not change over time and, therefore, equal
the Lagrangian reference state, A = A° with A° the referential area of cross-
sections. The mass density p [kg/m?®] is introduced as ratio of mass and volume
line densities p = p,,/0,. Consequently, J,(ep) = 0 holds for the cross-section-
preserving model, which means p = e°p°/e with p° the mass density in the
reference state.

Incompressible model

In contrast to the cross-section-preserving model the incompressible geometry
model preserves the volume. It assumes shape-preserving deformations of the
cross-sections, such that the cross-sectional areas decrease under stretching and in-
crease under compression maintaining incompressibility (conservation of volume).
Three-dimensional considerations yield

at(eJ) = 03
with the same form of the inertia matrix J as in the cross-section-preserving model

_ OmOv
e

J

p,.
This means the conservation of volume J,p, = 0 and equivalently
at(eA) = OJ

for the area of cross-sections, i.e., A= e°A°/e. Furthermore, we obtain d,p =0,
i.e., the mass density is a conservative quantity and p = p° holds. If not stated
otherwise, we use the incompressible material model in the following.
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2. Modéels for fibers and jets

2.1.4. Material laws

Models for the material behavior of rods are used to close the rod theory. Mate-
rial laws in general relate the contact forces n and couples m to the distortion
measures of the rod t/e°, k/e°. In order to ensure objectivity (meaning frame
indifference, i.e., rigid body motions and time translations do not affect the mate-
rial response), these relations are formulated with respect to the director basis
and without direct dependence on time. In the following we present material
models describing elastic, viscous, and viscoelastic material behavior. Introducing
geometrical constraints on the dynamics the number of required material laws
can be reduced. By doing so certain components of the contact forces and couples
become Lagrangian multipliers to the constraints and, hence, dynamic or algebraic
variables of the system.

Elastic material behavior

There are numerous models for the elastic material behavior of rods. For the
modeling of hardened fibers in industrial spinning applications the Euler-Bernoulli
model with inertia free geometric model is mainly used. It gives a linear relation
for the contact couples with the curvature. We combine the Euler-Bernoulli model
with the classical Kirchhoff constraint that reads under the assumption (2.1) for
the parameterization of the reference state

T= 6063. (2'5a)

This Kirchhoff constraint realizes an inextensible (d,e° = 0) and unshearable
(T ~ e;) rod, where e; (i = 1, 2,3) denotes the i-th canonical basis vector in R3.
Considering the angular momentum equation with respect to the director basis
(System 2.3) the contact forces n become Lagrangian multipliers to the constraint
(2.5a) and only a material model for the contact couples m is required. The
Euler-Bernoulli model suggests

02
|4 o
m= E(eT)gpl/(va) (k—K°).

Here, E [Pa] denotes the elastic modulus (Young’s modulus) and the Poisson’s ratio
v, indicates the relation of E to the shear modulus G [Pa], namely E/G = 2(1+v,,).
Assuming incompressibility v, = 1/2 and, therefore, E/G = 3 holds for three-
dimensional material modeling. The time-independent field k° [1/m] is the
curvature for which the rod is momentum-free and can be identified with the
curvature in the reference state. The material model is closed by an appropriate
model for the elastic modulus E, which for example can be chosen to be constant
or dependent on the rod temperature T [K].
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2.1. Special Cosserat rod theory

Viscous material behavior

We utilize a viscous material model for rods that was first formulated for a sta-
tionary setup in [81] and later generalized for unsteady situations in [83]. There,
the incompressible geometry model is employed and the generalized Kirchhoff
constraint

T= T363 (2.5b)

is used. As for the classical Kirchhoff constraint this generalization realizes shear-
free rods but allows rod elongations. The overall dilatation e = ||T|| = T4 coincides
with the elongation such that T = ee; holds. Considering the angular momentum
equation of System 2.3 the shear stresses n,, n, become Lagrangian multipliers
and a material model for the tension n; and torques m is required

2

3—3,uQV86 m=3,u%P2/3-8tK.
Here, u [Pas] denotes the dynamic viscosity, which has to be specified by a further
model.

Viscoelastic material behavior

Besides pure elastic and pure viscous material behavior, fibers can show a vis-
coelastic behavior in industrial spinning processes combining viscous and elastic
material properties. In [7] an incompressible viscoelastic material model for
Cosserat rods is introduced. There, the incompressible material model as well as
the generalized Kirchhoff constraint (2.5b) is employed. The model for the tension
n, equals the viscous material model, whereas for the torques m a Maxwell-like
relaxation of the viscous material model is proposed

n3—3,ugvé'e m= S,uQVPZ/3 J,k—00,m,

with relaxation time 6 [s] as time scale for stresses to relax under tension. Utilizing
the incompressibility assumption (Poisson’s ratio v, = 1/2) the relation u/6 =
G = E/3 holds. In the limit & — 0 the viscoelastic material model coincides
with the viscous material model, whereas in the limit y — 0o, 8 — oo with
u/0 = E/3 the viscoelastic material model equals the elastic material behavior,
if the elastic modulus is assumed to be constant over time, i.e., J,E = 0. For
further details we refer to [7]. The viscoelastic material model is closed with
models for u and 6, which are either prescribed by material-dependent functions
or determined through further evolution equations.
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2. Modéels for fibers and jets

Remark 2.5 (Temperature effects). In industrial spinning applications spun fibers
are often affected by cooling and solidification effects. In these cases the material
quantities E, u, and 6 are modeled by functions being dependent on the fiber tem-
perature T. Then, the Cosserat rod model (System 2.3) is extended by an additional
equation describing the energy balance. This balance equation yields an equation for
the temperature T, e.g.,

96, (euT) =j

with specific heat capacity q [J/(kgK) ] and heat source j [W/m]. Further details
are given in Chap. 4.

2.1.5. Nondimensional formulation

Composite reference values

Description Formula Unit
Length scale o=Tyo m
Time scale to = 1o/ Vo S
Volume line density oy, = d m?
Cross-sectional area Ay = dg m?
Mass density Po = Cumo0/d} kg/m?>
Curvature Ko =1/rg 1/m
Stress ng = QM’ng N
Torque my = Epmofova Nm
Angular velocity wo = Vo/ T 1/s
Outer force fo=0movg/ro N/m
Outer couple lp = ng N
Elastic modulus Ey = ug/6y Pa
UCM stress oo = Emove/d; Pa
UCM pressure Do = O Pa
Dimensionless numbers

Description Formula

Slenderness e =dy/r

Reynolds Re = oy 0VoTo/ (dg,uo)
Deborah De = 6,/t,

Mach Ma = +/ReDe

Table 2.1.: Overview over composite reference values used for nondimension-
alization and the resulting dimensionless numbers. The following scales are
assumed to be given from the specific setup oy, ¢, Vo, 7o, o, to, Gp-
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2.1. Special Cosserat rod theory

For the numerical treatment it is convenient to deal with nondimensional model
equations. The nondimensionalization allows a proper scaling of the model
equations and inserts characteristic parameters into the rod model. We introduce
the dimensionless quantities as 5/(5 ,B)=y(C 05’ ,tot)/y, for any scalar or vector
field y and use the reference values y,. In general, we choose a reference mass
line density p,;, [kg/m], a scalar reference velocity v, [m/s], a typical length
scale r, [m] as well as a reference diameter d, [m]. For the material laws we
introduce a referential viscosity u, [Pas] and a typical relaxation time 6, [s].
All these scales are chosen depending on the considered setup. Additionally, we
introduce reference values that are composites of these setup-specific scales. We
call them composite reference values and list them in Tab. 2.1. The introduction
of two reference values for the length (r,, d,) and time scale (t, = ry/Vv,, 6,)
respectively as well as the additional reference value for the viscosity (u,) leads
to the dimensionless numbers given in Tab. 2.1. These are the slenderness ratio &,
the Reynolds number Re as ratio between inertial and viscous forces, the Deborah
number De as ratio of the relaxation time to the characteristic time scale and the
Mach number Ma as ratio of inertial to compressive forces. To keep the notation
simple we suppress the label ~ in the following. Then, the rod model with respect
to the director/outer basis (System 2.3) supplemented with the incompressible
geometry model is given in nondimensional form by

System 2.6 (Nondimensional incompressible rod in director/outer basis and
Lagrangian description).
Kinematic and dynamic equations in D:

atr = R(q)T 'V,
8@*7‘ = R(q)T ° T,

oq =S(w)-q,
9q =8(x)-q,
d.om =0,
d.0v =0,

o,(oyV) = Eouvx W+ ,n+ Kk xn+f,

1
at(QMQVPz-w):(QMQVPZ'w)Xw+_2(3§m+me+Txn+l)‘
e e €
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Constraints and material laws:
2 2
. ) Ov
Elastic: T =-¢c’€,, m=—F—— K—K°),
3 Ma2 (60)3 2/3 ( )
. 3 ov 3¢2 oy
Viscous: T =ee,, n, = —u—2a.e, m=—u—~P,,-0,K,
3 3 Re'u o2t Re W o3 237G
. . 3 ov 3¢ oy
Viscoelastic: T = ee,, n, = —u—=2ae, m=— P, 0.k
3 3 Re'u o2 t Re w o3 237G
—De6J,m

The compatibility conditions (2.2c) read with respect to the director basis
GT=TXW+FV+KXYV, O K=0,w+KXW. (2.6)

Remark 2.7 (Viscous and elastic limits). As explained before the viscous and elastic
material models can be obtained as limits of the viscoelastic material model. The
limit De — 0 obviously results in the viscous material law. The transition De — 00,
Re — 0 with ReDe = Ma? gives under the assumption of a time-independent elastic
modulus E = 3u/0

e oy
T = ees, ate =0, 8tm: 8t (M—azEe—:‘;Pz/g' K).

It follows e = e° and using the integration constant K° we obtain the elastic material
model as given in System 2.6.

2.1.6. Parameterization in Eulerian description

For inflow-outflow problems with time-independent flow domain the formulation
of the model equations in a spatial (Eulerian) parameterization is beneficial since
it avoids the consideration of a free boundary value problem in the material
description. In particular, the spatial parameterization allows the transition to
steady state for stationary considerations of the flow problem. Introducing a so-
called type concept for all unknowns of our rod model simplifies the formulation of
the model equations in any time-dependent parameterization. In the Lagrangian
setting the parameter { € Q(t) = ({,(t), {x(t)), t €[0, t,,4] addresses a material
point of the rod. A re-parameterization of this material setting is achieved via an
oriented time-dependent bijective mapping

SC,6) : [81(0), Cr()] = [s1.(0),5:(6)], &= S(E,0).
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2.1. Special Cosserat rod theory

type-O-fields | r, q, v, w, m, n, A, p, u, 6
type-1-fields | T, k, oy, 0v, £, 1, J, e

Table 2.2.: Types of the quantities of the rod model (System 2.6) with arbitrary
material law (elastic, viscous, viscoelastic).

with s, (t) =S(,(t),t) and sz(t) = S(Lx(t), t)), t €[0, t,,4]. Then, the Eulerian
space-time domain is given by

D={(s,t) eR*[s € Q(t), t € (0, t,nql},

with time-dependent space domain O(¢t) = (s, (t),sz(t)). Assuming sufficient
regularity a scalar convective speed u and a spatial Jacobian j corresponding to S
are defined

ats(ga t) = U(S(C’, t): t): aCS(Ca t) = ](C: t) > 0.

Thus, the compatibility condition
3]
u(sS(¢,t),t) = j (¢, t) (2.7)

holds. The positivity of j is a result of the definition of the domain and co-domain
of the mapping S fixing its orientation. Following [ 109] we introduce the concept
of type-n-fields, n € Z. The intention of this concept is to preserve the physical
character (e.g., densities, derivatives) of each quantity under re-parameterization.
A type-n-field f (scalar-, vector-or tensor-valued) in the Lagrangian description is
transformed into the respective unknown in the Eulerian description f by

F(Z6) =" O (S, t),t).

The types of unknowns of our rod model (System 2.6) are given in Tab. 2.2. Using
the chain rule yields transformation rules for the derivatives with respect to ¢
and t

0,f(¢,6)=j"¢, ) (8.f +nfdu+udf)(S(, t),¢t),
8,j(¢,t) )

— n+l F
3gf(§, t) =] (C: t) (asf(S(C/, t)) t) +n jZ(C, t) f(S(C’: t), t)

In the Eulerian description the scalar speed u becomes the Lagrangian multiplier
to the assumption of global arc length parameterization ||t|| = ||,f|| = 1 and is
hence an additional unknown of the system. Due to the generalized Kirchhoff
constraint, e and j coincide (e = j) when the viscous or viscoelastic material law
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2. Modéels for fibers and jets

is used. In view of the elastic material law the classical Kirchhoff constraint yields
e’ = j and, thus, d,u = 0 holds due the compatibility condition (2.7) and J,e° = 0.
This means, the Eulerian parameterization is only a (time-dependent) shift of the
corresponding Lagrangian one without any benefit for our further considerations.
Thus, we omit the Eulerian description for the elastic material law and restrict
our presentation to viscous and viscoelastic material behavior.

To simplify the notation we suppress the label " in the following. The type of
parameterization (Eulerian or Lagrangian description) will be clear in each appli-
cation. In total, the incompressible rod model with respect to the director/outer
basis in spatial description is given by

System 2.8 (Nondimensional incompressible rod in director/outer basis and
Eulerian description).
Kinematic and dynamic equations in D:

or =R(q)" - (v—ur),
or=R(q)" -,
9.9 =S(w—ux)-q,
gq =5(x)-q,

d.0m + 0 (uoy) =0,

0,0v + J(ugy) =0,

2.(oyV) + o, (upyv) = oy vx W+ dn+kxn+f,
9 (emevPy - w) + 9, (upyoyP;y - w) = (EuevP, w) x w

1
+—2(8Sm+|<><m+'r><n+l).
€

Constraints and material laws:

Viscous: T=e,, Ny — Eugvasu,
3¢
= — ey (0, + J,(ux)),
3
Viscoelastic: ~ T =es, Ny — gugvé‘su,
3¢
m= E“QVPZ/S -(0,x + J,(ux)) —Deb(J,m + uo,m).

Here, the compatibility conditions (2.6) read

0T+ (UT—V)=TX W+ KXV, 2.8)
0,k + d,(uk —w) =K X W, '
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2.2. Asymptotic string models

and the time derivative in the first expression vanishes inserting any of the two
material laws (Tt = e;). Moreover, from the type concept we follow p, =A and
oy = PA in Eulerian description for the incompressible geometry model .

Remark 2.9 (Euler-stationary system). As mentioned before the Euler parameteri-
zation is suitable for stationary considerations of the flow problem. Transition to
steady state in System 2.8 yields the direct relations

i.e., the quantities v and w can be eliminated from the equations. Moreover, the
mass balance equation degenerates to d,(up,,) = 0 and the volume balance equation
reads 0,(upy ). Therefore, we can introduce the constant mass flux Q,, = up, =
upA = const [kg/s]and the constant volume flux Q, = up, = uA = const [m>/s].

2.2. Asymptotic string models

The previously considered Cosserat rod models do not result from three-dimensio-
nal continuum mechanics by considering the asymptotic limit ¢ — 0 for the
slenderness parameter €. This can be seen at the angular momentum equation
and the material laws in System 2.6/System 2.8 that include terms of order 2. In
fact, an asymptotic limit from three-dimensional considerations yields the so called
string models, which omit the angular momentum equation and the evaluation of
the director triad dynamics. Starting from a free boundary value problem based
on the three-dimensional Navier-Stokes equations a strict asymptotic derivation of
a viscous string model (with and without surface tension) is given in [67, 77]. A
string model with viscoelastic material behavior is asymptotically derived from the
three-dimensional upper-convected Maxwell model in [65]. In general, having
the theory of special Cosserat rods in mind, string models can be achieved as
simplification of rods by considering the limit € — 0. In the following we examine
this limit for the viscous rod model as done in [6]. For the elastic rod model a
suitable string model is deduced by the so called low-Mach-number-slenderness
limit, i.e., ¢ —» 0, Ma — 0 under constant ratio €/Ma = const, see [13]. In view
of viscoelastic material behavior we present the UCM string model, which has
been asymptotically derived in [65]. Note that it is not the limit ¢ — 0 of the
presented viscoelastic rod model. In the following we formulate all string models
in Lagrangian parameterization. Adopting the type concept and employing the
transformation rules from Sec. 2.1.6 the associated Eulerian descriptions follow
analogously to the rod models.
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2. Modéels for fibers and jets

2.2.1. Viscous strings

We consider the angular momentum equation of the rod model in Lagrangian
description with respect to the director basis (System 2.6) and the viscous material
laws. Assuming vanishing outer couples 1 = 0 the asymptotic limit € — 0 gives

m=20, Txn=0.
Utilizing the generalized Kirchhoff constraint yields the form
T
n= N_ - Ne3
e
for the stress vector, i.e., the shear stresses vanish (n; = n, = 0). The tension
N = n4 is specified by the viscous material law

3 Qv
N=—u—=—0de.
Re'u e2 !
The evaluation of the kinematic equations for the director triad can be neglected
and with respect to the outer basis the rod equations reduce to

System 2.10 (Viscous string in Lagrangian description).
Kinematic and dynamic equations in D:

or=v,
or=r,
o,0m =0,
dov =0,

8, (ouv) =&, (N%) +f.

Material law:

3 oy
N = g,ue—z&'te

This viscous string model equals the one given in [77], where slender body
asymptotic is employed to derive the model from three-dimensional Navier-Stokes
equations. In [67] this concept is extended to the inclusion of surface tensions.
Due to the occurance of singularities, the solvability of viscous string models, in
particular for steady considerations, is restricted to certain parameter regimes
[6, 40]. The corresponding viscous rod model (System 2.6) omits these problems
and, therefore, can be seen as a regularization of the associated string model [6].
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2.2. Asymptotic string models

2.2.2. Elastic strings

Employing the same argumentation as for the viscous string the rod model (Sys-
tem 2.6) supplemented with elastic material behavior and the classical Kirchhoff
constraint also results in a stress tensor n of the form n = Ne;, but does not
provide a material law for N. Alternatively, the low-Mach-number-slenderness
limit ¢ —» 0, Ma — 0 with ¢/Ma = const can be employed [7, 13]. With the help
of an even power series expansion and an asymptotic framework that is exact up
to fourth order this limit gives the classical Kirchhoff beam, which is also known
as Kirchhoff-Love equations when all angular inertia terms are neglected addition-
ally, for details see [13]. For simplicity we assume an arc length parameterized
reference state e’ = 1. The resulting generalized elastic string model with respect
to the outer basis is given by

System 2.11 (Generalized elastic string in Lagrangian description).
Kinematic and dynamic equations in D:

or=v,
or=m,
aIQM _OJ
0,A=0,

g EA?
at(QMV) = az: (ST)_ Maz az:g . 3:17 +M (T X 8“17) +f

Constraint and material laws:

e=|tll=1, gM=o.

Here, S = N —¢*/Ma®(EA*)/(4m)||9,7||* is used as Lagrangian multiplier to the
constraint. The quantities N = n;, M = m5 denote tension and twisting torque,
respectively. Due to the occurrence of the slenderness parameter ¢ and angular
inertia terms in the linear momentum equation System 2.11 is called generalized
string model.

2.2.3. Viscoelastic strings
Since the rod model with viscoelastic material behavior presented in Sec. 2.1.4 is
an ad hoc extension of the viscous material law to provide a consistent transition

to elastic rod behavior in the elastic limit and behaves purely viscous in the linear
momentum equation, the limit € — 0 does not result in a consistent string model.
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2. Modéels for fibers and jets

Therefore, we consider the upper-convected Maxwell (UCM) string model that is
derived with the help of slender body asymptotics in [65].

System 2.12 (Viscoelastic string (UCM) in Lagrangian description).
Kinematic and dynamic equations in D:

or=v,
or=n,
S.om =0,
d.ov =0,

8.(euv) =3 (evo ) +F.

Material laws:

o.e o 3 ude

De(@ta (20 + 3p) ; )+9 =0
e p 1 ude
e(ap+p™)+ b =—n bl

The UCM model formulates material laws for the stress o [Pa] and the pressure
p [Pa]. The corresponding reference values o, p, used for the nondimensional
formulation are given in Tab. 2.1. In the viscous limit De — 0 the UCM model
(System 2.12) coincides with the viscous string model (System 2.10) introducing
the tension N = p, 0 /e. The elastic limit De — 0o, Re — 0, ReDe = Ma? results in
explicit solution expressions for the pressure p and the stress o, see Appendix A.1.

Remark 2.13 (Reformulation). Instead of o the stress variable m = o + p can be
introduced . Then, the stress occurring in the linear momentum balance is expressed
as m — p and the associated constitutive equation reads

d.e m 2 uode
pe(gm-2m™t)+ 7= 2L
e(tm me +9 Re O e

Remark 2.14 (Small pressure). As pointed out in [65 | the pressure p is at least one
order of magnitude smaller than the stress o for fibers with high strain rates v =
d,e/e and large Deborah numbers De, in particular |p| < 0.10 if v = 0.35/(8De).
This means, the pressure equation can be neglected in such cases. In [122 ], where
the UCM model is used for studies of melt-blowing processes, this simplification is
employed instantaneously to the model equations. In our study of melt-blowing

processes we will compare the full UCM model (System 2.12) with the simplified
(pressure-free) model (cf. Sec. 6.1 and App. A.2).
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2.3. External loads

2.3. External loads

The external loads f for rod and string models and additionally I for rod models
are a key-player for the fiber behavior. In the following we assume that external
body couples are only caused by outer line force densities f, i.e.,1=0. In view of
industrial spinning processes various external loads have to be taken into account
depending on the specific manufacturing method. Nevertheless, the gravitational
force f ; and aerodynamic forces f q«ir act in all these spinning setups. Therefore,
we introduce the formulation of the gravitational force with respect to the outer
basis in the following. For the aerodynamic line force density we utilize the
air drag model given in [68]. Then, the total outer forces are given through
f = fy + fair and — if necessary — are extended by further outer forces for each
specific spinning setup in the subsequent chapters. The body forces in director
basis are obtained via transformation f =R f.

2.3.1. Gravitational force

Let g [m/s?] denote the gravitational acceleration and e, |legll = 1, be the
direction of gravity with respect to the outer basis. The gravitational force reads

fe =0omge;-

Employing the typical force line density f, as given in Tab. 2.3 results in the
dimensionless formulation

1

fg = ﬁ@Meg

with the dimensionless Froude number Fr as ratio of inertial to gravitational forces,
see Tab. 2.3.

2.3.2. Aerodynamic forces

Note that to distinguish the fiber quantities from the airflow quantities all airflow
associated fields are labeled with the index ,. In particular, v, denotes the velocity
(with respect to the outer basis), p, the density, and v, the kinematic viscosity of
the air. All these quantities are space- and time-dependent fields assumed to be
dimensionless and known - for example provided by an external computation.
The corresponding reference values used for nondimensionalization are denoted
with the index , and given in Tab. 2.3.

Adopting the air drag model from [68] the dimensionless aerodynamic drag forces
f.ir are described by means of a dimensionless air drag function F : S x R® — R3
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2. Modéels for fibers and jets

Composite reference values

Description Formula Unit
Cross-sectional radius Ry = d, m

Outer force fo=omovg/ro N/m
Air velocity Vo=V m/s

Dimensionless numbers
Description Formula

Froude Fr =vy/,/870
Air drag associated A, = p*’odovg /fo
Air-fiber Reynolds ~ Re, = dgvo/V.

Table 2.3.: Overview over composite reference values used for nondimension-
alization of the body forces and the resulting dimensionless numbers. The
following scales are assumed to be given from the specific considered setup

Om,05 Vo, Tos do, P [kg/mg], A [m?/s].

that depends on the normalized direction of the fiber tangent t = 7/e and
the relative velocity between airflow and fiber (v, —v). It reads in Lagrangian
parameterization

A, p.V? 2R
fair = eR_eE 2R F(t,Re*‘V_(V*_V)),

F(t,W) = rn(Wn)wn + rt(wn)wt‘

(2.9)

*

In particular, F is expressed in terms of the tangential w, = (w - t)t and normal
velocity components w,, = w —w,, w, = ||w,||. The occurring dimensionless
numbers are the mixed air-fiber Reynolds number Re, and the further air-drag
associated number A, (cf. Tab. 2.3). The fiber radius is denoted by R and fulfills
A = 7R?. The models for the regularized normal and tangential air resistance
coefficients r,, r, are taken from [68]

r%:zzo qn,jvgé(,w J-S(w)/2+5/16 Wn = Wo,
r,(w,) = { S(wn)(1 B X ) 325(1:4[). n), wy < w, <wy,
waexp( 3o pyjlog/(w,)), Wy <w, < wy,

2/ Wy +0.5w,, Wy < W,

fz?zo qt,jW{v , w, < Wy,
oy | 1 ) < <,
w, exp ( ijo P¢j logJ(Wn))J wy <w, <w,,

\2\/W_m Wy < W,
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2.3. External loads

with S(w,) = 2.0022—1log(w,,). It is composed of asymptotic Oseen theory, Taylor
heuristic and simulations where the transition points w; = 0.1 and w, = 100 are
estimated from a least-square approximation of experimental and numerical data.
For tangential incident flow situations (w, — 0) a regularization employs the
Stokes theory yielding the Stokes limits

]‘S— 4TC . TT rS— 27'C + TT
" log(4e1) log’(4e 1)’ © log(4e1)  2log?(4e1)’

as well as the transition point w, = 2 exp (2.0022—471 / rrf ) with the regularization
parameter € = 3.5-1072. The parameters p, ; and g, ; (k € {n, t}, j € {0,1,2,3})
ensure smoothness,

Pno = 1.6911, Ppy =—6.7222-10"",  p,,=3.3287-1072,
Pns = 3.5015-107°,
Peo = 1.1552, p.1=—6.8479-107',  p,,=1.4884-1072

Des = 7.4966-107%,

3ri(wo) — Wor;i(Wo) - 3T;f

s
ko0 =T dr1 =0, k2 = 5 s
Wo
—2r(wo) + wor (wo) + 217
qk,3 = W3 P

0

with r, = d/(dw)ry.
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3. Numerical framework

In this chapter we introduce the numerical framework for the solution of our
spinning models. Whereas in Chap. 2 we provided the 'model database’ for the
modeling of industrial spinning processes, this chapter serves as ’toolbox’ for
the corresponding numerical solution strategies. In general, the choice of the
respective numerical scheme crucially depends on the mathematical structure of
the problem. We assume that the model equations are equipped with appropriate
boundary conditions such that (Euler-)stationary formulations of the viscous rod
and string models (System 2.8 and System 2.10), which we utilize as basis for the
modeling of dry spinning and electrospinning setups (see Chap. 4 and Chap. 5,
respectively), form boundary value problems (BVPs) of ordinary differential equa-
tions (ODEs). Furthermore, the viscoelastic string model (System 2.12), which we
use for the modeling of melt-blowing processes (see Chap. 6), can be classified as
a BVP of quasilinear hyperbolic partial differential equations (PDEs). Our general
numerical solution concept for such types of BVPs is as follows: Stationary ODE
systems are solved by a continuation-collocation method, where the underlying
collocation is based on a Lobatto Illa formula [45]. For the solution of unsteady
PDE problems we adapt a finite volume scheme in space with numerical flux
approximation of Lax-Friedrichs type as well as the implicit Euler method in time
[55]. Besides these classical numerical methods for basic rod and string models we
develop a new strategy to deal with further equations: For the modeling of radial
diffusive effects in dry spinning processes we utilize advection-diffusion equations
with Robin-type boundary conditions. To solve these equations numerically, we
present an efficient algorithmic procedure that is based on the analytical solution
of the radial advection-diffusion equations with a Green’s function [10, 23, 76].
This implicitly given solution expressions result in Volterra integral equations of
second kind for the surface values with singular integration kernel, which can
be solved efficiently by the product integration method. In addition, considering
industrial spinning devices up to several hundred fibers are spun simultaneously
such that the mutual interaction of the fibers with the surrounding medium has to
be taken into account in the modeling and simulation of such processes. Whereas
for a single spun fiber the consideration of a one-way coupling is sufficient, we
employ a two-way fiber-airflow coupling for multiple fibers following the concepts
of [21, 22].
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3. Numerical framework

This chapter is structured as follows. First, we present the continuation-collocation
method for ODE systems in Sec. 3.1. In Sec. 3.2 we introduce the finite volume
scheme for hyperbolic PDE systems, where we focus on inflow problems in La-
grangian description. The product integration method for the efficient solution of
two-dimensional advection-diffusion equations with Robin boundary conditions
is presented in Sec. 3.3. To close the chapter we explain the numerical concept
of realizing fiber-airflow interactions in Sec. 3.4. In particular, we present the
computation strategy for the outer airflow fields and explain the intended one-
and two-way coupling of the fibers with the airflow.

3.1. Boundary value problems of ordinary
differential equations

We consider a BVP of ODEs

Sy=50) g0y =0 6D

depending on multiple parameters on the time-independent space domain Q =
(0,1). Here, f : R — RM is the right hand side function, g : R x R — R
the boundary value function and y : @ — R" the vector of unknowns, where
N, addresses the total number of unknowns. The numerical challenge lies in
solving the problem for arbitrary parameter settings, which requires suitable initial
guesses of the respective solutions. This problem is tackled by a continuation-
collocation method that makes the efficient and robust simulation and navigation
through a high-dimensional parameter space possible.

3.1.1. Collocation method

To solve a BVP of the form (3.1) we use a three-stage Lobatto IIla formula as
collocation scheme [45]. It is an implicit Runge-Kutta method. The collocation
polynomial provides a once continuously differentiable solution that is fourth-
order accurate uniformly in s € [0, 1]. Mesh selection and error control are based
on the residual of the continuous solution [52]. Thus, we have

Rt
6

(f(J’i)+4f()’i+1/2)+f(y1'+1))=0» g(¥o,¥n) =0,

ity
l8 (f(yH-l)_f(yi));

with collocation points 0 =5, < s; < ... < sy = 1, mesh size h; =s; —s;_; and
the abbreviation y; = y(s;), i =0, ..., N. The resulting nonlinear system of N + 1

Yini—Yi—
(3.2)

. 1
with  y; 1/, = E(yi-}—l +yi)—
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3.1. Boundary value problems of ODEs

.....

prescribed or numerically approximated Jacobian. This is a classical approach
that is provided in the software MATLAB! by the routine bvp4c.m. Its applicability
depends on the convergence of the Newton method that is crucially determined
by the initial guess. We aim for adapting the initial guess iteratively by means
of a continuation method, solving a sequence of slightly varying BVPs. Before
we explain our continuation method, we summarize some important properties
of the collocation scheme (3.2) in Lemma 3.1. These properties are well-known
from literature, but we proof them here for the sake of completeness.

Lemma 3.1. The collocation scheme (3.2) based on Lobatto Illa quadrature is A-
but not L-stable. Furthermore, the scheme is isometry preserving.

Proof. The scheme (3.2) can be written in Butcher tableau form

3 3
yi+1_yi_hi+lzbjkj:05 g(¥o,¥n) =0 with kj:f(yi+hi+lejkkk)ﬂ

j=1 k=1

i €{0,...,N —1}, and the coefficients

1 0O 0 O 1 1

A:(Ajk)jk:123=_ 5 8 —1], b=(b))ji—123=7|4
S 24 JI=RS 6

4 16 4 1

The stability function r : C — C is given as

22 +62+12

=1+zb'(1—24) '1=—"—T+——.
(=) =bi(1-z4)"1 22—6z+12

Here, 1 € R** denotes the identity matrix and 1 € R® the three-dimensional
tuple of ones. Let PR(z) denote the real part of z € C. Then, |r(z)| < 1 for all
z € C with f(z) < 0, yielding A-stability. Furthermore, limy,_,, [r(z)| =1 # 0,
which means that the method is not L-stable. Since |r(z)| = 1 for all z € C with
R(z) = 0 the scheme is isometry preserving.

[]

Remark 3.2 (Isometric scheme for unit quaternions). Parameterizing the rotational
group R € SO(3) of a Cosserat rod with unit quaternions q € R*, the property
llg|| = 1 has to be guaranteed in the numerical treatment of the evolution equations
(cf. Rem. 2.4). By the isometry of the collocation scheme (3.2) this property is

fulfilled.

!For details see http://www.mathworks . com.
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3. Numerical framework

3.1.2. Continuation method

In the continuation method we embed the BVP of interest (3.1) into a family of
problems by introducing a continuation parameter tuple p € [0,1]", n € N,

%y:f(y;l’)a g(y(0),y(1);p) =0, pe[01T",

fGO=f g¢sD=g, f0=Ff, £(,50) =g,

Here, 1 € R" denotes the n-dimensional tuple of ones. The functions f,, g, are
chosen in such a way that for p = 0 an analytical solution is known. Given this
starting solution, we seek for a sequence of parameter tuples 0 =p,,p1,---, P =
1 such that the solution to the respective predecessor BVP provides a good initial
guess for the successor. The solution associated to p = 1 finally belongs to the
original system. With the help of the continuation parameters certain terms in
the ODEs can be first excluded, then included. Also the boundary conditions
can be varied. The core of a robust continuation procedure are the choice of a
continuation path and the step size control to navigate through a high-dimensional
parameter space. They decide about failure or success because there are not always
existing solutions and several ways might be possible. Whereas the choice of
the continuation path is problem-specific, the step size control follows a general
strategy. We follow an approach that was successfully employed in studies on
glass wool manufacturing [5]. To explain the used procedure, we consider a one-
dimensional parameter space p € [0, 1]. Proceeding from an initial continuation
step size Ap,, a BVP is always solved twice by using one full step and two half
steps. If the full step requires more Newton iterations than both half steps together
or k,-times more collocation points than the second half step, the continuation
step is reduced by a factor k,, otherwise it is increased by k, for the further
computation. If the Newton method fails, the step size is reduced by a factor
k; and the computation is repeated. Certainly, it can happen that no solutions
exist for p > p..;; = 0, thus the algorithm for the adaptive step size control has
a stopping criterion that is based on a minimal step size Ap,,;,,. In particular,
we use k; = 0.1, k, = 1.5, k; = 10, Ap, = 107!, Ap,,;, = 107!, In a high-
dimensional parameter space p € [0,1]", n > 1, there might be numerous
possible but also impossible continuation paths for a specific model problem. We
describe the model-dependent continuation strategy for each spinning setup in
the corresponding chapters.
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3.2. Boundary value problems of quasilinear hyperbolic PDEs

3.2. Boundary value problems of quasilinear
hyperbolic partial differential equations

On the space-time domain D = {({,t) € R*|{ € O(t), t € (0,t,41}, O(t) =
(g, (t),Zgr(t)), we consider the general initial-boundary value problem of quasilin-
ear hyperbolic PDEs

K(y) -6,y +L(y) - 9y +1(y)=0, onD,
g(y(.(t), 1), y(Cr(t),t))=0,  fort>0, (3.3)
h(y(£,0)=0,  for e Q(0),

with matrix valued fields K, L : RM — R¥*N  the vector field 1 : RY — RM as
well as the boundary condition function g : RY x R¥™ — RN« and the initial
condition function h : R — RM. Here, y : D — R™ denotes the vector of
unknowns with N, the total number of unknowns and N,. is the number of
boundary conditions being posed. Moreover, Q(0) indicates the closure of Q(0),
i.e., 9(0) =[Z,(0),z(0)]. We assume that the time-dependent space domain
has the form Q(t) = (—t,0), t > 0, i.e., the right boundary is fixed ({z(t) = 0)
whereas the left boundary is an inflow boundary. This configuration can be
interpreted as material description for a growing fiber that enters the initially
empty flow domain on the left side (nozzle) with scalar velocity v;, [m/s]. Then,
the space domain fulfills Q(t) = (£, (t),0) with d/dt{,(t) = —v,,, {;(0) = 0. The
choice v, = v;,, as typical velocity for nondimensionalization leads to {,(t) = —t

and 9(t) = (—t,0).

The growing fiber domain is realized by dynamic and static spatial cells according
to the discretization concept in [2]. For the spatial discretization we introduce a
constant cell size A{ > 0 and define the number of dynamic cells N(t) depending
on the fiber length |{,;(t)| =t at time t

v =151 |

Al

Here |- | denotes the floor function. Furthermore, we introduce discretization
points

The points {;, i = 1,...,N(t), denote the cell centers. The dynamic cell closest to
the nozzle ({ = —t) is represented by [{,, {3/, ], whereas {1/, = 0 is the fiber
end, cf. Fig. 3.1. The jet growth is realized by adding static cells at the nozzle.
This means we add new cells at the left side of the computational domain which
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Figure 3.1.: Illustration of the spatial discretization of the growing jet domain
Q(t) (marked by the blue dashed line) with N(t) dynamic cells. Cells are
treated as static cells until they completly entered the flow domain.

are initialized by the boundary conditions at the nozzle. The static cells remain
static until they have completely left the nozzle. When they have completely
entered the flow domain, they are called dynamic cells and only then taken into
consideration for the computation. The introduction of static cells at the nozzle
allows the suitable initialization of a jet with length |, (t)| < A{ and a stable
numerical treatment of the temporal evolution.

We define the cell averages y;, i = 1,...,N(t), of the unknown quantities

Civ1/2
yi(t)=AiC J y(Z.0)de,
Cicay2

integrate the quasilinear system (3.3) over the control cells [{;_;/5,{;41/2], 1 =
1,...,N(t), in which we assume X(y)l[Ci_l/z,Cm/z] =X(y,) for X =K, L, and adopt
the idea of the Lax-Friedrichs scheme for the approximation of the numerical
fluxes as done in [34]. The resulting system of ODEs for the cell averages y; with
respect to time has the form

d 1
Ky) —yi—K(y) 550w —2yi+yi)
dt 2At
1 (3.4)
+L(y;)- m (}’i+1 _}’i—1) +1(y;) =0,
where At > 0 denotes the constant time-step size that we will use in the tempo-
ral discretization. The incorporation of initial and boundary conditions in our
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3.3. Radial advection-diffusion equations with Robin boundary conditions

numerical scheme is realized by extra (ghost) layers. Following [55] quantities
not being prescribed at a boundary are extrapolated on the corresponding ghost
layer, in particular we choose first order extrapolation.

For the solution of the system of ODEs (3.4) we employ the stiffly accurate implicit
Euler scheme with constant time-step size At > 0

1 1 At
K fH—l . (2 fH—l = fH—l = (H—l . n) +L r}+1 . r}+1 . (H—l
(yl ) yl 2y1+1 2y1—1 yl (yl ) 2A§' (yl+1 yl—l (35)

+Atl(yr*) =0,

with y? = y;(t") and t" = nAt forn=0,...,M, t" = t,,4. The resulting nonlinear
system of equations is solved by a Newton-method with Armijo step size control
and the Jacobian of the system matrix is prescribed analytically. The break-up
criterion of the Newton algorithm is set to an absolute error tolerance tol = 1078
with respect to the maximum norm.

Remark 3.3 (Artificial diffusion). The semi-discrete system (3.4) can be seen as a
spatial discretization of

K(y) -0y +L(y) 0,y +U(y)=K(y) m;y

with n = (A{)?/(2At) by means of a central approximation of the flux terms. This
means we add artificial diffusion of magnitude 7 to our system as it is common for
classical Lax-Friedrichs schemes.

Remark 3.4 (Convergence of numerical scheme). As it is well-known from classical
literature (e.g., [55]), the numerical scheme (3.5) provides accuracy of order one with
respect to the time and accuracy of order two with respect to the space discretization
yielding a combined convergence of order one. In [25, 34, 71 ] a similar scheme has
been investigated with respect to a stability concept for non-conservative hyperbolic
PDEs. For a numerical convergence study we refer to Appendix B.1.

3.3. Radial advection-diffusion equations with
Robin boundary conditions

We consider a BVP with Robin-type boundary condition of the form

8 =000 =0,

¢|x=0 - Qpin’ 3r’L/J r=0 0, 3r1/) + b:

r=1 = Cl’L/J

r=1
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3. Numerical framework

with v : [0,1]* = R, (r,x) — (r,x), as well as functions a,b : [0,1] —
R and constant );, € R. If the function a is constant, the solution can be
given analytically in terms of an explicit expression. For non-constant a we treat
the Robin boundary condition as Neumann boundary condition depending on
Y|,—; and find an implicit solution expression for 1 with Green’s function g in
[10, 23, 76], for details see Appendix B.2. The solution expression reads

Y(r,x) =1, + 27'5[ g(r,x —x"Yk(x',y(1,x"))dx’, (3.6)
0

with g(r,z) = % (1 + mZ:; % exp(—ﬁiz)) , k(x,y)=a(x)y + b(x),

where J; denote the i-th Bessel functions of first kind and f3,, > 0, m € N, are
the (non-trivial) ascending zeros of the first Bessel function of first kind, i.e.,
J1(B,,) = 0. These values are tabulated in literature, see e.g. [23]. For v |,—; the
solution expression yields a Volterra integral equation of second kind

X

Y(1,x) =Y, + 27‘CJ g(1,x —x"k(x',y(1,x"))dx’, (3.7)

with g(1,2) = % (1 + Z exp(—ﬁiz)) .
m=1

The integral kernel g is singular for z = 0. Therefore, numerical integration in the
sense of quadrature formulas cannot be applied directly to the integral in (3.7),
because they involve the evaluation of the integrand function at or close to the
singularity. Hence, we use the product integration method, which means substi-
tuting the function k(-,(1,-)) piecewise by Lagrange interpolation polynomials
and employing iterated integration by parts to isolate the singularity of the kernel
function g. We choose two different kinds of interpolation polynomials,

(i) constant polynomials corresponding to the implicit Euler method,

(i) quadratic polynomials with nodes corresponding to the Lobatto IIla colloca-
tion scheme (3.2).

Product integration associated to the implicit Euler scheme

Let 0 = x5 < x; <... < xy_= 1 be the mesh points in x-direction. Substituting the
integrand function k( 1/)(1 -)) piecewise by constants in the sense of the implicit
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3.3. Radial advection-diffusion equations with Robin boundary conditions

Euler scheme and subsequent integration yields method (i)

1/)0+27IZJ g(1,x; —x") k(x;,2;)dx’

:¢0+2n2(—gfj_1)+gl.(:1)) k(x;,v;), i=1,..,N,,
j=1

with ¢; =y(1, x;), Y, = ¢;,, and the primitive

gV =gP(Lx—x), g Vrx)= f g(r,x")dx’,

0
which can be evaluated analytically. This results in the linear system of equations
(I —-2nH) Y =Y+ 27h

for the unknown vector ¥ = (¢, ...,y ) € R™. Here, ¥ = 1,1 € R and the
matrix H € RVNx as well as right hand side vector h € R are given as

H = G - diag(a), h=G-b,

where G = (G;;); -

.....

—1 —1 . . .
G = —gi(j )+gl.(j_1) ,if1<j <1,
Y 0 ,else,
and a = (ay,...,ay ) € R™, b = (by, ..., by ) € R™ using the abbreviations a; =
a(x;), b; = b(x;). The system matrix (1 —27H) is lower triangular such that the
linear system of equations can be solved by forward substitution.

Product integration associated to the Lobatto llla method

We consider method (ii), i.e., we substitute the integrand function k(-,4(1,-))
piecewise by quadratic interpolation polynomials with nodes corresponding to
the Lobatto IIla collocation scheme (3.2), which we use for the solution of BVPs
of ODEs (cf. Sec. 3.1). For the mesh points x;, i = O,...,N,, with mesh size
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3. Numerical framework

l; = x; — x;_, we write

(x/ xj—l/z)(x/_xj)

Xj—1— j—1/2)(xj—1 _xj)

1/J0'|'27'CZ:J g(1,x; —x)(k(x] LY 1)(

(x/ _xj—1)(xl _xj)
(xj—l/z _Xj—l)(xj—l/z - Xj)
(x" = x;)(x" = X1 2) ) dx’,
(xj_xj—l)(xj_xj—l/z)

+k(xj_1/2, Y 5-172)

+ k(x;,7;)
where

Xj—1/2 = %(xj—l +x;), Y =9(,x;),
l.
Vg = %(wj—l +;) + gj (k(xj—1:¢1—1) — k(xjawj))-

Applying integration by parts consecutively three times yields again a linear system
of equations

(1—27H) 4 = o + 27h

for the unknown vector ¥ = (¢, ...,y ) € R™ with matrix H = (H;;); j=1._n. €
RNXXNX

a;j(Ajj41+Cj)+ DBy +EB; if1<j<iAi>1,
Hij == EiBii + aiCl'i ’lfJ = i’
0 ,else,

as well as right hand side vectors ¢, =1 € R™ and h = (h;),=;,_y € R™

.....

h _lljo(aoAll—'_Dl 11/(27T))+Z j— 1A1]+b C +FBl])

j=1
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3.3. Radial advection-diffusion equations with Robin boundary conditions

Here, we use the abbreviations

_ 1 4 _ _

_ ) (2) | o, (2) (-3) | ,(-3)

Aii—gij—l_f(g +3g ) + 5 (g7 +852).
J

By =1 (857 +¢5 %)~ (—e5 ™V +5),
J

_ 1 4 _ _
D 2, (-2) (-3) , _(-3)
Cij =—8;; __,(Bgij *8ij- 1)+lz( 8ij +gij_1),

Dy = 5412+ %1205, B = g%n T g%y
L.
J

F] = aj_l/zg (bj—l - b]) + bj—l/ZJ

as well as a; = a(x;), b; = b(x;) and the primitives

X

gl(] Y =gt(1, x, —x;), §7(rx)= f g D(r x)dx!, veEN,
0

g(r,x) = g(r,x),

which can be evaluated analytically. Again the system matrix (1 —27tH) is lower
triangular, such that the linear system of equations can be solved by forward
substitution.

Remark 3.5 (Computation of profiles). For the computation of the radial profiles we
introduce an equidistant grid in r-direction with points 0 =ry <r; <..<ry =1,
N, € N. Then, for given solution ¢ (1, x;) we fix a point r;, 0 < j < N,. Considering
the solution expression (3.6) the solution 1 (r;, x;) is calculated straightforwardly
foralli=1,...,N, by integration utilizing the respective product integration method
(i) or (ii).

Remark 3.6 (Stability for stiff problems). Considering the scalar-valued test-
problem y(s)=1+ A4 f ; y(t)dt with A € C is usual practice to analyze the stability
of numerical methods for the solution of integral equations. Due to the fact that for
this test-problem product integration methods are equivalent to the corresponding
methods for ODEs, the product integration methods inherit the stability of these
underlying methods. This means our method (ii) based on Lobatto Illa collocation is
A-stable but not L-stable (cf. Lemma 3.1). Thus, it can lead to oscillations for very
stiff problems. Method (i) possesses A- and L-stability due to the underlying implicit
Euler scheme. We will discuss this stability issue as well as the respective order of
convergence in App. B.3. For our applications we suggest the following procedure:
We choose the higher order method (ii) as standard product integration method. If
oscillations occur, we switch this product integration method to method (i) lowering
the order of convergence but increasing the stability.
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3. Numerical framework

3.4. Fiber-airflow interaction

Considering industrial spinning setups one or multiple fibers are spun by injecting
one or several polymeric jets from a nozzle into an air stream. The nature of this
airflow has a deep impact onto the behavior of the fibers. If multiple (possibly
several hundred) fibers are spun simultaneously, these fibers itself affect the
properties of the airflow. Thus, for multiple fibers a two-way coupling between
the fibers and the airflow has to be taken into account, whereas for one fiber it
is usually sufficient to consider a one-way fiber-airflow coupling neglecting the
fiber’s impact on the flow.

In three-dimensional modeling the coupling between fibers and airflow can be re-
alized with the help of interface/boundary conditions at the lateral fiber boundary.
In our one-dimensional description of the fibers in terms of the special Cosserat
theory such lateral boundary conditions cannot be posed. Thus, the coupling has
to be realized by exchange models. Regarding the fibers the momentum exchange
is realized by the air drag model (2.9) for the force fair. Additionally arising heat
and mass exchange are modeled with the help of heat and mass flux terms (see
Chap. 4 for heat and mass transfer through solvent evaporation). In the following
we representatively consider the heat exchange and denote the associated flux
term with q,;,. The exchange models for fair and q,;, depend on the airflow data.
For one-way coupling the required airflow fields are computed once before starting
the fiber computation and plugged into the air drag function as well as in the
heat and mass transfer models. For two-way coupling additional exchange terms
are included in the airflow model. The loads induced by the fibers are denoted
by f rip and the heat sources by q;;;,. The exchange models are constructed in
such a way, that the principle of action equaling reaction is fulfilled, cf. [21, 22].
The two-way fiber-air-interaction is realized by a weak coupling algorithm which
iterates between fiber computations and airflow simulations. This procedure
allows the combination of self-implemented code for the fiber dynamics as well as
a commercial software for the air dynamics and was successfully used in studies
on glass wool manufacturing [5].

We employ ANSYS Fluent?, a finite-volume-based software, that contains the
broad physical modeling capabilities to describe airflow, heat and mass transfer
for spinning processes. The airflow is assumed to be stationary and modeled using
(Euler-)stationary compressible Navier-Stokes equations on the domain Q, C E3
representing the considered spinning device. The equations give relations for the
density p, [kg/m?], the velocity ¥, [m/s] as well as the temperature T, [K] of

2For details on the commercial software ANSYS Fluent, its models and solvers we refer to
http://www.ansys.com.
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3.4. Fiber-airflow interaction

the air (cf. [5])

V-(p.v,)=0
V- (p.9,89,)=V 5" +p,gé, + f i, (3.8)
V-(p.e9.)=5,:V9,—V-q, +qs

These equations are supplemented with the Newtonian stress tensor X, [Pa], the
Fourier law for the heat conduction ¢, [W/m?] as well as thermal and caloric
equations of state for an ideal gas

5. =—pI+pV.(VP, +(VP)D+EV V.1,
g.=—AVT,,
T,

p*:p*R*Tﬂ e*ZJq*(T)dT_&
Jo;

*

0

Here, p, [Pa] denotes the pressure, e, [J/kg] the inner energy, R, [J/(kgK)]
the specific gas constant, v, [m?/s] the kinematic viscosity, £, [Pas] the second
viscosity, q, [J/(kgK)] the specific heat capacity and A, [W/(mK)] the heat
conductivity of air. Moreover, I € E3 ® E? is the identity tensor and : denotes the
scalar product for rank-two tensors. External forces originate from gravity with
direction é, and the induced load from the immersed fibers f sip [N/ m>]. The
fibers also imply a heat source q;;, [W/ m?] in the energy equation. If solvent
evaporates out of the fibers an additional mass balance for the solvent gas in the
air is incorporated including a mass source term.

For one-way couphng the fiber induced loads as well as heat and mass sources
are neglected, i.e. f fib = =0, q¢ip = 0. For two-way coupling the exchange models
are constructed in such a way, that the principle of action equaling reaction is
fulfilled and hence the momentum, heat and mass is conserved, i.e.,

f kair(SJ t)dsz_fkfib(fat)di; ke {.?Jq}:

Qy (1) 14

for an arbitrary domain V c E® and Q,(t) = {s € O(t)|#(s,t) € V}, cf. [5]. To
close the equations boundary conditions depending on the specific inflow situation
and device geometry have to be chosen. The fiber associated exchange models
(]_é Fibs dfibs etc.) are incorporated by user defined functions (UDFs).

Considering M representative fibers, M € N, and neglecting fiber-fiber-interactions,
the solutions for all fibers are computed in parallel by either of the numerical
solution schemes from Sec. 3.1 or Sec. 3.2, which are implemented in MATLAB.
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3. Numerical framework

Because of the different discretizations of airflow and fibers, the exchange of
airflow and fiber data between the solvers requires interpolation and averaging.
For the air associated exchange models (fair, d.ir> €tc.) the airflow data are
linearly interpolated on the fiber grid used in the collocation method. For the
fiber associated exchange models (f fib» rip» €tC.) entering the finite volume
scheme, the information of all fibers is spatially averaged over each cell volume.
Since the interpolation and averaging strategies are qualitatively different, the
conservation principles are only ensured for very fine resolutions. Moreover, note
that due to the underlying finite volume approach the computed airflow data
are cell-averaged quantities. In this context the numerical cell-averaging can be
interpreted as homogenization strategy for the exchange models that is necessary
to avoid the occurrence of singularities and the failure of the two-way-coupling.
For details we refer to [22] for the two-way-coupling within an asymptotic mod-
eling framework, to [21] for the homogenization and to [5] for the algorithmic
procedure.

Let S and S, be the algorithmic simulation procedures to obtain the quantities
¥ = (¥,), k € {1,...,M}, of the M fibers and the quantities ¥, of the airflow,
respectively. Then, the basic coupling algorithms have the following form:

Algorithm 3.7 (One-way fiber-airflow coupling).
(1) Perform an airflow simulation S, without fibers to obtain W,.

(2) Calculate ¥, = S(¥,) for all fibers k =1, ..., M (mostly M = 1).

Algorithm 3.8 (Two-way fiber-airflow coupling).
(1) Perform an airflow simulation S, without fibers to obtain WV,
(2) Fori> 1, calculate \plgi) = S(¥W) for all fibers k = 1,...,M and afterwards

compute the new airflow data ¥V = S, (¥W), as long as || ¥O—wD|| > tol
for given tolerance tol.

Remark 3.9 (Hardware and software configuration). If not stated otherwise, all
forthcoming computations have been done on a system with an Intel Core i7-6700
CPU (4 cores, 8 threads) and 16 GBytes of RAM. Furthermore, the MATLAB version
R2016b and the ANSYS Fluent version 18.1 have been used.
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4. Fiber spinning with evaporation
effects in airflows

In this chapter we examine fiber production processes which are crucially driven by
solvent evaporation effects. In the following we focus exclusively on dry spinning
that can be seen as prototype of such processes. Nevertheless, the following
strategies and concepts can easily be adopted to other spinning scenarios where
solvent evaporation takes place. Dry spinning itself is a widely used production
method for fibers which consist of polymers that must be dissolved in solvent, as
for example cellulose acetate, polyacrylonitrile, polyurethane, benzene and many
more. As schematized in Fig. 4.1 dry spinning devices essentially consist of jet
nozzles (spinneret) through which a polymer diluent solution is fed at constant
and controllable rate through up to several hundred holes into a spinning duct.
From these holes of the spinneret the fibers form out, are pulled down by gravity
and either laid down on a conveyor belt or drawn down by a take up roller. In
the spinning duct the fibers are dried by a heated airflow, which is often blown
in at the bottom of the duct and exhausts at the top such that the air forms a
counter-current to the fiber flow direction. During this drying process solvent
evaporates out of the jets and leads to thinning and solidification of the spun

fibers.

In the last 50 years, several work has been spent to examine the dry spinning
process. One of the first mathematical models was developed by [35], who
employed a species transport equation to predict the solvent concentration in
a combined theoretical experimental study. A comprehensive one-dimensional
dry spinning model was introduced in [74, 75]. There, averaged mass balance
equations for the two species (polymer and diluent) as well as averaged momen-
tum and energy balance equations were considered. The balances for solvent
concentration and temperature were found to depend crucially on the values at
the fiber boundary, which involves the need for radial resolution of the process.
This was taken into account through two-dimensional balance equations. A cou-
pling was realized by adjusting corresponding boundary conditions for surface
values of the fiber. In [16] theoretical results based on a two-dimensional model
with concentration-dependent thermal conductivity as well as concentration- and
temperature-dependent diffusivity and viscosity were compared with an experi-
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4. Fiber spinning with evaporation effects in airflows

spinneret

fibers

_I_: air inlet

take up roller

Figure 4.1.: Sketch of a typical dry spinning device with take up of the produced
fibers at the bottom side of the spinning duct.

mental setup of a cellulose acetate/acetone system. The forming of radial profiles
for polymer concentration (mass fraction) and temperature in the fiber was ob-
served. A complete combined theoretical and experimental study of dry spinning
of a cellulose acetate/acetone system was presented in [88], where detailed
laws for the concentration- and temperature-dependence of physical properties
including diffusivity, elongational viscosity, heat and mass transfer coefficients
are specified and incorporated in a coupled one- and two-dimensional model
setup. All the addressed studies used exclusively viscous constitutive equations.
The works of [41, 42] extended the models by incorporating viscoelastic material
laws. Apart from that, the effect of solvent evaporation was taken into account
in mathematical models for several other spinning processes like wet spinning
[127] and electrospinning [117, 120].

Until now the existing literature solely considers interactions of the simulated
fibers with an airflow that is assumed to be constant or measured in experiments.
However, in industrial applications we are faced with devices having spinnerets
with densely packed holes producing many fibers (possibly several hundred)
simultaneously, so that also the fibers visibly affect the surrounding air. This
creates the need of a fully two-way coupled simulation of the dry spun fibers
immersed in the airflow, at which we aim in this chapter. The direct numerical
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simulation of the three-dimensional multiphase-multiscale problem is computa-
tionally extremely demanding and thus in general not possible. Therefore, we
employ a dimensionally reduced fiber model in the sense of rods or strings. For
such types of models we design efficient solution algorithms such that simulations
of dry spinning processes with two-way coupled fiber-airflow interactions become
feasible.

Since the rod and string models for fibers as given in Chap. 2 do not contain mass
and heat transfer effects induced by solvent evaporation, we extend these models
in this chapter to incorporate such effects. We proceed from a three-dimensional
free BVP for a viscous uni-axial radially symmetric two-phase flow, from which we
deduce a dimensionally reduced fiber model following the asymptotic concepts of
string models. Employing cross-sectional averaging we obtain one-dimensional
equations for fiber velocity and stress that we combine consistently with two-
dimensional advection-diffusion equations covering the cross-sectional variations
of polymer mass fraction and temperature. These one-dimensional equations
basically equal a viscous string model for an uni-axial fiber in (Euler-)stationary
description, cf. System 2.10. In order to describe curved fibers we extend the
uni-axial model framework to a viscous Cosserat rod model, which in its basic
equations corresponds to System 2.8 in (Euler-)stationary description, cf. Rem. 2.9.
For the numerical treatment of the one-dimensional ODEs and the coupling with
the two-dimensional PDEs we employ the continuation-collocation algorithm
presented in Sec. 3.1. All previously named works concerning dry spinning use
some types of finite differences for the solution of the involved two-dimensional
problems. We cannot utilized such methods since they are time-consuming and
the intended further coupling with airflow simulations easily leads to non-practical
computation times. Therefore, we employ our algorithmic procedure based on
the analytical solution of the radial advection-diffusion equations with a Green’s
function and the product integration method for the resulting Volterra integral
equations with singular kernel as presented in Sec. 3.3. This approach turns out
to be very efficient and allows the realization of two-way coupled fiber-airflow
simulations with the help of the coupling procedure presented in Sec. 3.4.

This chapter is structured as follows. Starting from a three-dimensional free
BVP for viscous uni-axial dry spinning, we derive our dimensionally reduced
(one-two-dimensional) fiber model, which we extend to the description of curved
fibers based on the theory of Cosserat rods, in Sec. 4.1. Moreover, we introduce
closing models for the heat and mass transfer. In Sec. 4.2 we explain the specific
continuation strategy for the numerical solution of the involved one-dimensional
parametric BVPs and the utilization of the product integration method for the two-
dimensional profiles of mass fraction and temperature. In addition, the coupling
of the one- and two-dimensional model equations in combination with the two-
way coupling concept for fiber-air interactions is explained. The computational
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4. Fiber spinning with evaporation effects in airflows

efficiency of our reduced model as well as its good approximation quality with
respect to the original three-dimensional problem are demonstrated in Sec. 4.3.
In Sec. 4.4 we consider industrial dry spinning. First we investigate the uni-
axial dry spinning setup of [88] with device geometry and air inflow as given in
Fig. 4.1 and present simulation results with two-way coupled fiber-air interactions.
Subsequently, this setup is modified to an air inflow situation leading to curved
fibers. There, we employ our curved fiber dry spinning model and also present
simulation results with mutual fiber-air interaction effects. Note that the derivation
of the three-dimensional free BVP for viscous uni-axial dryspinning has been pre-
published in [112]. The derivation of the dimensionally reduced uni-axial fiber
model, the study of its computational efficiency and approximation quality as
well as the investigation of the uni-axial industrial setup have been pre-published
in [110]. The extension to curved fibers and associated simulation results have
been pre-published in [115].

4.1. Viscous fiber dry spinning model

In this section we develop our dry spinning models (uni-axial and curved) for
a single viscous fiber in a surrounding airflow. Since in dry spinning processes
no relevant transient effects occur, we restrict our study to steady considerations.
We start with balances for mass, momentum as well as energy for the single
phases of a two-phase flow and formulate a three-dimensional free BVP for an
uni-axial fiber with the help of the mixture model ansatz. Under the assumptions
of radial symmetry and slenderness we derive a dimensionally reduced model that
contains the radial diffusion effects of polymer mass fraction and fiber temperature
in combination with the tangential information of fiber velocity and stress. To
describe curved fibers in dry spinning processes, this dimensionally reduced uni-
axial fiber model is extended to a viscous Cosserat rod model. In such curvilinear
setups the choice of a Cosserat rod model is appropriate to avoid singularities
which might arise for string models in certain parameter regimes, cf. Chap. 2.
Finally, appropriate heat and mass transfer models are employed to close the so
derived dry spinning models.

4.1.1. Three-dimensional uni-axial fiber model
First, we introduce an (Euler-)stationary three-dimensional dry spinning model
for a viscous uni-axial fiber. Let Q C E2 be the a priori unknown fiber domain

whose boundary 0 Q =T, UT;, UT,, consists of the fixed inlet at the nozzle T},
the free lateral fiber surface I}, and the outlet I, ,. In O we consider balance
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4.1. Viscous fiber dry spinning model

laws for mass, momentum and energy for the two phases i, i € {p,d} — polymer
and diluent. Thereafter, we employ the mixture model ansatz according to [64]
to reduce the balance laws for momentum and energy for the single phases to
balance laws for the mixture. The quantities for the single phases are indicated
by the respective index i, i € {p, d}. Note that throughout this chapter we use the
terms ’diluent’ and ’solvent’ synonymously.

Phase balances

We start with an invariant description of the model equations in the Euclidean
vector space E®. Let p; [kg/m®] and ¥, [m/s], i € {p,d}, be the partial densities
and velocities for the polymer and diluent phases in the mixture. Assuming an
Eulerian (spatial) description, the stationary mass balances for the two phases
read

V- -(p;v;) =0, ic{p,d}. (4.1a)

The stationary momentum balances for the polymer and diluent phases are

with the respective stress tensors X; [Pa]. The fields fl [N/m3] denote the body
force densities acting on phase i. Neglecting effects of inner friction, convective
terms due to pressure fluctuations as well as energy transfer caused by body forces,
the stationary energy balances for the polymer and diluent phases are modeled as

v(phl‘_;l):v(clv'r')) lE{p,d}, (41C)

where h; [J/kg] are the partial specific enthalpies of polymer and diluent in the
mixture, p [kg/m?] denotes the density of the mixture and the right hand sides
represent the energy transport by heat conduction at mixture temperature T [K]
and thermal conductivities C; [W/(mK)].

Mixture model ansatz

The mixture model ansatz according to [64] treats the two phases (polymer
and solvent) as interpenetrable continua. Its idea is to consider only one linear
momentum equation as sum of the phase balances (4.1b) and only one energy
balance equation as sum of (4.1c). The mixture density p, mixture stress tensor
¥, total body force f, mixture specific enthalpy h as well as the mixture thermal
conductivity C are the sums of the quantities of the single phases, i.e.,

k=k,+ks;,  ke{p,% f,hC}.
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4. Fiber spinning with evaporation effects in airflows

For the mixture we assume ideality, i.e., the volume does not change under mixing
and the enthalpy of mixing is zero. This leads to the relations

Pp | P4 .
1:_0+_0, Phl:Plh?a lE{p,d},
Py Pq

where p?, h? denote the material densities and specific enthalpies of pure polymer
and solvent. These material parameters might be specified depending on the
temperature. Together with the definition of the mixture specific enthalpy h the
relation for the enthalpies results in the more common expression

h="rpo 4 Pdyo
prop

The temperature derivatives of hg, hg and h are in particular the specific heat
capacities qg, q) and q [J/(kgK)] for constant pressure, yielding

Je
g=-2 g+& 9.
p P p

Here, we used the fact that the mass fractions of the single phases do not explicitly
depend on the temperature, i.e., 3;(p;/p) =0, i € {p,d}. For the stress tensor X
we assume incompressibility and a Newtonian fluid with dynamic mixture viscosity
u [Pas], ie., ¥ = —p_f + u(Vy + (V¥)") with mixture pressure p [Pa], mixture
velocity ¥ [m/s] and I € E*® E® denoting the identity tensor. The definition of the
mixture velocity vV requires a special treatment: Since the intended consideration
of only one linear momentum balance does not close our model, we have to
employ constitutive relations for the differences between the phase velocities and
the mixture velocity. In our dry spinning scenario we consider the polymer phase
as dominating phase and the diluent phase as secondary phase. Therefore, we fix
the polymer velocity as mixture velocity, i.e., vV = ¥ ,. Then, only one constitutive
relation for the difference between the mixture velocity and the diluent velocity
V,q4 = V—V, is needed. We use Fick’s law in a version, which is linear with respect
to the diluent mass fraction p,/p, namely p,V ,4 = pDV (p4/p), with D [m?/s]
denoting the diffusion coefficient of the diluent in the polymer. This formulation
of Fick’s law is appropriate to obtain an efficiently evaluable quasilinear advection-
diffusion equation for the polymer mass fraction in the dimensionally reduced
fiber model (cf. Sec. 4.1.2). Employing v = v, and Fick’s law the mass balances
for polymer and diluent (4.1a) become

V- (p,¥) =0, v-(pdv)—v-(ppv(%)) —0.
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4.1. Viscous fiber dry spinning model

Moreover, summing up the momentum phase balances (4.1b) and neglecting
diffusive parts in the stresses yields the mixture momentum balance

v-(pv®17)—v-(pp(v®v(’;d)+v(':")® D v-5T4F

Analogously, using Fick’s law and the phase balances (4.1c) we obtain the total
energy balance for the mixture

V- (oh¥)—V - (hOpDv(';d)) —V-(CVT).

Three-dimensional dry spinning model

Introducing appropriate boundary conditions, the stationary free BVP for the fiber
unknowns p,, p, ¥, T and Q is given by

System 4.1 (Three-dimensional free BVP).
Balance laws in Q:

V-(p,v)=0

V-(p9)=V , (pDV(’;‘*)),

V-(pﬁ@ﬁ)—V-(pD(V®V(€)Od)+V(l;d)® )) v-3T+38,

V- (ph¥)—V- (hOpDv(’;‘iD =V -(CVT).

Kinematic, dynamic, mass and heat flux respective boundary conditions on I},.:

V-n=0,
Sd=Ff,
Pd _ . _[Pa_ Pdx
_pDv 0= Je=Y\| —— 5
P P O«

—CVT-i=jr+j(6—h), jr=a(T—T).
Inlet boundary conditions on T},:
17 = ‘—;in’ Pa = pd,im T = Tin'

Outlet boundary condition on T, ,:

Constitutive laws:

5 =—pI +u(V¥ + (V9)D).
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4. Fiber spinning with evaporation effects in airflows

Here, we consider body forces due to gravity; i.e., f = g, as well as surface forces
f; [Pa] due to the surrounding airflow. The geometry is specified via the kinematic
boundary condition on I}, with unit outer normal vector #i. At the lateral fiber
surface the diluent density has a jump due to the solvent evaporation, moreover,
it changes rapidly in the boundary layer that the surrounding air forms around
the fiber. The diluent mass flux j. [kg/(m?s)] in the aerodynamic boundary layer
can be modeled by the difference of the diluent density in the air at the fiber
surface ¢, [kg/m?] and away from the fiber Pa.. kg/ m?3] with convective mass
transfer coefficient § [m/s], i.e., j. = B(c. —pq.).- Letc=p,/p =1—py/p
be the polymer mass fraction, then we particularly use a formulation for j. in
terms of the mass fraction associated transfer coefficient y = o, [kg/(m?s)]
with o, = ¢,p/p4 [kg/m3] in System 4.1. The temperature is continuous at the
fiber surface, whereas the heat flux has a jump because of the heat exchange in
the air due to the solvent evaporation with evaporation enthalpy & [J/kg] of the
diluent. In the aerodynamic boundary layer the heat flux j, [W/m?] is described
— analogously to the mass flux — by the difference of the temperature at the fiber
surface and away from the fiber T, [K] with heat transfer coefficient a [W/(m?K)].
The parameters 6 and ¢, might be functions of ¢ and T, whereas the transfer
coefficients a and 8 depend on the state of the surrounding airflow and especially
on the relative velocity between fiber and airflow. In System 4.1 the surrounding
airflow is assumed to be known in the sense that the quantities fi, Paq.and T, as
well as the airflow dependencies of a and 3 are given for each point of the fiber
surface. Moreover, the parameters D, C and u might depend on the mass fraction
¢ and temperature T with suitable models assumed to be available.

Remark 4.2 (Mass transfer). The used formulation of the diluent mass transfer j.
is motivated from the fact that at the fiber surface the diluent density in the air is
mainly linearly proportional to the diluent density in the fiber; i.e., ¢, ~ pg4. Setting
¢, = (pq/p)o. separates the linear part from the remainder p,. The mass transfer is
principally driven from the linear part in terms of a Robin-type boundary condition,
whereas the remainder p, is incorporated in the transfer coefficient y = fp,. This
splitting might allow a different treatment of the terms, which becomes essential for
our numerical treatment of the problem.

Remark 4.3 (Incompressibility). Considering the mass balance equations for poly-
mer and diluent, assuming constant material densities pg, pg and using the density
relation for an ideal mixture yields

v. (17 = %Dv(&)) — o,
Py \p

i.e., the flow field is not exactly incompressible with respect to the mixture velocity
field v. Nevertheless, we assume an incompressible form of the Newtonian stress
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4.1. Viscous fiber dry spinning model

tensor i’, which is justified by very small diffusive velocities being present in industrial
applications.

Alternatively, the mixture model theory might also allow the definition of the mixture
velocity V as linear combination of each singular phase velocity in such a way that
V - v =0 holds. But this ansatz yields diffusive terms in the polymer mass balance
equation. Since we aim for a constant polymer flux over the fiber cross-sections, we
do not employ it.

4.1.2. Dimensionally reduced uni-axial fiber model

In slender body theory viscous fibers are usually described by one-dimensional
rod or string models (cf. Chap. 2). However, for dry spinning the radial resolution
of mass fraction and temperature is essential due to the evaporation of solvent
[74, 75]. Combining the relevant two-dimensional aspects with one-dimensional
averaged balances, we propose a dimensionally reduced model that is of good
approximation quality and very efficiently evaluable.

Considering a single fiber we introduce the fixed orthonormal basis {d, d,, ds} C
[E* as depicted in Fig. 4.1. The body force satisfies § = p gd, with gravitational
acceleration g and the fiber midline is characterized by a constant unit tangent
7. Without loss of generality we assume T = d5. In addition, we impose the
following assumptions on setting and relevant effects.

Assumption 4.4 (Setting and fiber geometry). The setting is assumed to be uni-
axial, radially symmetric for all fiber quantities and model parameters. In particular,
the fiber domain Q is given by the fiber length L and the smooth radius function
R:[0,L] — R* such that

Q = {(leXZJS) € ]Rg | (XI)XZ) € A(5)7 S [O,L]},
with cross-sections

A(s) ={(xy,x,) € R2| X, =rcosp, x,=rsinp, r € [0,R(s)], ¢ €[0,2m)}.

Then, the lateral free fiber surface I}, can be parameterized in terms of the bijective
function &§ : [0,27) x [0, L] — T}, with §(¢,s) = (R(s) cos ¢,R(s) sin ¢, s) and its
outer normal vector n with respect to the fixed basis {d,, d,,ds} (for the coordinate
terminology see Notation 2.1) is given by

0,& x 9,§ 1

©® S .

—————(p,s) = (cosp,sinp,—dR(s)). (4.2)
10,8 x 3, V1+ (3R(s))2 ’
Obviously, I}, can be identified with A(0) and T, with A(L). Moreover, it is
often convenient to consider the two-dimensional domain 9., = {(r,s) € R?|r €

n(p,s)=
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4. Fiber spinning with evaporation effects in airflows

(0,R(s)),s €(0,L)} c Q with cylindrical coordinates and the associated orthonor-
mal basis {d,,ds}.

For the subsequent dimensional reduction of the three-dimensional model (Sys-
tem 4.1) we propose a further assumption.

Assumption 4.5 (Diffusive effects). The diffusive effects in mass and heat transfer
are assumed to be small. Because of the fiber slenderness the diffusive terms that
contain radial derivatives are considered of relevance, whereas all others are neglected.

Dimensional reduction

We proceed from System 4.1. For the cross-sectional averaging we introduce
the following notation for any differentiable and integrable scalar-, vector- or
tensor-valued function f on Q with n = (ny,n,, n3) being the unit outer normal
vector of I},

(flaw = J J(x1,x5,8) dxydxy, (Floas = f ﬁdl'

A(s) JA(s)

In particular, A(s) = [A(s)| = (1) 4 and |0 A(s)| = (1), 45 denote the measures
of cross-sectional area and boundary at any point s € [0, L]. According to the
divergence theorem the averaging rule

(V- Fhaw =0T la) e+ (F " ) oae

holds [77]. We apply it on the three-dimensional balances for polymer mass
and momentum, incorporate the boundary conditions on I}, and make use of
Assumptions 4.4 and 4.5. In particular, due to the uni-axial, radially symmetric
setting, the averaged momentum balance becomes a scalar-valued equation for
the s-component and the boundary integral simplifies to (f); 4 = f | aal0Al

8s(cpv3>.,4 =0, as<pv§>.A = as]\/v + (pg>A +fair - (jcv3)ia.4|a“4|;

with N = ((2-ds)-ds) 4 = (—p+2ud,vs) 4 and f,;, = (f.-ds) 4. Obviously, by the
averaging the radial information of the velocity components v =V -d3, v, =V -d,.
and the pressure p gets lost. Therefore, we impose the following assumption that
— as well as Assumption 4.5 — might be justified by asymptotic analysis (see, e.g.,
[77] for profiles for v; and p).

Assumption 4.6 (Velocity and pressure profiles). The velocity components are
considered to have the form v;(r,s) = u(s) and v,(r,s) = r/R(s) v, |5 4¢s)(s), while
the pressure is p(r,s) = —u(c, T)ou(s).
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4.1. Viscous fiber dry spinning model

All together the one-dimensional averaged polymer mass and momentum balances
become

o ({cp(c, T)) 4u) =0,
8.((p(e, T au?) = &N +g(p(c, T o+ fu —wie(e, )|, JOA,  (43)
N = 3(“(63 T))A asu,

where p, u and j. are functions of mass fraction ¢ and temperature T. We conclude
the required information about the profiles of ¢ and T from two-dimensional
advection-diffusion equations. For this purpose we rewrite the three-dimensional
balances for diluent mass and energy of System 4.1 by employing the product
rule, the total mass balance as well as the definition of the specific heat capacity
q = drh. The resulting equations

V-Vc——V - (pDVc)=0, pqv - VT +pDVh,-Vc—V-(CVT) =0,
P

are then formulated in cylindrical coordinates on Q,,,, regarding Assumptions 4.4,
4.5 and 4.6. For the radial velocity component we particularly apply the expression
9R(s)
Vr(r,S) =r R(S) U.(S),
which is concluded by means of the homogeneous kinematic boundary condition
on the free lateral fiber surface, v, oa ud,R =0 (cf. (4.2)), and Assumption 4.6.

In total,
u(é’c—i—ras—Ré’ c)—éla (rp(c, T)D(c,T)3,c)=0
S R r p(C, T) r r\pAc, > rv/J
d.R
o(c, T)q(c, Tu (6’ST +r ;{ 6’rT) +p(c, T)D(c, T)3,h(T) d,c (4.4)

Lstee,man=o.
r

Modifications for efficient evaluation

Aiming for the simulation of industrial dry spinning with two-way coupled fiber-
air interactions the computation of the fiber model itself must be performed
very quickly. In spite of the dimensional reduction, the numerical solving of the
nonlinear two-dimensional advection-diffusion equations (4.4) is still too time
consuming for such setups. Hence, we propose a modified version of the one-
and two-dimensional equations (4.3), (4.4) that makes an efficient evaluation
possible.
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4. Fiber spinning with evaporation effects in airflows

We linearize the advection-diffusion equations (4.4) around the cross-sectionally
averaged mass fraction ¢ and temperature T, i.e.,

i=2l)  T=~(T)a

A

Apart from the leading terms of zeroth order, we take into account the terms of
first order with respect to c in the equation for the mass fraction and, analogously,
the terms of first order with respect to T in the equation for the temperature,

J.R _
u(ﬁsc-l—r x arc)—ED(E,T)lar(r d.c)=0,
R r
OR 1 (4.5)
p(c, Tq(c, Tu (GST +r ; 8rT) —C(¢c, T)=3.(r8.T) =0.
r

The boundary conditions at the fiber surface r =R are respectively

p(E, T;D(E’_T)arc =R jC(C, T) r=R’
Do 1| = (o) + i, G~ RT)],

Through the linearized form of the radial equations (4.5) the evaluation and
subsequent averaging of the density profiles in the averaged balance laws (4.3)
becomes insignificant. Therefore, we apply the simplification that the cross-
sectionally averaged mixture density and partial polymer density can be well
approximated by

<p(C, T)>A = p(éy T)A = QM(Eﬁ T), <Cp(C, T)>A = EQM(E’ T)

As before, p,, [kg/m] indicates the mass line density. Then, the averaged balance
laws (4.3) become

as(EQM(E: T)U) = O:
0,(om (@ Thu®) = N + gou (S, T) + fur —2mRu j(c, T)|, _p-

Obviously, we do not face a free BVP any more, as the fiber radius R can be
concluded from the constant polymer mass flux Q = ¢o,(C, T)u = ¢;,Qu inlin,
with o4 = p(cin, T in)ann, using the boundary conditions at the inlet, i.e.,

R Q
M”_%mm@jmm'
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4.1. Viscous fiber dry spinning model

For the later numerical treatment in Sec. 4.2 we need suitable initial guesses for
the averaged quantities ¢ and T. A good strategy is to solve the radial equations
(4.5) averaged over the cross-sections, yielding

=2

c
d,c =2nR—j.(c,T)
Q J

e 0 6)
o,T = _ZﬂRaq(E, T)(JT(T) +jo(c, T)(S(T)—hS(T)))

r=R’

with initial data ¢(0) = c;, and T(0) = T;,. Utilizing (4.6) we conclude our
simplified fiber model for convective speed u, stress N, mass fraction ¢ and
temperature T.

System 4.7 (Simplified one-two-dimensional BVP).
One-dimensional equations, s € (0, L):

1
a _
T 5 ).
_e 1 . Qg
N e, cu

with boundary conditions at inlet s = 0 and outlet s = L:
u(0) = u;,, u(L) =u,y,-
Two-dimensional equations, (r,s) € (0,R) x (0, L):

u (asc - ra}sTR arc) —cD(C, T)lé’r(r 2,c)=0,
r

o.R
R

(¢, T)q(c, Tu (aST +r ar:r) —C(c, T)lar(r 0,T)=0,
r

with boundary conditions at inlet s = 0, fiber surface r = R and symmetry boundary
r=20:

¢ s=0 Cins a’"c r=0 0,
(¢, T)D(c, T) .
P R 3rC =R - JC(C; T) =R’
T s=0 = Tin: arT r=0 = 0’
c(c,T : :
_EOD o 1) = (1) + e, TXET) —RSTY)]

jc(ca T) = _'}’(C, T)(C - Cref(ca T))) JT(T) = (X(T - T*)
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4. Fiber spinning with evaporation effects in airflows

Constitutive laws and geometric relation:

p (e, T)=c(py) (T)+(1—c)(pg)(T), qq(T) = o,hy(T),
Q
q(c,T) = cqg(T) +(1—c)qi(T), R(s) = \J n(ep(C, THu)l,
Abbreviations:
1 7= 1 T _
Cc = @(C)A, — @( )A: Q - CinQM,inuin'

Here, introducing the referential polymer mass fraction c,,; = 1—p4./p0. the
diluent mass flux j. is formulated with respect to the polymer mass fraction.
For simplicity we consider constant inflow profiles, c¢(r,0) = ¢;, = const and
T(r,0) = T,, = const. The simple character of the modified two-dimensional
equations (4.5) becomes obvious when we transform the equations onto the unit
square (r,s) € (0,1)? in the subsequent section.

Remark 4.8 (Dynamic viscosity). In System 4.7 we could approximate the averaged
dynamic viscosity in the same way as the densities, i.e., {(u(c, T)) , = u(c, T)A.
However, for reasons of accuracy we do not employ this simplification, as we will
discuss in Sec. 4.4.1.

Dimensionless formulation and scaling

For the numerics it is convenient to deal with dimensionless model equations.
Therefore, we nondimensionalize the System 4.7 using the scaling concept as well
as the reference values from Sec. 2.1.5. In addition, we introduce a referential
specific heat capacity q, [J/(kgK) ], a referential temperature T, [K], typical heat
and mass transfer coefficients a, [W/(m?K)], v, [kg/(m?s)] as well as a typical
conductivity and diffusivity C, [W/(mK)] and D, [m?/s], respectively. A summary
of all reference values is given in Tab. 4.1. Then, dimensionless one-dimensional
quantities are given as before

&) = y(s05)/ yo- (4.7a)
Moreover, we introduce dimensionless two-dimensional quantities as

S
5(7,5) = L0505 (4.7b)
Yo

for any scalar- or vector-valued quantity y and corresponding reference value
Y,- Besides the already defined Reynolds number Re, slenderness parameter &
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4.1. Viscous fiber dry spinning model

Composite reference values

Description Formula Unit
Length scale So =T m
Fiber length Lo=rg m
Cross-sectional radius Ry = d, m
Mass density Po = Emo/d;  kg/m?
Scalar velocity Ug =V m/s
Stress No = om0vs N
Outer force fo= QM70V§ /ro N/m
Enthalpy ho = qo Ty J/kg
Evaporation enthalpy &, = hy J/kg
Polymer mass flux Qo = @m,oUo kg/s
Air temperature T,o=Ty K

Dimensionless numbers

Description Formula

Slenderness e =dy/r

Reynolds Re = ou,0vor0/(d5 o)
Froude Fr =vy/,/870
Drawing Dr = uy, 0/Up

Mass Peclet Pe, = vydy/Dy
Temperature Peclet Per = 01.0v090/(Codo)
Mass Stanton St, = yodg /(Voom o)

Temperature Stanton Sty = aody/(VoOar.090)

Table 4.1.: Overview over composite reference values used for nondimensional-
ization of the uni-axial fiber dry spinning model and the resulting dimensionless
numbers. Here, the scales @y, Vo, T'o, do, Ho> Gos To, %> Tos Co> Dos Ugyr,o are
assumed to be given from the considered setup.

and Froude number Fr, we introduce the further dimensionless numbers as given
in Tab. 4.1. These are the mass and temperature associated Peclet numbers Pe_,
Pe; as ratio of advective to diffusive transport rate of mass/heat, the mass and
temperature associated Stanton numbers St_, St; indicating the ratio of mass/heat
transferred into a fluid to the ability to accumulate mass/heat, as well as the
drawing number Dr as ratio of take up to referential velocity.

After nondimensionalization the equations are considered on the nondimensional
space domain (0,L) (one-dimensional equations) and (0,R(5)) x (0,L) (two-
dimensional equations), respectively. To further simplify the numerical treatment
of the equations, we transform one-dimensional equations onto the space domain
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4. Fiber spinning with evaporation effects in airflows

(0,1) and two-dimensional equations onto the space domain (0, 1)? via
y®=y(Ls), 9=y (RANF L3), (4.8)
respectively. Since the fiber radius R is an a priori unknown of the problem,
this domain transformation omits domain changes during the numerical solution
of the problem, which would require computationally expensive re-meshing of
the computational domain. The transformation inserts the unknown R into our
model equations, but this can efficiently be handled with our numerical solution
algorithm, see Sec. 4.2. When we deal with curved fibers in the subsequent
Sec. 4.1.3, this transformation is also beneficial in s-direction: Since for curved
fibers the fiber length L is a priori unknown, transformation (4.8) of the model
equations fixes the computational domain also in s-direction. The insertion of
the unknown parameter L into the model equations can also be handled by
our numerical solution scheme. For straight fibers the fiber length L is a priori

known and choosing s, = r, = L would lead to a fiber length equal to one in
nondimensional form (i.e., [ = 1).

To keep the notation simple we suppress the labels “ and * in the following and

write (f )po(s) = 2mR*(s) fol f (r,s)r dr for the integrated dimensionless quantity f
under the assumption of radial symmetry (Assumption 4.4). The meaning of each
quantity (dimensional or nondimensional) will be clear form the context. The
final dimensionless one-two-dimensional fiber model is described by System 4.9.

System 4.9 (One-two-dimensional BVP for dry spinning of an uni-axial fiber).
Averaged balance laws, s € (0,1):

(4.9a)

with boundary conditions at inlet s = 0 and outlet s = 1:

u(0) = u;,, u(1) =Dru

out-
Radial equations, (r,s) € (0,1):

1 ¢D(c,T)
ePe. R?r
1 C(,T)
ePe; R2r

L 'ud,c— 0.(rd.c)=0,

(4.9b)

L' p(¢, T)q(¢, T)ud,T — 0,(ro,T) =0,
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4.1. Viscous fiber dry spinning model

with boundary conditions at inlet s = O, fiber surface r = 1 and symmetry
boundary r = 0O:

CL=0 = Cin 8rc r=0 = O’
1 p(¢, T)D(C,T) :
P_ec = d.c|._, = St.jc(c, T)|r=1,
1 C(,T) . .
- 6,T|,_, = (Strjr(T)+ St.je(c, TIE(T) —hY(T))|,_,

Pe; R
jc(c) T) = _Y(C5 T)(C - cref(ca T)): ]T(T) = (Z(T - T*)

Constitutive laws and geometric relation:

p e, T)=clp) (T + 1A —c)(p) (T),  qq(T) = drhy(T),

Q
q(c, T) = cq, (T)+ (1 —c)q,(T), R(s) \Jﬂ(fp(é,f)u)ls'
Abbreviations:
1
f= ey T= (Tl (Ve = 27R3) | y(r,5)rd
c= — C)r2; = (e, Y)res) = 2mR(s) | y(r,s)rdr,
0

Q = CinQM,inuin'

Note that due to the transformation of the radial equations onto the unit square
the terms containing the radial velocity cancel out. The averaged radial equations
(4.6) read in nondimensional form

t =2
L_lasé - iZTCRCE jc(c7 T) r=1°
81 > (4.9¢)
L7 '0.T =—=2nR— — (St j-(T)+St.j.(c, T)(S(T)—h%T )
s - T Qq(E,T)( rJr(T) Jele, T)(O(T)—hy( ))) —

Except from the averaging of the dynamic viscosity the one-dimensional equations
(4.9a) equal a viscous string model for an uni-axial fiber under (Euler-)stationary
description, cf. System 2.10, which has additionally been supplemented with two-
dimensional advection-diffusion equations describing radial effects in polymer
mass fraction ¢ and temperature T due to solvent evaporation. Here, the volume
balance equation is replaced by the assumption of an ideal mixing behavior of
the two phases (diluent and polymer), which yields an explicit expression for
the mixture density depending on ¢ and T. Aiming at a fiber model describing
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4. Fiber spinning with evaporation effects in airflows

curved fibers, this string model can easily be extended by including corresponding
kinematic equations and extending the linear momentum equation to three di-
mensions. Due to the drawbacks of viscous string models (lack of solvability due
to singularities, cf. Sec. 2.2.1) we do not employ such models for curved fibers,
but extend the uni-axial string model to a Cosserat rod model in the subsequent
section. This means we additionally provide an angular momentum equation
with suitable material law and corresponding kinematic equations for the director
triad.

Remark 4.10 (Closure models). The closing of System 4.9 requires appropriate
models for the heat transfer coefficient a, mass transfer coefficient y, referential mass
fraction c,.¢, diffusion coefficient D, thermal conductivity C, evaporation enthalpy
0, specific heat capacities qg, qg, dynamic viscosity u as well as material densities

Py Py-

For the performance and quality analysis of our dimensionally reduced uni-axial fiber
model (System 4.9) in Sec. 4.3 we set all these quantities to be constant, whereas
for the setup of an industrial dry spinning apparatus in Sec. 4.4 we give detailed
models taking the fiber materials and rheological effects into account. For the air
drag f,i. = fair - T in tangential fiber direction the air drag model (2.9) in Eulerian
description is employed

A* p*vf
fair:fair'T: (

2R
5 F|{7,Re,—(v,—V) |- 7.
Re? 2R Vv,
Note that for an uni-axial fiber v = ut holds and we assume v = eg without loss
of generality. The dimensionless function F and dimensionless numbers A,, Re, are
given in Sec. 2.3.

4.1.3. Curved fiber model

We consider an industrial dry spinning device where the air streams horizontally
through the spinning duct instead of vertically, cf. Fig. 4.2. Since in such devices
the airflow is mainly perpendicular to the fiber flow direction, the assumption of
straight fibers is no longer tenable due to expected lateral deflections. Therefore,
we extend our model framework to the description of curved fibers in such
processes. In general, the derivation of a curved string model describing dry
spinning of a single curved fiber can be done with the same concepts as presented
for the uni-axial string model (cf. Sec. 4.1.1 and Sec. 4.1.2). However, the
asymptotic considerations become more technical and lengthy. Beyond that, due
to the lack of solutions for curved string models due to possibly arising singularities
(cf. Chap. 2), string models in general are no suitable choice for such setups.
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4.1. Viscous fiber dry spinning model

- spinneret
,l—» a; TAREIRTa
az o ' 11117 7
as g X air inlet
_ B YR R
air outlet |
fibers

take up roller

Figure 4.2.: Sketch of a dry spinning device with horizontal air inflow in
d,-direction.

Therefore, we omit such a detailed derivation and formulate straightforwardly a
Cosserat rod model describing dry spinning of a single curved fiber.

We reformulate the invariant description of the dynamic equations (cf. System 2.2),
in particular we consider the mass, volume, linear and angular momentum bal-
ances on the Lagrangian space-time domain D = {({,t) € R?|{ € Q(t), t €
(0, t,,q]} with time-dependent space domain Q(t) = (¢, (t), {z(t))

0,0y = —e27Rj.,

0,0y =—e27nRjy,
8,(0y¥) = it + f — 2R}V,
Je 5-a+J—V§.a),
Om Ov

at(j-a):agﬁw% xﬁ—eZnR(

and radius function R = /o, /(me). Here, j. [kg/(m?s)], j, [m/s], j; [J/(m?s)]
indicate the diluent mass, volume and heat flux at the lateral fiber surface due to

evaporation. We formulate the invariant balance laws with respect to the director
triad {d,,d,,d3} (cf. System 2.3) and utilize the incompressible geometry model
for the inertia matrix J, i.e., J = p,,0,/eP, with P, = 1/(4m)diag(1,1, x), x € R,
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4. Fiber spinning with evaporation effects in airflows

Composite reference values

Description Formula Unit
Length scale so =1L m
Length Ly=rg m
Cross-sectional radius Ry = d, m
Mass density Po = @mo/d;  kg/m?
Scalar speed Uy =V m/s
Curvature Ko =1/rg 1/m
Stress ng = QM,ng N
Torque my = EpoloVy Nm
Outer force fo=0mov3/To N/m
Enthalpy ho = qo Ty J/kg
Evaporation enthalpy &, = hy J/kg
Polymer mass flux Qo = @m0l kg/s
Air temperature T.o=T K

Dimensionless numbers

Description Formula

Slenderness e =dy/rg

Reynolds Re = oy 0VoTo/ (dguo)
Froude Fr =vy/,/870
Drawing Dr =, 0/Uo

Mass Peclet Pe. = vydy/Dy
Temperature Peclet ~ Per = oy oVoqo/(Codo)
Mass Stanton St. = yodg /(Voom0)
Temperature Stanton Sty = aodZ/(VoOu.090)

Table 4.2.: Composite reference values used for nondimensionalization of the
curved fiber dry spinning model and resulting dimensionless numbers. The
following scales are assumed to be given from the specific considered setup

QM,OJ TO, d09 VOJ MO) qOJ TO: aO) }/0: CO’ DO: uout,O'

(cf. Sec. 2.1.3). In total we get

d,0y = —e27Rj.,
atQV = _eZﬂRjV9
o,(oyV) = eV X W+ Fn+ Kk x n+f—e2nRj.v,

3t(9M9Vp2.w):(QMQVP2-w) X W+0m+Kxm+Txn
e e

e e
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4.1. Viscous fiber dry spinning model

Applying the product rule on the left hand sides of the equations and utilizing the
mass and volume balance equations yields

.0y = —e27Rj,,
d,0y = —e27Rjy,
oMo V=0yVX W+3on+Kkxn+f, (4.10)

1
QMQVPZ'at(—(.U) =(QMQVP2-w) XW+Im+kXxm+Txn.
e e

As before, we introduce the mass density p through the relation p = g, /oy
and assume an ideal mixture, i.e., p (c,T) = ¢ (pg)_l(T) +(1 =) (pH D).
As consequence of this explicit expression for p we avoid to set up a detailed
model for the volume flux j,, and, furthermore, are able to omit the consideration
of the volume balance in total. Now, we equip the balances (4.10) with the
corresponding kinematic rod equations as well as the viscous material laws for
ny and m (cf. Sec. 2.1.4) and pass over to an Euler stationary consideration in
nondimensional form (cf. System 2.8 and Rem. 2.9). The dimensionless quantities
y are introduced as before (see (4.7a) for one- and (4.7b) for two-dimensional
equations) and we refer to Tab. 4.2 for the corresponding reference values. The
scaling of the model equations is done according to (4.8). Note that for a curved
fiber its length L is a priori unknown and, therefore, becomes an additional
unknown of the system. Again we suppress the labels “ and * for nondimensional
and scaled quantities in the following. This also means we use the symbol L
for the dimensionless unknown fiber length. We expect only moderate fiber
bending in industrial applications. So to include radial effects due to diluent
evaporation, we employ the same two-dimensional advection-diffusion equations
(4.9b) for polymer mass fraction ¢ and temperature T as utilized for uni-axial
fibers. Moreover, as in the uni-axial case we employ the constant polymer mass flux
Q = oy (G, T)u = ¢;,0p.inllin and we consider gravitational and air drag forces as
external loads, i.e., f=R(q) - f =R(q) - (f; + fair) with f; and f,;, according to
Sec. 2.3 (for f,;, see also Rem. 4.10). All together the final one-two-dimensional
dry spinning Cosserat rod model is given by System 4.11.
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4. Fiber spinning with evaporation effects in airflows

System 4.11 (One-two-dimensional BVP for dry spinning of a curved fiber).
One-dimensional equations, s € (0, 1):

L_lasr = R(q )T " €3,
L_lasq = S(K) q,

1
L7'9n=pyu’k xes +nx k+ L p,u(d,u)e; — FQMR(q) ‘e,
r

_R(q) 'fair:
o o
L7'om=e>"Mu2k x P, - k + L 'e2 22D, - (ud,(uk) — kud,u)
P P

+nxe;+mxKk,

L 'du=Re—————n,,
3(ue, Mg
_ Re Jo) B
Lo,(uk)=— Pl -m,
€2 30y (u(c, T))ge e
(4.11a)
with boundary conditions at inlet s = 0 and fiber end s = 1:
r(0)=r;, r(1)=r,,, u(0) = u;,, u(1) =Dru,,,,
q(O) = n K(O) = Kin, K(]-) = Kout-
Radial equations, (r,s) € (0,1):
1 ¢D(, T
L ude—— ¢ Igg )a (ra.c)=o0,
¢ 1ec o '”T) (4.11b)
L p(G, T)q(E, T)ud,T — © 5 (ra.T)=0,
ePe; R2r

with boundary conditions at inlet s = O, fiber surface r = 1 and symmetry
boundary r = O:

C|s=0 = Cin> 8rc r=0 = 0’
1 p(¢, T)D(C,T) o
s T e = stide D,
Tlszo = Tin oT|,_, =0,
1 C(c,T) . -
—s D220, T, = (Strr(T) + Stejile, TI(E(T) — (T,
T

jc(c, T) = _Y(C: T)(C — Cref(c, T)): ]T(T) = a(T - T*)
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4.1. Viscous fiber dry spinning model

Constitutive laws and geometric relation:
p (e, T)=clp)) (T)+(1—c)(p) (T),  qq(T)=3rhy(T),
Q
¢, T)=cq’(T)+(1—c)q%T), R(s) = . .
q(c, T) =cq,(T) + (1 —c)qy(T) (s) % T Cp T,
Abbreviations:
1
1 .1 )
t=— O T=—m(Me Ve =27R26) | yG5)rdr
0
1 ..
Q = C;;,0p1 inlin> P, = —diag(1,1, x).
’ 41

For an appropriate closing of the System 4.11 we refer to Remark 4.10. Note
that for the determination of the a priori unknown fiber length I we impose
an additional boundary condition: to the 17 equations of (4.11a) with the 18
unknowns (r,q,u, k,n,m, L), we set 18 boundary conditions at s =0 and s = 1.
The one-dimensional system (4.11a) is the only difference between the curved
fiber model (System 4.11) and its uni-axial counterpart (System 4.9). Whereas
for curved fibers it contains 18 unknowns, the corresponding one-dimensional
uni-axial model is formulated with respect to only two unknowns (u,N). The
two-dimensional equations (4.9b), (4.11b) are identical.

Remark 4.12 (Standard form). For the intended numerical treatment of the one-
dimensional model (4.11a) with the continuation-collocation method (cf. Sec. 3.1)
the equations have to be written in the form d/dsy = f(y). In addition to multiplying
all equations with L as it has to be done for (4.9a), we apply the product rule on
the 0,(ux) term of the second material law and subsequently replace the d,u term as
given by the first material law. Moreover, the mass line density p,, is replaced by the
constant polymer mass flux in all equations, i.e., p,; = Q/(cu).

4.1.4. Heat and mass transfer models

The additional models (heat and mass exchange models) that we use to close
our dimensionally reduced dry spinning fiber models (System 4.9 for uni-axial
and System 4.11 for curved fibers) are briefly summarized in this subsection (cf.
Remark 4.10). Moreover, these models play a crucial role in the intended two-way
coupling of fiber and airflow simulations, see Sec. 3.4. To distinguish the fiber
quantities from the airflow quantities all airflow-associated fields are labeled with
the index , as before. In particular, v, denotes the velocity, T, the temperature,
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4. Fiber spinning with evaporation effects in airflows

Composite reference values Dimensionless numbers

Description Formula Unit || Description  Formula

Mass trans. coeff. By =7yo/p.o m/s || Air-fiber Rey. Re, =dyvy/v.

Air velocity V.o =V m/s || Nusselt Nu, = apdy/A.

Air temperature T.o=T K Prandtl Pr, = 4. 0P+ 0Vs0/Asp
Sherwood Sh, = vodo/(P+0D4g +,0)
Schmidt Sc, =V, 0/Dg.p

Table 4.3.: Composite reference values used for nondimensionalization of heat
and mass transfer models and the resulting dimensionless numbers. Here, the
scales vy, dy, Ay, Yo, 04,05 Px.0 Gx.05 Vu,00 Aeo> Do are assumed to be given from
the considered setup.

p, the density, p, the pressure, g, the specific heat capacity, v, the kinematic
viscosity and A, the thermal conductivity of the air. Moreover, ¢, , is the diluent
mass fraction in air. All these quantities are space-dependent fields assumed to be
dimensionless and known — for example provided by an external computation.
The corresponding reference values used for nondimensionalization are the fixed
scales p, o [kg/m®], p, o [Pal, q,, [J/(kgK)], v, o [m*/s], A, o [W/(mK)], as well
as v, [m/s] and T, , [K] as given in Tab. 4.3.

Heat transfer

The model for the dimensionless heat transfer coefficient a is given by the follow-
ing relation to the Nusselt number Nu, and the associated dimensionless function
N:R*->R
1 A,
a=—
Nu, 2R

2R 2R PV,
N(Re*—(v*—v)-t,Re*—||v*—v||,Pr*q p ) (4.12)
v, v

Here, t = 7 /e is the normalized tangent vector of the fiber. Due to the Euler
description (arc length parameterization) t = 7 holds. As before Re, is the mixed
(air-fiber) Reynolds number. The further occurring dimensionless numbers are the
Nusselt number Nu, indicating the ratio of convective to conductive heat transfer
and the Prandtl number Pr, describing the ratio of momentum diffusion rate to
thermal diffusion rate as defined in Tab. 4.3. The model used for the Nusselt
number associated function N is heuristic

1 ny1(w,p), wp =9,
N(Wtzwjp) = (1 - EhN(WtJW)) { N’l p p
nN,Z(W:p)n Wp < 5:

depending on the tangential and absolute relative velocity (w, = ||lw.|| =w - t,
w = ||w||) and the Prandtl number, with 5 = 7.3-107°. The model goes back to
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4.1. Viscous fiber dry spinning model

[95] where originally a stationary perpendicular laminar flow situation (w, = 0)
around a cylinder for wp > 6 was studied and has been extended to ensure a
smooth transition to the limit value N' — A, = 0.1 for vanishing wp — 0,

(Wp)0'7

1+ by (wp)o-2’
nyo(w,p) = m/\/,l(P)(WP)B + mN,z(P)(WP)2 +No,

1 (w, p) = ay(wp)®' + fr(p)

with the coefficients

my1(p) =cy +dyfa(p),  mu2(p) =en + gnfn(p),

_ ky
fn(p) = (1+ (Lpl/6)25)04

and the constant parameters

ay = 0.462, by = 2.79, ¢y =—3.5636-10"",
dy =—3.1380-10°, ey = 4.0694 - 107, gy = 4.0694 - 107,

The incorporation of the function h,, accounts for varying incident flow directions.
It is mainly the squared cosine of the angle of attack, which is regularized to
ensure smoothness for tangential incident flow situations with regularization
parameter € = 1077,

h( )= (wow™)?, v=e
N W, W)= (1- (We_l)z)2 +(3—2we™)?) (w,we™?, w<e.

Mass transfer and referential mass fraction

The mass fraction associated transfer coefficient y and the referential polymer
mass fraction ¢,

pd,*
o

Y:/}Q*J Crele_

are expressed in terms of the mass transfer coefficient 3, the mass fraction-scaled
diluent density in the air at the fiber surface p,, and the diluent density in the air
away from the fiber p, , (cf. Sec. 4.1.1). Making use of the analogy of mass transfer
and heat transfer the model for the dimensionless coefficient 3 is of similar form
as that for a [95]. The Nusselt number Nu, is changed to the Sherwood number
Sh, (ratio of convective to diffusive mass transfer) and the Prandtl number Pr,
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4. Fiber spinning with evaporation effects in airflows

is replaced by the Schmidt number Sc, (ratio of the viscous diffusion rate to the
mass diffusion rate), see Tab. 4.3,

_ 1 Da
~ Sh, 2R

B

2R 2R v,
J\/(Re*—(v*—v}t,Rei—HV*—VH,SC* )
Vv, Vv, Dd,*

with the diffusion coefficient of diluent in air D, , and corresponding reference
value Dy, , [m?®/s]. The dimensionless coefficient is modeled as [36]

1
Dd,*(TH p*) = Dd,*(T*T*,m P*P*,o):
d,*,0
1 1 1105 T275
Dgy.(T.,p.)=E Ry (ﬁ_'-ﬁ) )
(v, + V%) d . p.

with constant E = 1.01325 - 1077° m*kg!/2Pa/(K’/*mol”/%s) as well as M, M,
[kg/mol] denoting the molecular weights and V;, V, [m®/mol] the molar volumes
of diluent and air, respectively. Here, we assume M,;, M,, V;, and V, to be
constants.

We now consider the diluent density in the air. Away from the fiber it is given
by p4. = p.cq. With p, and c;, assumed to be known, e.g., from an external
computation. At the fiber surface we employ a model for the (dimensionless)
mass fraction-scaled diluent density p, that is based on [14]

1
Q*(CJ T) = _S(C: TTO))

*,0
M
S(c, T) = }?;"pmp % exp(l —¢pa(c, T)+ x(1—¢y,(c, T))Z) ,
(c,T)
$alc,T)=(1 —c)’;;ﬁ,

with the diluent volume fraction ¢, the Flory-Huggins interaction parameter
x = 0.5 and the universal gas constant R, = 8.3114 J/(molK). For the vapor
pressure of the diluent p,,, [Pa] we employ a further model depending on the
specific diluent. This model will be given separately for each considered setup.

4.2. Solution strategy

The derived fiber models for dry spinning of a single fiber (System 4.9 for an
uni-axial fiber and System 4.11 for a curved fiber) are a combined system of
one- and two-dimensional model equations. Besides the unknown parameter L
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4.2. Solution strategy

in the curved fiber model, both models have the same structure and, therefore,
their numerical treatment can be done similarly. In the following we explain our
numerical solution strategy for uni-axial fibers, but give remarks for its adaption
to curved fibers.

For given polymer mass fraction ¢ and mixture temperature T, the one-dimensional
equations (4.9a) form together with the boundary conditions a parametric BVP
of ODEs with two variables (u, N). The numerical challenge lies in solving the
problem for arbitrary parameter settings, which requires suitable initial guesses of
the respective solutions. This problem is tackled by the continuation-collocation
method presented in Sec. 3.1. The solution of the one-dimensional equations is
then iteratively coupled with the solution of the two-dimensional equations (4.9b).
Before the first coupling iteration the necessary fields of averaged mass fraction ¢
and temperature T are calculated by the averaged advection-diffusion equations
(4.9¢) with (c, T)|,_; = (¢, T) as initial guess. The solution of the two-dimensional
equations (4.9b) itself is computed using the procedure explained in Sec. 3.3,
i.e., the implicitly given solution expressions in terms of Green’s functions and
Volterra integral equations of second kind with singular kernel for the values at
the fiber boundary are solved using a product integration method based on the
Lobatto IIla or implicit Euler quadrature formula. The basic coupling algorithm
for the solving of System 4.9 has the following form.

Algorithm 4.13 (Fiber solution for uni-axial fibers).

(1) Initialization step: Solve the averaged equations (4.9a) and (4.9c) with
(¢, T)|,—; = (¢, T) and {u(c, T))z. = (¢, T)mR? to obtain y» = (u,N,¢c, T).

(2) Coupling step: For i > 1, solve (4.9b) with given y™ to obtain (c, T)®
and afterwards compute the new solution of (4.9a) to obtain (u, N)®, which
gives in total y©, as long as ||y~ —yD|| > tol for given tolerance tol.

Finally, the fiber-air interaction is performed by Algorithm 3.8 that weakly couples
the fiber calculation and airflow computation via iterative solving. This means,
our numerical solution procedure consists of nested iterations: an inner iteration
for the fiber solution (coupling of one and two-dimensional fiber equations) and
an outer iteration for the coupling of fiber and airflow solutions.

In the following we present the model-dependent continuation strategy for the
solution of the one-dimensional equations, which is build on top of the general con-
tinuation procedure described in Sec. 3.1.2. Thereafter, we explain the utilization
of the product integration method for the efficient solution of the two-dimensional
advection-diffusion equations.

Remark 4.14 (Fiber solution for curved fibers). The solution of the curved fiber
model (System 4.11) is done in an analogous way by replacing the one-dimensional
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4. Fiber spinning with evaporation effects in airflows

equations (4.9a) with (4.11a). Note that the two-dimensional equations (4.9b),
(4.11b) are identical.

4.2.1. Model-specific continuation method

We consider the solving of the one-dimensional equations (4.9a) for an uni-
axial fiber and explain the extension to the curved model equations (4.11a)
subsequently. Following Sec. 3.1.2 we consider the family of BVPs

%}’:]Ac(y;P), g(x¥(0),y(1);p) =0, pel0, 17T,

fGO=F g¢sD=g, f0=Ff, £&(,50 =g,

with continuation tuple p. For our dry spinning model we apply different contin-
uation strategies for the two steps in Algorithm 4.13. Note that we call Step (1)
initialization step, whereas Step (2) is the coupling step.

Initialization step

We introduce continuation parameters for the viscous, gravitational and aerody-
namic forces as well as for the draw ratio pg., Pg;, Pa_, Ppr € [0,1]. This means
we replace the global Reynolds number Re by the term pg.Re + (1 — pr.)Re,, anal-
ogously for Fr, A, and Dr with starting values Re, = 10, Fr, = 100, A, ; = 1074,
Dr, = u;,/u,,,. Furthermore, we introduce continuation parameters p., py € [0, 1]
on the right hand side of the equations (4.9¢) to control the effects of heat and
mass transfer over the fiber boundary,

St ;2
o.c = —CZnRCa j.(c, T)p.,
B, 1 ¢ 1 _ _ _ _
O.T =—=-2nR————(St;j(T)+St.j.(¢c, T)(6(T)—h°(T ,
! ~2m Qq(E,T)( rir(T) + St.j.(&, TY(E(T)—h%(T)))pr

Consequently, we embed the one-dimensional fiber model into a family of BVPs
in a six-dimensional parameter space,

p = (pc:pT:pRe:pFerA*:pDr) € [0: 1]6

The choice of the continuation parameters allows the decrease and increase of
mass and heat transfer as well as of viscous, gravitational, aerodynamic and
drawing effects, that mainly dominate the fiber dynamics.
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4.2. Solution strategy

The starting solution for the continuation that belongs to p = 0 is a stress-free
straight fiber with constant polymer mass fraction, speed and temperature (taken
from the inflow), i.e.,

T=T

u=u,, N =0, c=c in-

in»
Obviously, it satisfies the prescribed boundary conditions at s = 0 and s = 1 (since
Dr, = u;,/u,,) as well as the equations for ¢, T, and u. The linear momentum
equation for N is approximately fulfilled due to small external forces. The change
of each continuation parameter has different effects on the form of the solution
and hence on finding appropriate initial guesses in the continuation. To navigate
through the six-dimensional parameter space from p =0 to p = 1 we follow a
strategy that consists of two steps:

(A) Fromp =0to pA=(1,1,1,0,0,1):
By changing the parameters p., py, pPr. and pp, from 0 to 1 we include mass
and heat transfer due to evaporation as well as viscous and drawing effects.

(B) From pAtop =1:
By increasing the parameters pg,, p,. from O to 1 we incorporate gravita-
tional and aerodynamic effects in our solution.

We use a heuristic that seeks for the diagonal continuation path through the
parameter space. In both Steps (A) and (B) it turns out that balancing the physical
effects strictly leads to the diagonal path such that the parameter space can be
reduced to p. = pr = pp. = Pp, and pgp, = p,_ respectively. The corresponding one-
dimensional search is performed with the adaptive step size control as described
in Sec. 3.1.2.

Coupling step

Let {(u(c, T))g2 be the integrated dynamic viscosity of iteration i in the coupling
step (cf. Algorithm 4.13). We introduce a continuation parameter p, € [0,1] for
this quantity, i.e., we replace the integrated dynamic viscosity in iteration i by the

linear combination with the viscosity of the previous iteration

(1 —p ) ule, TG +p, (e, THY.

For initialization we set {u(c, T))g = u(c¢, T)mR?. Again, the corresponding one-
dimensional search is performed with the adaptive step size control as described

before (cf. Sec. 3.1.2).

Remark 4.15 (Continuation for curved fibers). For the one-dimensional rod equa-
tions (4.11a) we introduce the additional continuation parameter p,. in the initial-
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4. Fiber spinning with evaporation effects in airflows

ization step and the modified boundary condition
r(O) —PbcTin— (1 _pbc) (rout - LR;Fn ’ eS) =0,

with R;, = R(q,,). Consequently, we consider the seven-dimensional continuation
parameter space

b= (pc:pTprcapReJpFr:pA*apDr) € [0: 1]7;
and choose the starting solution (corresponding to p = 0)

0,
Tin:

r(s)=ry,—(1—s)LR] -es, q=q;, n=0,
C = Cip,

~ B
[l

u=u, K=0,
L= (rout - rin) ' (R'lrn : e3)

for s € [0,1]. Basically the initial solution for the rod curve r is built by the
orthogonal projection of (r,,, —r;,) onto the initial fiber direction Rl.Tn - e3. In total,
the initial solution is a stress-free, unbent, straight fiber with constant polymer mass
fraction, speed and temperature being extruded from the modified nozzle position
(roue — LRl.Tn - e3). The navigation strategy through the parameter space equals the
corresponding procedure for the uni-axial fiber model, at which we additionally
include the change of py. from O to 1 into Step (A). The coupling step remains
unchanged.

Remark 4.16 (Regularization of rod model). Numerical studies show that the
angular momentum equation of the rod model (4.11a) is badly scaled with respect to
the variable m. In order to accelerate the convergence of the continuation-collocation
procedure we introduce the scaled couple th = £~*m, yielding the angular momentum
balance
2 2 1
L'om= Om 2y P, K+ L‘th—MP2 - (ud,(uk) — kud,u) + —n x e; +Mm x K.

P P &2
Then, € only appears in the term £ ?n x es. It is considered as regularization
parameter (regularization of the associated string model, cf. Sec. 2.2) and, therefore,
fixed at the constant value €, = 10!, This approach is reasonable since we expect
the angular momentum not to affect the fiber solution significantly but only to act as
regularization in view of its numerical treatment. A similar strategy was employed
in the study of rotational spinning processes [5]. In the two-dimensional equations
(4.11Db) € is the actual parameter and directly set as desired.

4.2.2. Product integration method

In Sec. 3.3 we presented an algorithmic procedure based on a Green’s function
and the product integration method for the efficient solution of two-dimensional
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advection-diffusion equations with Robin-type boundary condition

B — L 0,(raap) =0,
r
¢|x=0 = wim arl/) r=0 0, arrtl)|r=1 = al/) r=1

with ¢ : [0,1]> = R, (r,x) = 2(r, x), as well as functions a,b : [0,1] — R and
constant v;, € R. In the following we explain the applicability of the general
form (4.13) to the two-dimensional advection-diffusion equations (4.9b), (4.11b).
Assuming non-zero coefficients, the equations (4.9b), (4.11b) for polymer mass
fraction ¢ and mixture temperature T can be written in the form

(4.13)

+ b,

d,c —Aclar(rarc) =0, o.T —ATlar(rarT) =0,
r r

with A, = LeD(C, T)/(ePe,uR?) and A, = LC(c, T)/(ePe;p(c, T)q(C, T)uR?). To
obtain the general form (4.13) we transform the unknowns ¢ and T by the
following rule

Y(r, A(s))=&E(r,s), with A(s) = J Ae(s)ds’, &e{c,T}.
0

The initial conditions become v;, = ¢;, and ;, = T;

in» respectively. The coefficient
functions are

Ry(c,T)| _,
p(¢,T)D(E,T)

a(x) = —Pe,St, s b)) =0 (6 T Ly oy

s=A"1(x)

for the mass fraction equation and

Ra
= —Pe, St ———— ,
a(x) T TC(E,T) .
R(j.(c, T)(8(T)—hY(T)))| _
b(x)=—a(x)T, 5=A—1(x)_PeTStc (] (C(E D d )) =1 )
s s=A"1(x)

for the temperature equation, respectively. Considering the iteration procedure in
Step (2) of Algorithm 4.13 (coupling step) the coefficient functions a and b are
evaluated at c|,_,, ¢ and T|,_,, T of the previous iteration step, i.e., the boundary
conditions are treated in a semi-implicit way, such that the linear Robin-type
character is preserved. This is certainly the key point for the embedding into the
solution framework of Green’s functions and product integration method that
ensures the desired numerical efficiency.
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4. Fiber spinning with evaporation effects in airflows

Remark 4.17 (Grid resolution). The mesh points in x-direction are chosen in such a
way that they correspond to the underlying mesh points from the collocation method
resulting from a preceding solution of one-dimensional equations (cf. Algorithm 4.13),
i.e., x; = A(s;). In view of the computation of profiles an equidistant grid in r-
direction with N, = 101 grid points is chosen. For given profile 1) the calculation
of the averaged quantity 1\ = {()p./(nR?) is done by numerical quadrature in
r-direction employing the implicit Euler scheme (for product integration method (i))
or the standard Lobatto Illa collocation method (for product integration method (ii))
(cf. Sec. 3.3 and in particular Rem. 3.5).

4.3. Approximation quality and performance

In this section we analyze the approximation quality of our dimensionally reduced
uni-axial fiber model (System 4.9) in comparison to the full three-dimensional
model (System 4.1). Besides the approximation quality we also examine the
efficiency of our proposed numerical solution framework (Algorithm 4.13). As
explained in Sec. 4.2 the intended two-way coupling of fibers with the surrounding
airflow leads to nested iterations. To preserve computability the inner iteration,
which is the solution of the fiber model, has to be very quick. Considering an
academic setup without two-way coupled airflow we show the efficiency of the
fiber solution framework which provides the possibility to compute fully two-way
coupled simulations in the subsequent section.

To study the approximation quality of the proposed dimensionally reduced fiber
model (System 4.9) and the performance of the numerical solution algorithm, we
compare our developed procedure for a single uni-axial fiber with the solution
of the original three-dimensional problem (System 4.1). As the direct numerical
simulation of a three-dimensional thin fiber immersed in an airflow in a spinning
duct is computationally extremely demanding due to the required high resolution,
we limit ourselves to a three-dimensional axis-symmetric setting of a fiber without
any aerodynamic forces and with stress-free end. This implies the boundary
conditions 3-# = 0 on I}, UT},, in System 4.1 and f,;, = 0, N(1) = 0 in System 4.9.
The outlet boundary condition for ¥ and u is omitted. Moreover, we consider a dry
surrounding, i.e., py, = 0 (implying c,., = 1), and take all physical parameters as
well as the mass and heat sources as constants yieldingu =q=a=y=C=D=1
in nondimensional form.

We denote the three-dimensional problem as reference and solve it with FEniCS',
an open-source finite element code with Python interface, which basically needs a

For details on the open-source finite element code FEniCS see
http://www.fenicsproject.org.
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Process Parameters

Description Symbol Value Unit

Fiber length L 0.2 m

Nozzle radius R, 4.07-100% m

Speed at nozzle Ui 5.1072 m/s

Polym. mass fract. at nozzle Cin 0.6 -

Temperature at nozzle Tin 363.15 K

Temperature of surrounding T, 350 K

Diluent density of surrounding pg, 0 kg/m?3

Drag force JSair 0 N/m

Physical Parameters

Description Symbol Value Unit

Polymer density pg 1350 kg/m?3

Diluent density ol 1000 kg/m?

Diluent spec. enthalpy h§ 2-10° J/kg

Evap. enthalpy diluent & 2.35-10°  J/kg

Dynamic viscosity u 200 Pas

Specific heat capacity ¢ 2750 m?/(s*K)

Heat transfer coeff. a 2000 W/ (m?K)

Mass transfer coeff. Y 0.3 kg/ (m2s)

Thermal conductivity  C 0.4 W/(mK)

Diffusion coefficient D 3.5-1071% m?/s
Setup-specific reference values Dimensionless numbers
Description Formula Description Symbol Value
Mass line density 0y ¢ = p(cin)Tchn Slenderness € 4.07-1073
Curve ro=1L Reynolds Re 4.65
Diameter dy = 2R, Froude Fr 3.57
Velocity Vo = Ujn Mass Peclet Pe, 1.16-107
Temperature To=T; Temp. Peclet Per 2.60-10*
Further scales bo=0b, Mass Stanton  St, 6.45-107°

be{u,q,a,y,C,D} Temp. Stanton Sty 1.56-107%

Table 4.4.: Process and physical parameters as well as setup-specific reference
values and resulting dimensionless numbers used for the performance analysis
(cf. Tab. 4.1) .

weak formulation of the PDEs. To overcome the need of re-meshing while solving
the reference, we transform the weak form of System 4.1 to the fixed domain
Q... = (0,1)%. The resulting ODE for the fiber radius function R on the domain
boundary r =1 and the balance equations are solved by iterations. The domain

~

Q... is meshed with a triangular grid, which is refined at the nozzle I}, due to
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Figure 4.3.: One-dimensional fiber solution obtained with and without radial
information (solid lines) in comparison to the reference solution (dotted lines).

expected boundary layers. The nodes of the triangles are (r;,s;) with r; = i/200,
s; =(j/40)'* fori =0,...,200, j = 0,...,40, i.e., 16 - 10° triangular elements and
8241 nodes in total. Algorithm 4.13 for the dimensionally reduced fiber model
is implemented in MATLAB version R2016b, where the BVP solver bvp4c.m is
used with the default values. To achieve comparability the reference solution is
interpolated on the mesh of the solution of System 4.9, i.e., the mesh with the
collocation points used in the boundary value solver (bvp4c.m) in s-direction and
101 equidistant points in r-direction. As stopping criterion for the iteration in the
coupling step of Algorithm 4.13 we use tol = 107°.
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Figure 4.4.: Polymer mass fraction and temperature profiles as solution of the
one-two-dimensional fiber model (left) and the reference model (right).

As an example we consider a setup with moderate thinning and evaporation effects.
The choice of the physical and process parameters and the resulting dimensionless
numbers are given in Tab. 4.4. Fig. 4.3 shows the solution curves obtained from
the dimensionally reduced fiber model of System 4.9. This solution we oppose the
solution obtained without radial information (which means exiting Algorithm 4.13
after Step (1)) and the three-dimensional axis-symmetric solution of the reference.
For the latter the quantities of interest ¢, T, u and N are calculated a posteriori
according to the definitions in Section 4.1.2. The corresponding two-dimensional
profiles for polymer mass fraction ¢ and temperature T can be seen in Fig. 4.4.
We draw the following conclusions from the solution curves: First, as expected
the coupling of the one-dimensional model equations with the two-dimensional
equations for ¢ and T is absolutely essential, since the solution without that
information differs extremely from the reference solution, especially concerning
the averaged quantities ¢ and T. This evidence is supported by the non-uniform
profiles in Fig. 4.4. Second, the solution of the one-two-dimensional fiber model
approximates the reference solution very accurately and takes the important radial
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4. Fiber spinning with evaporation effects in airflows

¢ | u | N | T
1.8064-107° \ 1.5301-1072 \ 4.9611-1072 \ 6.4668 - 107"

c(1,-) | T(,) | c | T
4.3393-107° \ 1.1876-107° \ 4.1332-107° \ 7.2008-107*

Table 4.5.: Relative L2-errors between one-two-dimensional solution and refer-
ence solution, cf. Figs. 4.3 and 4.4.

effects into account. The relative L?-errors between the single components of
the solutions, as given in Tab. 4.5, verify the utilization of our model framework
with regard to the good approximation quality. In addition, the difference in the
computation times is crucial. Whereas the computation of the three-dimensional
axis-symmetric reference solution takes around 4228 seconds, which means more
than 1.17 hours, the computation of the reduced model takes only around 43
seconds (around 4 seconds for the initialization step (Step (1)) and 39 seconds
for the coupling step (Step (2)) of Algorithm 4.13). The good performance is
owed to our embedding of the two-dimensional advection-diffusion equations
into the solution framework of Green’s functions and product integration method.
In fact, the achieved efficiency is essential when dealing with more than one fiber
and considering fiber-airflow interactions in a spinning duct via two-way coupling.
Consequently, our proposed procedure builds a good basis for the simulation of
industrial dry spinning processes.

Remark 4.18 (Temperature behavior). In this academic example the behavior of the
fiber temperature T might be surprising (cf. Fig. 4.4). Through solvent evaporation
associated heat transfer T drops below T, shortly after the nozzle. Due to the relative
temperature between fiber and surrounding being negative, i.e., (T —T,) < 0, the
fiber is heated up by the surrounding towards the fiber end, when mass transfer
effects are not dominating the heat transfer anymore. This behavior is also observed
in the subsequent industrial case, when only a one-way coupling of uni-axial fibers
with the surrounding airflow is considered (cf. Fig. 4.10). However, regarding full
two-way coupled airflow this behavior does not occur.
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4.4. Industrial dry spinning with two-way coupled airflow

4.4. Industrial dry spinning with two-way coupled
airflow

In industrial dry spinning we are faced with multiple jets being extruded from the
spinneret into the spinning duct. The properties of the spun fibers are essentially
determined by the fiber-airflow interactions. Hence, we aim at simulations of
the dry spinning with two-way coupled airflow. In this section we consider two
device setups where the fibers are exposed to different airflow situations. In the
first one the airflow forms a counter-current to the fiber flow, cf. Fig. 4.1, such
that the fiber curves are expected to remain straight. This means we employ our
uni-axial fiber dry spinning model (System 4.9) there. In the second one the
airflow is mainly perpendicular to the fiber flow, cf. Fig. 4.2, such that the fiber
curves experience lateral deflections. Thus, we employ our curved fiber model
(System 4.11) for this setup. In both setups we assume that a cellulose acetate
(CA)-acetone mixture is dry spun. This is a typical polymer solvent mixture and
has been used in previous studies on dry spinning processes [42, 88]. Before we
give a description of each specific process setup and present the corresponding
simulation outcomes, we provide all physical parameters and rheological models
that close our fiber dry spinning models (uni-axial and curved).

4.4.1. Model closing

We consider the dry spinning of a cellulose acetate (CA)-acetone mixture. The
physical material parameters for the polymer CA and the diluent acetone are
taken from [42, 88], see Tab. 4.6. The additional rheological models that we use
to close our dimensionally reduced fiber models (uni-axial and curved) are briefly
summarized in this subsection (cf. Remark 4.10). The setup-specific reference
values used for the nondimensional form of the model equations are also given in
Tab. 4.6.

Thermal conductivity and diffusion coefficient
The thermal conductivity C is chosen as constant C = C,,,,,/C, with C.,,;, =

0.2 W/(mK), i.e., C =1 in nondimensional form. For the diffusion coefficient D
we use a model from [106] that is based on the free volume diffusion model of
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4. Fiber spinning with evaporation effects in airflows

Physical Parameters

Description Symbol Value Unit

CA density pg 1300 kg/m?>
Acetone density p? 767 kg/m?
CA spec. heat cap. qgl 1600 J/(kgK)
Acetone spec. heat cap. qg 2160 J/(kgK)
Molec. weight acetone My 5.81-1072 kg/mol
Molec. weight air M, 2.90-1073 kg/mol
Molar volume acetone  V, 6.60-107° m?/mol
Molar volume air V., 2.01-107° m?/mol

Setup-specific reference values

Description Formula

Mass line density oy = p(cin)Rlznﬂ:
Curve ro=H
Diameter dy = 2R,
Velocity Vo = Ujp
ViSCOSity Mo = M(cin’ Tin)
Spec. heat cap. qo = q(cipn)
Thermal cond. Co = Ceonst
Diffusivity Do = D(cipn, Tin)
Take up speed Uour,0 = Ugye
Further scales by =b;i,, be{T,a,7,ps, A, Vi, Qs Pr Dy}

Table 4.6.: Physical parameters of the industrial dry spinning setups taken from
[42, 88] and setup-specific reference values.

[107, 108]

1
D(C: T) = D_D(c; TTO):
0

D(c,T) = Dy(1—¢ylc, T)*(1 —2x $pq(c, THE(e, T),

B B V1(1—C)+V2C
)= exp( K (1= )(T; + T) + Koe(T, + T))’

with the parameters

V,=4.43-10% V,=6.38-10"%, K,=1.86-10°1/K, K,=5-10"7 1/K,
T, =—53.33K, T,=-240K, D, =3.6-10"% m?/s.

As before ¢ is the diluent volume fraction and y = 0.5 is the Flory-Huggins inter-
action parameter. Due to the considered constant diluent density pg (cf. Tab. 4.6)
the diluent volume fraction simplifies to ¢4(c) = (1 —c)p(c)/pY.
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4.4. Industrial dry spinning with two-way coupled airflow

Diluent and evaporation enthalpy
Using the constant specific heat capacity for the diluent acetone qg (cf. Tab. 4.6)

we employ the caloric equation of state for the specific enthalpy with respect to
the freezing point T, = 178.15 K, see [70],

1
hy(T) = h—OH(TTo), H(T) = qq(T —Ty).
The evaporation enthalpy model 6 is taken from [62], i.e.,

5(T) = %D(TTO), o(T) = AE/I—ZeXp (—Ll) (1 _ l)b,

0

with E, = 46.95 - 10° J/mol, « = 0.2826 and T = 508.2 K.

Dynamic viscosity

For the dynamic viscosity u we employ the zero-shear viscosity model from
[41, 42], where an approach of [105] is adopted,

1

WUo
U P37c’ exp(%), T >1.2T,(c,T),
M(c,T) = { wlc,1.2T,(c, T))- 10D, T, < T < 1.2T,(c, T),
u(c, T,(c, T)), T <T,(c,T),

K(c, T)=—By(T —1.2T,(c, T))(T, + T — 1.2T,(c, T)) ™.

Comparing the dimensional temperature T to the glass transition temperature
T, [K], the viscosity follows an exponential decay for high temperatures, obeys
the Williams-Landel-Ferry (WLF) model for temperatures near to T, and stays
constant on the viscosity value at T, for low temperatures. The parameters are
U, =6.6-107" Pas, T, = 101.6 K, B, = 8.86. The degree of polymerization of
CA is P, = 200 and the flow activation energy AE = 5.6940-10* J/mol. The glass
transition temperature is prescribed according to the Kelley-Bueche equation

BZ¢d(C7 T)Tg,d + ¢p(c7 T)Tg,p
B2¢d(c) T)+¢p(c3 T) ’
using B, = 2.5, the material glass transition temperatures T, , =468 K, T, ; =

119 K, as well as the volume fractions ¢,, ¢, of CA and acetone, respectively.
Due to the considered constant polymer and diluent densities (cf. Tab. 4.6), the

volume fractions simplify to ¢,(c) = cp(c)/pg and ¢,(c)=(1— c)p(c)/pg.

T,(c,T)=
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Figure 4.5.: Industrial dry spinning setup for uni-axial fibers, sketch of the holes
(marked with X) in the spinneret (not in scale). All proceeding simulation
results are shown for the fiber extruded from the central position (green X).
For the device geometry and the orientation of the outer basis {d,, d,,d3} we
refer to Fig. 4.1.

Due to the nonlinear form of the viscosity model including exponential growth,
we cannot expect the desired cross-sectionally integrated viscosity (u(c, T))z:
to be well approximated by the viscosity of the averaged fields u(¢c, T)mR?, cf.
Remark 4.8. For reasons of accuracy we thus compute the profiles of the dynamic
viscosity u(c, T) in Step (2) of Algorithm 4.13 and integrate them over the fiber
cross-sections afterwards to obtain (u(c, T))z:.

4.4.2. Spinning of uni-axial fibers

We consider the dry spinning setup of [88] where a CA-acetone mixture is pumped
from the spinneret through a row of holes into a spinning duct with counter-current
airflow (cf. Fig. 4.1). Since the fiber curves are expected to remain straight in this
setup, we employ our uni-axial dry spinning model there. Until now the existing
literature solely considers fibers immersed in an airflow that is assumed to be
unperturbed. This is also the case in [88] where the respective airflow quantities
are measured and fixed, i.e., they are not affected by the fiber dynamics, and
some characteristics for a single fiber are computed. Consequently, we cannot
validate our simulation results, but we check the reasonableness of our model
by comparing the intermediate results obtained for a single fiber after the first
iteration of our fiber-air coupling algorithm which corresponds to a one-way
coupling (as in [88]), cf. Algorithms 3.7, 3.8. In the following we specify the
process setup before we present our simulation results.

Process setup

A sketch of the device geometry can be found in Fig. 4.1. For a larger emer-
gence of the effects of fiber-air interaction we assume that sixty fibers are spun
simultaneously (instead of twenty as in [88]). The corresponding holes in the
spinneret are ordered in three parallel rows with twenty holes each, as sketched
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4.4. Industrial dry spinning with two-way coupled airflow

Process Parameters

Description Symbol Value Unit
Device height H 5.1 m
Nozzle radius R;, 3.14-10° m

Speed at nozzle Uip 5 m/s
Take up speed at bottom Upyt 10 m/s
Polym. mass fract. at nozzle Cin 0.29 -
Temperature at nozzle Tin 348.15 K

Total number of fibers M 60 -

Heat transfer at nozzle Ay 5.11-10°  W/(m?K)
Mass transfer at nozzle Yin 1.64 kg/(m?s)
Air pressure at nozzle D+in 1.01-10° Pa

Air thermal cond. at nozzle Avin 2.42-1072 W/(mK)
Air kin. viscosity at nozzle V..in 1.46-107° m?/s

Air spec. heat cap. at nozzle Qs in 1.01-10°  J/(kgK)
Air density at nozzle Psin 1.23 kg/m3

Diluent diffusion in air at nozzle Dy,;, 1.27- 10° m?/s

Table 4.7.: Process parameters of the industrial dry spinning setup with vertical
airflow (cf. Fig. 4.1) and assuming the airflow without fibers (first step in the
fiber-airflow coupling).

in Fig. 4.5. In particular, we consider the fibers of the middle row to be spun in
the x;-x3-plane corresponding to x, = 0. At the duct bottom all fibers are drawn
down by a take up roller. The length L of each fiber is given through its inflow
position in the spinneret and the position of the take up at the bottom. Concerning
the airflow we assume dry air at the inlet, i.e., the inflow contains no diluent.
The absolute air inflow velocity (in negative d,-direction) at the bottom pipe is
llv.]| = 0.22 m/s and the air inflow temperature is T, = 330 K. At each nozzle
the CA-acetone mixture forms a drop, from which a jet of initial diameter usually
larger than the initial nozzle diameter leaves due to the Barus effect. This effect
is also called die swell. Since our model does not take this effect into account, we
set R;, according to the initial speed u;, and the initial mixture flux for a single
fiber A;,u;, = 1.55-107° m*/s, A;,, = mR? , as prescribed in [88]. The remaining
process parameters are given in Tab. 4.7. Utilizing the setup-specific reference
values (cf. Tab. 4.6) the resulting dimensionless numbers are given in Tab. 4.8.
In the described spinning setup no considerable lateral forces on the fibers are
expected, i.e., the fiber curve is assumed to be straight throughout the whole
spinning device. Therefore, we employ our uni-axial dry spinning model given in
System 4.9 to simulate this setup.

85



4. Fiber spinning with evaporation effects in airflows

Dimensionless numbers

Description Symbol Value
Slenderness £ 1.23-107°
Reynolds Re 1.79-103
Froude Fr 7.07-1071
Drawing Dr 2.00

Mass Peclet Pe, 4.16-10°
Temperature Peclet Per 2.73-10°
Mass Stanton St, 3.76-107%
Temperature Stanton Sty 5.88-107°
Air drag associated A, 1.14-107
Air-fiber Reynolds Re, 2.15-10!
Nusselt Nu, 1.33
Prandtl Pr, 7.44-107!
Sherwood Sh, 6.59
Schmidt Sc, 1.15

Table 4.8.: Dimensionless numbers for one representative fiber (cf. Fig. 4.5)
in the uni-axial industrial dry spinning setup assuming the airflow without
fibers (first step in the fiber-airflow coupling). Note that some dimensionless
numbers might vary during the simulation due to the fiber-airflow interaction
(cf. Tab. 4.1 and Tab. 4.3).

Results

For the numerical treatment of the fiber dynamics we use the same mesh parame-
ters and tolerances as in Sec. 4.3. The solver for the airflow meets an accuracy
of O(107%). The break-up criterion of the fiber-air coupling algorithm satisfies
an error tolerance tol = 107°. For the considered industrial setup the fiber-air
coupling algorithm converges after 30 iteration steps. The computation time for
the presented setup is around six hours.

Since the solutions of the sixty fibers do not show visible differences, we illustrate
— as an example — the solution behavior for the fiber that is centrally located in
the spinning duct (cf. Fig. 4.5) in Fig. 4.6. The cross-sectionally averaged CA
mass fraction increases from ¢, = 0.29 at the inlet to ¢ = 0.90 at the outlet,
indicating the evaporation of the acetone during the spinning process. The airflow
directed contrary to the spinning direction of the fibers induces drag forces that
act contrary to the fiber moving direction. Therefore, the spatial point where
the fiber speed u reaches the take up speed (u,,, = 10 m/s) is shifted from the
center of the spinning device towards the nozzle, i.e., u(s) = u,,, fors > 1 m
approximately. The tensile stress N increases correspondingly to the changes of u
and the viscosity (u) 4. Directly at the nozzle the fiber temperature drops down
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Figure 4.6.: Solution quantities of a centrally located fiber (cf. Fig. 4.5). Top-
left: Polymer (CA) mass fraction (averaged c, at the fiber boundary c|,_; and
referential c,.;). Top-right: Scalar fiber speed u. Bottom-left: Tensile stress N.
Bottom-right: Temperature (averaged T, at the fiber boundary T|,_,, air T,).

due to the immediate set in of the acetone mass transfer caused by evaporation,
which is indicated by the rapid rise of the CA mass fraction at the fiber boundary.
In a distance sufficiently far away from the nozzle the temperature approaches the
temperature of the surrounding air T,. The fiber radius decreases from its initial
value R, = 3.14-10> m to R = 1.06- 10~ m at the fiber end (cf. Fig. 4.7). On the
one hand, this fiber thinning is caused by the take up of the fiber at the bottom of
the spinning device with a drawing speed that is higher than the initial fiber speed,
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Figure 4.7.: Resulting fiber radius R for the solution quantities in Fig. 4.6.
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Figure 4.8.: Polymer mass fraction and temperature profiles of fiber solution
(cf. Figs. 4.5 and 4.6).

=0 =

i.e., u,, > u;,- On the other hand, the mass transfer due to acetone evaporation
gives rise to further fiber thinning, in particular in the region of the spinning duct
where the fiber speed has already reached the take up speed (s = 1 m). Worth to
investigate is the profile for the polymer mass fraction in Fig. 4.8 that indicates
an inhomogeneous CA-acetone distribution in radial direction. While the fiber
surface is nearly diluent-free and thus completely dried out shortly away from
the nozzle, the innermost part of the fiber contains much more diluent over its
complete length and is not completely dried at the bottom of the spinning duct.
In contrast there are no visible radial effects in the temperature (cf. Fig. 4.8). This
is due to the fact that the inverse of the temperature associated Peclet number
1/Pe; is three magnitudes larger compared to the mass associated one 1/Pe,
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Figure 4.9.: Mass fraction of diluent acetone (left) and temperature (right) in the
spinning duct (after convergence of the fiber-air coupling algorithm).
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Figure 4.10.: Averaged CA mass fraction (left) and temperature (right) of a
centrally located fiber after iteration 1 (one-way coupling) and after iteration
30 (two-way coupling) of the fiber-air coupling algorithm (cf. Fig. 4.5).

(cf. Tab. 4.8) yielding an immediate temperature diffusion in radial direction for
sufficiently thin fibers.

The relevance of the effects due to the fiber-air interactions can be clearly seen in
Fig. 4.9 and Fig. 4.10. Due to the acetone evaporation the CA mass fraction in the
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Figure 4.11.: Averaged CA mass fraction ¢ for varying air inflow temperature T,.

fiber increases to the value ¢ = 0.90 at the end s = L after the first iteration of the
fiber-air coupling algorithm (one-way coupling). This means a ratio of acetone
mass to CA mass of 0.11 at the fiber end, which coincides with the value computed
in [88]. During the two-way coupling with the airflow the evaporated acetone
increases its proportion in the surrounding air, such that the referential polymer
mass fraction decreases from its initial value c,,;, =1 to its minimum c,,; = 0.96
directly at the nozzle (s = 0 m), see Fig. 4.6. Considering the temperature the
influence of the fiber-air coupling becomes even more evident: in the region
around the nozzle the fiber heats the surrounding air due to a positive relative
temperature (T — T,) > 0. In turn this heated air affects the fiber temperature to
decrease more slowly. The minimal fiber temperature after the first iteration is
T = 325.94 K, while after the 30th iteration it is T = 329.98 K. Moreover, the air
in the upper part of the duct is heated up to T, = 336.19 K, which corresponds
to a temperature increase of 6.19 K compared to its initial value. This effect of
increased air temperature in the nozzle region is also observed in [88], where
the air temperature is not calculated but measured from experiments. Away
from the nozzle evaporation effects become negligible and the temperature in the
spinning duct is not influenced significantly by the fiber temperature anymore.
Vice versa the fiber is cooled down and reaches the air temperature in this region
of the spinning duct. The temperature curve for our considered fiber after the
first iteration (one-way coupling) is qualitatively in good agreement with the
temperature curve given in [88], although our simulation shows a less drastic
temperature drop at the nozzle. This difference might be due to varying rheological
models.
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The airflow in the considered dry spinning setup is characterized by the air inflow
speed ||v,|| at the bottom of the device and its inflow temperature T,. Whereas
the inflow speed has a negligible effect on the acetone evaporation since the
fiber surface is immediately dried shortly after the nozzle, the air temperature
affects the evaporation of the solvent significantly, see Fig. 4.11. The higher the
air temperature T, is the more acetone evaporates out of the fiber and leads to a
higher averaged CA mass fraction ¢ remaining in the fiber, e.g., T, = 320 K yields
c=0.89, T, =340 K even ¢ = 0.92 at the fiber end.

4.4.3. Spinning of curved fibers

Now, we examine an industrial dry spinning setup where our curved fiber model
(System 4.11) has to be employed. Again we consider a cellulose acetate (CA)-
acetone mixture being dry spun in a spinning duct. In difference to the previous
setup (Fig. 4.1 and Sec. 4.4.2) the air streams horizontally through the spinning
duct instead of vertically. Thus, the fibers are exposed to a mainly perpendicular
airflow. This leads to lateral movements of the fibers such that an uni-axial fiber
model is not sufficient to describe this flow situation. Hence, we employ our
curved fiber model here. In the following we specify the process setup and present
simulation results for the curved fibers with two-way coupled airflow.

Process setup

We consider a spinning duct with the airflow situation as depicted in Fig. 4.2.
The device geometry is adapted from an actual industrial dry spinning device.
To show the capability of our numerical framework we let 500 fibers being spun
simultaneously from the holes of a spinneret into the spinning duct instead of
60 in the uni-axial setup (cf. Sec. 4.4.2). These holes are ordered in five parallel
rows with 100 holes each, as sketched in Fig. 4.12. We consider the fibers to
be injected from the plane {x € R?® | x; = 0} and the middle row additionally
to lie in x, = 0. At the bottom of the device all fibers are taken up by a roller.
As in Sec. 4.4.2, the air contains no diluent at the inlet, the absolute air inflow
velocity (in d,-direction) is ||v,|| = 0.22 m/s and the air inflow temperature is
T, = 330 K. The remaining process parameters are given in Tab. 4.9. Utilizing the
setup-specific reference values as given in Tab. 4.6, the resulting dimensionless
numbers are given in Tab. 4.10.

91



4. Fiber spinning with evaporation effects in airflows

—’
a;
—

a;

XXXXX

XXXX X
XX XXX
XXXX X
XX XXX

100 holes per row

Figure 4.12.: Industrial dry spinning setup for curved fibers, sketch of the holes
(marked with X) in the spinneret (not in scale). All proceeding simulation
results are shown for the fiber extruded from the central position (green X).
For the device geometry and the orientation of the outer basis {d,, d,,d;} we

refer to Fig. 4.2.

Process Parameters

Description Symbol Value Unit
Device height H 5.35 m
Nozzle radius R, 1-107* m

Speed at nozzle Uin 5 m/s
Take up speed at bottom Ugut 10 m/s
Polym. mass fract. at nozzle Cin 0.29 -
Temperature at nozzle Tin 350 K
Curvature at nozzle Kin 0 1/m
Curvature at bottom Kout 0 1/m
Direction at nozzle din (1,0,0,0) -

Total number of fibers M 500 -

Heat transfer at nozzle Qi 3.86-10*> W/(m?K)
Mass transfer at nozzle Yin 8.88-107! kg/(m?s)
Air pressure at nozzle D+in 1.01-10° Pa

Air thermal cond. at nozzle Avin 4.22-1072 W/(mK)
Air kin. viscosity at nozzle V.in 3.90-10° m?/s

Air spec. heat cap. at nozzle Qsin 1.14-10®  J/(kgK)
Air density at nozzle P in 1.39 kg/m?
Diluent diffusion in air at nozzle Dy,;, 1.41-107° m?/s

Table 4.9.: Process parameters of the industrial dry spinning setup with horizontal

airflow (cf. Fig. 4.2) in the first fiber-airflow coupling step (airflow without
fibers). For the inflow positions r;, as well as the take up position r,, of
the fibers we refer to Fig. 4.2. The physical parameters remain unchanged to

Tab. 4.6.

92



4.4. Industrial dry spinning with two-way coupled airflow

Dimensionless numbers

Description Symbol Value
Slenderness £ 3.74-107°
Reynolds Re 2.08-10°
Froude Fr 6.90-107!
Drawing Dr 2.00

Mass Peclet Pe, 1.31-107
Temperature Peclet Per 8.69 - 10°
Mass Stanton St. 2.25-107%
Temperature Stanton Sty 3.11-107°
Air drag associated A, 3.77-101
Air-fiber Reynolds Re, 6.85- 10!
Nusselt Nu, 2.23
Prandtl Pr, 7.44-1071
Sherwood Sh, 1.13-10!
Schmidt Sc, 1.04

Table 4.10.: Dimensionless numbers for one representative fiber (cf. Fig. 4.12) in
the curved industrial dry spinning setup (first step in the fiber-airflow coupling).
Note that some dimensionless numbers might vary during the simulation due
to the fiber-airflow interaction (cf. Tab. 4.2 and Tab. 4.3).

Results

For the numerical treatment we use the same tolerances as for the simulation of
the uni-axial fiber setup (cf. Sec. 4.4.2), i.e., the solver for the airflow meets an
accuracy of O(107°) and the break-up criterion of the fiber-air coupling algorithm
satisfies an error tolerance tol = 107>. In contrast to the uni-axial setup the
fiber-air coupling algorithm converges after 10 iteration steps (instead of 30
iteration steps). However, due to the higher number of spun fibers (500 instead
of 60) and the finer resolution of the spinning duct for the airflow simulation,
which is necessary due to the slightly more complex device geometry, the overall
computation time for the presented setup is around 50 hours and, therewith,
more computationally demanding than the uni-axial case (6 hours).

Since the solutions of the 500 fibers do not show visible differences, we exemplarily
illustrate the solution behavior for the fiber that is centrally located in the spinning
duct (cf. Fig. 4.12). In Fig. 4.13 we find the solutions for the CA mass fractions
(C, cly=15 Cref), the fiber speed (u), the temperatures (T, T|,—1, T,) and the fiber
radius (R). All these quantities behave similar to the uni-axial case, cf. Sec. 4.4.2.
The cross-sectionally averaged CA mass fraction increases from c, = 0.29 at the
inlet to ¢ = 0.40 at the outlet, indicating the evaporation of the acetone during
the spinning process. The lower averaged CA mass fraction and, therewith, the
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4. Fiber spinning with evaporation effects in airflows
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Figure 4.13.: Solution quantities of a centrally located fiber (cf. Fig. 4.12). Top-
left: Polymer (CA) mass fraction (averaged c, at the fiber boundary c|,_,
and referential c,,;). Top-right: Scalar fiber speed u. Bottom-left: Averaged
temperature T. Bottom-right: Resulting fiber radius R.

lower evaporation compared to the uni-axial case is owed to the higher thickness
of the fiber (R;, = 10~* m instead of R;, = 3.14- 10~ m in the uni-axial case). As
before, the scalar fiber speed u increases monotonically and reaches the take up
speed (u,,, = 10 m/s) at the device end. As in the uni-axial case the averaged
fiber temperature T starts to decrease directly at the nozzle due to the immediate
set in of the acetone mass transfer caused by evaporation. Due to the solvent
evaporation the fiber reaches the minimal averaged temperature T = 310 K which
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4.4. Industrial dry spinning with two-way coupled airflow
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Figure 4.14.: Polymer mass fraction of fiber solution (cf. Figs. 4.12 and 4.13).
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Figure 4.15.: Side views of the fiber curve of a centrally located fiber (cf. Fig. 4.12)

is less than the inflow air temperature T, = 330 K. Also the air temperature T,
behaves similarly to the uni-axial setup: In the nozzle region the airflow is heated
due to the positive relative temperature (T — T,) > 0 and away from the nozzle
the fibers cool the air due to a negative relative temperature (T — T,) < 0. Again
the fiber thinning is caused by the fiber take up at the bottom of the spinning
device as well as by the acetone evaporation. The fiber radius decreases from its
initial value R;, = 107" m to R = 5.8 - 107> m at the fiber end. Without acetone
evaporation the fixed fiber speed at the take up would lead to the final fiber radius
R =R;,/+/Dr = 7.1-10">m due to the conservation of mass. Hence, acetone
evaporation yields a further reduction of the fiber radius by the factor 1.22. Since
the fiber is not completely dried out at its end (but only at its surface), an extension
of the spinning device in d;-direction and, thus, an increased fiber length L would
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Figure 4.16.: Airflow velocity v, in the spinning duct (cf. Fig. 4.2) visualized
in the plane {x € R?®|x, = 0}. Left: Airflow velocity in d,-direction. Right:
Airflow velocity in d,-direction.

lead to more acetone evaporation and, therefore, a further thinning of the fiber.

Worth to investigate is the profile for the polymer mass fraction in Fig. 4.14 that
indicates an inhomogeneous CA-acetone distribution in radial direction. While the
fiber surface is nearly completely dried shortly away from the nozzle, the innermost
part of the fiber contains the initial proportion of diluent over its complete length.
As in the uni-axial fiber case there are no visible radial effects in the temperature
due to the fact that the inverse temperature associated Peclet number 1/Pe; is
four magnitudes larger compared to the mass associated one 1/Pe, (cf. Tab. 4.10)
yielding a homogeneous behavior of the fiber temperature T in radial direction
due to immediate heat diffusion. Hence, we omit the visualization of the fiber
temperature at the boundary and the radial temperature profile.

Fig. 4.15 shows the curve for the central fiber and Fig. 4.16 visualizes the airflow
velocity in the spinning duct in d,- and d,-direction. In d,-direction the lateral
fiber movement is mainly due to the take up of the fiber at the central position at
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4.4. Industrial dry spinning with two-way coupled airflow

the bottom (x; = x, = 0). Since the airflow velocity in d,-direction is approxi-
mately zero in the region where the fibers are spun, the airflow does not cause
a significant fiber deflection in this direction. However, the fiber shows a strong
lateral movement in d,-direction. This is due to the airflow in d,-direction that
causes tangential forces on the fiber in the upper part of the spinning duct leading
to its lateral movement in this direction. The maximal deflection of the fiber in
d,-direction is 5.8 - 1072 m.

Summing up, concerning one-way coupled uni-axial fibers in air we achieve
comparable results to [88]. This justifies the transfer of our fiber model from
academic axis-symmetric settings to real industrial setups. Moreover, our proposed
model-simulation framework makes the simulation of industrial dry spinning
processes with multiple simultaneously spun, uni-axial and curved fibers feasible.
Radial heat and mass transfer effects as well as mutual fiber-airflow interactions,
that are both key players in industrial setups, are efficiently included in the
simulations.
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5. Electrified visco-capillary jets in
airflows

In this chapter we examine spinning processes where an electrified jet is injected
into an outer electric field. A typical example are electrospinning processes, at
which we focus in this chapter. As schematized in Fig. 5.1, electrospinning devices
essentially consist of a high-voltage power supply, a metallic nozzle (spinneret)
and a grounded collector that acts as counter-electrode. Through the metallic
nozzle a conducting material (usually some sort of molten polymer) is fed at a
constant rate into the electric field between nozzle and collector. This electric
field induces an electric current in the spun jet, which accumulates the electric
charge at its surface. This surface charge causes an electric force on the jet that
elongates it in the direction of the field. Such interaction of an electric field
with the interface between a conducting liquid and a dielectric medium was
already reported by Gilbert in 1600 [39] and utilized for the production of micro-
and nanostructures in several technological fields [56, 61]. Depending on the
electric field one observes different jet behaviors during electrospinning: For
low field strength the electrostatic and surface tension forces balance directly at
the nozzle and no jet evolves. In this case the drop at the nozzle forms a cone,
which is known as Taylor cone [100]. When the electric field strength overcomes
a certain threshold the electric forces lead to the ejection of an electrified jet
from the cone tip. Depending on the applied voltage and polymer flow rate
the jet is dominated either by the so called varicose instability or the bending
(whipping) instability. In the first one the jet forms a straight line and breaks into
droplets at some distance from the nozzle. This phenomena builds the basis for the
electrospray technique [32, 24] with application in, e.g., fine coatings, synthesis
of powders, as well as micro- and nanocapsules. In constrast, the jet curve is
characterized by fast and violent deflections in the so called bending or whipping
instability. Its occurrence can be explained as follows: If a small part of the
charged and initially uni-axial jet moves slightly off its axis, the charge distributed
along the rest of the jet pushes that part further away from the axis according to
Earnshaw’s theorem leading to a lateral instability. Fur sufficiently high values of
the applied voltage or the polymer viscosity the jet does not break up and this
whipping mode becomes dominating, see Fig. 5.1. This lateral jet movement
gives rise to a drastic jet thinning — reduction of jet diameter by several orders
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molten
polymer

collector

Figure 5.1.: Left: Sketch of a typical electrospinning device. Right: Whipping
instability in an electrified jet of glycerine in a bath of hexane (courtesy of A.
Gomez-Marin).

of magnitude — and, hence, is of fundamental importance for electrospinning
processes [27, 48, 57, 80, 92, 120]. Another mode, the so-called coiling mode
[53], is observed when the ground electrode is located sufficiently close to the
nozzle so that the jet reaches the collector before being set into whipping motion.
The situation is similar to a thin stream of viscous fluid (such as honey) being
poured onto a surface from a certain height [81, 82, 83].

In the last decades intensive work has been spent on experimental studies of
electrospinning, whose complexity makes empirical determinations of the effects
of the parameters very difficult [57, 92]. The trend-setting papers [31, 47, 80]
developed theoretical models to predict the behavior of the charged jet. These
models use balance equations based on slender-body descriptions for the jet and
include the electric field and surface tension. They differ in the constitutive
laws, such as models for viscous (Newtonian) and viscoelastic (upper convected
Maxwell) jet behavior. Even effects such as evaporation and solidification can be
taken into account [120]. Studies [103] show that the final jet radius is mainly
determined by the volume charge density, the distance from the nozzle to the
collector, the nozzle radius, the relaxation time and the viscosity. The external
field and the mutual electric interaction of multiple charged jets influence the jet
path and evolution [101]. The whipping instability, which causes jet thinning, has
been documented and analyzed in [80, 120] by applying perturbation frequencies.
In addition to a linear stability analysis, operating diagrams for different polymer
solvents have been developed in [47, 48]. The whipping instability has also been
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explored via temporal stability analysis in [58, 59]. Numerical simulations can be
found in [124, 126]. However, it must be stressed that the nature of the whipping
regime makes it very difficult to resolve its detailed structure. Recent experiments
show that special setups enlarge the parametric range for which the bending
leads to a stable steady-state helicoidal structure with a constant opening angle.
This is for example the case, when the conducting jet is spun into a dielectric
bath [84] or is surrounded by another coflowing liquid [44]. The liquid bath
decreases the frequency of the jet oscillations by several orders of magnitude in
comparison to those found in typical electrospinning experiments in air [48, 79],
see Fig. 5.1. In the phenomenological study on a glycerine jet in a hexane bath
[84], the whipping instability (frequency, amplitude, wavelength) is characterized
in terms of flow rate, applied voltage and electrical conductivity.

The observation of the stable steady-state helical structure motivates our subse-
quent study. We present a model framework in which the whipping instability can
be computed straightforwardly as the stable stationary solution of an asymptotic
Cosserat rod description. For this purpose, we formulate the jet’s whipping as
a stationary process by introducing a frame of reference that rotates with an
a priori unknown whipping frequency. The whipping frequency becomes part
of the solution. A similar transformation has been used in the investigation of
viscous rope coiling [81]. This procedure results in a parametric BVP of ODEs
that describes the jet behavior in terms of 19 variables in dependence on the
viscosity, surface tension, external electric field, self-repulsion of the induced
charges and the resistance of the surrounding fluid. The jet model is a variant
of the incompressible viscous rod in Eulerian description (System 2.8). To allow
stationary considerations the director and outer bases are modified such that they
rotate with the a priori unknown whipping frequency. The models used for the
electric and capillary forces are taken from [120]. For the air resistance exerting
on the jet we employ the drag model (2.9) presented in Sec. 2.3.

The idea of investigating the whipping instability in electrospinning processes with
the help of a stationary viscous Cosserat rod model in a rotating reference frame
has been established by J. Rivero-Rodriguez, see [9, 85, 86]. We utilize this idea
and, in addition, develop a numerical strategy that makes simulations of industrial
relevant parameter settings feasible. We suggest a model-specific continuation
strategy and solve the resulting BVP of ODEs numerically by the continuation-
collocation method presented in Sec. 3.1. To analyze our framework we carry
out a parameter study. Although the model is physically comparatively simple in
the electric force model, the numerical results are very convincing. They show
qualitatively well the characteristic jet behavior in terms of whipping frequency,
elongation and throwing range. The presented model framework is able to give a
quantitative explanation for the observed strong jet thinning. Indeed, the analysis
of the periodic equilibrium states in combination with a temporal global stability
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5. Electrified visco-capillary jets in airflows

analysis reveals the helical structure in the whipping instability in more details
than has been achieved in previous works. In addition, our framework enables
us to derive an analytical solution for the 'longtime’ behavior of the jet. The
combination of the stationary model consideration in terms of a rotating reference
frame with our efficient numerical strategy and our analytical description of the
jet’s longtime’ behavior led to the collaborative publication [4].

This chapter is structured as follows. Starting from the Cosserat rod model in
invariant description (System 2.2), we derive the stationary model framework
for the jet’s whipping in Sec. 5.1. In Sec. 5.2 we present the model specific
continuation-collocation method for the numerical solution of the parametric BVP
We demonstrate the computational efficiency of the proposed algorithm and show
numerical results with respect to parameter studies in Sec. 5.3. In Sec. 5.4 the
whipping effect is numerically investigated in detail.

5.1. Viscous fiber electrospinning model

In the following we consider an electrified visco-capillary jet with circular-shaped
cross-sections surrounded by an airflow. To describe its dynamics we proceed from
the invariant Cosserat rod model given in System 2.2. In the whipping regime
the electrified visco-capillary jet forms a helical structure, see for example the
experiments in [48, 84, 120] and Fig. 5.1. To explore the instability numerically,
we follow the idea presented in [9, 85, 86] and formulate the jet’s whipping as
the stationary solution of the Cosserat rod model. For this purpose we introduce
a rotating reference frame and explain the transition to a stationary fiber model.
Moreover, we present the capillary and electric force models, which insert capillary
effects as well as effects due to the external electric field and Coulomb interaction
in our model.

5.1.1. Stationary model equations

Aiming at a (Euler-)stationary consideration we consider the invariant rod model
System 2.2 (cf. Sec. 2.1.6) in Eulerian (spatial) description on the space-time
domain D = (0,L) x (0, t,,4] and introduce a rotating reference frame: Consider
a spun jet of certain — a priori unknown — length L [m] with stress-free end, which
is straight at the nozzle. We assume the external electric field E [V/m] to be
constant, i.e., E = Ed; with E=&/H [V/m] and ||d@;|| = 1, where H [m] is the
distance between nozzle and counter-electrode (device height) and & [V] is the
applied voltage, see Fig. 5.1 (left) for the device-specific direction d;. Because
of the electric field, we have a fixed predominant direction in the device, i.e.,
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5.1. Viscous fiber electrospinning model

a, = &3(0, t) is the jet tangent at the nozzle (s = 0) for all times t. We introduce
a time-dependent outer basis {d@;(t), d;(t),d5} C E°,

6,d =Qad, xd, i=1,2,3, (5.1a)

that rotates with the jet’s — a priori unknown — whipping frequency 2 [1/s]. In
addition, the director triad for the jet is modified in order to get stationary bound-
ary conditions [81]. Since the angular velocity of the director triad {d,d, 33} is
the sum of the angular velocity of the fluid flow and the additional spin affecting
c_il and c_iz directly at the nozzle, a director triad can only be steady in the rotating
frame if it follows the whole rotation of the jet. This is achieved by incorporating
the additional spin of magnitude {2 into the corresponding kinematic equation,
giving

at&j = (w—uKk + Qc_i;) X le, i=1,2,3. (5.1b)

A representation of our model equations in these director and outer bases elimi-
nates the time-dependencies and yields a stationary setup, but it obviously intro-
duces fictitious body forces and couples, such as Coriolis, centrifugal and - in this
case additionally — spin-associated ones, due to inertia in the model equations.
Again we relate the director and outer bases by the tensor-valued rotation R,ie.,
R=i;® c_ij Adapting the coordinate terminology introduced in Sec. 2.1.2 we
use the following analogous notation in this chapter

with z = (z,2,,23) € R® and 2 = (21,%,,2;) € R® where z = R-z and R =
(Rij)ije123 = (c_ij : aj')i,j:l,Z,B € SO(3). A similar transformation into a stationary
setup has been performed in the investigation of viscous rope coiling [81]. We
emphasize that with this approach we do not artificially insert whipping into the
problem. Because the whipping frequency belongs to the solution of the problem,
it can also be 2 = 0 in certain parameter settings. However, the ansatz for the
rotation is only valid if 33(0, t) is aligned with d; as shown with mathematical
arguments in [87]. Considering the derivatives we can state the following rules.

2S5 =S

Lemma 5.1. Let the outer basis {d},d,,d,} C E3 be given by (5.1a) and the
modified director triad {Zfl,&;,&;} C E® of the jet be defined by (5.1b) with &3 =
3;(0, t)= 33(0, t) for all times t. Then, for any % : D — E? the following rules for

its temporal and spatial derivatives hold

(d;-2z2)

23S - _ =S - —
(di : 352) =0z+KXz, (ai ’ aSz)i:l,Z,B =02

i=1,2,3

— =S 4 —
0y = 0,z + (W —uk+ Ney) x z, (ai "O0%)_ 557 0,2 + 2eg X z,

i=
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5. Electrified visco-capillary jets in airflows

Proof. Let Z : D — E® be given, then we write for its temporal derivative with
respect to the modified director triad

(c_ij ' atg)i=1,2,3 - (at (E . C—ij))l 1,2,3 ( taj)l 1,2,3
=0,z— (2 . (( W — UK + ng) x d ))i=1,2,3

=0z + (c_ij : ((&3 —UuK + st) % 2))121,2,3
=0,z+ (w —uk+ Ne3) x z,

and with respect to the outer basis

( -0 z)l 1,23 (3 (_) -’s))i=1,2,3 - (2 ) 3fai)i=1,2,3
=0,z — (Z : (.QEi; X a?))i:l,Z,B
— o5+ (& - (a x 7))
= 0,2+ eg X g,

i=1,2,3

where we used (5.1b) and (5.1a), respectively. The formulation of the spatial
derivative of 2 with respect to the modified director triad follows analogously
employing the relation 85c_ii =K x c_ij (cf. (2.2b) in Sec. 2.1.2). Its formulation
with respect to the outer basis is obvious.

]

Utilizing these rules we can formulate a temporal kinematic equation for the
rotational matrix R € SO(3).

Lemma 5.2. Under the assumptions of Lemma 5.1 the following kinematic equation
for the rotational matrix R holds

R=—(w—uxk+N2(e;—R-e3)) xR.

Proof. For any 2 € E* we calculate using Lemma 5.1
(R)-2=(0,R)-2+R-0,2—R-(0,2+Ne; xz)+ N2(R-e;5) X z
=JR-2)—R- (a 82) 123+~Q(R-e3)xz
=0,z— (di . 8t§)i:1’2’3 +2(R-e3) xz

=—(w—uk+Ne;)xz+N2(R-e3) xz
=—(w—uk+2(e;—R-e;3)) xz
:—(w—uK+Q(e3—R-e3))X(R'Z)-
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5.1. Viscous fiber electrospinning model

We proceed from System 2.2 and employ the incompressible geometry model
(cf. Sec. 2.1.3) as well as the viscous material law including the generalized
Kirchhoff constraint (cf. Sec. 2.1.4). Utilizing Lemma 5.1 and Lemma 5.2 the
derivation of the model equations in Eulerian description with respect to the
modified director triad and the rotating outer basis follows the same concepts as
the derivation of System 2.8 in Sec. 2.1.6. Special attention has to be paid to the
incompressible geometry model and viscous material law since they have been
formulated with respect to the material director basis {d;,d,, 33} in Sec. 2.1.3
and Sec. 2.1.4 respectively. Whereas the space and time derivatives can be written
according to Lemma 5.1, the scaling matrix P, x € R, has to be formulated with
respect to the modified director triad. However, it turns out that this matrix does
not change when it is represented in the modified director basis.

Lemma 5.3. Let the modified and material director basis be related by the tensor-
valued rotation RY = Zli ® c_ii € SO(3) and let the associated matrix be denoted by
RY = (c_ij -c_ij )ij=1.23 € R¥®. Furthermore, assume R%(s,0) = 1 for all s € [0, L].
Then, the scaling matrix P, = 1/(4n)diag(1,1,x) € R*3, x €R, is invariant with
respect to this basis transformation, i.e., R? - P, - (R))" =P_.

Proof. Utilizing the kinematic equation (5.1b) for the triad {Zli, &;,3;} and an
analogous argumentation as in the proof of Lemma 5.2 the matrix R? fulfills the
following kinematic equation

-1

ORI =—e; xR =—0 -RY.

O = O
o O O

0
0
Employing R%(s,0) = 1 this ODE has the space-independent solution R? = R4(t)
which reads

0 -1 0 cos(2t) sin(02t) O
Ri(t)=exp| —2[1 0 0|t |=]|—sin(Qt) cos(2t) 0
0 0 0 0 0 1

A simple calculation shows that
RE-P - (RO =P,.

O]

Bringing together the results of Lemma 5.1, Lemma 5.2, and Lemma 5.3, we can
formulate the rod equations with respect to the modified director basis. Moreover,
as before, we introduce dimensionless quantities as ¥(5,t) = y(soS, tot)/y, for
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5. Electrified visco-capillary jets in airflows

Composite reference values

Description Formula Unit
Length scale So =T m
Time scale to = 1o/ Vo s
Length Lo=ryg m
Cross-sectional radius Ry = d, m
Volume line density Ovo = dg m?
Scalar speed Ug =V m/s
Curvature Ko =1/ry 1/m
Stress Ny = Oum.oVe N
Torque my = Epmolove Nm
Angular velocity wo = Vo/ T 1/s
Whipping frequency 2y = wg 1/s
Outer forces 0=0 M’ng /ro N/m
Air velocity V.o =V m/s

Dimensionless numbers

Description Formula

Slenderness e =dy/rg

Reynolds Re = op,0v070/(dg o)
Capillary associated T =dyYo/(Om,0v5)
Potential associated E = Iy®0/(om0v3)
Coulomb repulsion associated ~ © = I/(€p . 0voPo)
Conduction associated A =dyAg®y/1,

Air drag associated A, = p*,odovg /fo
Air-fiber Reynolds Re, = dyvo/V.p

Table 5.1.: Overview over composite reference values used for nondimension-
alization and the resulting dimensionless numbers. The following scales are
assumed to be given from the specific considered setup uy, Yo Ag, Io, o, P05
V.05 €p+0- Moreover, we fix ro = H, 0y o = pdg, dy=d;,/7T/2, vg = Vy,.

any scalar or vector valued quantity y. The corresponding reference values y,
are given in Tab. 5.1. Since the fiber length L is a priori unknown we transform
all equations onto the space domain (0, 1) as done for the dry spinning model
(see scaling concept (4.8) in Sec. 4.1). As consequence we do not face a free BVP
anymore, but insert the unknown parameter L into the model equations. For
simplicity we suppress the label ™ in the following. The meaning of each quantity
(dimensional or nondimensional) will be clear from the context. This also means
we use the symbols L and {2 for the dimensionless unknowns. The resulting model
reads in nondimensional form as follows.
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5.1. Viscous fiber electrospinning model

System 5.4 (Viscous fiber electrospinning model).
Kinematic and dynamic equations as well as material laws, s € (0,1), t € (0, t 4]

or=R"-(v—ue;
—(w—uk+Ne3) x(R-r)),
L7'9r =R"e,,
oR=—(w—uk+2(e;—R-e3)) xR,
L'9R=—k xR,
0,om +L710,(upy) =0,
d,ov +L710,(upy) =0,
3,(oyV) + L7 8,(upyv) = oyv % (W + Ney) + L7'0,n
+kxn+f
0, (omEvPy - W)+ L7106, (upyevP,; - w) = (enovP, - W) x (w + Ney)

1
+;(L‘1ﬁsm+|<xm+e3xn),

Re 1
L_lasu - n3,
3 uey
Re 1
-1 _ -1 .
0,k + L 0, (uk) = 36 g2 P, -m+ 2Kk xe;.

Basically, this model equals the Eulerian rod model given in System 2.8 with addi-
tional terms due to the additional spin in the modified director triad {&j, c_i;, c_i;}
Transition to stationarity in System 5.4 leads to explicit expressions for the linear
velocity v and angular velocity w

v=ue;+ 2R-(e; xr), w=uk+ 2R -e;—e;). (5.2)

Moreover, considering the mass and volume balances the corresponding flow rates
become constant, i.e., Q,, = up,; = const and Q, = up, = const. The particular
choice of the reference values (cf. Tab. 5.1) leads to Q,; = Q, = 1, such that p,,
and py can be replaced by 1/u. In addition, due to (5.2) the linear and angular
velocities can be expressed in terms of the other variables.

For the spun jet that leaves the nozzle vertically and straight-lined we pose the
following geometric and kinematic boundary conditions at the nozzle (s = 0) as
well as stress-free conditions at the end (s = 1)

r(0)=0, R(0)=1, «(0)=0, u(0)=1, n(1)=0, m(1)=0,

with 1 € R**3 the identity matrix. To determine the further two unknowns of the
problem that are the jet length L and the whipping frequency {2, we impose two
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5. Electrified visco-capillary jets in airflows

additional geometric conditions on the end point of the curve. We prescribe its
phase and its height in the device geometry

r(1) =0, r3(1) =1,

which means fixing the jet end at the counter-electrode. In spite of the posed
condition on the phase, the choice of the outer basis {@;(t),d;(t),d5} C E® still
leaves one further degree of freedom, e.g., the sign of r,(1). Moreover, the sign
of 2 is free. Thus, four stationary solutions are similarly possible in this model
framework: 2> 0 or 2 < 0 as well as r,(1) > 0 or r,(1) < 0. The form of the
solutions is invariant, the resulting jets only differ in the rotational direction of the
whipping and in the position of the end point with respect to the d@:-half-space.
We aim for the case: 2> 0 and r,(1) > 0. This implies a positive rotation in the
outer frame, a positive Rossby number that characterize the relation between the
inertial and rotational forces as well as an end point in the positive @ -half-space.

In total, the nondimensional stationary model for the jet’s whipping regime is
given by

System 5.5 (Stationary viscous fiber electrospinning model).
Kinematic and dynamic equations as well as material laws, s € (0,1):

L7'or =R(q)" - e,
L_lasq = S(K) q,

L'9n=nxk+ L (Gu)e; +ux x e; +202(R(q) - e;) x e,
QZ
+ TR(Q) -(e3 x (eg xr))—f,

1
L'dm=mxk+nxe;+e—P,- (L_lé’s(uk) — LY (Gu)k — 2k x e3)
u
{2 _
- gzﬁpz : (L "ou(R(q) - e; —e;z) + (uk — 2e3) x (R(q) - e3))

— e (B, (uk+ (R(Q) - € — €)X (uk + AR(@) - €3 —e,),

Re 1
L 3u= —e—ung,
3 u

Re 2
L710,(uk) = 5 4 P!

?; 2/3'm+QK><eg,
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5.1. Viscous fiber electrospinning model

with boundary conditions at inlet s = 0 and fiber end s = 1:

r(0) =0, q(0)=(1,0,0,0), k(0)=0, u(0)=1,
r(1)=0, r3(1)=1, n(1)=0, m(1)=0.

Here, we parameterize the rotation R € SO(3) with the help of unit quaternions
g € R, |lqll = 1, and the skew-symmetric matrix S € R* (cf. Remark 2.4).
The outer forces f consist of capillary, electric and air resistance forces, i.e.,
f = f., +fy + £, Since we expect high electric forces in d;-direction due to
the presence of a strong electric field, gravitational effects are neglected. For
the aerodynamic forces we employ the air drag model presented in Sec. 2.3 in
Eulerian description and with respect to the director triad, i.e.,

A, PV ( 2R )
f. =—= F{t,Re,—(v,—V
" Re? 2R v*( )

with the fiber unit tangent t = e; and the fiber velocity v given by (5.2). The
dimensionless air drag function F equals (2.9). The nondimensional fiber radius
R is given through R = 1/4/mu. The models for the capillary and electric forces
are presented in the subsequent section.

Remark 5.6 (Standard form). For the intended numerical treatment of System 5.5
with the continuation-collocation method (cf. Sec. 3.1) the equations have to be
written in the form d/dsy = f(y). This is easily achieved by scaling all equations
with L as well as applying the product rule on the J,(uk) terms with subsequent
replacement of the d,u term as given by the material law.

Remark 5.7 (Temporal stability analysis). To explore the whipping of the jet, sta-
bility analysis has been performed in previous works using classical perturbation
theory [48, 59, 80, 120]. We also find a strong connection between the whipping
instability observed in experiments and the unstable solutions of our electrospinning
model, for details we refer to the temporal stability analysis in App. C.1.

5.1.2. Capillary and electric forces

The capillary and electric forces are included according to [120]. Employing local
approximations the capillary forces are given in invariant form as

fca = 7-['.‘Yas(}zc_iB)) (53)

with v [N/m] the surface tension coefficient and R the fiber radius. Introducing a
reference surface tension y,, employing the reference values as given in Tab. 5.1
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5. Electrified visco-capillary jets in airflows

and suppressing the label ~ for dimensionless quantities, the capillary force reads
in nondimensional form with respect to the modified director triad

f., =Ry (K X €3 — L‘li(asu)eg) ,

2u
with R = 1/+/mu the nondimensional fiber radius. The capillary force is char-
acterized by the dimensionless number I', which equals a scaled inverse of the
capillary number that indicates the ratio of viscous drag forces to surface tension
forces, see Tab. 5.1.

The electric forces are assumed to be split into two parts, the effects due to the
external unperturbed constant electric field E= E&;, E = ®/H, and the ones
due to the Coulomb interactions of the induced charges on the jet. As before
® [V] is the applied voltage and H [m] the device height. The self-repulsion is
modeled with the help of a local interaction approximation [120] in terms of
the surface charge density of the fiber ¢ [As/m?], the permittivity of the air €p
[As/(Vm)] and the device height H as typical (cutoff) length. By Coulomb’s
law the electric force of repulsion between two small jet surface elements results
in the proportionality to the square of the surface charge density ¢. The stated
interaction term follows then from integration using the cutoff length H. In total
the electric force reads in invariant form

fo=2nRc (E _ X log(ﬂ) K X 33) :
Zep,* R
Since the surface charge density ¢ is in no situation a constant parameter, but
an unknown in the problem, our Cosserat rod model (System 5.5) is still not
closed. Instead of ¢, we consider the electric current I [A] resulting from con-
vection and conduction, i.e., I = 2wRcu + nR2AE -&3 with the jet’s electrical
conductivity A [A/(Vm)]. In the transition to stationarity the current I becomes
constant. The current is still unknown but can be measured in experiments. In
literature different phenomenological relations of the form I ~ Qy®", m,n € R
are documented, see e.g. [15, 24, 48, 84, 92, 102]. The powers vary with the
material properties and device geometry, the proportionality constant crucially
depends on the experimental conditions. However, we do not employ such a
phenomenological relation, but treat the electric current I as a parameter, yielding

- I nRPA® ., -
fel:(__ a dS)

u uH 3

d . 1 (I T7RA®,, - H\, -~
—d,——— | —— a,-d; |log| — |K xdj3 |.
H 4e, . m\u uH R

We introduce referential quantities for the current I, the potential &, the jet’s
electrical conductivity A, as well as the air permittivity €,, , and employ the
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5.2. Solution strategy

further reference values as given in Tab. 5.1. Then, the electric force reads in
nondimensional form with respect to the modified director triad

£, =51¢(1—8A’L—¢(R(q)-e3)-e3)
4 ul

I d 11
(fR(q)-eg—ez—(l—eAL(R(q)-eg)-eg)log(——) < x eg),
u uze, nd ul €R

with radius R = 1/+4/mu. The electric force is characterized by the potential-
current-associated numbers =, © and A (cf. Tab. 5.1). The conductive effects
are represented by A. This characteristic number shows the limitation of our
comparatively simple electric force model that assumes a constant external electric
field and the current as a parameter. Assuming the reference parameters A, I,
and $, chosen as the respective inflow quantities at the nozzle (s = 0) the relation
e\ < 1 must hold. Otherwise the acting electric forces at s = O point into the
nozzle which is not physical. In the following we neglect the term, i.e., A = 0,
and hence overestimate the electric forces by assuming pure convection.

5.2. Solution strategy

The derived Cosserat rod model for the jet’s whipping (System 5.5) is a parametric
BVP of ODEs with 19 variables. Again, the numerical challenge lies in solving the
problem for arbitrary parameter settings, which requires suitable initial guesses of
the respective solutions. For viscous rope coiling the difficulty of finding a suitable
guess was already addressed in [81] and treated there manually. We employ our
more sophisticated continuation-collocation method, that navigates automatically
through a high-dimensional parameter space, cf. Sec. 3.1. In the following we
describe our model specific continuation strategy. The Jacobian for the Newton
method is prescribed analytically.

We extend the Cosserat rod equations of System 5.5 by introducing contin-
uation parameters for the viscous, capillary, electric and aerodynamic forces
Pe>Pre> Pr>P=> PesPa. € [0,1]. This means we replace each of the parameters
k € {e,Re,T',E,0,A,} by the term p.k + (1 — p, )k, with starting values k,. More-
over, we introduce a continuation parameter py;., € [0, 1] for the fictitious forces
appearing due to the formulation with respect to the director basis and the rotating

111



5. Electrified visco-capillary jets in airflows

reference frame and modify the linear and angular momentum equations
L'9n=nxk+L ' (du)e, +pfl-ct(u|< xe;+202(R(q)-e3) x e,

QZ
+ TR(g) (e % (e 1) ) £
L'd9m=mxk+nxe; +pfict(82%P2 : (L_13s(u|<) — LY (Gu)k — 2k x e3)
— 2P, - (L7 Bu(R(q) €3 — &) + (ux— 2e;) x (R(q) - €y))
o (B (uk+ OR() - e — €))% (u-+ AR(@) - &5 —3)) ).
This system is supplemented with the originally posed boundary conditions
r(0)=0, q(0)=(1,0,0,0), w0 =u,,  r(1)=1,

and the following — slightly modified — ones

kK(0)—(1—p;)e, =0,
pari(1) — (1 —p,y)ry(1) =0,

(1—p)I(1 —ps+p32)R(q(1)) - (e5 x r(1)) + u(1)e;
—(1—p4)(ey+e3)]+p;n(1) =0,

(1 —p)[(1—ps + ps2)(R(q(1)) - e3 —e3) + u(1)k(1)
+(1—pe)(e;—e, +e5)]+ p,m(1) =0.

Consequently, we embed the fiber model into a family of BVPs in a high-dimensional
parameter space,

p = (pla ""p7’pfict’ps’pRe:p1“’ E’pe’pA*) € [07 1]14'

The choice of the continuation parameters allows the variation of the boundary
conditions (fiber end with lay-down or without stresses) as well as the exclusion
and inclusion of the fictitious, viscous, capillary, electric and air drag effects
that mainly dominate the jet dynamics. We summarize the dimensionless model
parameters in the tuple

P =(¢,Re,T,E,0,A,).

The remaining model parameter Re, is always directly set as desired and not
considered in the continuation.
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5.2. Solution strategy

The starting solution for the continuation that belongs to p = 0 is taken from the
study on viscous rope coiling [81], i.e.,

r(s) =(1—cos(ms/2),0,sin(ms/2)), k=1(0,1,0), u=u;,, n=m=0,
q(s) = (cos(ms/4),0,—sin(ms/4),0), L=m/2, N=0.

(5.4)
It describes a (non-coiling) jet having the form of a quarter circle in the absence
of inertia, surface tension and outer forces, Re, = I, = E; = A, = 0. The
initialization is consistent to our aim {2 > 0 and r,(1) > 0. The corresponding
parameter tuple is denoted by P, = (&, Rey, [, Ey, @, A, o) with

e<g, =& 0<6,=60<0,

using intermediate parameters ¢, ©. In addition, we introduce the tuple P of
intermediate parameters that allow for moderate physical effects,

Re, < Re < Re, I[,<T<T, E,<E<E, A <A <A,

In particular, we choose P = (1-107%,2-107%,6-102,3.5-10%,12,0). The starting
solution (5.4) satisfies the desired stress-free condition n(1) = m(1) = 0 that
belongs to p, = 1. However, the change of each continuation parameter has
different effects on the form of the solution and hence on finding appropriate
initial guesses in the continuation. To navigate through the high-dimensional
parameter space from p = 0 to p = 1 we follow a strategy that consists of four
parts:

(A) fromp=0top*=(1,1,1,1,1,1,0,0,0,0,0,0,0,0):
By changing the boundary conditions we obtain the solution associated to
viscous rope coiling with dimensionless model parameters P, and vanishing
linear and angular velocities at the jet end, p; =1 fori =1,...,6.

(B) from p* to p¥ =(1,1,1,1,1,1,0, 1,0, pg, P> P=, 0, P ):
By changing p;;., we introduce fictitious forces. Moreover, by increasing the
parameters pg, Pr, P=, P, to intermediate values we incorporate moderate
forming of the viscous, capillary, electric and air drag effects and achieve
a solution corresponding to the parameter tuple P. Note that £ = ¢, and
0 =0,.

(C) from p® to p¢ =(1,1,1,1,1,1,1,1,0, pg, Pr» Pz, 0, P ):
By changing p, we switch from lay-down to stress-free boundary conditions.
(D) from p¢ top =1:
By the final increase of the parameters p,, pg., Pr, P=, P, Pa, W€ incorporate
all inertial, capillary, electric and aerodynamic effects as desired.

We use a heuristic that seeks for the diagonal continuation path through the
parameter space. In Part A we use a tree search algorithm: Consider an equidistant
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5. Electrified visco-capillary jets in airflows

grid on the parameter space with size Ap in every dimension and apply a tree
search algorithm where the grid points (parameter tuples) are the nodes in the
tree. The traversal of the tree is described by a recursion. Because from a given
node there is more than one possible next node when changing one parameter,
we use a heuristic to order the nodes. We apply a depth-first search to explore
a continuation path as far as possible before backtracking when the solution to
a BVP cannot be found. The step from one node to the next node is performed
by solving the associated BVP directly, i.e., without the adaptive step size control
described in Sec. 3.1. To accelerate the algorithm we use a heuristic that prefers
the diagonal navigation through the parameter space and register all visited nodes
on a forbidden list. As grid size we take Ap = 10™!, implying 10° nodes in total. In
Part B it turns out that balancing the physical effects strictly leads to the diagonal
path such that the parameter space can be reduced to p¢;.; = Pre = Pr = Pz = Pa.-
The corresponding one-dimensional search is performed with the adaptive step
size control (cf. Sec. 3.1), the same holds for Part C. In Part D we also use the one-
dimensional search by increasing every parameter to the target value successively.
A good heuristic is to start with the parameter p; and continue increasing the
remaining parameters in the fixed order pg, p=, Pge, Pa.> Pe-

Remark 5.8 (Selective preconditioning). Due to boundary layers occurring in the
solution to the variables n and m at the nozzle, which we analyze later, the system
of ODEs (System 5.5) is badly scaled with respect to these quantities. Therefore, our
numerical approach includes scaling of these variables using the component-wise
maximum norm. This means we solve the System (5.5) with variables n; and m; (i =
1,2, 3) that are scaled equal to one. This procedure equals a selective preconditioning.
In contrast to our dry spinning fiber model a scaling of the angular momentum
equation with the slenderness parameter € is not sufficient to achieve acceptable
convergence of the electrospinning model. Moreover, treating the parameter € as a
regularization parameter in view of the associated string equation, i.e., fixing it at
a moderate constant value g, > €, is not practical here. This is due to the fact that
the shape of the bending instability crucially depends on €, which we will show in a
parameter study (Sec. 5.3).

5.3. Performance and parameter study

For the forthcoming numerical simulations the solver bvp4c.m is used with the
default values. The only modification is that we update the Jacobian every
Newton step. In the following we demonstrate the performance of our setup-
specific continuation algorithm presented in Sec. 5.2 and examine the influence
of the dimensionless model parameter on the jet’s whipping, its elongation and
its throwing range.
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Figure 5.2.: Jet curve during continuation procedure. From top left to bottom
right: Starting solution to P,, after Part A, after Part B (solution with lay-down
end to P), after Part C and after Part D (desired solution with stress-free end
to P¢/). Re, = 3.

Part | Computing Time [s] Percentage | Continuation Steps

A 551.28 49.9% 736
B 267.95 24.2% 93
C 89.17 8.1% 22
D 196.92 17.8% 76
total 1105.32 100% 927

Table 5.2.: Performance of continuation procedure. Computing time of each
Part A-D and the number of respective continuation steps to reach the reference
parameter tuple P"¢ (cf. Fig. 5.2).

5.3.1. Performance of continuation algorithm

For the performance study of the continuation algorithm we choose a parame-
ter tuple inducing moderate emergence of all involved effects in the numerical
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5. Electrified visco-capillary jets in airflows

solution. In particular, we set
pref =(7-1072,1,8-10,5-10%,8-10%,5-1072), Re'® =3,

Moreover, we assume a constant setup, i.e., the electric current I, the potential ®,
the surface tension 'y, and the airflow quantities €, ,, p,, v, are constant in space
and time. In particular we choose the reference values for nondimensionalization
such that] =® =y =¢,, = p, = v, =1 in nondimensional form. Furthermore,
we assume unmovable air, i.e., v, = 0.

Fig. 5.2 shows the jet curve during the continuation procedure. We initialize with
the prescribed solution (5.4) forming a quarter circle without any inertia, surface
tension and outer forces. After changing the boundary conditions in continuation
Part A the jet shows a coiling onto the lay-down plane. Incorporating viscous,
capillary and outer forces in Part B causes the onset of the whipping mode due
to the Coulomb interactions, whereas the external electric field straightens the
jet. After Part C, we clearly see a stress-free jet end. Finally, the inclusion of
all effects in their full magnitude gives rise to the whipping of the jet after Part
D. Considering the computational performance of the algorithm in Tab. 5.2 we
see that the preparatory Part A takes a CPU time of 551 s. Each step (including
rejection) requires less than 1s. In view of the huge tree with 10° nodes and
the fact that the continuation path is by no means the diagonal, this is a very
good performance. Since the jet’s end is nearly stress-free after Part B there are
only 22 continuation steps in Part C with a CPU time of approximately 89 s. Part
B and D contain the actual continuation and need together 42% of the total
computation time. These parts take several minutes, the minimal step size is of
order min Ap ~ O(107°). However, with only 169 steps in total (instead of 10°
for the respective fixed step size), it clearly stresses the efficiency of the presented
adaptive step size control.

5.3.2. Influence of dimensionless model parameters

Proceeding from the reference solution associated with P/ we investigate the
jet characteristics under variation of the single model parameters. We particu-
larly study the jet curve, the elongation of the jet end and the throwing range,
see Figs. 5.3, 5.4 and 5.5 respectively. The elongation at the jet’s end e(1) is
given by the Euclidean norm of the jet’s tangent in material (Lagrangian) de-
scription and corresponds to the convective speed u(1), since e(1) = A(0)/A(1) =
ov(0)/oy,(1) =u(1)/u(0) holds due to the conservation of volume. The throwing
range characterizes the width of the envelope enclosing the three-dimensional
jet curve and is defined as the distance from the jet’s end to the vertical axis, i.e.,

ro(1).
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Figure 5.3.: Jet curves for variations of single model parameters proceeding from
reference P"¢/, Re’®/ . The reference jet is visualized in red in all plots. The jets
associated to increased/decreased parameters are given in green /blue.
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Figure 5.4.: Elongation of jet end in the regions € € [0.04,0.1], Re € [0.3,2.4],
I' € [0,400], = € [10%,10°], © € [20,320], A, € [0,0.1], proceeding from
fpref.
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Figure 5.5.: Jet’s throwing range indicating the width of the curve’s envelope
in the regions ¢ € [0.04,0.1], Re € [0.3,2.4], ' € [0,400], E € [10%,10°],
® €[20,320], A, €[0,0.1], proceeding from P/ (cf. Fig. 5.4).
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5.4. Strong whipping effects

As we see, decreasing the slenderness parameter ¢ leads to a intense increase of
turning points. This is clear because — following the definition — a decrease of
this parameter equals an increase of the distance from the nozzle to the ground
collector while holding the diameter of the nozzle constant. Therefore, the bending
jet has more space in d;-direction to propagate and, thus, forms more turning
points in total. This higher number of turning points leads to a higher elongation
of the jet’s end. The throwing range forms a maximum for values at the left side
of the chosen parameter region around £ = 5.5 - 102 approximately. An increase
of the Reynolds number Re induces a higher number of turning points coming
along with a higher elongation and an increased throwing range, which can be
explained as follows: Increasing Re equals decreasing the viscous forces under
constant inertia. This reduces the thinning of the jet and thus leads to a larger
jet surface. As a result we expect a higher surface charge, which comes along
with higher Coulomb repulsion inducing a more intense bending profile including
higher elongations and wider throwing range. In contrast, an increase of the
inverse capillary number I' reduces the elongation and the throwing range of the
jet including a complete narrowing of the jet’s envelope. This takes place due to
increasing surface tension forces, which form a counteracting force to the Coulomb
repulsion. Elongation and throwing range reach a minimum around I' = 3 - 10?
approximately. Furthermore, we observe that increasing the parameter = induces
a more uniform bending due to the stabilizing effect of the outer electric field.
This stabilization procedure is indicated by the formation of a maximal throwing
range inside the tested parameter region, around = = 4 - 10* approximately. The
elongation tends to an asymptotic bound for large Z. Varying the parameter
O simply means increasing or decreasing the effect of Coulomb repulsion. The
effect of stronger Coulomb repulsion is indicated by a higher number of turning
points, larger elongation and wider throwing range. Because an increase of Re,
simply means a higher air drag acting on the jet and the analog for decrease, we
examine the effect of air drag by varying the parameter A, only. Increasing A,
narrows the envelope of the jet considerably and leads to an extensive increase of
number of turning points. A higher air drag acts as higher counteracting force
to the Coulomb repulsion and thus narrows the envelope, which forms a helical
structure as soon as air drag and Coulomb repulsion balance. This effect is also
indicated by the decrease of elongation and throwing range for larger air drag
parameters.

5.4. Strong whipping effects

In industrial electrospinning we are faced with parameter settings involving high
whipping frequencies inducing large numbers of turning points in the jet curve and
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Dimensionless numbers

Description Symbol Value(s)
Slenderness € {1.5-1072,5-1072}
Reynolds Re 2.4

Capillary associated r 60

Potential associated = 10°

Coulomb force associated © 360

Air drag associated A, {0,107}

Air-fiber Reynolds Re, 3

Table 5.3.: Dimensionless numbers for the electrospinning setup generating high
jet elongations.

high elongations at the jet end. Our stationary model and the proposed numerical
scheme are able to handle such situations. However, the required resolution is
often computationally very demanding. Hence, we make use of the numerical
results to formulate an analytical solution for the jet’s ’longtime’ behavior — in the
sense of Lagrangian time starting at the nozzle. This means that we analytically
explore the asymptotic jet behavior at a sufficiently large distance far away from
the nozzle.

Motivated from the parameter study in the previous subsection, we consider
a setting with a highly developed whipping. The corresponding dimensionless
parameters are given in Tab. 5.3. Againwe assume =® =y =¢,,=p, =V, =1
in nondimensional form as well as unmovable air, i.e., v, = 0. Concerning the
two dimensionless model parameters € and A, we point out: On the one hand,
we neglect two-way coupling between the jet and the surrounding air, that means
we overestimate air drag forces in general. On the other hand, as seen previously
a high air drag-associated number A, and a small slenderness ratio ¢ induce
large numbers of turning points of the jet curve, which can easily require a high
numerical resolution and thus lead to an unpractical number of discretization
points in our collocation method. Thus, we focus our considerations on two
examples:

Example 1: (e,A,)=(1.5-10"2,0)
Example 2:  (g,A,)=(5-107%,0.1).

In Example 1 any air drag-associated effects are neglected, see Fig. 5.6 (top). The
jet curve bends strongly and its envelope can nearly be described by a circular
right cone. The dimensionless convective speed u indicating the jet’s elongation e
describes a rapid growth directly at the nozzle with lower increase afterwards. At
the jet end we reach approximately e(1) = 2.6 - 10*. In Example 2 the additional
air drag causes a considerable increase in the number of turning points under

120



5.4. Strong whipping effects

-10%
3 ‘

\ \ \ \
0 02 04 06 08 1
S

4000

3000 | :

© 2000 a

1000

0

\ \ \ \
0 02 04 06 08 1
S

Figure 5.6.: Top: Results for Example 1, (¢,A,) = (1.5-1072,0). Bottom: Results
for Example 2, (¢,A,) = (5-1072,0.1). Left: Jet curve characterized by strong
whipping. Right: Jet’s elongation over arc length.

decrease of the throwing range, see Fig. 5.6 (bottom). Due to the additional
resistance caused by the surrounding air the convective speed remains in more
moderate regions compared to the first example. In the components of curvature
K, contact force n and couple m a boundary layer arises directly at the nozzle
(Fig. 5.7). As we show in App. C.2, this boundary layer is not a numerical artifact
but an essential characteristic of our solution.

Considering the contact force n and couple m in Fig. 5.7 more closely, these
quantities seem to vanish beyond the described boundary layer at the nozzle. This
observation serves as motivation to examine the rod model in terms of completely
vanishing contact forces and couples. Because the resulting solution is expected
to describe the jet’s longtime’ behavior, we neglect all initial conditions and also
leave the jet length L and whipping frequency {2 arbitrary. Surprisingly, fixing
n =m = 0 in our rod model (System 5.5) leads to an analytically solvable system.
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Figure 5.7.: Boundary layer at the nozzle in the components of curvature k (top
left), contact force n (top right) and couple m (bottom) for the parameters of

Example 2.

A solution thereof is

2aya,L
ri(s) =—
by, + b,
2aqa,L
ro(s)=—
2(5) by + b,

qo(s) = aycos(bys + ¢y),

q,(s) = a; cos(bys +cy),

2L 2L
K;(s) = k; cos (75 + kz), Ko(s) = —k; sin (75 + kz),

u(s)=U,
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sin((by + by)s + ¢y +¢4),

cos((by + by)s + ¢y +¢y),

ry(s) = L(ag — af)s +d;,

q1(s) = a; sin(b;s + ¢y),
qs(s) = aysin(bys + ¢y),

K3(S) = k33

(5.5)



5.4. Strong whipping effects

with 13 parameters y = (ay,a;, by, by, Co, C1, ds, kq, ko, ks, U, 2, L) € R being
implicitly given by the highly nonlinear system of equations

L L
0L
1 2? 2?
M—U(4a0alﬂk3 - 4a0a1? + 2a0a1 ?(a(z) - a%) + Uk1k3 - klg) = 03
40a,a I? 1 2a,a,$2°L
+ 0 I—F‘/£y+56 log(—\/nU)—Lza
ky U UZe,,m € k,U(b, + b,)
e wi) dp. 221% lagayllag —afl(ag —ai)
- U * Wn V* 7'CU |b0+b1|(b0+b1) ’

—
J——
—

(ag—af)—A,

rdw,)4p. QL laalag—ajl (4a§a§m - U) o

Wn V* »\/ﬂfU |b0+b1| b0+b1
(5.6)
with air drag associated normal velocity components

4 QL laga|lag—aj
*V* Vv ﬂ:U |b0+bl|

Note that I = ® =y =¢,, = p, = v, = 1 in the considered setup. With the
particular choice

w, =Re

y =(7.155-107%,—7-107%,—8.26,1.072-10%,0,1.571,3.445 - 107}, 3.3,
1.571,3.8,3.45-10%,1.238 - 10*,2.988 - 10%)

the system (5.6) is approximately fulfilled. The corresponding solution (5.5)
forms a helical jet curve that is approached by the numerically computed jet curve
of Example 2, see Fig. 5.8. So in the regime of strong whipping we are able to
give an analytical description of the jet’s longtime’ behavior.

Summing up, despite the simplicity of the employed electric force model where
the current is considered as a constant parameter and conduction is neglected, the
numerical results are convincing and characterize qualitatively well the known
whipping effects. However, for quantitative comparisons with experiments we
lack respective measurements. Experimental studies in literature investigated
intensively the whipping characteristics in dependence of various parameter set-
tings, but the underlying potential-current relations of the used setups are mostly
not quantitatively documented. An exception is [47, 92] where experiments
with a solvent of polyethylene oxide in water were performed. But due to the
high conductivity of the solvent, we can not benefit from these results. Thus, a
combined experimental and numerical study is left to future research.
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5. Electrified visco-capillary jets in airflows

—— numerical
0 —— analytical

0.4 : :
—— numerical —0.4 : =
ool —— analytical || —— numerical
' —0.2 —— analytical
< o ) . 0
—0.2| | 0.2
0.4 | | | |
—0.4 ‘ ‘ 0 02 04 06 08 1

|
—04 —0.2 O 0.2 04
)

S

Figure 5.8.: Jet’s "longtime’ behavior in Example 2. The numerical solution
approaches the analytical description (5.5) for sufficiently large arc length
parameter s. Top: Three-dimensional jet curve. Bottom: Top view of jet curve
shows similar throwing range (left). Component r; shows similar number of
turning points in s (analogously for r,) (right).
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6. Fibers in turbulent airflows

In many fiber spinning processes aerodynamic forces are the key player for fiber
thinning. A typical example are melt-blowing processes, which we study in this
chapter. Melt-blowing is a widely used production method for polymer micro- and
nanofibers that is economically attractive due to low production costs. Fabrics of
meltblown fibers are nonwovens which are used, e.g., as filters, hygiene products,
battery separators. Details on the technology can be found in [28, 78]. A typical
setup of a melt-blowing device is illustrated in Fig. 6.1. In the process molten
polymer is fed through nozzles into a forward-flowing high-speed and highly
turbulent air stream. By this airflow the polymeric jets are stretched and cooled.
The resulting fibers are laid down onto some collector, e.g., conveyor belt. In
contrast to melt-spinning processes, where the stretching is caused by a mechanical
take-up, and dry spinning processes, where additionally the evaporation of solvent
causes fiber thinning, the fiber jet thinning in melt-blowing is due to the driving
high-velocity air stream with its turbulent nature. We note that the following
strategies and concepts can be easily adopted to other spinning scenarios where
the achieved fiber thickness is also crucially determined by the airflow.

To deepen the understanding on the mechanism of jet thinning in melt-blowing
extensive diverse studies have been performed in the last years, covering ex-
perimental investigations, e.g., [11, 17, 29, 116, 118], combined experimental
numerical works, e.g., [46, 93, 99, 104, 122], as well as numerical computations,
e.g., [18, 20, 91, 96, 125, 128]. However, so far, there is an obvious gap between
the experimental and numerical results for the achieved fiber thickness in litera-
ture. The existing numerical simulations underestimate the fiber elongation by
several orders of magnitude, cf. [91, 104, 118, 125]. While experimental studies
show fiber elongations e ~ (0(10°), e = A;,/A = d? /d?, meaning a reduction
of 10° in diameter d and of 10° in cross-sectional area A compared to the val-
ues at the nozzle (indicated by the index ;,), simulated elongations are of order
e ~ O(10%). This is likely due to assumptions of steady conditions and the neglect
of turbulent aerodynamic effects [18, 19, 91]. Assuming an incompressible steady
fiber jet the relation Au = A;,u;, holds true due to the conservation of mass (cf.
System 2.8 and Remark 2.9). Hence, the computed elongation is restricted by
the velocity v, of the surrounding air stream, i.e., e = u/u;, < ||v,||oo /U;,- This
estimate turns out to be valid also in (unsteady) melt-blowing simulations where
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6. Fibers in turbulent airflows

molten
polymer

air

Figure 6.1.: Sketch of a typical melt-blowing setup.

the surrounding airflow is computed (even) on basis of a turbulence model when
only mean airflow informations are taken into account in the aerodynamic driving
of the fiber jet [46, 96, 125]. Experiments reported in [93, 118] indicate the
relevance of the turbulent effects for the jet thinning. In [122] a viscoelastic
fiber model based on an upper convected Maxwell description (UCM) has been
employed for melt-blowing, which is opposed to random pulsations. This is done
by applying perturbation frequencies on a rectilinear fiber jet leading to bend-
ing instabilities and causing significant stretching and thinning of the jet. The
examination has been extended to multiple fibers, focusing on the prediction of
fiber deposition patterns and fiber-size distributions in the resulting nonwovens
in [123]. Latest works deal with the numerical investigation of the fiber lay-down
on a rotating drum, the effect of uptake velocity as well as the angular fiber
distribution [37, 38, 94]. The effect of fiber viscoelasticity, especially the influence
of different rheological models on the numerical results, has been studied in
[20, 99, 128]. Regarding Newtonian, UCM, Phan-Thien and Tanner (PTT), and
Giesekus constitutive equations, fiber diameters and diameter distributions have
been computed and analyzed in an uni-axial setting with steady straight fiber
curve and compared to experiments, [99, 128]. In [20] the investigation on the
rheology was extended to the unsteady fiber model of [122] and a parameter
study was carried out to identify the key factor for the whipping of the fiber curve,
which occurs to be the turbulent nature of the air stream. In [50] the significance
of turbulence for melt-blowing has been approached by studying the effect of
turbulent aerodynamic velocity fluctuations on a simplified fiber model consisting
of ODEs. There, a k-e turbulence description of the high-speed airflow serves
as basis for the reconstruction of the velocity fluctuations, yielding a stochastic
aerodynamic force acting on the fiber jet. Since the airflow is crucial for the fiber
forming, the influence of the air nozzle geometry on the airflow field as well as
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the effect of associated air outflow conditions have been examined in [98]. In
[97] numerical optimization of an air nozzle was performed to achieve optimal
airflow properties in view of velocity and temperature decay.

The aim of the subsequent study is to establish a numerical framework for fibers
in turbulent air that makes the simulations of industrial melt-blowing processes
feasible. For this purpose we bring together the two described approaches: we
extend the random field sampling of [50] to the unsteady viscoelastic UCM fiber
model of [122]. Since the aerodynamic forces are the key player for the fiber
dynamics, we employ a one-way coupling of the outer air stream with the fiber with
the help of our aerodynamic force model (2.9) and the coupling Algorithm 3.7.
Of importance is the efficient and robust realization that enables us presenting
numerical results of an industrial setup with an appropriate viscoelastic description
of the fiber, the inclusion of temperature effects and the direct incorporation of
the turbulence structure of the outer air stream for the first time in literature.

The viscoelastic UCM fiber model of [ 122] essentially equals our previously pre-
sented viscoelastic string model (System 2.12) on a growing space-time domain
(cf. Remark 2.14). To include temperature effects we additionally supply this
model with an energy balance equation and introduce rheological laws for the
temperature dependence of fiber viscosity and relaxation time. In Lagrange de-
scription this UCM model can uniquely be written as quasilinear hyperbolic first
order system of PDEs. Its classification with respect to the growing fiber domain
gives requirements on boundary conditions with regard to well-posedness of
the mathematical problem formulation. The effects of turbulent fluctuations are
calculated by the turbulence reconstruction procedure described in [50] and cou-
pled into the fiber model by our aerodynamic force function (2.9). The resulting
unsteady problem is solved using the finite volume scheme in space with implicit
Euler time discretization as presented in Sec. 3.2. For an industrial melt-blowing
setup we show the applicability of our model and numerical solution frame-
work and demonstrate the relevance of the turbulent fluctuations causing fiber
elongations of the expected higher order of magnitude compared to stationary
simulations. From the repeated random sampling of fibers in the sense of the
Monte Carlo method a distribution of the final fiber diameters is obtained that
predicts fiber diameters of realistic order of magnitude.

This chapter is structured as follows. In Sec. 6.1 we start with the unsteady
viscoelastic UCM fiber model, regarding its classification and correct closing with
boundary conditions. Furthermore, we give a short survey on reconstructing the
turbulent fluctuations of an underlying air stream. After that we consider an
industrial melt-blowing setup, for which we present simulation results covering
the turbulent effects due to the high-speed air stream in Sec. 6.2. In great parts
this chapter has been pre-published in [113].
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6. Fibers in turbulent airflows

6.1. Viscoelastic fiber melt-blowing model

For the melt-blowing of a single fiber in a turbulent air stream we employ the
unsteady viscoelastic UCM string model (System 2.12) in Lagrangian description.
We classify the resulting quasilinear system of PDEs of first order and discuss
the appropriate closing by boundary conditions. The choice of the boundary
conditions suggests a description with respect to a fiber tangent associated basis.
The fiber tangent 7 with norm e = ||7|| and direction t = 7/||7|| is in particular
parameterized with the help of spherical coordinates. Moreover, we introduce the
stochastic modeling concept by which the effects of the turbulent aerodynamic
velocity fluctuations are incorporated in the fiber system.

6.1.1. Asymptotic jet model and classification

The extrusion of a fiber jet from a nozzle into an air stream can be seen as an
inflow problem with a domain enlarging over time. Let D = {({,t) € R*|{ €
Q(t), t €(0, t,,q]} be the space-time domain with time-dependent growing space
9(t) = (¢,(t),0), where d/dt ¢, (t) = —v;,(t), {;(0) = 0, with v;, being the
(scalar) inflow velocity at the nozzle. In the following we assume a constant inflow
velocity, i.e., v;, = const, and the reference v, = v;, for nondimensionalization.
This yields v;,, = 1 as well as {;(t) = —t and Q(t) = (—t,0) in nondimensional
form. The fiber end corresponds to the material parameter { = O, whereas the
material points entering the fiber (flow) domain at the nozzle are { = —t. We
assume incompressibility of the fiber jet and constant mass and volume line
densities at the nozzle yielding o, = e;,0d> n/4 and o, = e;,d? m/4 due to the
conservation of mass and volume (cf. System 2.12). Here, p is the constant fiber
density, d;, the nozzle diameter and e;, the fiber elongation at the nozzle. We
introduce the reference value p,, = dg (cf. Tab. 6.1) and assume ), = pdg
and d, = d;,+/7t/2 as well as e;, = 1. This yields p,, = o, = 1 in dimensionless
form. Furthermore, to include temperature effects we supply the UCM fiber
model (System 2.12) with a time-dependent temperature equation in Lagrangian
description. This equation is adapted from (4.9c), where it has been derived for
dry spun fibers in an Euler-stationary setting (cf. Sec. 4.1.2). Here, we assume no
relevant radial temperature effects and write T for the averaged one-dimensional
temperature field (instead of T before). Since no mass transfer takes place the
mass flux over the boundary is zero (j, = 0). Then, the nondimensional model
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6.1. Viscoelastic fiber melt-blowing model

Composite reference values

Description Formula Unit
Length scale Lo=T9 m
Time scale to =ro/Vo S
Volume line density oy = dg m?
Stress 0o = omove/d; Pa
Pressure Do = Op Pa
Outer forces fo=o0movg/ro N/m
Air velocity Vo=V m/s
Air temperature T.o=Ty K

Dimensionless numbers

Description Formula

Slenderness e =doy/ry

Reynolds Re = ) oVoro/(dgto)
Deborah De = 0,/t,

Mach Ma = v ReDe

Froude Fr =v,//87o
Temperature Stanton Sty = d2ay/(qoem.0v0)
Air drag associated A, = p,odovi/fo
Air-fiber Reynolds Re, = dyvo/V.p
Nusselt Nu, = agdg/A.
Prandtl Pr, = q*,op*,oV*,o/ A*,o
Turbulence degree Tu, = ki/oz/ Vo
Turbulent time Tt, = 6*:o ro/ (k*,ovo)

Table 6.1.: Composite reference values used for nondimensionalization of the
fiber melt-blowing model and resulting dimensionless numbers. The following
scales are assumed to be given from the specific considered setup ry, g, 6,
Qo> To» ®0s Puos Vaor Quos Auos Kugs €. Furthermore, we fix oy o = pdg,
do = dig V'L /2, Vo = Viy,.

equations for a single fiber in melt-blowing processes read on the domain D

or=v,
or =7,
T 1
3tv = 35 (O-e_z) + ﬁeg +fair>
St
3T =—2Lnda(T —T.), (6.1)
€ q
g.e o 3 ude
De| 8,0 — (20 +3 L) — ===
e(ta (G+p)e +9 Re O e
d.e p 1 ude
De( 0,p + L)+—=———L
e(tp P e ) Re 6 e
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6. Fibers in turbulent airflows

with e = ||7||. Utilizing the assumption of incompressibility and in particular the
conservation of volume, yields the dimensionless diameter function d : D —» R
with

In contrast to before we use the diameter function d instead of the radius func-
tion R. This is due to industrial setups, where fiber diameter distributions are
considered. The acting outer line force densities arise from gravity with direction
€., lleg|l = 1, as well as from the surrounding airflow. Under the assumption
of incompressibility the relation u/6 = E/3 with elastic modulus E holds. We
model the dynamic viscosity and relaxation time dependent on the temperature
T,i.e.,u=u(T), 6 =0O6(T). The corresponding rheological laws for an industrial
example are specified in Sec. 6.2.2. The reference values used for nondimen-
sionalization and the system characterizing dimensionless parameters are given
in Tab. 6.1. As pointed out in Remark 2.14 the pressure is negligibly small for
high strain rates v = d,e/e > 0. In [122] this simplification is employed instanta-
neously to the UCM model for melt-blowing. A detailed comparison to our fiber
model is done in Appendix A.2.

The dimensionless fiber model (6.1) can uniquely be written as a quasilinear
system of PDEs of first order [65]
e +M(p) 0o +m(p)=0 (6.2)

with the vector of unknowns ¢ = (r,7,v,T,0,p) : D — R!. The system is
classified mathematically by the spectrum of the system matrix M that consists of
the eigenvalues

e A, =0 (multiplicity 6),
® A3 ==%4/0/e (multiplicity 2 each),
o A45 =4/ w/e (multiplicity 1 each), w= (BM(T)/(Q(T)MaZ) +o0+ Sp).

The system is of hyperbolic type if o > 0 and w > 0. Otherwise, it is mixed
elliptic-hyperbolic, or even shows a parabolic deficiency if c = 0 and/or w = 0.
Since the hyperbolic case is relevant for the application, we focus on it and discuss
the closing of the system by appropriate boundary and initial conditions.

6.1.2. Boundary conditions

At the fiber jet end, which corresponds to a fixed material point in Lagrangian
description ({ = 0), the characteristic related to the eigenvalue A; runs from the
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6.1. Viscoelastic fiber melt-blowing model

nozzle to the jet end if A; > 0 and from the jet end towards the nozzle if A; < 0.
At the nozzle ({ = —t) the orientations of the characteristics depend on the scalar
inflow velocity of the fiber jet, which reads v;, = 1 in nondimensional form. If
A;>—v;,, =—1forie{1,..,5}, the corresponding characteristic propagates from
the nozzle into the fiber domain (not necessarily towards the jet end), otherwise
the other way round. The orientations of the characteristics yield requirements
on the boundary conditions with regard to the well-posedness of the problem.
Since A; < 0 (multiplicity 2) and A5 < 0 (multiplicity 1), we have to pose three
boundary conditions at the fiber jet end. Because of the spinning setup we model
the fiber end ({ = 0) as stress-free, i.e.,

c(0,t)=0, p(0,t)=0,

for t €(0,t,,4]. Employing the viscoelastic material law for o yields a constant
fiber elongation at the fiber end over time, i.e., J,e(0,t) = 0. To preserve this
compatibility condition we pose (t € (0, t,,4])

e(0,t) =1,

assuming the fiber jet to leave the nozzle unstretched. The eigenvalues A,, A,, A,
are non-negative and thus imply nine boundary conditions at the nozzle ({ = —t,

te [O; tend]):
r(_ta t) =Tin (T/e) (_t; t) = tinJ V(—t, t) = vintin’ T(_t7 t) = Tin'

Here, the nozzle position r;, and the fiber direction at the nozzle t,, are assumed
to be constant. Due to v;, = 1 in nondimensional form, the boundary condition
for the velocity reduces to v(—t, t) = t;,. Moreover, we set the following initial
conditions for t =0,

0(0,0) =0, p(0,0) = p;,, e(0,0) = 1.

Depending on the propagation speed of the characteristics at the nozzle we pose
further boundary conditions: we additionally prescribe for t € (0, t,,4]

o(—t,t) =0, p(—t,t) =Dpin> if A5 ;, > —1 (multiplicity 2),
e(—t,t)=1 if A5 ;, > —1 (multiplicity 1)

with Ay 1, = —/0 and A, = —/3u(T;,)/(Ma26(T;,)) + 04, + 3p;,- The total
time-derivative of the fiber curve r at the nozzle yields the compatibility condition
v(—t,t) = 7(—t,t) for all times t. Through the above choice of the boundary
conditions for v, 7 /e, and e at the nozzle this condition is inherently fulfilled.

The choice of the boundary conditions and in particular the decomposition of the
fiber tangent T = et into elongation e = ||7|| and direction t, ||t|| = 1, suggests
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6. Fibers in turbulent airflows

a reformulation of the corresponding dynamic equation J,r = 7. Making use
of the compatibility condition J,7 = 9, v (cf. (2.2¢)) yields an equation for the
elongation e
ate—t 3§v =0.
The normalized tangent t can be parameterized by means of spherical coordinates
t(74, ¢) = (sin¥cos g, sind sin @, cos ), tel0,m], ¢e[0,2n).
Then, its time-derivative reads 0,t = nod, + bJd,p with normal n and binormal b

n(, ) = (coscos g, cosdsin p,—sin}),
b(1¥, ¢) = (—sin¥ sin @, sin ¥ cos ¢, 0).

The set {t,n,b} C R® forms an orthogonal basis with ||t|| = ||n|| = 1. Employing

3tt=8t(§):%(]l—t®t)-3§v

with identity matrix 1 € R>*3 gives relations for the polar angle 9 and azimuth
angle ¢
1

1
09 =-n-0dv, sin®® 8, = =b- o,v.
e e

Summing up, our viscoelastic unsteady fiber model on a growing domain in
Lagrangian description is given by System 6.1.

System 6.1 (Unsteady viscoelastic fiber melt-blowing model).
Kinematic and dynamic equations as well as material laws in D:

o,r—v =0,
ate—t-3§v=0,

1
0,9 ——-n-0,v =0,
e

1
sin®® 8, —=b-9,v =0,
e

t 1
atV — 3{: (O'E) — ﬁeg _fair = 0,

St
8T+ Ll nda(T—T,) =0,
e q

u 3\t o
De8t0'+(—De(20+3p)—5§)z-acv—i-g:O,

w1\t p
De&'tp+(Dep+5%)g-agv+5=0,
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6.1. Viscoelastic fiber melt-blowing model

Initial-boundary conditions at the nozzle, { =—t, t € [0, t, 4]

r(_t: t) =Tin ﬂ(_t, t) = ’ﬁin 90(_ta t) = Pin>
V(—t, t) — t(ﬁin: (pin)a T(_t’ t) = Tin;

Initial conditions, { =0, t = 0:
e(0,0)=1, 0(0,0) = oy, p(0,0) = p;y,,
Boundary conditions at the nozzle, { =—t, t € (0, t,,4]

if)'3,in =l G(_t: t) =0Oins p(_ta t) = Din>
if Asin > —1: e(—t, t) =1,

Boundary conditions at the fiber end, { =0, t € (0, t,,4]:

e(0,t) =1, o(0,t) =0, p(0,t)=0.

The System 6.1 is closed by models for the aerodynamic line force density f,;,, the
heat transfer coefficient a as well as rheological laws for the dynamic viscosity u
and the relaxation time 6. We consider one-way coupling of the airflow with the
fiber, neglecting feedback effects of the fiber on the airflow. The corresponding
air drag model f,;, equals (2.9) introduced in Sec. 2.3. For the heat transfer
coefficient we employ the Nusselt number model (4.12) previously introduced
in Sec. 4.1.4. Again all airflow fields are assumed to be provided by an external
computation. The rheological laws for u and 6 will be introduced in the considered
industrial setup (Sec. 6.2.2).

System 6.1 is a BVP of a quasilinear system of PDEs of first order on a growing
domain. We reformulate it as

K(y)- 0,y +L(y) -0,y +1(y)=0 (6.3)

with the vector of unknowns y = (r,e,®, ¢,v,T,o,p) : D — R'? on the space-
time domain D = (—t,0) x (0, t,,4]. The introduction of the matrix K avoids
a singularity for sin = 0. For sin? # 0, K is invertible revealing the unique
quasilinear form (6.2). Utilizing formulation (6.3) System 6.1 is discretized with
the scheme described in Sec. 3.2, i.e., we use finite volumes in space based on a
central flux approximation with Lax-Friedrichs stabilization and the implicit Euler
method in time. The one-sided fiber-airflow coupling is realized by Algorithm 3.7.
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6. Fibers in turbulent airflows

6.1.3. Incorporation of turbulent airflow velocity fluctuations

A direct numerical simulation of the turbulent airflow in the application is not
possible due to the required high resolution. Hence, a statistical turbulence
description is used where the airflow velocity v, is assumed to consist of a mean
(deterministic) part v, and a fluctuating (stochastic) part v’, i.e.,

v,=V,+v.

This splitting is called Reynolds decomposition. Inserting the Reynolds decomposi-
tion for velocity v,, pressure p,, density p, and temperature T, into the unsteady
version of the compressible Navier-Stokes equations (3.8) presented in Sec. 3.4
and applying ensemble as well as Favre averaging yields the so called compressible
Reynolds-averaged Navier-Stokes (RANS) equations [33, 90]. The RANS equa-
tions contain an additional term called the Reynolds stress tensor that consists
of tuple correlations of the velocity fluctuations, which are additional unknowns
of the problem. To close the RANS equations so called turbulence models are
employed. In the following we employ the k,-e, turbulence model. However,
any turbulence model only provides information for the tuple correlations of the
velocity fluctuations. To obtain v’ explicitly as random field we apply a turbulence
reconstruction that has been developed in [50] on basis of a k,-¢, turbulence
model. Assuming dimensionless space-time-dependent fields for the turbulent ki-
netic energy k, and the viscous dissipation of the turbulent motions per unit mass
€, to be given, the general concept of the turbulence reconstruction is to model the
local turbulent fluctuations as homogeneous, isotropic, incompressible Gaussian
random fields in space and time, v’*’loC = vi,loc(x, t;v,,v,), as done in [66, 68].
These local fluctuations depend parametrically on the kinematic viscosity v, and
mean velocity v, of the airflow and have the expectation E(v’, ,loc) = 0. Their
covariance function is prescribed as product of the initial correlations transported
with the local mean velocity and their temporal decay

E(v,, (x+y,t+s:&,w) o), (x,6:5,w))=7(y —wt;5)2(s)

with 7 : R® x R — R? isotropic and & : R — R even for any x,y,w € R? and
t,s,& € Rj. Regarding the local kinetic turbulent energy and dissipation rate the
following relations (in dimensionless formulation) hold

1

SE(V e 58 w) v (5 Ew)) =1,
1

E(vxv:,loc(xa t; 5: W) : vXvi,loc(x’ t; 5’ W)) - g’

where : denotes the scalar product for matrices and V, the nabla operator with
respect to the variable x. Due to the assumptions of isotropy and incompressibility
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6.1. Viscoelastic fiber melt-blowing model

the Fourier-transform ¥, of the initial correlations y can be expressed in terms of
a single scalar-valued function, the so-called energy spectrum E : R} x R} — R/,
ie.,

F(y;8) = J exp(—iy - x)r(x;&)dx = L EQEE) (]1 - ”yluzy ®y).

(2n) 4 lyll?

R3

Then, the above relations for turbulent energy and dissipation rate become
(cf. [66])

1
J E(y;8)dy =1, J yzE(y;é)dy=E- (6.4)
RY R}

In contrast to [66, 68], we use a simplified energy spectrum

1,,-5/3 —

Yy, nisysy, yi =€)
E(y;8)=17 ' ’
0, else,

which only reflects Kolmogorov’s 5/3-Law but ensures the differentiability of the
Gaussian field and enables the corresponding distribution function Fg : [y, ¥, ] X
R, — [0,1] and its inverse F, 1:[0,1] x R, — [¥1, Y] to be stated explicitly by
analytic expressions

—3/2
FE(y;g)z%(3’1(5)_2/3_3’_2/3)» Fr'(z; 5)=(}’1(5)_2/B—%z) .

The £-dependent wave numbers y,, (i = 1,2), 0 < y; < y,, can be concluded
from the relations (6.4) and read

3/2
3 1 2ag
i = , 2p=—| b+ ——bz),
g (2(,/zE+1+(—1)i+1)) : 2( PN by F
with

ay = (54/85)7, by =(cs/18"3 —(128/3)%az/c;)",

¢y = (9a2 + /78643 + 81a} )1/3 .

The analytic expressions are advantageous in the sampling of the random field as
they speed up drastically the numerical computations. Concerning the temporal
correlation function we use the model of [50, 68]

®(t) =exp (—%)
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6. Fibers in turbulent airflows

with t; = 0.212 being the dimensionless decay time of the turbulent structures.

To form the large-scale structure of the global turbulence the local fluctuation
fields are superposed based on a Global-from-Local assumption. The globalization
strategy according to [50] yields

- =50 t* t)_ _V*,__f/*
Tu, 3/ k, ~Re, Tu*k2 " Tu, k1/?

v/ =Tuk/?v’ ( (6.5)

Tt, €, €. ¢ Tt e, 1 1
*,loc
Besides the slenderness ratio € and the air-fiber Reynolds number Re,, the occur-
ring dimensionless numbers are the degree of turbulence Tu, and the turbulent
time scale ratio Tt, as given in Tab. 6.1.

In summary, plugging the airflow velocity v, = v,+v’ into the air drag model (2.9)
and heat transfer model (4.12) directly includes the effects of the turbulent velocity
fluctuations of the underlying airflow into our UCM fiber model System 6.1. For
resulting lift forces on the fiber see Remark 6.2. Note that the occurring turbulent
length and time scales give requirements on the spatial and temporal resolution
in our numerical solution algorithm (cf. Rem. 6.3). For details on the general
sampling procedure providing a fast and accurate sampling of the random fields
we refer to [50].

Remark 6.2 (Fluctuating lift forces). In industrial melt-blowing processes fluctuat-
ing lift forces [72 ] on a fiber are created through airflow vortices approaching the
fiber and by vortex shedding at the back of the fiber. While the latter can be neglected
since the fiber is mainly following the turbulent air stream, the first mechanism is
included with the help of the following ansatz: the local turbulent unsteady velocity
fluctuations v’ are plugged into the air drag model (2.9), meaning local observations
are mapped into a stationary far field consideration. This leads to aerodynamic
forces on the fiber acting also perpendicular to the (v, — v)-t-plane. In view of
particle dynamics the underlying mechanism is known as turbulent dispersion.

Remark 6.3 (Spatial and temporal resolution). The temporal and spatial grid
sizes have to be chosen in such a way that the turbulent scales of the underlying
airflow are resolved properly. In particular, . = Tu, / Tt*kf/ 2 /e, is the dimensionless
turbulent length scale indicating the expected length of the large-scale vortices, and
t' = 1/Tt,k, /€, is the dimensionless turbulent time scale describing the expected
creation and break-up time of the vortices (cf. turbulence reconstruction (6.5)).
Furthermore, the time that a vortex needs to pass a fixed material point of the fiber
due to their relative velocity has to be considered for the temporal resolution. In
total, the requirements for a successful simulation in terms of the spatial A{ and
temporal At mesh size read

l 4
AL <2, At < min(t’ —*) (6.6)
e v
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6.2. Industrial melt-blowing

In our numerical scheme appropriate grid sizes are estimated by computing the
bounds for all given airflow data with assumptions on the maximal fiber velocity
and elongation.

Remark 6.4 (Viscous Cosserat rod fiber model). In [89 ] the described reconstruc-
tion approach of turbulent airflow velocity fluctuations has been applied to a viscous
Cosserat rod fiber model. However, longtime simulations of melt-blowing processes
failed due to arising instabilities in the numerical scheme. This might be due to
the introduction of several Lagrangian multipliers leading to an artificially inflated
system. There, the introduction of these additional variables was necessary to reduce
the index of the underlying differential algebraic equations and to stabilize the corre-
sponding kinematic fiber equations. In the following, we will see that our viscoelastic
UCM fiber model in combination with our robust numerical scheme does not have
this problem.

6.2. Industrial melt-blowing

In this section we investigate an industrial melt-blowing scenario that has been
studied in [50] with the help of a simplified ODE model for the fiber jet position,
velocity and elongation. We employ our more sophisticated PDE fiber jet model
(System 6.1), which additionally contains a viscoelastic material behavior and
thermal effects describing the jet cooling and solidification. The PDE model is
solved numerically with the finite volume scheme in space and the implicit Euler
method in time as described in Sec. 3.2. Before we present our simulation results,
we specify the industrial setup and state the closing models for the dynamic
viscosity as well as relaxation time and elastic modulus. In the scenario we face
step size restrictions (cf. Remark 6.3) that prevent the computability of the whole
fiber from nozzle to conveyor belt. To handle this numerical problem we suggest
and discuss an appropriate simulation strategy.

6.2.1. Process setup

In the considered melt-blowing setup a high-speed air stream is directed vertically
downwards in direction of gravity and enters the domain of interest via thin slot
dies. The spinning nozzles are located in between and extrude the polymeric
fiber jets in the same direction, see Fig. 6.2. We choose an outer orthonormal
basis {d;, d,,ds} C E*, where ds points in the direction of gravity (i.e., 43 = &,)
and d, is aligned with the slot inlet. The mean quantities of the turbulent airflow
are time-independent and homogeneous in d,-direction such that a stationary
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6. Fibers in turbulent airflows

inflow
o |

Figure 6.2.: Illustration of the considered industrial melt-blowing process. The
two-dimensional cut (d,-d;-plane, marked by dashed line) represents the
whole flow domain due to homogenity in d,-direction.

Process and physical parameters

Description Symbol Value Unit
Device height H 1.214-107! m
Nozzle diameter din 4-10~* m

Speed at nozzle Vin 1-1072 m/s
Polar angle at nozzle Tin 0 -
Azimuth angle at nozzle Pin 0 -
Temperature at nozzle Tin 5.532-10%2 K

Heat transfer at nozzle QAin 1.595-10° w/ (m?K)
Air thermal conductivity at nozzle Avin 2.42-1072  W/(mK)
Air kinematic viscosity at nozzle Voin 1.8-107° m?/s

Air specific heat capacity at nozzle s in 1.006-10%  J/(kgK)
Air density at nozzle Px,in 1.187 kg/m3
Air turbulent kinetic energy at nozzle k, ;, 2.181-10> m?/s?
Air viscous dissipation rate at nozzle e, ;, 1.808-107 m?/s®
End time tond 2.00-1073 s

Fiber density o 7-10? kg/m3
Fiber specific heat capacity q 2.1-10° J/(kgK)

Table 6.2.: Overview over process and physical parameters in the industrial
melt-blowing setup according to [50].

k,-e, simulation for a representative two-dimensional cut showing the d;-d;-
plane (x, = 0) is reasonable. The origin of the outer basis is aligned with the
external given airflow data, such that the considered nozzle is at the position
r.,=(0,0,2.85- 1072)m in the airflow field. We use the same k,-€, simulation
results as in [ 50], supplemented with an additional temperature profile as depicted
in Fig. 6.3. The melt-blown fiber polymer is of polypropylene (PP) type with
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Figure 6.3.: Airflow simulation of the representative two-dimensional flow do-
main (cf. Fig. 6.2). Top: Components of mean airflow velocity v, in d,- and
ds-direction (denoted by v, ; and v, 5 respectively). Middle: Dimensionless
turbulent kinetic energy k, /k, o and dissipation rate €, /€, , in logarithmic scale.
Bottom: Temperature T,.
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6. Fibers in turbulent airflows

Setup-specific reference values

Description Formula Unit
Mass line density om0 = pdg kg/m
Curve ro=H m
Diameter dy =djpv/m/2 m
Dynamic viscosity o = u(Ty) Pas
Relaxation time 0y = 0(Ty) s
Specific heat capacity do =4 J/(kgK)
Further scales by = bip,

be{v,T,a,p., V., q A ks, €.}

Dimensionless numbers

Description Symbol Value
Slenderness € 2.92-1073
Reynolds Re 2.99-1071
Deborah De 4.94-1072
Mach Ma 1.22-107!
Froude Fr 9.16-1073
Temperature Stanton Sty 1.08-107!
Air drag associated A, 5.81-107!
Air-fiber Reynolds Re, 1.97-1071
Nusselt Nu, 2.34-10!
Prandtl Pr, 8.89-1071
Turbulence degree Tu, 1.48-10°
Turbulent time Tt, 1.01-10°

Table 6.3.: Setup-specific reference values and resulting dimensionless numbers
for the industrial melt-blowing setup according to [50] (cf. Tab. 6.2).

material parameters taken from [50]. The process and physical parameters are
listed in Tab. 6.2. The setup-specific reference values as well as the resulting
dimensionless numbers are given in Tab. 6.3.

6.2.2. Model closing

For the temperature-dependent dynamic viscosity of the PP-type fiber material
we employ the Arrhenius law. The corresponding relation for the dimensionless
viscosity u depending on the temperature T is given by

1 b,
w(T)=—M(TT,), M(T):auexp( )
Mo T—=c,
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6.2. Industrial melt-blowing

The polymer-specific constants coming from measurements are a,, = 0.1352 Pas,
b, =852.323 K, ¢, = 273.15 K. We choose the following heuristic model for the
relaxation time

M(T)+ by

Qg

ewy:%Tumg T(T)=3

with a, = 10° Pa and b, = 2- 10® Pas showing a meaningful limit behavior: for
T — oo the dimensional relaxation time is of order 7 ~ O(107! s), which is
typical for melt-blown polymers, see for example [122]. Furthermore, employing
the relation u/6 = E/3 the resulting dimensionless elastic modulus E reads

_% _ M)
ﬂn_ufmum M) =370

For T — ¢, = 273.15 K the dimensional elastic modulus £ approaches £ = a, =
10° Pa — a typical value for hardened polymer, see for example [12].

6.2.3. Simulation strategy

Expecting a maximal fiber elongation e = 10° and a maximal dimensionless
relative velocity between fiber and airflow ||[v, —v|| < ||v,]| = 4.78 - 10* (in
dimensionless form) in the industrial melt-blowing, the step size restriction for
the spatial and temporal fiber discretization (6.6) gives

AL <5.77-107%, At<1.21-107° (6.7)

(cf. Fig. 6.3). Such a resolution implies computationally impractical runtimes.
However, to make a simulation for the setup feasible, we suggest the following
strategy that is motivated from observations of the process.

In the region close to the nozzle the high-speed air stream pulls the slowly extruded
fiber jet rapidly down without any lateral bending. The hot air temperatures
prevent fiber cool-down and solidification. Thus, the magnitude of the Deborah
number De at the nozzle (cf. Tab. 6.3) allows the consideration of the viscous
limit case De — 0 (see Sec. 2.2.3). Moreover, the fiber jet behavior is mainly
determined by the mean airflow, turbulent effects play a negligible role. Hence,
we assume that in the nozzle region (i.e., deterministic region) the polymer jet
can be described by a steady uni-axial viscous fiber model with deterministic
aerodynamic force and heat transfer. This model follows from System 6.1 by a
re-parameterization into Euler (spatial) description, transition to steady-state,
and the limit De — 0. The resulting BVP of ODEs is solved by the continuation-
collocation method presented in Sec. 3.1. Further details on the model and its
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6. Fibers in turbulent airflows

numerical treatment are given in Remark 6.5. Note that the use of the viscous
fiber model is not only physically reasonable, but it also simplifies crucially the
numerical treatment. Concerning the viscoelastic fiber model, the rapid changes
of the fiber quantities in the nozzle region caused by the immediate pull down
of the fiber yields multiple changes in the structure of the quasilinear system
matrix in view of its eigenvalues and its resulting classification. This means
that the runs of the characteristics change their direction several times. In the
steady uni-axial model this leads to singular system matrices and closing problems
with appropriate boundary conditions making the numerical treatment extremely
complicated. This issue has been addressed by [60] in the context of existence
regimes for solutions of an uni-axial UCM fiber model under gravitational forces.
We circumvent these problems when using the viscous fiber model where no
mathematical regime changes take place.

In the region away from the nozzle the turbulent aerodynamic fluctuations cru-
cially affect the fiber behavior (i.e., stochastic region). By means of the uni-axial
steady fiber solution (from the nozzle region) we identify a coupling point, from
where on the further fiber behavior downwards to the bottom is described by the
unsteady viscoelastic fiber model (System 6.1) accounting for turbulent effects.
The simulation with the numerical scheme from Sec. 3.2 becomes here feasible
since the expected elongation and relative velocities in this domain are much
smaller and hence the spatial and temporal step size restrictions weaken compared
to (6.7).

The coupling between the stationary and unsteady fiber simulations is done in
the following way: Let the spatial fiber domain in the Eulerian parameterization
9(t) = Q,; U Q,(t) be divided into the time-independent deterministic part 9,
where the fiber is uni-axially stretched, and the time-dependent stochastic part
Q,(t), where the fiber is strongly affected by the turbulent fluctuations. Consider
C = 9, N Q,(t) to be the time-independent coupling point between the determin-
istic and the stochastic domain. First, we perform the simulation of the steady
viscous fiber model (System 6.6 in Remark 6.5) for the whole fiber domain, i.e.,
Q,; = Q, yielding solutions for the scalar fiber speed u, temperature T, stress o
and pressure p. Second, we determine the coupling point C by the ratio of the
relative velocity between fiber and airflow v,,; = ||v, —u7|| and the turbulent
velocity scale k!/2, in particular

i VYo
C = min {s €Q ‘ ((k*k*’o)l/z) (s) < 10}.

Thus, the coupling point is the nearest point to the nozzle where the ratio of the
relative velocity and the turbulent velocity scale is below one order of magnitude.
At C the (dimensional) quantities of the stationary solution are denoted by u., T,
O¢, Pe- Third, for the subsequent solving of the unsteady viscoelastic fiber model
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6.2. Industrial melt-blowing

(System 6.1) on Q,(t) (reformulated in Lagrangian coordinates) we adjust the
typical values and adapt the initial conditions. We particularly set the reference
values used for the nondimensionalization to be

_ VT | Vi

ro=(1-CH,  dy="7\ -
C

din, Vo = U, Iy =T,
then the dimensionless numbers change accordingly. The altered initial conditions
read

Oin=20¢, Pin = Pc-

These modifications can be interpreted as putting a fictitious nozzle with adjusted
extrusion conditions at the spatial position of the coupling point C. The diameter
of the fictitious nozzle reflects the pre-elongations of the extruded fiber by the
factor u,/v;, compared to d,, of the original nozzle.

In the setup the crucial stretching of the fiber takes place in the upper part of
the device and ends when the fiber is nearly solidified. Since we are interested
in the maximal achieved fiber elongations as well as in the corresponding fiber
diameter distribution but not in the lay-down process, it is sufficient to cut off the
fiber before it reaches the bottom of the device. We choose to cut off the fiber,
when it reaches the height corresponding to x; = 9.45 - 10~2 m. Below this point
the airflow temperature satisfies T, < 353.15 K (see Fig. 6.3). We expect the
fiber dynamic viscosities to be of magnitude u ~ O(10° Pas), implying that no
noticeable further fiber elongations take place.

Remark 6.5 (Stationary viscous uni-axial model). Starting from System 6.1 the
stationary problem in Euler description (cf. Sec. 2.1.6) for an uni-axial fiber with
orientation T = e, and purely viscous material behavior (De — 0) is given in
nondimensional form by System 6.6 on the stationary space domain Q = (0, 1) with
tangential aerodynamic force f,;,, i.e., fqir = fair - T- The pressure of the viscous
fiber jet model satisfies the relation p = —o /3.

System 6.6 (Stationary viscous uni-axial melt-blowing fiber model).
Kinematic equations as well as material law in Q:

Re o 1
L90=—0 (u + —) — = — fairlls
3u u Fr

Sty 1
L_lasT = __T_ﬂ:da(T - T*):
€ q
Re
Lou= =5,
3u

Boundary conditions:

o(1)=0, T(0) =T, u(0) =v;,.
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6. Fibers in turbulent airflows

Again, L denotes the nondimensional fiber length and becomes one for an appropriate
choice of the associated reference value (L, = ry). Moreover, q = T;, =v;, = 1 for
the setup-specific reference values given in Tab. 6.3. Basically, System 6.6 equals
the uni-axial version of the viscous string model (System 2.10) re-parameterized in
Eulerian description under the assumption of stationarity (v = ut) and employing
the relation N = p,0 = o /u.

System 6.6 is a BVP of ODEs of first order on a fixed domain. For its numerical
solution we employ the continuation-collocation method from Sec. 3.1. We introduce
a single continuation parameter p,,,, € [0, 1] for the viscous, gravitational and
aerodynamic forces as well as for the heat exchange. In particular we set

L0 = Re O'(u—i-g)— (i+f u)
S - 3(pcont‘u+ (1 _pcont)) u pcont Frz air )

Sty 1
L_lasT = _pcont_T_TCda(T - T*):
€ q

Re o
3(pcont.u* + (1 _pcont)) '
The starting solution for the continuation that belongs to p.,,, = O is a stress-free

straight fiber with constant speed and temperature taken from the inflow, i.e., o =0,
T=T,and u=v;,

L 0u=

6.2.4. Results

In the following we present the numerical results for the industrial spinning setup
described in Sec. 6.2.1. While all computations for a single fiber realization have
been done on our previously described system (cf. Rem. 3.9), the Monte Carlo
simulation has been performed on a MPI cluster (dual Intel Xeon E5-2670, 16 CPU
cores per node, 64 GB RAM) with one CPU core for each fiber realization.

Fig. 6.4 shows the results for scalar speed u, induced elongation e, stress o,
pressure p, and temperature T of the steady viscous uni-axial fiber model in
an Eulerian parameterization that spans the whole (spatial) domain Q. The
maximal fiber speed is u = 1.39 - 10?> m/s and the corresponding maximal fiber
elongation is e,;,, = 1.39 - 10*. This indicates that a stationary fiber simulation
is not physically reasonable for the whole domain Q, since much higher fiber
elongations for the melt-blowing setup are expected. Nevertheless, the steady
viscous solution serves as adequate approximation of the fiber behavior in the
nozzle region as described in Sec. 6.2.3. For the further unsteady viscoelastic
simulation we determine the spatial position of the coupling point C and put a
fictitious nozzle at r;, = (0,0, 3.84 - 107>)m. The corresponding fiber quantities
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Figure 6.4.: Top left to bottom right: Scalar speed u, elongation e, stress o,
pressure p and temperature T of the steady viscous uni-axial fiber model in
Eulerian coordinates. The stochastic region, where the unsteady viscoelastic
fiber model (System 6.1) is employed, is shaded in gray.

at this fictitious nozzle are

uo=44.71m/s, o0,=7040Pa, p,=-2347Pa, T,=4457K,

and the dimensionless numbers change accordingly, see Tab. 6.4.

Considering the stochastic region, the numerical step size restriction (6.6) for the
fiber discretization weakens compared to (6.7)

Al <3.35-107°, At <8.31-107%,

we choose A = At = 10 for our computation. As expected the turbulent
fluctuations of the airflow cause a swirling of the fiber jet such that the fiber
curve leaves the d;-axis shortly away from the fictitious nozzle. Fig. 6.5 shows
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Dimensionless numbers

Description Symbol Value
Slenderness £ 4.76-107°
Reynolds Re 1.85-102
Deborah De 2.40- 102
Mach Ma 2.11-10?
Froude Fr 4.28-10!
Temperature Stanton Sty 1.92-107%
Air drag associated A, 2.50-10!
Air-fiber Reynolds Re, 1.32-10!
Nusselt Nu, 2.77
Prandtl Pr, 6.23-107!
Turbulence degree Tu, 8.39-107!
Turbulent time Tt, 1.29-102

Table 6.4.: Dimensionless numbers characterizing the fiber behavior in the stochas-

tic region.
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Figure 6.5.: Snapshots of one representative fiber curve r before reaching the
cutoff height (x; = 9.45-1072 m) at times t € {1.30-10*s, 2.60-107* s,
3.90-107* s}. We track the material point {y_,3¢o (marked with a red star) and
present the temporal evolution of all fiber quantities at that point in Fig. 6.6.
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Figure 6.6.: Solution plots for the material point {_,34 (cf. Fig. 6.5) that enters
the flow domain at time step 2370 (t = 5.91-107° s). Top and middle left:
Fiber velocities v; (blue) as well as airflow velocities V.i> V.; with (red) and
without (green) turbulent fluctuations respectively, i € {1,2,3}. Middle right:
Elongation e as rate of fiber stretching compared to the original nozzle and
en.q indicating the maximal achievable elongation in stationary simulations.
Furthermore, e,;,, indicates the actual achieved elongation in the stationary sim-
ulation (cf. Fig 6.4). Bottom: Pressure p, stress o as well as fiber temperature
T and air temperature T,.
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temporal snapshots of the curve for one representative fiber before its cutoff (at
X3 = 9.45-1072 m). The fluctuations move the fiber jet not only downwards
but also upwards such that the fiber curve creates loops. In these loops high
aerodynamic forces act on the fiber due to high relative velocity gradients causing
the fiber to elongate. Fig. 6.6 shows exemplarily the temporal evolution of the
fiber quantities for one material point. Obviously the material point experiences
high elongations: Directly after entering the flow domain high relative velocities
in d5-direction between the fiber velocity v; and the deterministic airflow velocity
v, 3 cause a fiber stretching. When the fiber velocity v, reaches the corresponding
deterministic airflow velocity v, 5 the fiber experiences a further stretching due to
the velocity fluctuations, in which the mean stretching takes place in regions where
high lateral air velocities v, ,, v, , create swirls. The final elongation at this material
point is of magnitude e ~ O(10°) and therewith clearly exceeds the theoretically
possible deterministic expectations. In particular, the computed elongation in a
stationary simulation is obviously restricted by the velocity of the air stream, i.e.,
Cmax = U/Vin < IV, |loo/Vin = 4.78-10%. Furthermore, as shown before (cf. Fig. 6.4)
the stationary uni-axial viscous simulation only achieves e,;, = 1.39 - 10*. In the
region of high fiber stretching the material point experiences high stresses o that
partly dissipate due to the elastic material behavior before the fiber completely
solidifies. The pressure p is orders of magnitude smaller compared to the stress
o and, therefore, could be neglected in the simulation as already pointed out in
Remark 2.14. The fiber temperature T approaches the air temperature T, leading
to a cool-down and induced solidification of the jet.

When a fiber reaches the cutoff height x; = 9.45- 107 m, we cut off its end, track
the fiber elongations e as well as the corresponding fiber diameters d and document
the occurring relative frequencies until the end time t,,;, = 2.00-1072 s is reached,
see Fig. 6.7. To achieve comparability with experiments, we weight the relative
frequencies of the fiber diameters with the associated fiber elongations e leading
to a diameter distribution in the sense of an Eulerian (spatial) parameterization of
the fibers. The resulting elongation and fiber diameter distributions are computed
with the help of a Monte Carlo simulation with 64 samples. We observe a mean
elongation e = 7.90 - 10* again exceeding the deterministic expectations. The
mean fiber diameter is d = 1.39 - 10°® m. This is a typical value for fibers
produced in industrial melt-blowing setups, see for example [29]. So our unsteady
viscoelastic fiber model using an adjusted nozzle as well as employing fluctuation
reconstruction of the underlying turbulence effects from an airflow simulation
predicts quantitatively well the fiber jet thinning observed in experiments, which
is not possible with a pure steady deterministic simulation neglecting the turbulent
aerodynamics velocity fluctuations.

Summing up, our proposed procedure makes the simulations of industrial melt-
blowing processes with inclusion of turbulent and viscoelastic effects as well as
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Figure 6.7.: Left: Fiber elongation distribution at the cutoff point for a Monte Carlo
simulation based on 64 realizations. Right: Resulting fiber diameter distribution
at the cutoff point in the sense of an Eulerian fiber parameterization.

temperature dependencies feasible. Including turbulent effects acting on the fiber
with the help of reconstructing the turbulent structure of the outer air stream
yields a jet thinning exceeding the deterministic expectations and produces final
fiber diameters of realistic order of magnitude. So our presented modeling and
solution framework provides the basis for further parameter studies and the
optimization of melt-blowing processes. The computation time for the presented
setup is around 96.4 hours. A combined experimental and numerical study is left
to future research.

Remark 6.7 (Influence of material models). To describe viscoelastic material be-
havior the UCM model is only one possible choice. A drawback of this model is that
the stress o is unbounded for increasing strain rate v = d,e/e. As consequence,
the final fiber diameters reach a plateau beyond a critcal value for the shear stress
fair - t [128]. To overcome this issue, alternative viscoelastic material models, such
as the Phan-Thien and Tanner (PTT), the Rolie-Poly (RP), as well as the Giesekus
model, were studied for melt-blown fibers in [20, 99, 128 ]. Comparing the results to
the ones of the UCM model, it turned out that the PTT model predicts smaller fiber
diameters but results in a fiber diameter equal to zero beyond a critical value for
the shear stress. The final fiber diameters from the Giesekus model are also smaller
than those of the UCM model but larger than those of the PTT model. The Giesekus
model shows neither an unbounded stress nor vanishing fiber diameters for large
strain rates (or shear stresses) [128]. Although the resulting fiber diameters vary for
the different material models, the shape of the fiber curve is predicted to be similar
[20]. Since the focus of our numerical study is on the influence of the turbulent
airflow on the fibers, we use the UCM description which builds the basis for the
more sophisticated nonlinear material models, such as PTT, RP and Giesekus model.
However, when altering the constitutive equations we expect a similar behavior for
the fiber diameters and curves obtained from our simulations as in [20, 99, 128].
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7. Conclusion

In the modeling and simulation of industrial spinning processes we face highly
complex three-dimensional multiscale-multiphase problems that are practically
impossible to simulate. This creates the need to find suitable mathematical surro-
gate models in combination with problem tailored numerical solution algorithms.
In this work we established a model-based simulation framework based on the
special Cosserat theory that makes simulations of such multiscale-multiphase
problems with various industrial relevant effects possible.

To show the capability of our model-based simulation framework we exemplarily
investigated three different industrial production processes for fibers and non-
wovens which are commonly used in the technical textile industry: dry spinning,
electrospinning, and melt-blowing. Based on Cosserat rods and strings we de-
duced a suitable model for each process and developed numerical algorithms
for the efficient solution of these models. Our simulation results provide the op-
portunity for a better understanding of physical mechanisms and further process
optimization.

We started with the special Cosserat rod theory and considered a general model
formulation in material (Lagrangian) description which allows the utilization of
different material (elastic, viscous, viscoelastic) and geometrical models (inertia
free, cross-section-preserving, incompressible). In view of stationary considera-
tions we presented a re-parameterization concept that allows the formulation of
the model equations in spatial (Eulerian) description. String models were intro-
duced as asymptotic limits of rod models for vanishing slenderness parameter
¢. These rod and string models serve as a ’box of bricks’ in order to set up the
specific fiber model for each considered industrial spinning processes.

From a mathematical point of view we deal with boundary value problems formed
by either a system of ordinary differential equations or quasilinear hyperbolic
partial differential equations, which we solve numerically. For the first type we
employ a continuation-collocation scheme, where the collocation is based on a
Lobatto IIla scheme and the continuation method ensures the convergence of
the underlying Newton method while navigating through a high-dimensional
parameter space. For the latter we use a finite volume scheme in space based on
a Lax-Friedrichs flux approximation with the implicit Euler scheme in time. To
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take fiber-air interaction into account, a coupling of fiber and airflow simulations
is done by iterations based on the principle that action equals reaction.

The simulation of dry spinning processes requires the treatment of multiple
fibers interacting with an surrounding airflow. Until now, there were no models
and methods with the necessary efficiency to make such a simulation feasible.
Hence, we deduced a dimensionally reduced viscous fiber model of one- and two-
dimensional equations that covers the radial diffusion effects of mass fraction and
temperature in combination with the tangential information of convective speed
and tensile stress. Its good approximation qualities were shown in a comprehen-
sive study regarding the solution of an underlying three-dimensional benchmark
problem. The embedding of the two-dimensional equations in the solution frame-
work of Green’s functions and production integration method led together with a
robust model specific continuation strategy for the one-dimensional equations to
a very efficiently evaluable algorithm. The good performance of our proposed
procedure allowed the simulation of an industrial dry spinning setup with two-way
coupled fiber-air interactions in reasonable computation time. An extension of our
model to curved fibers was straightforwardly done and allows the simulation of
industrial dry spinning setups with two-way coupled fiber-air interactions, where
lateral fiber movements take place. Consequently, our work builds a good basis
for optimization and optimal design of dry spinning processes.

In view of experiments with electrified visco-capillary jets, as they are present in
electrospinning setups, a whipping instability is observed in which the fiber curve
forms rapid slashes and the fiber diameter is enormously decreased. We showed
that the whipping instability can be directly approached with the stable stationary
solutions of a viscous Cosserat rod model. Our proposed continuation-collocation
method for the respective boundary value problems assures efficient and accurate
simulations including the automatic navigation through high-dimensional param-
eter spaces. We qualitatively verified the jet characteristics (whipping frequency,
elongation, throwing range) to changes of the model parameters and showed the
computability of parameter settings involving drastic jet thinning. Even analytical
solutions for the longtime’ behavior of the whipping could be derived. In view of
quantitative predictions a combined experimental and numerical study is left to
future research.

Concerning industrial melt-blowing processes we presented a model-simulation
framework that allows the numerical investigation of the physical mechanism be-
ing responsible for the strong fiber thinning. Considering an asymptotic unsteady
viscoelastic UCM fiber jet model driven by turbulent aerodynamic forces, the
random field sampling strategy provides an efficient numerical procedure for the
realization of the turbulent airflow fluctuations. The computed fiber diameters are
much lower than those obtained from previous stationary simulations applying a
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pure deterministic aerodynamic force on the fiber. Our simulation results clearly
stress the significance of the turbulent effects as key player for the production
of micro- and nano-scale fibers. We suppose that further parameter studies and
an optimization of the industrial process setup might provide the opportunity of
simulating fibers with elongations of order e ~ O(10°) compared to the nozzle
diameter. In view of more quantitative predictions of the resulting nonwovens
a combined experimental and numerical study with experimentally measured
temperature-dependencies of polymer properties (e.g., relaxation time) is aimed
at in future.
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A. Studies on the UCM string
model

We investigate the viscoelastic UCM string model (System 2.12). In particular,
we find explicit solution expressions for the pressure p and the stress o in the
elastic limit case (De — 00, Re — 0, ReDe = Ma?). Furthermore, we show that
the pressure p is at least one order of magnitude smaller than the stress o for high
strain rates and large Deborah numbers such that the associated pressure equation
can be neglected in such cases. With the help of an academical melt-blowing
setup we compare our UCM model (System 2.12) with this simplified model.

A.1. Stresses in the elastic limit case

We consider the viscoelastic UCM string model as given in System 2.12. The
elastic limit De — 0o, Re — 0, ReDe = Ma? results in the following equations for
the stress o and the pressure p

(A.1)

We can solve these equations analytically yielding explicit solution expressions
for the stress o and the pressure p in the elastic limit case.

Theorem A.1. Let the elongation e, relaxation time 6 and the Mach number Ma be
strictly positive and assume u, 0 to be constant with respect to time, then (A.1) has
the explicit solutions

2

1 ° 1
=0 = (ot s h ) =S (o),

o 2 2
(f )2 Ma“ 6 e Ma* 6 (A.2)
—= (e):e_(po_kiﬁ)_iﬁ
P=p e Ma? 6 Ma? 0

with time-independent fields e°,0° = o(e°®),p° = p(e°®), where e°({) > 0 for all
g e Qt°).
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A. Studies on the UCM string model

Proof. The statement can be easily verified by plugging (A.2) into the equations
(A.1).
O

Under the assumptions of Theorem A.1 the explicit solution for the stress variable

m = o + p reads
e? . 1o 1 u
m©)= o5 (m b )t
Assuming an arc length parameterized as well as stress- and pressure-free reference
state, i.e., e° =1, 0° =p°=m° =0, yields

1 u(f, 1) 1 ,u(l ) 1 u,,
=~ Ble2_Z =—EB(2_1 = Ble2-1).
7 MaZO(e e)’ p Ma? 0 \ e ’ m Maze(e )
(A.3)

This means the stress m depends quadratically on the elongation e, whereas the
pressure p shows a reciprocal dependency on e. The stress variable o contains
quadratic as well as reciprocal terms. For jet stretching (e > 1) we obtain a
positive stress m > 0 and a negative pressure p < 0. The stress variable o is
positive. For jet squeezing (0 < e < 1) the jet’s stress is negative m < 0 and
the pressure is positive p > 0. The mixed stress variable o is negative. For an
unstretched jet (e = 1) the jet remains stress- and pressure-free m =p = o = 0.
Obviously, the resulting string model in the elastic limit case is not closely related
to the generalized elastic string model given in System 2.11. Whereas the material
law of the UCM string shows the stress-elongation-relation (A.3) in the elastic
limit case, the generalized elastic string (System 2.11) is based on a classical
Kirchhoff constraint (e = 1) and a linear momentum-curvature-relation yielding a
Lagrangian multiplier and a regularizing term in the linear momentum equation.
The different structure of the models is owed to their completely different origin.
Whereas the UCM string model is derived by strict asymptotic considerations
(cf. [65]) and the elastic behavior is obtained by subsequent transition to the
elastic limit, the generalized elastic string model (System 2.11) is the low-Mach-
number-slenderness limit of the associated elastic rod model and still contains
curvature effects.

A.2. Hierarchy of UCM models

Concerning the modeling of melt-blowing processes an UCM model was employed
in [93, 122]. This model is a simplification of our UCM fiber model (System 6.1),
which was derived asymptotically in its basic form from a three-dimensional
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unsteady BVP [65]. In the following, we want to link and compare these two
models. With the help of an academical melt-blowing setup we present simulation
results for the model hierarchy and discuss them with respect to accuracy and
efficiency in view of more complex industrial setups. Parts of the following study
have been pre-published in [114].

We consider our melt-blowing model (System 6.1) with corresponding initial
and boundary conditions as presented in Sec. 6.1 and investigate the stresses
according to [65]. Assuming a known and non-negative strain rate for each
material point ¢, i.e., v({,-) = (J,e/e)({,-) = (t/e- J,v)({,-) = O, the equations
for the stress m = o + p and pressure p can be identified with the two decoupled
ODE:s of first order

3fP=‘(“+aE)P‘ReDe5“-

Obviously, the pressure equation has an attracting solution p*

. po
P = Re(1+Debv) =

whereas the behavior of the stress m depends on the sign of (2v —1/(Def)). If
Defv > 0.5, the stress m grows exponentially and thus the pressure p is negligibly
small. If Defv < 0.5, the stress equation has an attracting solution

. 2uv
m = > 0.
Re(1 —2Defbv)

We now examine the ratio of pressure to stress in that case

Il 1—2Defv
m*  2(1+ Debv)’

from where a simple calculation shows that |p*| < 0.1m" if Defv > 0.36. Analo-
gously we calculate

"l _ I’

1
= —(1—2Debv),
O-* m*_p* 3

from where we conclude that |p*| < 0.10* if DeOv > 0.35. So under the as-
sumption of a positive strain rate and the relation v > 0.35/(De0) the absolute
pressure |p| is at least one order of magnitude smaller than the stress o and can be
neglected (cf. Rem. 2.14). Re-writing our melt-blowing UCM model (System 6.1)
with respect to the stress variable m instead of o and setting p = 0 leads to a
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Process and physical parameters

Description Symbol Value Unit
Device height H 1.214-107! m
Nozzle diameter din 4-10~* m
Speed at nozzle Vin 10 m/s
Polar angle at nozzle Tin 0 -
Azimuth angle at nozzle Pin 0 -
Temperature at nozzle Tin 5.232-102 K

Heat transfer at nozzle Ain 8.107-10>  W/(m?K)
Air thermal conductivity at nozzle Avin 2.42-1072  W/(mK)
Air kinematic viscosity at nozzle Voin 1.8-107° m?/s
Air specific heat capacity at nozzle Qs in 1.006-10°  J/(kgK)
Air density at nozzle Puin 1.047 kg/m?3
Air turbulent kinetic energy at nozzle k, ;, 2.05-103 m? /s?
Air viscous dissipation rate at nozzle €, ;, 1.27-107 m?/s3
End time tend 2.43-1072 s

Fiber density P 7-10? kg/m3
Fiber specific heat capacity q 2.1-10° J/(kgK)
Dimensionless numbers

Description Symbol Value

Slenderness € 2.92-1073

Reynolds Re 8.50-10!

Deborah De 2.47-10%

Mach Ma 1.50- 10"

Froude Fr 9.16

Temperature Stanton Sty 5.52-107°

Air drag associated A, 5.12-107!

Air-fiber Reynolds Re, 1.97-10?

Nusselt Nu, 1.19-10!

Prandtl Pr, 7.83-1071
Turbulence degree Tu, 4.53

Turbulent time Tt, 7.54-10"

Table A.1.: Overview over process and physical parameters in the academical
melt-blowing setup and the resulting dimensionless numbers.

pressure-free UCM fiber model. This resulting pressure-free model is instanta-
neously employed in [93, 122] for the modeling of melt-blowing processes. The
boundary conditions change accordingly.

We compare the asymptotic and the pressure-free fiber UCM model with the
help of an academical setup where we choose all airflow fields being constant
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Figure A.1.: Absolute values of fiber stress o and pressure p over material pa-
rameter { in the academical melt-blowing setup at time t,,; = 2.43- 107> s.
The nozzle is located at { = —2.43-1072 m.

in space and time. This means the fields p,, v,, ¢, ., A., k, and €, become one
in the nondimensional formulation. Furthermore, the deterministic air speed is
v, = (100 m/s)e, with e, the direction of gravity and the airflow temperature is
T, = 310 K. The fiber dynamic viscosity and relaxation time are also assumed to
be constant in space and time. In particularly, we fix u = 10 Pasand 0 = 3-107?s.
All further parameters and the resulting dimensionless numbers are given in
Tab. A.1. The setup-specific reference values are chosen as in the industrial
melt-blowing setup, see Tab. 6.3 in Sec. 6.2.1. At the inflow boundary we set
Oin = Pin = Mjn = 0.

The reconstruction of the airflow velocity fluctuations from the k,-€, turbulence
description of the airflow is done as presented in Sec. 6.2.2. For the solution of
the fiber models we employ the numerical scheme described in Sec. 3.2, i.e., the
spatial discretization is realized with a finite volume scheme with Lax-Friedrichs
flux approximation and the implicit Euler scheme is used for the temporal dis-
cretization. For the computation we choose the mesh sizes A{ = At = 107>,
Although the strain rate v is not exclusively positive in this academical setup, the
pressure in the asymptotic model (System 6.1) is orders of magnitude smaller
than the stress o shortly away from the nozzle ({ = —2.43- 1072 m), see Fig. A.1.
Comparing the solutions at time t,,; = 2.43 - 107> s the relative L*- error in all
variables (except the pressure p) between the asymptotic and pressure-free model
is 5.14 - 10~*. The computation times are 6.2 h for the asymptotic and 5.4 h for
the pressure-free model. Consequently, the simplified model might be preferred
for efficiency reasons, but since the additional effort for the computation of the
complete asymptotic model is not excessive, we stick to the full System 6.1 for
industrial melt-blowing setups.
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B. Numerical schemes and
solution methods

In the following we study our numerical schemes and solution methods. First,
we numerically show the convergence of our finite volume scheme for hyperbolic
quasilinear PDEs on a growing space-time domain, which we presented in Sec. 3.2.
Thereafter, we give a detailed derivation of the implicit solution expressions in
terms of a Green’s function for the radial advection-diffusion equation that we
use to describe heat and mass diffusion in the fiber due to solvent evaporation,
cf. Sec. 4.1. This solution expression can be used to set up a product integration
method for the values at the fiber boundary, cf. Sec. 3.3. The convergence and
stability of this product integration method is examined subsequently.

B.1. Convergence of the finite volume scheme for
quasilinear hyperbolic PDEs on a growing
domain

In this section we numerically analyze the convergence behavior of our solution
method for hyperbolic quasilinear PDE systems on a growing space-time domain
as presented in Sec. 3.2. This means we use finite volumes in space with a Lax-
Friedrichs flux approximation and discretize the resulting ODE system with respect
to the time variable using the implicit Euler scheme. The growing space-time
domain is treated with static and dynamic cells.

Since the numerical framework is used for the solution of our fiber melt-blowing
model (System 6.1), we utilize the same UCM string model for our convergence
study here. For simplicity we assume only gravitational forces to act on the fiber
and omit any airflow associated effects (deterministic and stochastic), i.e., f,;, = 0.
Furthermore, we exclude temperature effects and hence omit the equation for the
temperature T. The fiber dynamic viscosity u and relaxation time 6 are fixed as
constants u = 10 Pas, 8 = 0.1 s and become unity in nondimensional form. The
further parameters and resulting dimensionless numbers are given in Tab. B.1.
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Process and physical parameters

Description Symbol Value Unit
Device height H 1-1071 m
Nozzle diameter din 1-107% m
Speed at nozzle Vin 1 m/s
Polar angle at nozzle Vin /2 -
Azimuth angle at nozzle ;, /4 -
Nozzle position Tin (0,0,2.85-1072) m
Stress at nozzle Tin 1073 Pa
Pressure at nozzle Din -1/3-107* Pa
End time tend 21072 S
Fiber density o 5-10? kg/m?3

Dimensionless numbers

Description Symbol Value
Reynolds Re 5.00
Deborah De 1.00
Mach Ma 2.24
Froude Fr 1.01

Table B.1.: Overview over process and physical parameters and the resulting
dimensionless numbers for the convergence study.

The setup-specific reference values are chosen as in the industrial melt-blowing
setup, see Tab. 6.3 in Sec. 6.2.1.

We compute the solution on an equidistant space-time grid with grid sizes A{ and
At respectively. For the convergence study we choose A{, At € {2-107% | i =
1,...,6}, and calculate the reference solution with A{ = At = 10~*. Fig. B.1
shows the convergence behavior that we expect from literature (cf. Remark 3.4),
i.e., convergence of order two with respect to space, order one with respect to
time and a combined convergence of order one.

164



B.1. Convergence of the FV scheme for quasilinear hyperbolic PDEs

1012 \\\HH‘ \\\\HE 100; \\\HH‘ \\\\H%
- ]_OO;* ; - I 1
= i ] 107t} E
P10-1| 1 S |
jlo /|2 = _2: 1
“102) 1 20 A ]

i | i 1 ]

10—3 Ll T N B 10—3 Lol L

10~ 1073 1072 1074 1073 1072
Al At
100§ \\\\\H‘ \\\\H%
. _1: |
51000
3, | |
: 1
$1072} 4 i
— B B
10—3 L Lol L [
107 1073 1072
Al = At

Figure B.1.: Top left to bottom: Spatial, temporal and combined convergence
behavior of the numerical scheme for quasilinear hyperbolic PDE systems
based on the academical setup on a growing domain.
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B.2. Analytic solution for the radial
advection-diffusion equation

To include radial diffusive effects into our fiber models — like heat/mass diffusion
due to solvent evaporation present in dry spinning processes —, we have to solve
a BVP with Robin-type boundary condition of the form (cf. (4.13))

Find ¢ = (r, x) with

1
oYy ——-0.(rd.y)=0, for 0<x<1, O0<r<l,
r
V| o = Yin> for 0<r<i,
oY| _,=0, for 0<x<1,
oY| _,=ay| _ +b, for 0<x<1,
(B.1)

with functions a,b : [0,1] — R and v;, € R. In order to make an efficient
numerical solution of this problem feasible, we derive an implicitly given solution
expression based on a Green’s function. First, we consider the following slightly
modified problem

Find G = G(r, x;r’,x") with

1 6(r—r’
axG——ar(rﬁrG)—5(x—x’)u=O, for x>x', 0<r<1,
r 2mnr’
| ,=0, for 0<r<i,
x<x
9.G| _,=0, for x>x/,
9,G|._, =0, for x>x’,

(B.2)
with parameters r’,x’ € [0,1] and 6 denoting the Dirac delta function. We can
state the following connection between the radial advection-diffusion problem
(B.1) and the modified problem (B.2).

Lemma B.1. Let G = G(r,x;r’,x") be a solution of the modified problem (B.2),
then a solution of the original problem (B.1) is implicitly given through

1

P(r, x) =27'L'7./)l-nJ G(r,x;r’,0)r"dr’

+ ZTCJ G(r,x;1,x") (a(x’)w(l, x')+ b(x’)) dx’.

0
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B.2. Analytic solution for the radial advection-diffusion equation

Proof. We mainly follow the calculations given in [76]. Every solution of (B.1)
fulfills

28,078 X)) = B x), (B.3)

for x’ < x, 0 <r’ <1, and for every solution of (B.2) the relation

6(r'—r) _

l8r,(r’8r,G) +6(x" —x)
r’ 2nr!

—3.,G, (B.4)

for x’ < x, 0 <r’ <1 holds. Note that the negative sign on the right hand side
of (B.4) is due to the dependency of G on the term (x — x’). We multiply (B.3)
with the function G and (B.4) with the function v and consider their difference

(Giaﬂ(r’aﬂw) —wiaﬂ(r’aﬂc)) VPO L il ) RPN
r’ r’ 27r!

Integration over [0, 1] x [0, x] yields

x 1
27 J J (G%@r,(r’aﬂlp) — i/@/(r’&‘r,G)) r'dr'dx’
r r
0 0
1

—J J Y&(x'—x)6(r' —r)dr'dx’ =27 J [YGTL,_ r'dr'.
00 0

Applying Green’s second identity on the first term on the left hand side and
utilizing the fact that (1/)G)|x/=x = 0 gives

X 1

Zﬁf [r'Go.p— r%par,G]i/zo dx' —(r,x) = —2ml)inJ G’x/zor’dr’,

0 0
which can be written with the help of the boundary conditions as

1 X

Y(r,x) = Zm,bl-nJ G|X,=Or’dr’ + 27'5[ G|r/=1 (a(x’)ll)(l, x) + b(x’)) dx’.
0 0

[]

The advantage of the modified problem is that there exists an analytic expression
for its solution G (cf. [23, 76]).
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Lemma B.2. The solution of the modified BVP (B.2) is given through

Jo(/smr)Jo(/smr’))

JO(/jm)2

where J;, i € N, denote the i-th Bessel functions of first kind and 3,, > 0, m € N,
are the ascending zeros of J,, i.e., J,(f3,,) = O.

G(r,x;r’,x) = % (1 + Z exp (—B2(x —x"))

Proof. The idea of the proof follows [23, 76]. We consider the homogeneous
problem corresponding to (B.2) with inhomogeneous initial values

Find H = H(r, x) with

1
,H——0,(r6,H) =0, for x>0, 0<r<1,
r
H x=0 = wina for 0 <r< 1, (BS)
arH|r:0 =0, for x>0,
arI_I|r=1 = 0’ for x> 0.

To solve this problem we assume H is a solution of (B.5) and employ the separation
ansatz H(r,x) = R(r)X(x), which yields

X(x)
r

R(r)3.X(x) =

6,(ro,R(r))

or equivalently (under the assumption H(r,x)# 0 for x >0,0<r < 1)

. X(x) 1
X(x)  rR(r)

9,(rd,R(r)).

Since the left hand side only depends on x and the right hand side only on r, we
follow

o X(x) _

1
— 2 —
X(x) P

rR(r)

0.(ro.R(r)) =—P,,

for a constant f3,, € R}, m € N, where the sign is chosen negative in order to
achieve the correct physical solution behavior. In total the separation ansatz
reduces the PDE in (B.5) to two ODEs. The first has the solution

X (x) =X, exp(—f,,x)
with constant X,, € R. The second ODE reads
d? d )
—R(r)+r—R(r)+(rp,)°R(r) =0,

2
: dr2 dr
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B.2. Analytic solution for the radial advection-diffusion equation

which becomes the Bessel’s differential equation under re-parameterization z(r) =

B
d—ZR(z) +23R0) +22R() = 0.
dz

2
Z
dz?

A solution of this Bessel’s differential equation is the Bessel function of first kind
of order zero yielding

R(r) =Ry Jo(Bmr)

with constants R,,, € R. This means a particular solution H has the form

H(T, X) =day exp(_ﬁix)JO(ﬁmr)

with a,, = X,,R,,. It remains to determine the constants a,, and f3,,. For the latter
we use the boundary condition 0, H(r, x)|r:1 = 0 yielding

0 =~y exp(—B1x)J1(Bn),

with the non-trivial solution

Jl(ﬁm) =0.

The values f3,, are tabulated in literature, see e.g. [23]. Due to J;(0) = O the
further boundary condition J.H(r, x)|r=0 = 0 is fulfilled. Therefore, the general
solution for H is

(e}

H(r,x) = ), @y exp(—B2x)Jo(Bar)

m=0

with J;(,,) = 0. The coefficients a,, can be determined from the initial condition

win = Qo + Z amJO(/}mr)°

This representation of v;, equals its representation as Fourier-Bessel series with
corresponding coefficients (cf. [10])

1

: fwinjo(ﬁmr/)r/dr/

a0=2f¢inr’dr’, a, = > - :
0 fJg(ﬁmr’)r’dr’

0
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1

Employing the relations [ J3(B,,r')r’ dr’ = (J3(B,) +J7(Bn))/2 = J5(B,)/2 and
0

Bo =0, Jo(0) =1 yields

H(T',X) = 2f winr/ dr/ + J win (ZJO(ﬂmr ) 2(/5 ) eXp(_ﬁix)JO(ﬂmr)) r/ dr/

_ 21/)an (1 - Z JO(ﬁ"}ZéO(ﬁmr ) P(—ﬁix)) r'dr.

With Lemma B.1 we get the connection of H to the function G
1

H(r,x)= 27mpinJ G(r,x;r’,0)r'dr’,
0

from which we conclude the explicit expression for the function G

G(r,x;r’,x") = % (1 + Z:; JO(ﬁ"}g?;;f:fmr ) exp (—ﬁi(x — x’)))

with J;(3,,) =0, ,, >0, meN.

Now we can give the final expression for the solution v of (B.1).

Theorem B.3. Let v : [0,1]*> — R be given through

X

Y(r,x) =y, + ZNJ g(r,x —x"k(x’, (1, x")) dx’,

0

with g(r,z) = % (1 + mZ:; L{;)()(émm’;) exp(—ﬁiz)) , k(x,y)=a(x)y + b(x),

where f3,, > 0, m € N, are the ascending zeros of the first Bessel function of first kind,
i.e., J1(B,,) = 0. Then, v solves the BVP (B.1).

Proof. The statement follows directly from the previous Lemma B.1 and Lemma B.2
using the relation
1
J
J Jo(B,,r ) dr’ = —1/(3ﬁm) =0.

0
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B.3. Convergence and stability of the product
integration method

In this section, we consider the convergence and stability properties of the product
integration method (cf. Sec. 3.3) for the solution of radial advection-diffusion
equations of the form

dp—~3,(raap) =0,
r
¢|x=0 = Il)inﬂ 81”1/) r=0 = O’ 8”/4) r=1 = Cl’l/)

In particular, we compare Method (i) based on the implicit Euler scheme and
Method (ii) based on Lobatto Illa collocation. Note that this study has already
been pre-published in [111].

_, +b.

We exemplarily consider constant functions a, b and choose
a=-—b=-5-10° Y;, =0.5.

We compute the solution 1|,_; on an equidistant grid with size Ax. For the
convergence study we choose Ax = 1/(2!-10), i € {0,...,8}, and calculate the
reference solution with Method (ii) and Ax = 1/(2° - 10). Fig. B.2 shows that
Method (i) converges with order one, whereas Method (ii) has order two. The
underlying collocation scheme of Method (ii) is of order four. The order reduction
results from the highly non-linear integral kernel g and its stiff behavior near x = 0.
Due to the stability properties (cf. Rem. 3.6), Method (ii) produces oscillations
near x = 0 when Ax is not sufficiently small (see Fig. B.2). In contrast Method
(i) is stable for all Ax > 0. Thus, the use of Method (i) seems preferable in
situations where L-stable methods are required. If the corresponding problem is
not excessively stiff or the number of grid points is sufficiently high, Method (ii)
is certainly preferable due to its higher order of convergence. For applications we
suggest the following procedure: Choose the higher order Method (ii) as standard
product integration method. If oscillations occur, switch to Method (i) lowering
the order of convergence but increasing the stability.

171



B. Numerical schemes and solution methods
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Figure B.2.: Left: Convergence behavior for product integration methods based
on the implicit Euler scheme (Method (i)) and the Lobatto IIla collocation
scheme (Method (ii)). Right: Results for Ax = 1/40 indicating the stability
properties of the two methods for stiff problems.
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C. Studies on electrospinning

In electrospinning processes the curve of the electrified jets show a lateral jet
movement known as whipping instability. The temporal stability analysis in [85]
establishes a strong connection between this instability observed in experiments
and the unstable solutions of the associated electrospinning model. In the follow-
ing we adapt this study to our electrospinning model (System 5.5). Furthermore,
in spinning setups with strongly evolved jet whipping boundary layers arise in
the components of curvature k, contact force n and couple m. By studying our
electrospinning model in Lagrangian parameterization, we verify that this bound-
ary layer is not a numerical artifact but an essential characteristic of our solution.
Note that in great parts the following studies have been pre-published in [4].

C.1. Global linear stability analysis

The whipping instability observed in experiments on electrospinning was investi-
gated by means of classical perturbation theory in, e.g., [48, 59, 80, 120]. In the
following we show that the unstable solutions of our transient electrospinning
model (cf. Sec. 5.1) are directly related to the whipping instability as we can
conclude from a global stability analysis.

In contrast to the rotating frame, which we used before in the study of electro-
spinning (cf. Sec. 5.1), we consider here a stationary outer basis {d,, d d,, a3} w1th
predominant spinning direction d; and the standard director basis {dl, dz, d3}
This means, we proceed from the rod model given in System 2.8 with viscous
material behavior. Additionally, we replace the kinematic equations for the time
derivatives of curve and triad by the compatibility conditions (2.8). Moreover, we
directly insert the capillary forces (5.3) assuming a space- and time-independent
surface tension coefficient y. As before we scale the equations, such that the
considered space domain is the interval @ = (0, 1). For simplicity we suppress
any labeling of dimensionless and scaled quantities. Supplementing the model
equations with the electrospinning associated boundary conditions, the respective
dimensionless system is given by
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C. Studies on electrospinning

System C.1 (Time-dependent viscous electrospinning model).
Kinematic and dynamic equations as well as material laws, s € (0,1),t > 0O:
L7'or =R(q)" - e3,
L7'0q =5(x)-q,
L'9(v—ue;) = w x e; +V X K,
0,k + L', (uk — w) =k x w,
d,om + L7, (uoy) =0,
d,ov +L710,(ugy) =0,
3,(pyVv) + L7 8,(upy,v—n—TmyRe;) = 0 VX W+ K XN
+T'tyRK x eg + £ + 1,

air»

_ 1
. (oyovPy- W)+ 1L 13s (UQMQVP2 "W — ;m) =oyey(Py - w) x w

1 1
+;me+§e3xn,
Lou= Re ns ,
3 uey
Re 1
L'0w=wxkKk+ B—ez—zP;/lg -,
€7 Uy
with outer forces:
= 4 I 11
f,=—I®| -R(q)-e—O0————log| —— |k xe3 |,
74 (u ()€ u’e, nd g(sR) 3)
A, p.V? 2R
fair = Re% 2R F (e37 Re*y_*(v*_v)))
and initial-boundary conditions, t € [0,1]:
r(O, t) = 0: CI(O, t) = (13 O: 07 O)) V(O3 t) = e37 K(O: t) = 03
QM(09 t) == 1: QV(07 t) = 17 n(]‘J t) = 07 m(lp t) == OJ

u(0,t)=1, w(0,t) =0, r3(1,t) = 1.

Assuming constant mass density p = p,,/oy = const we treat p as parameter
such that it is sufficient to consider either the mass or the volume balance equa-
tion exclusively. In the following we stick to the volume balance and omit the
mass balance equation. The parameter p becomes unity in the dimensionless
formulation.

Obviously, the BVP has the general conservation form

0:h(y(s, 1))+ 6,j(y(s, 1)) = k(y(s, 1)), g(y(0,1),y(1,1)) =0, (C.1)
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C.1. Global linear stability analysis

with y the vector of unknowns. For the temporal stability analysis we assume a
solution of the form

y(s,t) =y(s,t) = y°(s) + e exp(At) y'(s)

with A € C and 0 < € < 1. By means of this ansatz and Taylor expansion around
y°, (C.1) can be split into two systems, i.e.,

)=k, 0,y =0, (c.20)

for the stationary solution y° as well as

d d
(K(s) - 376) —J(s)a) y'(s) = AH(s)y'(s), A-y'(0)+B-y'(1)=0,
(C.2b)
for the transient correction y' and A, where H(s) = d,h(y°(s)), J(s) = 2,j(y°(s)),

K(s) = d,k(y°(s)), A = 3,g(y°(0),y°(1)) and B = 3,8(y"(0),y°(1)). Here, the sign
of the real part of A decides about stability or instability of y° for t — oo.

A solution of (C.2a) is obviously a stationary jet that forms a straight line from
the nozzle towards the collector, i.e.,

r(s) =se;, q°(s)=1(1,0,0,0), vO(s) = u’(s)es, k°(s) =0,
ov(s) =1/u’(s), n°(s) = n3(s)es, m°(s) =0, w®(s) =0,
L=1

with u°, nJ being prescribed by the BVP

0

Re u°nd Re T R n 1
ou’ = = 2 a,ng = —euong+——e1/7't'y—3—:IQ>——fair-e3,
3w 3 23u Vuo uo
u°(0) =1, nd(1) = 0.

We determine u® and ng with the collocation method presented in Sec. 3.1. An
adaption of the initial guess (u® =1, ng = 0) in the sense of a continuation method
is not necessary here due to the simplicity of the BVP In order to solve (C.2b) we
consider an equidistant grid of mesh size As with grid points s;, i € {0, ...,N,}.
Integrating the differential equation over the intervals [s;,_;,s;] we apply the
fundamental theorem of calculus and the trapezoidal quadrature rule respectively

Si

d
0= [ (41 ¥©)+ £ 06 ¥ ©) K050 0

As As
~ A; (H;-y! +H -y )+ 3y —J 0y, — o (K -y; +Kii0y),)
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C. Studies on electrospinning

withy; =y'(s;), H; = H(s;), J; = J(s;), and K; = K(s;). Incorporating the boundary
conditions we obtain the generalized eigenvalue problem

W-Y=AZ-Y,
with W, Z € RV Ns+1)xN, (Ni+1)
[ A 0 - 0 2
Jo+ K, —J +A%K1 0 0
O Jl + 75K1 _Jz + 78K2 O e O
W= ) ' . .
: . . 0
\ 0 0 Jy+ %KNS_1 —Jy, + %KNJ
SH, 2H, O . 0
2 -0 Azs 1 A
O ?Hl THZ 0 e 0
Z= . . . ‘ ,
: . . 0
\ 0 ... 0 %HNS—l %HNJ

.....

number of rod unknowns. We compute the solution using the MATLAB routine
eig.m. Since Z is singular it is convenient to consider the inverse problem AW Y =
Z-Y, A = 1/A transforming infinite eigenvalues to zero.

The observed whipping effect turns out to be a instability in the stated mathemat-
ical sense. Fig. C.1 (left) shows the eigenvalue spectrum to the model parameters
of Example 2 in Sec. 5.4, i.e.,

(¢,Re,T,E,0,A,,Re,) =(5-1072,2.4,60,10°, 360,107}, 3). (C.3)

The computation is carried out on a mesh with N, = 200 equidistant points.
Obviously, there exist (inverse) eigenvalues A with positive real part. The corre-
sponding solution y* moves away from the stationary solution y° for infinite times,
which is hence unstable. The (discrete) eigenfunction r; related to the eigenvalue
A with largest real part reveals the formation of the characteristic whipping, see
Fig. C.1 (right). We study the transition from stable to unstable solutions in
dependence on the electric force related parameters = and ©. Remember that
= stands for the strength of the outer electric field, whereas © represents the
magnitude of Coulomb repulsion. For the computation of the phase diagram
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Figure C.1.: Results of stability analysis for the parameters given in (C.3) (cf. Ex-
ample 2 in Sec. 5.4) and N, = 200. Left: Spectrum of the inverse eigenvalues
A in the complex plane. Right: Eigenfunction r, related to the eigenvalue A
with largest real part.

unstable

stable

0

| | | |
0O 02 04 06 08 1
= 10°

Figure C.2.: Stability diagram with respect to (Z,0) € [0,10°] x R/ for fixed
parameters (g,Re, T',A,,Re,) = (5-1072,2.4,60,0.1, 3) (cf. Example 2). The
lower region indicates stable solutions, whereas the upper region characterizes
unstable solutions.

we choose discrete test parameters =; = i - 10%, i = 0,...,10% and determine
the corresponding smallest ©;, for which a solution of the eigenvalue problem
with N; = 200 has an eigenvalue with positive real part. In Fig. C.2 the lower
region bounded by the data points and the horizontal axis characterizes the stable
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C. Studies on electrospinning

solutions, the upper region above the data points corresponds to the unstable
solutions. As we have seen in Sec. 5.3 an increasing outer electric field stabilizes
the jet, hence for larger values of Z the transition from stable to unstable solutions
takes place for larger values of ©.

C.2. Resolution of boundary layers

For strong jet whipping in electrospinning processes boundary layers arise in the
variables k, n and m at the nozzle. This effect is observed in Fig. 5.7 for the choice
of the dimensionless parameters (Example 2 in Sec. 5.4)

(¢,Re,T,E,0,A,,Re,)=(5-1072,2.4,60,10° 360,10}, 3). (C.4)

To verify that these boundary layers are model-based and that our numerical
scheme resolves them correctly, we re-compute the results in material (Lagrangian)
description.

For the transformation of our electrospinning model (System 5.5) from Eulerian
to Lagrangian description the concepts presented in Sec. 2.1.6 are utilized, i.e.,
we employ the general bijective mapping S(-,t) : [{;(t), x(t)] — [s;(t),sz(t)],
¢ — S(Z, t) that satisfies the relations

aS(C ) =u(s(C, 1)),  S(Z () =0

where t;,({) prescribes the time of the material point { entering the steady flow
domain S(¢, t) € [0,1]. Due to the (Euler-)stationary consideration the mapping S
depends only on the run time o ({) = t—t;,({) and, following the procedure given
in [3], the re-parameterization into the Lagrangian description simplifies: We set
S(¢,t)=8(t—t,,(0)) = 8(c(¢)) and employ the concept of type-n-fields, n € Z,
as introduced in Sec. 2.1.6, i.e., to an arbitrary field f in Eulerian description the
associated Lagrangian field f is related according to

FGO=7"C (S 1), (L t)=28,(C,¢0).

The exclusive dependence on the run time o is also valid for an arbitrary La-

grangian field, f(¢,t) = f(t — t;,({)) = f(0()). Using t;,({) = —¢/u(0) =

—0o /u;, with u;, = 1 in the dimensionless formulation we obtain

0f((,6)=38f(t+0)=08,f(0)=38,f(t +{)=03,f (L, 1)

and, therefore,

u(S(¢, 1)) =2,5(¢, 1) = 9,S(Z, t) = j(¢, t)
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C.2. Resolution of boundary layers

for all £, t. Applying these concepts with the typification of the variables as given
in Sec. 2.1.6, regarding the elongation é(o({)) =¢é(Z,t) = j(Z,t) and dropping
the label , the model for the jet’s whipping in the Lagrangian description is given
by

System C.2 (Stationary viscous fiber electrospinning model in Lagrangian param-
eterization).
Kinematic and dynamic equations as well as material laws, o € (0, 1):

T'9,r =eR(q)" - e,

76,9 =5(x)q,

T'9,n=nxk+ T '(3,e)e; +ex x e; +2e2(R(q) - e3) X e
+2°R(q) - (5 x (3 x 1)) — fo — o — £,

1 1
T7'0,m=mxk+enxe;+e*—P,- (T‘lé‘ak— ~T7(3,e)k — 2k x eg)
e e
2 _
- gze_zpz ) (T 1306(R(q) re;—e3) +e(k—Me;) x (R(q)- e3))

— 62 (P, (k+ OR(@) - € — €3) x (K + AR(@) - €3 —,),

Re 1
T '8,e = ——e’n,,
3 u
Re ¢*
T'9,k= ;—PQ}S ‘m+ 2K X e,
e2

with outer forces:

1
f.,=TnRy (K X €3 — 2—T_1(506)e3) ,
e

f EI<I> 4R(q) -e;—© ! lo (11) X e

= — . —_— _— —_—— K 5

g 1) € e%e, ,m® & €R 3
A, p.V? ( 2R )

f. =e F|{t,Re,—(v,—V) |,

¥ "Re? 2R v*( )

and boundary conditions:

r(0) =0, q(0) = (1,0,0,0), (0) = 0, e(0) =1,
r(1)=0, (1) =1, n(1) =0, m(1) = 0.

The fiber unit tangent is t = e; and the radius function reads R = 1/+/me. The
dimensionless end time is denoted by T addressing the unknown time of the
material point reaching the device bottom. The corresponding reference value is
To =ty =To/Vo-
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Figure C.3.: Boundary layer in the contact force component n, for the parameters
given in (C.4). Left: Zoom into the nozzle region in the Lagrangian setting.

Right: Distribution of discretization points in the Eulerian and Lagrangian
setting.

The Lagrangian description allows to zoom into the region at the nozzle, where
the boundary layers are present for strong whipping setups (see Fig. C.3 (left)
for the parameters given in (C.4)). Mapping the Lagrangian parameters o;
used in the simulation as grid points onto the associated Eulerian arc length
parameters s; = $(o;) by means of the nonlinear transformation $, we see that
both descriptions resolve the boundary layer in a similar good manner, Fig. C.3
(right). The reason why we generally prefer to use the Eulerian description is the
desired consideration of high jet thinning which goes along with the development
of boundary layers at the jet end in the Lagrangian description. The transformation

from spatial to material description shifts layers from the nozzle region to the jet
end.
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Notations

Special vectors, matrices, sets, etc.

N Set of natural numbers

Z Set of integers

R Set of real numbers

C Set of complex numbers

E? Three-dimensional Euclidean Space

S? Two-dimensional sphere in R®

SO(3) Special orthogonal group in R?

1 Identity matrix

1 Tuple of ones in R"

€ i-th canonical basis vectori = 1,2,3, e.g., e; = (1,0,0)
Z Scalar in R or C

Z Invariant vector in E*

2z =(21,25,23) Representation of Z with respect to outer basis

z =(zy,2,,z3) Representation of 2 with respect to director basis
Z Invariant Tensor in E* ® E?

diag(z) Diagonal matrix with diagonal entries z € R"
R(z) Real part of a scalar z € C

J(z) Imaginary part of a scalar z € C

|2 Absolute value of z € R

|| z]| Euclidean norm of g € R"

12 oo Maximum norm of g € R"

x-y Scalar product of x,y € R"

XXy Cross product of x,y € R"

Xy Dyadic product of x,y € R"

o.f Partial derivative of f w.r.t. x

% f Total derivative of f w.r.t. x

Vf Gradient of f

O(g) Landau notation, i.e., f € O(g) means 3 C >03 x, >0

Vx>xo:|f()<C-|glx)
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Model quantities

D

Q

¢

S

t

{éllz §2: 5:1)3}
{d17d25d3}

r

r= (rla 2, T'3)

r

v

V= (V1:v2: VS)

v

T

T= (Tlﬁ T2, TB)
I: (TlﬁTZJTB)

K

K= (Kl’ K2, KB)
K= (Klz Ka, KS)
w

o = (W, w,, w3)
(_U = (wla Wy, (U3)
R

R= (Rij)i,j:1,2,3
q = (90,91,92,93)
S

n

n= (nlﬁ ny, Tl3)

n = (ny,ny,n3)

m

m = (my, m,, ms)
1;1‘1 = (ml’ my, m3)
fif.f

1,1
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Space-time domain

Space domain

Lagrange parameter (coordinate of material point) [m]
Euler parameter (arc length) [m]

Time parameter [s]

Outer basis (time- and space-invariant)

Director basis

Curve (invariant) [m]

Curve (outer basis) [m]

Curve (director basis) [m]

Velocity (invariant) [m/s]

Velocity (outer basis) [m/s]

Velocity (director basis) [m/s]

Tangent (invariant)

Tangent (outer basis)

Tangent (director basis)

Curvature (invariant) [1/m]

Curvature (outer basis)[1/m]

Curvature (director basis) [1/m]

Angular velocity (invariant) [1/s]

Angular velocity (outer basis) [1/s]

Angular velocity (director basis) [1/s]

Rotation between outer and director basis (invariant)
Rotational matrix between outer and director basis
Unit quaternion to parameterize the rotation R
Skew-symmetric matrix for the evolution of the quaternions
Contact force (invariant) [N]

Contact force (outer basis) [N]

Contact force (director basis) [N]

Contact couple (invariant) [Nm]

Contact couple (outer basis) [Nm]

Contact couple (director basis) [Nm]

Body force density (invariant, outer basis, director basis)
[N/m]

Body couple line density (invariant, outer basis, director
basis) [N]
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(Jij)i,j=1,2,3

s« IR
=

< K

S

QOMQD'QE‘“T) > o

NI QT R

)

Re
De

Applications

Inertia tensor (invariant) [m*]
Inertia matrix (director basis) [m*]
Scaling matrix P, = diag(1,1,x)/(4m)

Mass line density [kg/m ]

Volume line density [m?]

Area of cross-sections [m?], i.e., A= gy /e
Density [kg/m?], i.e., p = oy /Ov

Elongation, i.e., e = ||T||

Scalar speed (Euler) [m/s]

Dynamic viscosity [Pas]

Relaxation time [s]

Elastic modulus [Pa]

Mass flux [kg/s], i.e., Q) = oyt = pAu (Euler)
Volume flux [m3/s], i.e., Q, = oyu = Au (Euler)
Tension [N], i.e., N =n4

Twisting torque [N], i.e., M = m,

Pressure [Pa]

Stress [Pa]

Second stress variable [Pa], m= o +p

Length [m]

Slenderness parameter

Reynolds number (ratio of inertial to viscous forces)

Deborah number (ratio of relaxation time to observation

time)

Mach number (ratio of inertial to compressive forces),

Ma? = ReDe

{c_isl, c_i;, c_i;} Spin-associated director basis

{d},d,,d;} Rotating outer basis

{d,,d,,d;} Cylindrical basis

f P Gravitational force (invariant, outer basis, director basis)
[N/m]

€,, e, Direction of gravity (invariant, outer basis)

g Gravitational acceleration, i.e., g = 9.81 m/s>

Fr Froude number (ratio of inertial to gravitational forces)
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-
fair: fair, fair

D > =N iy

g
>

drip
Pi
Vi

h, hy, h?
C,C,

?hl Mu
=H My

~.
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Aerodynamic force (invariant, outer basis, director basis)
[N/m]

Normalized fiber tangent (outer basis), i.e., t = 7 /e
Airflow velocity (invariant, outer, director basis) [m/s]
Airflow density [kg/m?®]

Airflow kinematic viscosity [m?/s]

Air-fiber Reynolds number

Air-drag associated number

Capillary force (invariant, outer basis, director basis) [N/m]
Surface tension coefficient [N/m ]

Scaled inverse of capillary number (ratio of surface tension
forces to viscous drag forces)

Electric force (invariant, outer basis, director basis) [N/m]
External electric field [V/m]

Surface charge density [As/m?]

Applied voltage [V]

Electric current [A]

Electrical conductivity [A/(Vm)]

Airflow electric permittivity [As/(Vm) ]

Potential-current associated numbers

Airflow temperature [K]

Airflow pressure [Pa]

Airflow inner energy [J/kg]

Airflow specific gas constant [J/(kgK) ]
Airflow second viscosity [Pas]

Airflow specific heat capacity [J/(kgK) ]
Airflow heat conductivity [W/(mK) ]
Fiber induced external loads [N/m?]
Fibers induced heat source [W/m?]

Partial density of polymer (i = p) and diluent phase (i = d)
[kg/m’]

Partial velocities, i € {p,d}, [m/s]

Enthalpy (Mixture, partial, pure phase i € {p,d}) [J/kg]
Thermal conductivity (Mixture, partial i € {p,d})
[W/(mK)]

Stress tensors (Mixture, partial i € {p,d}) [Pa]

Body forces (Mixture, partial i € {p,d}) [N/m?]
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Jr
Cx
Pd,«
O.

Sh,

Sc,
Nu,
Pr,
M, M,
Va, V.

P4

pvap

sl

Specific heat capacity (Mixture, pure phase i € {p,d})
[J/(kgK) ]

Polymer mass fraction (radial profile and averaged over
fiber-cross-sections), c = p,/p

Temperature (radial profile and averaged over fiber-cross-
sections) [K]

Diffusion coefficient of diluent in polymer [m?/s]

Diluent mass flux in aerodynamic boundary layer
[kg/(m?s)]

Heat flux in aerodynamic boundary layer [kg/(m?s)]
Diluent density in air (at fiber surface) [kg/m?]

Diluent density in air (away from fiber) [kg/m?]

Scaled diluent density in air (at fiber surface) [kg/m?],
0. =6.p/P4

Referential polymer mass fraction, c,., =1—pg4./Q.
Convective mass transfer coefficient [m/s]

Mass fraction associated transfer coefficient [kg/(m?s)]
Heat transfer coefficient [W/(m?K) ]

Diluent evaporation enthalpy [J/kg]

Mass/temperature Peclet number (ratio of advective to dif-
fusive transport)

Mass/temperature Stanton number (ratio of mass/heat
transferred into a fluid to the ability to accumulate
mass/heat)

Sherwood number (ratio of convective to diffusive mass
transfer in aerodynamic boundary layer)

Schmidt number (ratio of viscous diffusion rate to mass
diffusion rate in aerodynamic boundary layer)

Nusselt number (ratio of convective to conductive heat
transfer in aerodynamic boundary layer)

Prandtl number (ratio of momentum diffusion rate to ther-
mal diffusion rate in aerodynamic boundary layer)
Diffusion coefficient of diluent in air [m?/s]

Molecular weight of diluent/air [kg/mol]

Molar volumes of diluent/air [m®/mol]

Volume fraction of diluent, i.e., ¢4 = (1 —c)p/p}
Flory-Huggins interaction parameter, default value y = 0.5
Vapor pressure of diluent [Pa]

Spatial parameter in radial direction [m]

Radius of fiber cross-sections [m ]
device height [m]
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Q
A

(f)a

Dr

Polymer mass flux [kg/s], i.e., Q = cp,u (Euler)

Fiber cross-sections

Integration of f over A

Drawing number (ratio of take up to referential velocity)
Strain rate [1/s], i.e., v = J,e/e

Azimuth and polar angles of tangent vector t

{t,n,b} Local orthogonal basis of R® utilized in the description of

the fiber tangent evolution w.r.t. spherical coordinates
Mean/fluctuating part of airflow velocity [m/s], v, = v, +v’
Local turbulent airflow velocity fluctuations [m/s]
Turbulent kinetic energy [m?/s?]

Viscous dissipation rate [m?/s®]

Degree of turbulence (airflow)

Turbulent time scale ratio (airflow)

D;, D,  Deterministic and stochastic fiber domains

Coupling point between deterministic and stochastic fiber
domain, i.e., C =D;ND;
Rotational frequency [1/s]

Numerical schemes

> D D
~ o ouX

we DT S0 <
]

=
3
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Spatial grid size (Lagrange)
Spatial grid size (Euler)
Temporal grid size

Vector of unknowns

Boundary condition function

Initial condition function

Continuation parameter tuple, p € [0,1]"
Step size in continuation method

Unknown in radial advection-diffusion equation
Green’s function in implicit solution expression for 1)
i-th Bessel function of first kind, i € N,

Non-trivial zeros of J; in ascending order, m € N
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In the technical textile industry models and simulations of underlying manufacturing
processes increasingly gain attention in order to optimize existing spinning devices.
Since the underlying three-dimensional multiscale-multiphase problems require
unfeasible computation times, direct numerical simulations of the fiber dynamics are
not practical. Thus, the special Cosserat theory with one-dimensional descriptions of
the fibers builds our model basis. In this work we suitably extended this model basis
to describe all physically relevant effects present in industrial setups and develop
problem tailored numerical solution strategies. To show the capability and efficiency
of our model-simulation framework we investigate three industrial spinning
processes: dry spinning, electrospinning, and melt-blowing. For the first time in
literature we present simulation results of multiple dry spun fibers in a two-way
interaction with an outer airflow, a detailed investigation of the fiber’s whipping
movement present in electrospinning utilizing a rotating reference frame as well as
simulation results of melt-blown fibers including turbulent airflow effects leading to
realistically thin fibers.
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