Simplified continuum solvent model with a smooth cavity based on volumetric data
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I. INTRODUCTION

Ab initio studies of molecules and surfaces are often treated in a vacuum at zero tem-
perature due to the ease of description of such a fully defined situation. In reality, i.e. in
experiment, this model does seldom correspond to the actual situation. Molecules, surfaces,
and chemical reactions are most frequently studied in their solvated phase under ambient

conditions.

The effects of the solvent on the solute under study can be manifold as the solvent
molecules constantly scatter with themselves and the solute. The explicit inclusion of the
solvent molecules into the ab initio description is mostly prohibitive due to the computa-
tional demand. In addition, a fully atomistic simulation at finite temperature requires the
consideration of many different configurations that are effectively averaged by the dynamic
environment. Indeed, there exist models that include the solvent molecules in a molecular
mechanics description using classical force fields for example!. Such a detailed treatment of

the solvent is often not needed, however.

One of the main effects on the solutes’ electronic structure by the presence of the solvent
is the effective screening of electric fields in its exterior in particular in the case of solvents of
large polarizability. This effect can be efficiently described by a continuum averaging over the
positions and orientations of the solvent molecules surrounding the solute?. These polarizable
continuum models (PCMs) commonly assume a cavity inside the polarizable continuum that
contains the solute. More generally, we will refer to models involving a continuum, possibly

treating also non-polar interactions, as continuum solvent models (CSMs).

Traditionally, the homogeneous approximation® is applied for the definition of the cavity,
meaning that the cavity is completely described by its boundary surface with vacuum inside
and a homogeneous polarizable medium on the outside. This approach is implemented
in many quantum chemistry codes? in the framework of Hartree-Fock, MP2, or coupled
cluster methods and density functional theory (DFT) approaches. These implementations
are traditionally based on atom-localized basis sets. The electrostatic interaction can then
be calculated by solving the vacuum Poisson equation with special boundary conditions at

the cavity surface?, for example by placing screening charges at the cavity boundary?.

There are efficient DFT implementations that are based on grids either in momentum

(plane waves) or configuration space. These have problems with the homogeneous approxi-
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mation, that includes discontinuities in the dielectric permittivity e(r) at the cavity surface
which are only poorly representable in grid bases. In their pioneering work, Fattebert and
Gygi® presented a formulation of a PCM that works well together with grid-based imple-

mentations. The authors used a smooth permittivity function €(r) in the Poisson equation
Y (e(r)VO(r)) = —dnp(r) (1)

to obtain the electrostatic potential ®(r) of the total solute charge distribution p(r) within
the polarizable medium. The permittivity e(r) is then represented on the same grids as the
solute electron density. It is taken to be unity in the region of the solute and agrees with
the dielectric constant of the solvent at far distance from the solute. The transition between
these regions is modeled as a smooth function depending on the electron density. Such a
smoothly defined cavity also allows to calculate accurate forces acting on the solute nuclei,
applicable to structure optimization or molecular dynamics in solution®.

It turned out, that the self-consistent definition of the smooth cavity as a function of
the electron density can lead to numerical instabilities. Sanchez et al.” presented an imple-
mentation that is capable of treating solid surface interfaces in the presence of a polarizable
solvent” based on their earlier approach®, but with improved numerical stability by defining
the cavity in a non-self-consistent way from the positions of the nuclei and tabulated van
der Waals radii.

Recently Andreussi et al.? presented a revised version of the original model from Fattebert
and Gygi, where the authors attacked the numerical instabilities by choosing the form of the
smooth step function according to numerical considerations. Dziedzic et al.'® determined the
cavity once from the pre-calculated electron density in the gas phase in order to overcome
the numerical instabilities. These authors also pointed out, that the self-consistent variation
of the cavity with the electron density yields unphysical behavior for charged systems in
water for a fixed set of parameters.

In the present work, we contribute to the field of smooth cavity CSMs by a different
approach to the parametrization. We follow the idea of creating a smooth cavity from atomic
positions and van der Waals radii as presented by Sanchez et al.”, but replace the smooth
step function introduced by Fattebert and Gygi® by a physically motivated one. Instead
of obtaining the optimal description for the cavity by fitting to solvation free energies, we

determine the form of the cavity from independent experimental volumetric data. The cavity



created by the solute in the solvent is identified as an effective solute-solvent pair distribution
function of a non-self-interacting solvent as described in the following section.

Section III lays out the general framework for CSMs with a smooth cavity and Sec-
tion V covers implementational details, notably the peculiarities of the projector augmented
waves!'!12 (PAW) formalism and the performance of the Poisson solver. The parametrization
of the model is illustrated in Sections VI and VII along with test cases involving neutral
molecules, cations and anions. The application of the model to different systems in non-

aqueous solution is finally presented in Section VIII.

II. THE SOLUTES’ CAVITY

The first problem arising in any CSM is the question how to define the cavity that
is produced by the solute when it is present in the continuum representing the solvent?.
Considering only spatial degrees of freedom for the solvent molecules as a whole, the cavity
can generally be described by the mass or number density pr(7) of the solvent. Equivalently
the distribution function g(r) = pr(r)/po with py the density of the pure solvent® can be
used, where 7 is a spatial coordinate with respect to the solute in a fixed configuration.

The above mentioned homogeneous approximation divides space into a region excluding
the solvent completely, and a region where the solvent is present as in its liquid bulk phase.

The corresponding distribution function describing the cavity C' is then

0 ifreC
g(r) = : (2)

1 ifr¢gC
where it is sufficient to define the cavity’s boundary 0C, for example by interlocked spheres.
An alternative to the hard wall cavity is a smoothly defined distribution function. The
smoothness can be interpreted as a result of the dynamic nature of the solvent-solute inter-
action, in that it is connected to the probability of their approach. In addition a smooth
distribution function is more appropriate for grid-based calculations and facilitates the nu-

merical treatment of the forces on the solute nuclei.

Applying the statistical mechanical model of Kirkwood and Buff'®, the distribution
function ¢(7) of the solvent around the solute is found to be the distribution function

g(r) = grum(r) between the constituents of an infinitely dilute binary mixture, where the
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index L stands for solvent and M for the solute molecule. The function g,/ (r) typically has
a complex structure showing a peak in the first solvation shell and oscillatory behavior for
the outer solvation shells as sketched in Figure 1. It is related to the partial molar volume
(per molecule) 735 of the solute through the compressibility equation in the limit of infinite

dilution!14

/ (1 — gLM(’I"))d’T' = @ﬁ — IiTkZBT, (3)

with the isothermal compressibility of the solvent kp. The partial molar volume is an

15-20

experimentally accessible quantity and the term xpkgT' is typically small as compared
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Figure 1. Sketch of a typical solvent-solute distribution function gzas(x) and an effective distribution

function geg(x) fulfilling eq. (6).

In order to carry out an approximation for the distribution function gy (7), we employ

the equivalent formulation using a mean potential uzy;(r) via the Boltzmann distribution®!

ULM(’T'>>

(4)

gLy (r) = exp (— T

such that wupys(r) is the average work necessary to bring a solvent molecule from infinite
separation from the fixed solute molecule to position . The averaging has to be carried
out over all solvent degrees of freedom except the position r of a single solvent molecule for
a given thermodynamic ensemble of the solvent molecules. For a (hypothetical) non-self-
interacting solvent, the mean potential uy () coincides with the solvent-solute potential. In

general, the mean potential can be interpreted as the effective solvent-solute potential weg(r)
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of a non-self-interacting solvent reproducing the same solvent-solute distribution function
as the original self-interacting solvent. We employ such an effective, non-self-interacting

solvent with an effective solvent-solute potential ueg(r) and a distribution function

gon(r) = exp (—@;—gﬁ) | (5)

Yet we loosen the condition geg = gras of reproducing the distribution function exactly to

only reproducing the volume integral from the compressibility equation (3)

/ (1= geg(r))dr = / (1= gru(r))dr |

= @ﬁ - K,Tk’BT

(6)

This condition can be validated without the knowledge of the true distribution function gy,
by performing a simple volume integral for a given solute geometry and comparing the result
to experimental data. The complexity of the problem is reduced as we now have the freedom
to employ an approximation for the effective potential. In particular, we choose ueg(r) to
be repulsive only and build it from the positions of the nuclei and van der Waals radii. The
requirement of a purely repulsive effective potential produces a monotonic transition from
0 near the solute to 1 far from the solute for g.g(r) as sketched in Figure 1 and benefits to
numerical stability®.

Since we have the single condition eq. (6), we are looking for a repulsive potential with
a single free parameter that controls the size of the cavity. Motivated by the repulsive term
in the Lennard-Jones potential and its simplicity, we assume an effective repulsive potential

of the form
RVAW 12
Ucff(r) = U Z _a— (7)
|lr — R,

between the solute molecule fixed in the simulation cell and a solvent particle at position
r. The summation runs over all atoms a of the solute molecule with van der Waals radii
{RY¥W} and positions {R,} of the nuclei. We remind, that this effective repulsive potential
is not to be confused with the repulsive part of the true solute-solvent interaction®? 24, but
contains the attractive solvent-solute and the solvent-solvent interactions implicitly.

Once a set of van der Waals radii has been chosen, the only free parameter is the value
ug of the potential at the van der Waals radius, which can be fitted to experimental vol-

umes 155 — rrkpT using egs. (5) and (6). A similar model was sketched by Im et al. for

6



the use in molecular mechanics calculations. There, the smooth distribution function was
introduced for numerical reasons only, without explicitly specifying the potential or relating
the distribution function to experimental volumetric data, however.

We will show below for the example of water, that this simple approach not only leads
to a good description of measured partial volumes for the molecular test set used for fitting,

but is also able to predict the partial volumes of other molecules within the solvent.

ITI. CONTINUUM SOLVENT MODELS WITH A SMOOTH CAVITY

Before going further to describe how we model the interactions between solute and solvent,
we discuss the general framework of CSMs with a smooth cavity. The models currently

5,7-10

available in the literature , including the model presented in this work, can technically

all be described as consisting of the following parts:
e a cavity/distribution function g(r,n,{R,}) as defined above,
e a dielectric permittivity function €(g),
e a Poisson solver for eq. (1) and

e a set of additional solvent-solvent or non-polar solvent-solute interactions summing up

to an interaction free energy Gi.[g, n, { R.}],

where n denotes the solute electron density and { R, } the atomic positions. This composition
reflects the splitting of the solvation Gibbs energy®® usually applied in quantum mechanical

CSMs?
AG% = AGQ] + GcaV + Grep + Gdis + AGtm . <8)

The term AG, describes a change in energy due to the electrostatic solvent-solute and
solute-self-interaction as compared to a gas phase calculation. The term G,y is the cavity
formation energy, i.e. the energy needed to create the cavity. G, and Ggis stand for the
repulsion and dispersion contributions to the solvent-solute interaction, which we refer to
as non-polar interactions. The term AGy,, finally denotes the change in free energy arising
from the difference in the rotational and vibrational thermal motion in the gas phase and

in solution.



In order to see, how the constituents of a CSM with a smooth cavity relate to the
decomposition in eq. (8), we start from the total energy in the Kohn-Sham formulation of

DFT?5 which can be written as
Eo[n,{R.}] = Ewin[n] + Exc[n] + Ecln, { R.}], 9)

with the kinetic energy of the system of non-interacting electrons Ei;, and the exchange-

correlation energy FEy.. The Coulomb energy is expressed as

Eclo. {R)) = 5 [ plr)(r)dr (10)

and contains all electrostatic contributions as p includes both the electron density n, as well
as the charges of the nuclei. The corresponding & is the solution of the vacuum Poisson
equation

AD(r) = —dmp(r), (11)

where the self-interaction of the nuclear point charges has to be excluded in eq. (10).

The electrostatic interaction in solution is modified by the dielectric permittivity function
€(g). The expressions (9) and (10) are still valid when the vacuum Poisson equation (11)
is replaced by the Poisson equation (1) including e. We assume, that the additional non-
polar interactions and the cavity formation energy can be written as a volume integral over
a function f;, depending semi-locally on the cavity, the electron density?” and the atomic

positions. Together, these terms yield the additional interaction that can be expressed as

Gia = Gcav + Grep + G(dis

| . (12)
— [ £u((V 9} (ol (R
In conclusion, the free energy in solution can be written as
G[na {Ra}] :Ekin[n] + Exc[n] + EC [E(Q), n, {Ra}] (13)

+ Gia[ga , {Ra}]

where the electron density n is generally not the same as in vacuum. The kinetic energy
functional for the non-interacting system remains unchanged and we assume the same to be
true for the exchange-correlation term?®.

The solvation Gibbs energy is obtained as
AGS = G[n,{R,}] — Eo[no, {R.}] + AGim (14)
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where ny and n are the ground state solute electron densities in the gas phase and in solution,

respectively. The explicit expression for the electrostatic term is

AGe =Eyin [n] — Fxin [no]
+ Exc [n] - Exc [nO] (15)
+ Ecle(g),n, {R.}] — Ecle = 1,n0, {Ra}] -

Notably AG,; also includes changes to the kinetic and exchange-correlation terms due to the
altered ground state electron density in solution and Gj, may also affect the ground state
if it depends on the electron density (either explicitly or implicitly through the cavity) in
a particular model. In the above description, we have assumed the same geometry {R,}
in the gas phase and in solution. Structural changes can be accounted for by optimizing
the geometry in solution which is vastly accelerated if the forces on the nuclei are known.
We describe below, what is necessary for finding the ground state electron density and the
forces in solution.

The calculation of the effective single-particle wave functions involves the Kohn-Sham
potential, that is given by?%

0(F — Eyn
UKS:% (16)

and we will now discuss the different contributions separately. The Coulomb energy FE¢
introduces a term vg = 5{% to the Kohn-Sham potential. In a gas phase calculation, v¢ is

simply the electrostatic potential ®2°. In the presence of a dielectric, there is an additional
term®

1 86 3g 2
_ %% ge 1
Ve = =3 B9 Vol (17)

that is only nonzero if the cavity depends on the electron density. This term has been

identified as a source of numerical instabilities'® and is therefore mostly avoided. The term

0 Fxc

s>¢ arising from the exchange-correlation term is analog to a gas phase calculation. The

additional interaction Gj, introduces

6Gia o aGia@ + DGia
sn dg On  on

(18)

Via =

to the Kohn-Sham potential, where 9 denotes the partial functional derivative. Altogether,

the Kohn-Sham potential in solution is thus

5Exc
VKRS = 5 + P+ v, + Vi - (19)




Due to the presence of the dielectric and the additional interaction, also the expression

9

ElAm be the partial derivative for the v*®

of the forces on the nuclei is modified. Let 0,, =
component of the position of atom a. The v*" component of the force on nucleus a due to
the explicit dependence of the Coulomb energy F¢ on the atomic positions can be written

as’

— 0 Ec=— / (I)aa,,p dr + (Fc)au (20)

where the first term on the right hand side is analog to a gas phase calculation and the
additional contribution is

1 Oe

(Fo)a = ¢ a—g(@wg) IVe|®dr. (21)

Additionally, the interaction Gj, gives rise to a force contribution

(Fia)ay = _/ <aGiaaavg + O ia) dr . (22)

0g

In conclusion, a specific CSM with a smooth cavity involves the following derivatives for
obtaining the Kohn-Sham potential and the forces in solution:

ag 86 DGia DGia
a9 aal/.gv a ) )
on dg 0g on

aal/fia (23)

Now we are prepared to present the remaining part of our specific CSM with a smooth cavity

in the following section.

IV. THE DIELECTRIC AND SURFACE TERMS

Having defined the cavity in sec. II, we are able to switch on the electrostatic interaction
between the solute molecule and the solvent. As motivated in Ref. 6, we take the electric
susceptibility to be directly proportional to the effective distribution function geg(r) such
that the electrostatic screening is modeled as a position dependent dielectric function (i.e.

relative permittivity)
€(get(1)) = 1 + (€00 — 1) gesr () (24)

where €., is the experimentally determined macroscopic dielectric constant of the pure sol-
vent. Eq. (24) is the analog of eq. (64) in the work of Andreussi et al.® and eqgs. (7) and (12)
in the work of Scherlis et al.® with the identification geg(r) = 1 — ¥(r). The difference in
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mentality is, that our starting point is not the smooth dielectric function €(r) fitted to exper-
imental solvation Gibbs energies or results from previous solvation models with the cavity
J(r) as a derived quantity. Instead, in our approach, €(r) emanates from the definition of
the cavity fitted to independently determined experimental partial molar volumes.

The remaining question is how to describe the non-electrostatic terms. We treat them
together as a geometric term AGy., and assume that their sum is proportional to the cavity

surface arca A

AGgeo = Geav + Grep + Gais + AC;’tm = /YA . (25)

For the cavity formation energy and the dispersion and repulsion contribution, this is a
widely used and reasonable approximation®?!?. We have also included AGy,, into eq. (25)
as we will fit the proportionality factor v to experimental solvation Gibbs energies containing
this contribution. Having defined the forces, this term could be explicitly calculated, which
we avoid for the ease of computation.

In contrast to the homogeneous approximation, the cavity surface corresponding to a
smooth cavity g(r) is not well defined. Assuming a monotonic transition, a simple choice
could be the isosurface at a fixed value of g(r) and there are several techniques available
for the extraction of isosurfaces from volumetric data?3°. We follow the elegant approach
suggested in Ref. 6, where ¢ in the full configuration space is used and the cavity surface

area is defined as
Ag = [ IVa(r)ar. (26)

For a discontinuous step function g(r) as in the homogeneous approximation, ||[Vg(r)|| is
peaked at the well defined cavity surface and the according area is reproduced exactly. We
show in Appendix A, that eq. (26) is the limit A — 0 of the definition of the cavity surface
area used in the work of Andreussi et al. (eq. (63)) that depends on a finite difference
parameter A. We note that, depending on the particular shape of g, A[g] is not necessarily
the area of the isosurface g(r) = 1. In our case, for an effective cavity geg(r) constructed
from a single atom, A[geg] is the area of the isosurface geg(r) = exp (=I'(2)7%) ~ 0.62 as
shown in Appendix A.

As described in Section III, the self-consistent procedure for finding the ground state elec-
tron density in Kohn-Sham DFT and the calculation of the forces require certain derivatives

of the cavity, the dielectric function and the additional interaction term. The effective cavity
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ge (1) does not depend on the solute electron density in our model. We have an additional

interaction term proportional to the cavity surface area (c.f. eq. (12))

Gialgen] = VA[gen] = / fia(VQeff(T)>dr (27)
with
fiu (Ve (r)) = 7 [ Vg (@) (28)

that does neither explicitly depend on the solute electron density nor on the atomic positions.

In conclusion, the derivatives in our model read

8 e oGia
Jet :07 = az/fia:()a
on on (29)
de e _1 0Gia —~ div ( \Y )
ageff > ’ D.geff || Vgeﬂ H
and
12ug aw 12 (r — R,)
aal/ eff\T) = — RZ off (7)) —————=5 ) 30

such that energies, Kohn-Sham potential and forces are all defined.

V. IMPLEMENTATION AND NUMERICAL TESTS

The GPAW package!*3! has been extended in a way that different continuum solvent
models as described in Section III can be added to the DFT self-consistent cycle. GPAW

1'' where the electron

uses the projector augmented wave method (PAW) devised by Bléch
density and the Kohn-Sham wave functions are represented on real space grids. The use of
real space grids facilitates the application of mixed boundary conditions (BC) and allows
for very effective parallelization using domain decomposition®?.

In the PAW formalism, the electron density and wave functions are decomposed into
a smooth part and atom centered corrections localized inside augmentation spheres. This
induces a similar decomposition of the total energy into a smooth part and atom centered

11,31

corrections'#!. The inverse power law of the potential (7) has the beneficial property

lm  ue(r) = +o00 v atoms a , (31)
lr—Rq||—0

which together with eq. (5) ensures that the distribution function is virtually flat in the

region of the solute. Therefore all solvation related fields coincide with the respective gas

12



phase fields inside the augmentation spheres, i.e. we can assume that ¢(r) =1 and g(r) =0
holds for the atom centered corrections. In the framework defined in section III, we now
show that the contributions to the total energy in eq. (13) arising from the presence of the
solvent are functionals of the smooth part of the electron density only which simplifies the
implementation greatly.

The absence of local corrections is clear for the additional interaction Gj, from eq. (12).
It follows from the integrand fi, depending only locally on the electron density and the
cavity, together with the property fi|,—0 = 0, which every interaction must fulfill. The
disappearance of local corrections is not so obvious for the Coulomb energy E¢, as both
the dielectric permittivity function €(r) and the total charge density have a non-local effect
on the electrostatic potential ®(r). In particular, the Coulomb energy is not of the form
of eq. (12). The non-locality in the Coulomb energy is usually treated by decomposing the

total charge density p(r) into a smooth part p(r) and atom centered contributions
p(r) = p(r) + ) pa(r) (32)

in PAW!?) where every p,(r) is localized inside a sphere S, around the atom’s position R,
and has vanishing multipole moments with respect to a spherical multipole expansion around
this position. The linearity of the Poisson equation (1) ensures that the atom centered part
of the electrostatic potential does not differ from a gas phase calculation for any choice of
the dielectric function as long as ¢(r) = 1 holds inside S, for all atoms. This is indeed
the case in our model (e.g. in the the parametrization for water presented in Section VI,
g < 1073 holds already at the van der Waals radius).

The final ingredient to the model is the Poisson solver. A parallel multi grid solver for
the Poisson equation in vacuum with periodic or zero boundary conditions (BC) in any unit
cell direction is already part of the GPAW package. In order to be able to solve the Poisson
equation (1) in the presence of a dielectric €(r), we have extended this solver to work with
non-constant coefficients as outlined by Sanchez et al.”.

The potential of isolated charged systems is calculated by neutralizing the system with
a charge distribution, where the solution of the Poisson equation (11) is know analytically,
i.e. a Gaussian charge distribution. This approach ensures that zero BC can be applied for
the neutralized system despite the slow spatial decay of the 1/r potential. In the presence

of a dielectric, we add the numerically determined charge distribution p(7) centered in the
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simulation box corresponding to an analytical CID(r) potential such that the system is neu-
tralized in the same spirit. The resulting potential from the Poisson solver is then corrected
by the known potential of the added charge distribution. Higher multipole moments are not
corrected. See also Appendix B for a more detailed description of the procedure.

107¢
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Figure 2. Absolute error of the Coulomb energy for two model charge distributions with a Gaussian
dipole or monopole potential for different boundary conditions (BC). Simulation box padding is the

shortest distance of the Gaussian centers to the simulation box boundary.

The accuracy of the Poisson solver is primarily limited by the size of the simulation box
in isolated systems. In order to show this numerically, we have set up a model system with
an effective distribution function

G(r, pg,,0)
max {G(r, p,, 0)}

Ger(r) =1 — (33)

and the dielectric function according to eq. (24) with ., = 80. G(r, p,, o) denotes a radially
symmetric Gaussian distribution of width o centered at p,. Similar to the consideration in
Appendix B, we have chosen the vacuum open BC solution of a Gaussian charge distribution
adq(r, pg, o) with width o centered at pg as a given potential and then used the charge

distribution
Q@
() = =5 (e(r)VBa(r, 10, 0)) (34
reproducing this potential in the presence of the dielectric as the input to the Poisson

solver with e(r) as described above. The constant « has been chosen such that the charge

distribution contained a single elementary charge. In Figure 2, we have shown the error
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of the Coulomb energy calculated according to eq. (10) from the solution of the Poisson
solver for different BC as a function of the simulation box padding (shortest distance of the
Gaussian centers to the simulation box boundary). For this purpose pg was chosen such that
the charge distribution was placed 1 A away from the simulation box center and we have set
K, = pg. The error has been calculated as the absolute difference to the Coulomb energy
obtained by inserting the known potential a®q(r, pg, o) into eq. (10) which corresponds to
the Coulomb energy of an open BC solution. The width ¢ of the Gaussian distributions has
been chosen in a way that the numerical calculation of the reference Coulomb energy was
not affected by the finite size of the simulation box. The distance of the Gaussian from the
box boundary was greater than 12 A for the reference calculation.

We have also constructed a dipole by placing two of these charge distributions with
opposite sign and a separation of 1 A around the center of the simulation box. The effective
cavity was centered in the simulation box also. For the dipolar charge distribution, there
is no noticeable difference between zero and periodic BC. When the monopole correction
described in Appendix B is applied, the error for a charged system is similar to that of a
neutral dipolar system as expected.

A grid spacing of 0.2A was used for the finest multi grid level in the above Poisson
tests. Reducing the grid spacing did not reduce the error of the Coulomb energy from the
Poisson solver significantly for the examined range of simulation box sizes leading us to the
conclusion that the accuracy of the Poisson solver is primarily limited by the simulation box
padding.

Finally, we present the numerical test of the forces including the additional contributions
of eq. (30). The following computational parameters have been used for these calculations
and for the rest of this work: The exchange-correlation energy was approximated by the
gradient corrections proposed by Perdew, Burke and Ernzerhof (PBE)?3. Simultaneously
to the parameter estimation in Section VI, we have carefully tested the convergence of the
solvation Gibbs energy of the whole model from Sections II and IV as a function of the grid
spacing and simulation box padding for neutral and charged systems. A grid spacing of
0.2 A has been chosen for the representation of the smooth wave functions. The grid spacing
for the representation of the pseudo electron density as well as for all solvation related fields
was always half the grid spacing of the smooth wave functions. A simulation box padding

of at least 5 A was ensured around the nuclei and we have applied zero BC for all neutral
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molecules and monopole corrected zero BC for all ions.

molecule |lin [lmax| Al |(sp) gas phase|(sp) water

6{0) 1.1} 1.2 |0.00125 10£2 12+1
NaCl |2.0]3.0|0.01250 2.6+0.3 3.2+0.3

Table I. Mean error (sp) (see text) of the forces for two linear molecules in the gas phase and in

water. The bond length interval and step size are given in A and the (sp) are given in meV A

We tested the accuracy of the forces for the molecules CO and NaCl in the presence of
water. We have used the parameters for water from Section VI and varied the bond length
[ of the molecules around the gas phase optimum. The error has been estimated as

IR+ B0 9BQ)

sr(l) 9 al |’

(35)

DE(l)
= has been

where F, is the force component of atom a along the molecule’s axis and
evaluated from a five point central finite difference. Table I lists the error averaged over the
tested bond lengths for both molecules in the gas phase and in water. The standard deviation
of the mean is given as an uncertainty. There is no significant difference between the errors
of the forces of a gas phase calculation and a calculation within the CSM establishing the

good accuracy of the forces.

VI. PARAMETRIZATION FOR WATER

Water is arguably the most important solvent in particular for biological systems. It’s
high dielectric permittivity also makes it a prime example for the application of a polarizable
continuum model?.

The first step in the application of our model is to fix the single parameter uy of the
effective repulsive potential that controls the size of the cavity. The parameter ug is required
to minimize the mean absolute error (MAE) between the left hand side and right hand side

of
/ (1 = ger[test (w0, 7)])dr = 03] — krkpT (36)

for a chosen training set of molecules. We use the experimental partial molar volumes at

infinite dilution of seven neutral molecules®* at T = 298 K from the literature'®2° for this
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purpose. The experimental isothermal compressibility of water®® xp = 4.53 x 10710 Pa~1,
and van der Waals radii from Bondi®® have been applied. The only exception is hydrogen,
where a van der Waals radius of 1.09 A as suggested by Rowland and Taylor3” has been
used. The structures were collected from PubChem?3® and relaxed in the gas phase without

any symmetry constraints.
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Figure 3. Calculated versus experimental partial molar volumes v$; — k7kpT for the optimal choice

ug = 180meV of the training set and a test set of four other neutral molecules in water at T' = 298 K.

The best fit within this training set is obtained for vy = 180 meV(=17kJmol™!) and
results in the small mean absolute error of 5.1 A” as depicted in Figure 3. As a first test of the
generality of our approach, the partial volumes of four additional molecules, namely water,
acetonitrile, ethanol and DMSO (ordered by ascending volume) have been also included in
Figure 3. Experimental data has been obtained from Refs. 16, 19, and 39 and the molar
volume of water has been calculated from its bulk density. The excellent agreement between
experimental and calculated volumes shows the relevance of our model and that the fitted
ug is also a good choice for other molecules.

In a next step, we have compared solvation Gibbs energies calculated according to
AGE = AGy + A (37)

for the whole training set of 13 small neutral molecules in water from Ref. 9 to experimental

solvation Gibbs energies. The value of ¢,, = 78.36 was used for the dielectric constant of

1

water®. A choice of v = 18.4dyncm~! minimizes the mean absolute error for the training
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set to be 4.3kJmol™!. This value is substantially lower than the surface tension™ ~y,0 =

L of water at 298 K as it also contains the attractive interaction between solute

72dyncm™
and solvent. We only allowed the structures to relax in the gas phase and used the same
geometry for the liquid phase. Relaxing the structures further in solution did not reveal
notable changes in the solvation Gibbs energies for this particular training set.

The optimal value of 7 is in agreement with what would be expected from more sophis-
ticated calculations of the dispersion and repulsion contributions: Amovilli and Mennucci?”
have presented a method to calculate G, and Gggp in the framework of the PCM* model.
They have listed their calculated results for Giep, Gaisp and Geay for 20 neutral molecules in

water in Ref. 27 yielding

<Gcav + Grep + Gdis

e > V1,0 = (20.6 & 1.7) dyncm ™. (38)

Having fixed the two parameters vy = 180meV(=19kJmol™!) and v = 18.4dyncm™1,

we have compared calculated solvation Gibbs energies to experimental data for neutral
molecules, cations and anions in a test set disjoint from the training set. The test set con-

.22 where

sisted of 97 neutral molecules, 52 cations and 56 anions compiled by Kelly et a
monoatomic ions have been excluded. We have chosen this test set including ions as the per-
formance of CSMs with a smooth cavity for ions is of fundamental interest for the application

in many fields of chemistry*3.

Neutrals|Cations|Anions

MAE| 438 12.6 45.1
RMS| 6.6 18.7 51.0
MSE| 14 3.2 45.1

Table II. Mean absolute error, root mean square and mean signed error for calculated solvation

Gibbs energies in water compared to experimental values. All values in kJmol~!.

Table II lists the accuracy of this parametrization for water. A more detailed comparison
between calculated and experimental values along with a histogram of the (signed) error
is shown in Figures 4, 5 and 6. The neutral molecules exhibit a mean absolute error of
4.8 kJmol~! which is in agreement with the value from the training set and comparable to

other continuum solvent implementations with a smooth cavity®!?. A mean absolute error
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of 2.3kJmol~! for neutral molecules is achieved by the state of the art SM6 implementa-
tion with the expense of introducing many more parameters**. The cations also exhibit
a moderate MAE of 12.6kJmol™! similar to the errors reported by Dziedzic et al. for a
smooth cavity defined through a fixed iso-density surface!® and the self-consistent approach
by Dupont et al.*3. A similar mean absolute error of 11.4kJmol~! is reported®? for cations

in the SM6 model. Both neutral species and cations exhibit a mean signed error close to

Zero.
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Figure 4. Calculated values of AG§ according to eq. (37) versus experimental absolute aqueous
solvation Gibbs energies for 97 neutral molecules disjoint from the training set. Embedded plot:
Histogram of the signed error of the calculated values. The mean signed error is shown as a dashed

vertical line in the embedded plot.

The situation is different for anions. Here the model underestimates the solvation effect
as can be seen from the mean signed error of +45.1kJ mol~!. This effect is also in agreement
with the errors reported in the work of Dziedzic et al.'® and Dupont et al. (for the parameters
)43,

fitted to neutral molecules A mean absolute error of 14.9kJmol~! is reported*® for

anions in the highly parametrized SM6 model. The cause of this underestimation of the

solvation effect is well known in the literature*°*

and results from short-range solvent-
solute interactions, such as hydrogen bonding and the reorientation of water molecules in
the first solvation shell, effectively reducing the cavity size for anions. As we do not consider
orientational degrees of freedom in our distribution function geg () which is merely a function

of the location of the solvent molecules and we do not treat hydrogen bonding explicitly, the
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Figure 5. Same as Figure 4 but for 52 cations.
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Figure 6. Same as Figure 4 but for 56 anions.

model cannot reproduce this charge asymmetry without further modification

Arguing consistently, one would expect an overestimation of the solvation effect for cations
due to the reorientation of water molecules. This trend is is indeed visible in Figure 5 with

the exception of eight oxonium ions where the solvation effect is underestimated by around

40kJ mol~!. Excluding these

to —3.6kJmol™! and the mean absolute error is reduced to 7.5kJmol~t. We suspect that

the underestimation of the solvation effect for the oxonium ions is due to the lack of an

molecules, the mean signed error changes from +3.2kJ mol ™!

explicit description of hydrogen bonds®.
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VII. OTHER SOLVENTS

The procedure described in Section VI for finding the optimal parameters uy and v can in
principle be applied to other solvents. In the current state, the model is primarily designed
for polar solvents. In Section III we have outlined, how other terms than the surface term
for the non-polar interaction or the cavity formation energy can in principle be included in
order to extend the model to solvents where (G;, predominates.

To our knowledge, there is little published data on the performance of CSMs with a
smooth cavity for other solvents than water. We have applied the optimization scheme from
Section VI to the solvent dimethyl sulfoxide (DMSO). The optimization of the parameter
ug controlling the cavity size was restricted to the pure solvent. In that case, only the
bulk density and the isothermal compressibility of DMSO are needed. These experimental
quantities have been obtained from Refs. 57 and 58 at 7" = 298 K. The resulting value for
up was 200 meV(=19kJmol™!) and therefore remarkably near to the value of water. The

experimental dielectric constant of e, = 47.2 of DMSO®? was used.
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Figure 7. Calculated values of AG§ according to eq. (37) versus experimental absolute solvation
Gibbs energies in DMSO for four cations and eight anions disjoint from the training set. Embedded
plot: Histogram of the signed error of the calculated values. The mean signed error (MSE) is shown

as a dashed vertical line in the embedded plot for cations (positive MSE) and anions (negative MSE).

The mean absolute error of calculated solvation Gibbs energies compared to reference
values of seven neutral molecules in DMSO%’ was minimized at v = 8.8 dyncm™!. The value

of the mean absolute error for the neutral training set was 7.2kJmol~'. As a test we have
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compared calculated and experimental solvation Gibbs energies of four cations and eight

anions®!

as shown in Figure 7. Monoatomic ions were not included in the test.

There is a reasonable agreement between calculated and experimental solvation Gibbs
energies. Judging from the small test set, the cation/anion asymmetry in DMSO is opposite
to that of water. This is also expected, DMSO being a dipolar aprotic solvent compared to

water as a protic solvent392,

VIII. APPLICATIONS

In this section we present two applications within the solvent DMSO and the simulation

of the polar part of the electrostatic screening for a charged gold cluster in an ionic liquid.

A. Spiropyrans

Prior to the implementation of the model described in Sections II and IV, the model
based on a smooth cavity defined through atomic radii from Sanchez et al.” had already
been incorporated into the GPAW code by us. We applied the model for the calcula-
tion of isomerization energies of spiropyrans in DMSO%. Spiropyrans are multi-responsive
chromophores. Usually the closed spiropyran (SP) form is energetically preferred, but the
transformation to the meta-stable open merocyanine (MC) form can be enforced by light or
mechanical force®. The MC form has a larger dipole moment and therefore the energetical
gap to the SP form reduces in polarizable media. Through pH alternation, also the pro-
tonated merocyanine (MCH™) form occurs, having considerably different optical properties
than the MC form®3.

In the model of Sanchez et al., the only free parameter 5 of the cavity controls the
steepness of the transition region, while the size of the cavity is fixed by van der Waals radii.
In the original work”, this parameter has been tuned to describe both the polar and non-
polar interactions in water resulting in a value of § = 2.4. We were not able to reproduce
their reported value for the solvation Gibbs energy of a water molecule in water with this
choice of 8 in the GPAW implementation®. We have not further investigated the source
of this discrepancy, but have varied the parameter S to match only the polar contribution

resulting in a value of § = 6.4 for the GPAW implementation. Within this choice of f3,
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the transition region of the cavity is so steep that it changes from 0 to 1 within a few grid
points affecting the numerical stability of the forces markedly. For this reason, we review the
computational results from Ref. 63 by applying our present model from Sections II and IV

to the same molecules.

form Exo, Epnome | Epnome — ENo,

SP 0 0 0

MC [0.16* 0.03% |-0.01% -0.14%| -0.17% -0.11°

MCH™|0.12% -0.29°|-0.42% -0.71°| -0.54% -0.42b

Table ITI. Energies of the different spiropyran forms in DMSO relative to the SP form as a function
of the side group. ®Ref. 63, ®this work. All values are given in eV (1eV = 96.485kJ mol ™).

One of the main computational results of Ref. 63 was the stabilization of the MCH™ form
in the solvent DMSO as a function of the side group. We have re-evaluated the simulated
energy differences between the SP, MC and MCH™ forms in DMSO with the parametrization
for DMSO from Section VII. A grid spacing of 0.18 A was used for the representation of
the smooth wave functions. The detailed procedure for the calculation of the energies is
described in Ref. 63. Table III compares the simulated energies from Ref. 63 and from the
present model. Good qualitative agreement with slight quantitative differences is found.
The stabilization of the MCH™ form through the phenyl-based side group (PhOMe) is also
present in our new model. The absolute differences between the energies from the two
models for the MC and MCH™ form for the same side group lie within the errors expected
for the solvation Gibbs energy of cations in DMSO (compare Figure 7). Therefore it is hard

to judge which of the models is in better agreement to the experiment without further data.

B. Proton transfer

As a second application we have simulated the proton transfer from Bis(trifluormethane-
sulfonyl)imide (HNTf;) to DMSO with DMSO as a solvent by performing a structural opti-
mization from the forces in solution. Strong evidence for the formation of a NTf, -DMSO-H*
contact ion pair in DMSO is reported by the group of I. Krossing®. In this reaction, the pro-
ton is transferred from the nitrogen atom in HNTf; to the oxygen atom in DMSO, forming

a contact ion pair from the overall neutral adduct.
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Figure 8. Relaxed structure of a HNTfy-DMSO pair in the gas phase (a) and in DMSO (b). In the
gas phase, the proton is closer to the nitrogen of NTf, whereas in DMSO, it is closer to the oxygen
of DMSO. Gray: hydrogen, turquoise: carbon, yellow: sulfur, red: oxygen, blue: nitrogen, pink:

fluorine (colors online)

120/ initial configuration
> » relax in DMSO <A
100 « < relax in gas phase PR v’
T 80 <
E s ‘ -36
=z 60
> -52 +108
o 40r
c
Q
20r »M 20
> > b»;,,, >
>,
o Lt
0.40 0.45 0.50 0.55 0.60

fractional proton to nitrogen distance x

Figure 9. Relaxation cycle of a HNTf;-DMSO pair in DMSO and the gas phase. The energy as
a function of the fractional distance x (eq. (39)) of the proton to the nitrogen in NTf, is shown.
The vertical arrows denote the transitions from the gas phase to DMSO and back. The according
energy differences for the transition and the relaxation are indicated besides the arrows and the

markers (in kJmol™!). The initial configuration is the relaxed gas phase structure.

Starting from the relaxed gas phase geometry, the structure was relaxed in DMSO and
then again in the gas phase, returning to the initial configuration. We have used the FIRE
algorithm®” for the structural optimization. Its convergence-criterion for the relaxation is
max || F,|| < fmax. Before the proton is transferred in solution, the maximum force on

atomsa
any atom drops down to 0.02eV A Nevertheless, the forces are accurate enough for
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the relaxation to take place. The relaxations were aborted at fp.x = 0.01eV A7 both in
solution and in the gas phase. We have found no energy barrier for this process such that the
local structure optimization was able to capture the proton transfer. This cycle is shown in
Figure 9, where we have used the fractional distance of the proton to the nitrogen in NTf;

e+ — 7yl

39
[ra = ral + [ras =70l (39)

X:

as the reaction coordinate. The vectors ryx, X = H"™,O, N denote positions of the atoms
(see also Figure 8). The “vertical” solvation Gibbs energies are —52kJ mol~! for the neutral
adduct and —108kJmol~! for the ion pair. The difference between these values can be
attributed to the larger charge separation in the ion pair that is stabilized in the solvent. The
“relaxed” solvation Gibbs energy starting from the neutral adduct in the gas phase ending
up with the ion pair in DMSO is —72kJmol™! and the energy decrease during optimization
in DMSO is 20kJmol™! in our model. Ref. 66 finds values in the range of 42kJmol™!
to 68kJmol~! for the energy decrease depending on the solvation model, basis sets and
functionals. Despite the rather large variation of the energy decrease during optimization

between different models, the proton transfer is found ubiquitously.

C. Charging of gold clusters

As a third application, we have investigated the change in the capacitance of a gold
nanoparticle induced by the polar part of the interaction with an ionic liquid compared to
the gas phase. In particular we have studied an Augg cluster in the ionic liquid [BMIm|[BF,|%
supplemental to the work done in Refs. 69 and 70.

Similar to the parametrization for DMSO described in Section VII, we have only used
the density and the isothermal compressibility of the pure solvent (the ionic liquid) for the
determination of the parameter ug. We have chosen uy such that the combined volume of
BMIm™ and BF} calculated from the respective cavities of the gas phase relaxed structures
matches the experimental term v3; — krkpT', where v3; has been calculated from the density
of the pure liquid. Experimental quantities have been obtained from Refs. 71 and 72. The
resulting value was ug = 160 meV(=15kJ mol™') at T' = 298 K.

The cluster capacitance at charge state z is evaluated as the finite difference expression™

62

E(z+1)—2E(z)+ E(z—1)’

C(z) = (40)
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where E(z) is the energy of the cluster at charge state z. Structure relaxation does not
contribute significantly to the z-dependence™. Therefore we have used the z = 0 gas phase
relaxed structure for all charge states. The determination of the surface term is not needed
in the calculation of the cluster capacitance as these terms do not depend on z. The exper-

imental dielectric constant of e, = 11.7 was used for [BMIm|[BF4]%.

z|DFT gas phase| DF'T + CSM|experimental

0 0.07 0.47 1.20
+3 0.06 0.44 0.56

Table IV. Calculated and experimental charge dependent capacitance of a gold cluster in aF =

1078F. Calculated: Ausg, structure as in Ref. 70, experimental: Ref. 69

Table IV lists the calculated charge dependent capacitance in the gas phase and with our
CSM for the charge states z = 0 and z = +3 along with the experimentally measured ca-
pacitance of gold clusters in [BMIm||BF,] of similar size®. While the gas-phase capacitance
is more than a magnitude smaller than in the experiment, the value of the CSM model is
in a similar range. We note, that the capacitance within the CSM model is not simply the
gas phase capacitance times the dielectric constant, which would lead to 0.7aF% as the
dielectric screening is not fully present at the location of the excess charge on the cluster
surface.

The high experimental capacitance at charge state z = 0 has been explained by explicit
re-orientation of the ions around the cluster®™ that is not included in the CSM model.
The reorientation of the ions around the cluster is almost saturated at charge state z = +3,
such that the dielectric screening arises mainly from the polar part of the interaction. This
is in line with the fact, that the calculated cluster capacitance from the CSM and the

experimental value for z = 43 are similar.

IX. CONCLUSIONS

We have presented a continuum solvent model with a smooth cavity parametrized to
match experimental partial molar volumes at infinite dilution. The resulting cavity is used to
describe the polar solvent-solute interaction by a polarizable medium with the experimental

dielectric constant of the solvent as an ingredient. Non-polar interactions and the cavity
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formation energy are described as a geometric term proportional to a particular choice
of the cavity surface area. The proportionality constant is fitted to match experimental
solvation Gibbs energies. The accuracy of the predicted aqueous solvation Gibbs energies
is similar to other CSMs with a cavity defined as a smooth function of the electron density
(iso-density approaches).

The effective potential ueg(r) and the cavity geg(7) have a direct physical interpretation
in contrast to the mathematical step functions often employed in other models. The cavity is
defined via experimental data not connected to solvation energetics, but based on volumetric
measurements. Our cavity model therefore helps to separate the contributions from the
polarizable medium and short-range effects in the framework of CSMs with a smooth cavity.

There are several possibilities to further improve our model by introducing higher com-
plexity. In the present work, we have modeled the non-polar short-range effects only coarsely
through the cavity surface area which results in the inability to reproduce the cation/anion
asymmetry observed in different solvents. This problem is also known in iso-density models
for a fixed parametrization'®*3. Possible solutions are the treatment of short-range effects as
recently proposed by Pomogaeva and Chipman®*®°, the insertion of explicit solvent molecules
as in the cluster continuum model™™ or the re-parametrization depending on the charge
states of the solute®3.

1. have demonstrated how the inaccuracies of CSMs can be overcome for

Barone et a
implementations using the homogeneous approximation by replacing the standard van der
Waals radii with a set of highly parametrized united atom radii. To our knowledge, this high
level of customization has not been applied yet for CSMs with a smooth cavity. A possible
approach within our model could be the inclusion of the UAHF radii” instead of the the
standard van der Waals radii into the definition of the effective potential ueg(r). It is not

clear, whether the accuracy in the description of experimental partial molar volumes could

be retained in that case, however.
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Appendix A: Cavity surface area

Let n(r) be the electron density and ¥(n(r)) a smooth step function as in Ref. 9. Cor-

recting the sign error, the cavity surface area is defined by Andreussi et al.® (eq. (63))

as
(o em-2) o)
S (A1)
vl
for A a finite difference parameter. Setting g = 1 — 9, we arrive at
Ay _ _A
Ay = [AHDED) ZI T2 00 (42

The fraction in eq. (A2) is the central difference quotient for a fixed value of . Taking the

limit A — 0 yields

lim Aa :/HVg(r)Hd'r, (A3)
A—0
where we have used g—z = —4% <0, the chain rule and the identification g(r) = g(n(r)).

Let geg(7r) be the effective cavity from Section II. For a single atom at the origin with

van der Waals radius R,, ge is merely a function of the distance r = ||7|| from the origin:
R\ 12
Gest(T) = exp (—ﬁuo (Ta) ) (A4)
with g = kBLT Due to the spherical symmetry, we have
o0 o .
Algesr] = / |V gege|| dr = 47r/ rzgaL(r)dr
r=0 " (A5)

. xﬁ/ﬁugRiF(g)

and since in that case all isosurfaces are spheres centered at the origin, the according isovalue

Geft ( 1%%@) = exp (—F(2)6) ~ 0.62 (A6)

independent of 3, ug and R,.

is
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Appendix B: Charged systems

The Coulomb potential of systems with a non-zero total charge @ = [ p(r)dr does
not decay fast enough for zero boundary conditions (BC) to be a good approximation to
open BC for reasonable simulation box sizes. For calculations in the gas phase, a Gaussian
charge distribution is therefore added to the total charge density such that the monopole is
neutralized. Due to the linearity of the Poisson equation, the slowly decaying potential of
this extra charge distribution can then simply be subtracted from the zero BC multi grid
solution of the neutralized system. For ¢(r) = 1, the solution ®¢ of the Poisson equation (1)
is analytically known for a Gaussian charge distribution and open BC. The integration
constant for open BC is chosen such that the potential vanishes at infinite distance to the
localized charge distribution.

This numerical trick is not possible anymore in this form for an arbitrary dielectric
function €(r), since then the potential of a Gaussian charge distribution is not known.

In that case, we add a charge distribution
a
pe(r) = =V (e(r)Vec(r)) (B1)

with ®¢ the open BC vacuum solution of a Gaussian charge distribution. The constant «

is given by
47 Q)

" [V (e(r)Vog(r)) dr’ (B2)

«

such that
[ pmyar =0 (B3)

The potential of p. for open BC in presence of the dielectric is then a®¢ by definition and

we can proceed as in the gas phase case.
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