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 A B S T R A C T

Model-based state estimation of lithium-ion batteries relies on a robust, yet efficient parametrization of the 
underlying model under different conditions, which can be analyzed and improved through the lenses of 
Design-of-Experiments (DoE) methodologies. This paper presents parametrized physics-informed deep operator 
networks (PI-DeepONets) trained without any measured or synthetic data to predict solutions of a Single-
Particle-Model for varying current profiles and electrode-specific diffusivity values. The prediction accuracy 
is evaluated based on three use cases representing three sets of current profiles featuring constant, smoothly 
time-dependent and non-smooth pulse profiles. After training PI-DeepONets, lithium concentration profiles are 
predicted within milliseconds achieving normalized percentage errors on the particle surfaces below 0.3% 
for constant or smoothly time-dependent current profiles and below 2% for non-smooth pulse profiles. The 
fast approximation of Fisher-Information-Matrices (FIMs) based on the trained PI-DeepONets offers additional 
speed-up potentials for DoE methodologies and yields a speed-up factor of 30 in the considered use case when 
compared to classical FIM approximation via finite differences on numerical reference solutions.
1. Introduction

Lithium-Ion-Batteries (LIBs) are a crucial part of many technolog-
ical initiatives that aim at the reduction of greenhouse gas emissions 
in transportation, energy storage and other areas of society where 
harmful contributions to climate change have been identified in the 
past. Despite their promising properties in terms of efficiency and 
sustainability, LIB cells and corresponding battery systems require a 
lot of time and money in research & development (R&D) due to the 
increasing demands in terms of energy density and costs from industry 
and private customers. Consequently, fast and accurate simulations of 
LIBs are required to cut down time and costs of physical testing in the 
development of advanced materials and safer designs, and to increase 
the understanding and predictability of the complex electrochemical 
processes unfolding inside LIBs, e.g., during cell aging.

In the past decades, several modeling approaches have been devel-
oped to simulate LIB cells, in most cases given by partial differential 
equations (PDEs) that describe the diffusion and reaction processes of 
lithium inside the cell. These models range from coarse models with 
several simplifications like the Single-Particle-Model with or without 
electrolyte dynamics (SPMe/SPM) to more advanced models like the 
one introduced in 1993 by Doyle, Fuller and Newman (DFN) [1]. 
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Marquis et al. [2] provide an extensive comparison of the aforemen-
tioned models and their trade-offs with respect to runtime and accuracy 
when different C-rates are applied to the cell during charging and 
discharging.

A common issue in application of these models in both R&D and 
on-board monitoring of state variables like State-of-Charge (SoC) or 
State-of-Health (SoH) in Battery-Management-Systems (BMS) is the 
difficulty of identifying model parameters from the available measure-
ment data. This is due to the fact that the internal state variables 
like lithium concentrations and electrochemical potentials cannot be 
measured and validated in realistic applications and instead, only 
external state variables like current, voltage and temperature are avail-
able. Rojas et al. [3] have given a thorough overview on several 
models and their identifiability in this context and a recent review 
by Andersson et al. [4] highlights the importance of a thorough and 
wholistic approach to non-destructive model parametrization including 
global sensitivity analyses and methodologies for the Design of Exper-
iments (DoE). For the latter, Roman-Ramirez et al. [5] provided an 
extensive review on DoE methodologies applied to LIB cells. In this con-
text, the DoE for model parametrization aims to provide insights into 
which experiment, e.g., current profiles, maximizes the identifiability 
https://doi.org/10.1016/j.est.2025.117055
Received 17 January 2025; Received in revised form 9 May 2025; Accepted 11 Ma
vailable online 31 May 2025 
352-152X/© 2025 The Authors. Published by Elsevier Ltd. This is an open access a
y 2025

rticle under the CC BY license ( http://creativecommons.org/licenses/by/4.0/ ). 

https://www.elsevier.com/locate/est
https://www.elsevier.com/locate/est
https://orcid.org/0000-0002-0433-1013
https://orcid.org/0000-0002-9071-7325
https://orcid.org/0000-0003-1854-1297
mailto:philipp.brendel@iisb.fraunhofer.de
https://doi.org/10.1016/j.est.2025.117055
https://doi.org/10.1016/j.est.2025.117055
http://crossmark.crossref.org/dialog/?doi=10.1016/j.est.2025.117055&domain=pdf
http://creativecommons.org/licenses/by/4.0/


P. Brendel et al.

 

Journal of Energy Storage 128 (2025) 117055 
of parameters through the measurable outputs. Several works have 
shown that the systematic evaluation and optimization of input profiles, 
e.g., in terms of Fisher-Information-Matrices (FIMs), can improve the 
parametrization of LIB models [6–8]. However, an immanent issue of 
many model-based DoE approaches is the high computational effort as 
the underlying models may have to be solved for a large number of 
parameter combinations and input profiles. This is further emphasized 
in recent work by Streb et al. [9] who highlight the benefit of a global 
DoE approach for parameter identification at the cost of additional 
computational efforts. Depending on the chosen model and applica-
tion scenario, these efforts can become intractable and simplifications, 
e.g., via Reduced-Order-Modeling (ROM), need to be considered.

Among these, the more recent advancements of Machine Learning 
(ML) offer promising frameworks that allow a much faster inference 
of model responses after the optimization process (often referred to as 
‘‘training’’). In 2019, Raissi et al. [10] introduced the notion of Physics-
Informed Neural Networks (PINNs), which combine the inference speed 
of neural networks with an explicit and data-free supervision based 
on the underlying physical equations. While this classical PINN ap-
proach aims at the solution of single (PDE) problems, the notion of 
Operator Learning – e.g., achieved via Deep Operator Networks (Deep-
ONets) [11] or their physics-informed adaption (PI-DeepONets) [12] – 
aims at the approximation of a mapping between two function spaces. 
In context of (physics-informed) Operator Learning, the input func-
tions to be learned commonly represent different initial or boundary 
conditions [13].

In the field of battery modeling, data-driven or hybrid approaches 
have been proposed frequently, cf., e.g., [14–17]. More specifically 
related to this work, Zheng et al. [18] introduced a composite model 
built from several hybrid and data-driven DeepONets to predict voltage 
responses for different diffusivity values and linear dynamic current 
profiles in a differentiable framework that can be effectively used for 
parameter inference in an on-board scenario. In follow-up work [19], 
an adaption of DeepONet featuring multiple inputs (MIONet) aims at 
resolving both boundary and initial condition as inputs to the model 
with a user-defined step size but is only capable of generalizing over 
constant current functions. Hassanaly et al. [20,21] have shown the 
applicability of classical PINNs for both the SPM and the DFN model 
by applying hierarchical training and an architecture tailored towards 
the physical relations between model inputs and outputs. Their models 
are trained for individual dynamic current profiles, analyzed in terms 
of data dependence and a Bayesian framework is presented for a more 
realistic view on the parametrization process.

To the best of our knowledge, all previous work in the field of PINNs 
for battery modeling is (a) limited in terms of the current diversity 
during training (either fixed or generalized over constant or linear 
dynamic currents) or (b) dependent on data, which causes concerns due 
to the curse of dimensionality for high-dimensional parameter domains 
that are required in realistic parameter identification scenarios. This 
paper aims at closing the gaps between the aforementioned works 
and highlights the potential of PI-DeepONets in global DoE method-
ologies for LIB model parametrization. Its specific contributions are 
summarized as follows:

• Introduction of a purely physics-driven parametrized PI-DeepONet
architecture as fast surrogate model which outperforms existing 
approaches in terms of the diversity of considered current profiles 
as well as its independence from any measured or synthetic data.

• Benchmarking of several architectural variations of parametrized 
PI-DeepONets trained on varying boundary conditions and a pa-
rameter domain spanning two orders of magnitude per parameter.

• Demonstrating the potential of parametrized PI-DeepONets for 
application in global DoE methodologies due to the fast and 
accurate approximation of gradient information after training.
2 
Fig. 1. Single-Particle-Model (SPM).

2. Methodology

In this section, we state the SPM as the underlying model to this 
work and introduce the physics-informed neural network architecture 
that is trained to solve the SPM for different boundary conditions and 
sets of parameter values.

2.1. Single-Particle-Model (SPM)

The SPM, cf. [22] and Fig.  1, models the lithium diffusion inside 
a LIB cell approximated by a single spherically symmetric particle per 
electrode. The underlying PDE derived from Fick’s law of diffusion is 
given for both cathode (𝑗 = 𝑝) and anode (𝑗 = 𝑛) as 
𝜕𝑐𝑗 (𝑟, 𝑡)

𝜕𝑡
= 1

𝑟2
𝜕
𝜕𝑟

(

𝐷𝑗𝑟
2 𝜕𝑐𝑗 (𝑟, 𝑡)

𝜕𝑟

)

, 𝑗 ∈ {𝑛, 𝑝} , (1)

where 𝑐𝑗 denotes the lithium concentration in the solid particles. The 
spatio-temporal domain is composed by the radial component 𝑟 ∈
[0, 𝑅𝑗 ] with particle radii 𝑅𝑗 and a given time interval 𝑡 ∈ [0, 𝑡max]. 𝐷𝑗
denotes the solid phase lithium diffusivity in each electrode. Based on a 
time-dependent current 𝐼(𝑡) applied to the battery cell, complementary 
boundary conditions are given at the particle center and surface as
𝜕𝑐𝑗 (𝑟, 𝑡)

𝜕𝑟
|

|

|

|𝑟=0
= 0, 𝑗 ∈ {𝑛, 𝑝} , (2)

𝜕𝑐𝑗 (𝑟, 𝑡)
𝜕𝑟

|

|

|

|𝑟=𝑅𝑗

=
𝐼(𝑡)

𝐴𝐿𝑗𝐹𝐷𝑗𝑎𝑗
, 𝑗 ∈ {𝑛, 𝑝} , (3)

where 𝐴 denotes the electrode surface area, 𝐿𝑗 the electrode thickness, 
𝑎𝑗 the specific interfacial area, and 𝐹  Faraday’s constant. In this work, 
the model is completed by assuming a constant initial condition given 
as 
𝑐𝑗 (𝑟, 0) = 𝑐0𝑗 , 𝑗 ∈ {𝑛, 𝑝} . (4)

Based on [2] and due to the neglection of electrolyte dynamics in 
the standard SPM, the time-dependent voltage response of the battery 
cell can be approximated from the resulting surface concentrations 
𝑐surf𝑗 (𝑡) = 𝑐𝑗 (𝑅𝑗 , 𝑡) and the current profile 𝐼(𝑡) as follows:

𝑉 (𝑡) = 𝑈OCP
𝑝

(

𝑐surf𝑝 (𝑡)
)

− 𝑈OCP
𝑛

(

𝑐surf𝑛 (𝑡)
)

+ 𝜂𝑟(𝑡) , (5)

𝜂𝑟(𝑡) = −2𝑅𝑇
𝐹

sinh−1
(

𝐼(𝑡)
𝑎𝑝𝑗0,𝑝𝐿𝑝

)

− 2𝑅𝑇
𝐹

sinh−1
(

𝐼(𝑡)
𝑎𝑛𝑗0,𝑛𝐿𝑛

)

, (6)

𝑗0,𝑗 = (𝑐surf𝑗 )
1
2 (𝑐max𝑗 − 𝑐surf𝑗 )

1
2 , (7)
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where 𝑅 denotes the universal gas constant and 𝑇  the temperature. The 
material-dependent open circuit potentials 𝑈OCP

𝑝  and 𝑈OCP
𝑛  and over-

reaction potential 𝜂𝑟 are derived according to [2]. All model parameters 
in the SPM including open circuit potentials are based on the work 
by Chen et al. [23] who experimentally determined and validated a 
parameter set for an LGM50 cell at beginning of life. The reader is 
referred to Table  A.1 in the Appendix for a detailed description of these 
parameters.

2.2. Physics-Informed Deep Operator Networks (PI-DeepONets)

In this section, we introduce variations of PI-DeepONets that are 
trained to predict solutions of the SPM for different current profiles 𝐼(𝑡)
and sets of diffusivity parameters (𝐷𝑛, 𝐷𝑝) within the spatio-temporal 
domain introduced in Section 2.1. In their original formulation, cf. [11,
13], PI-DeepONets are composed of two fully-connected subnetworks. 
One to encode varying functional inputs (here: 𝐼(𝑡)) referred to as 
‘‘branch’’ and one to encode the coordinate and parameter space (here: 
(𝑟, 𝑡, 𝐷𝑛, 𝐷𝑝)) referred to as ‘‘trunk’’. Throughout this work, we refer 
to this architecture as ‘‘Standard’’ PI-DeepONet. In the following, the 
physics-informed training scheme is introduced which is driven by the 
non-dimensionalized formulation of Eqs. (1)–(4) and two modifications 
are proposed with respect to ‘‘Standard’’ in terms of Fourier feature 
embeddings and trunk architecture, respectively.

2.2.1. Physics-informed training
Nondimensionalization. As it is commonly advised for the training of 
PINNs, cf. [24], all PI-DeepONets considered in this work are trained 
by minimizing the residuals of the nondimensionalized formulation of 
the SPM based on the scaled dimensionless quantities 

𝑟𝑗 =
𝑟
𝑟∗𝑗

, 𝑡𝑗 =
𝑡
𝑡∗𝑗
, 𝑐𝑗 =

𝑐𝑗
𝑐∗𝑗

. (8)

Choosing 𝑟∗𝑗 = 𝑅𝑗 and 𝑐∗𝑗 = 𝑐max𝑛  allows sampling from a single 
nondimensionalized radial domain 𝑟𝑗 ∈ [0, 1] for both electrodes and 
constrains the outputs 𝑐𝑗 ∈ [0, 1] within the same order of magnitude. 
Usually, the characteristic time-scale is chosen as 𝑡∗𝑗 =

𝑅2
𝑗

𝐷𝑗
 to avoid 

numerical instabilities caused by the small order of magnitude of diffu-
sivities in the dimensional PDE in Eq. (1), but as we vary diffusivities 
𝐷𝑗 in both electrodes independently from each other during training, 
this approach does not suffice here. Instead, we sample temporal coor-
dinates uniformly from the nondimensionalized time coordinate of the 
negative electrode defined by 𝑡 = 𝑡𝑛 = 𝑡 ⋅ 𝐷

∗
𝑛

𝑅2
𝑛
 and account for the varying 

electrode-specific diffusivities, i.e., varying time-scales, by additional 
factors. These are simply derived via chain rules and applied when 
computing the time-derivatives via automatic differentiation during 
training as follows:

𝜕𝑐𝑝
𝜕𝑡𝑝

=
𝜕𝑐𝑝
𝜕𝑡

⋅
𝜕𝑡
𝜕𝑡𝑝

=
𝜕𝑐𝑝
𝜕𝑡

⋅
𝐷∗

𝑛 𝑅2
𝑝

𝐷∗
𝑝 𝑅2

𝑛
, (9)

𝜕𝑐𝑗 (𝐷𝑗 )

𝜕𝑡𝐷𝑗

=
𝜕𝑐𝑗 (𝐷∗

𝑗 )

𝜕𝑡𝑗
⋅
𝜕𝑡𝑗
𝜕𝑡𝐷𝑗

=
𝜕𝑐𝑗 (𝐷∗

𝑗 )

𝜕𝑡𝑗
⋅
𝐷∗

𝑗

𝐷𝑗
, 𝑗 ∈ {𝑛, 𝑝} , (10)

where 𝑡𝐷𝑗
= 𝑡 ⋅

𝐷𝑗

𝑅2
𝑗
 is the diffusivity-specific time-scale and constants 

𝐷∗
𝑗  are chosen according to their respective nominal values provided 

in Table  A.1 of Appendix. In order to resolve the different orders 
of magnitude in the diffusivity parameter space appropriately, the 
corresponding inputs are rescaled from 𝐷𝑗 ∈ [0, 1] when computing 
the time-derivatives in Eq. (10) via 

𝐷𝑗 = 10 log10(𝐷min𝑗 )+𝐷𝑗 ⋅(log10(𝐷max𝑗 )−log10(𝐷min𝑗 )). (11)

Note, that the SPM could easily be nondimensionalized and trained for 
both electrodes independently, but as we aim for a neural network 
that can (a) be extended to more advanced, coupled LIB models in 
3 
the future and (b) predict all output quantities in a single forward 
pass, we aim to train outputs of both electrodes simultaneously in a 
single network explaining the need for this wholistic, less intuitive 
nondimensionalization approach. The corresponding residuals to be 
minimized during training are combined in the four loss components

PDE, j = 1
𝑁𝐼 ⋅𝑁𝛺

𝑁𝐼
∑

𝑚=0

𝑁𝛺
∑

𝑖=0

|

|

|

|

𝜕𝑐𝑗 (𝑥𝑖, 𝐼𝑚)

𝜕𝑡
− 2

𝑟

𝜕𝑐𝑗 (𝑥𝑖, 𝐼𝑚)
𝜕𝑟

−
𝜕2𝑐𝑗 (𝑥𝑖, 𝐼𝑚)

𝜕2𝑟
|

|

|

|

2
,

(12)

minBC, j =
1

𝑁𝐼 ⋅𝑁BC

𝑁𝐼
∑

𝑚=0

𝑁BC
∑

𝑖=0

|

|

|

|

𝜕𝑐𝑗 (𝑥𝑖, 𝐼𝑚)
𝜕𝑟

|

|

|

|

2

𝑟=0
, (13)

maxBC, j =
1

𝑁𝐼 ⋅𝑁BC

𝑁𝐼
∑

𝑚=0

𝑁BC
∑

𝑖=0

|

|

|

|

𝜕𝑐𝑗 (𝑥𝑖, 𝐼𝑚)
𝜕𝑟

−
𝐼𝑚(𝑡) 𝑟∗

𝐴𝐿𝑗𝐹𝐷𝑗𝑎𝑗𝑐∗
|

|

|

|

2

𝑟=1
, (14)

IC, j = 1
𝑁𝐼 ⋅𝑁IC

𝑁𝐼
∑

𝑚=0

𝑁IC
∑

𝑖=0

|

|

|

|

𝑐𝑗 (𝑥𝑖, 𝐼𝑚) −
𝑐0𝑗
𝑐∗

|

|

|

|

2

𝑡=0
, (15)

where the 4-d scalar inputs are defined as 𝑥𝑖 ∶= (𝑟, 𝑡, 𝐷𝑛, 𝐷𝑝)𝑖 and 
𝐼𝑚 ∶= (𝐼(𝑡1), 𝐼(𝑡2),… , 𝐼(𝑡𝑁𝑡

))𝑚 for the sake of readability. Furthermore, 
𝑁𝛺, 𝑁BC and 𝑁IC denote the amount of collocation points 𝑥𝑖 sampled 
within the whole 4-d input domain, the spatial boundaries, and at 𝑡 = 0, 
respectively. 𝑁𝐼  denotes the batch size of the branch, i.e., the amount 
of functional inputs trained per epoch on all collocation points.

The nondimensionalized initial condition in Eq. (15) is enforced into 
the architecture via hard constraints as introduced by Lu et al. [25]. 
This is achieved by the following transformation on the output of the 
last layer of the neural network 𝑐𝑗 (𝑟, 𝑡): 

𝑐NN𝑗 (𝑟, 𝑡) = 𝑡 ⋅ 𝑐𝑗 (𝑟, 𝑡) +
𝑐0𝑗
𝑐∗𝑗

. (16)

Consequently, Eq. (4) is fulfilled by design and the loss term (15) 
can be neglected within the training process, which simplifies the un-
derlying optimization problem and empirically improves convergence 
throughout this work. Fig.  2 depicts a PI-DeepONet trained to minimize 
the composed and purely physics-driven loss given as: 
 =

∑

𝑗∈{𝑛, 𝑝}
𝜆PDEPDE, j + 𝜆minBC minBC, j + 𝜆maxBC maxBC, j (17)

with individual loss weights 𝜆PDE, 𝜆minBC , 𝜆maxBC  empirically determined as 
described in Appendix.

2.2.2. Architectural adaptions
In addition to the physics-informed training scheme introduced 

above, we propose two modifications with respect to the ‘‘Standard’’ 
architecture, which are highlighted in red and green in Fig.  2 and 
described in the following.
Spatio-Temporal Multi-Scale Fourier-Features (ST-MS-FF). Earlier work 
on PINNs revealed that the spectral bias within the Neural Tangent 
Kernel (NTK) of PINNs may cause convergence issues for problems with 
multi-scale behavior, as the high-frequency components of the solution 
may not be learned efficiently due to this bias, cf. [26,27]. In [28], 
Wang et al. propose the usage of multi-scale random Fourier features to 
address this and propose an architecture with separate embeddings for 
spatial and temporal coordinates also referred to as Spatio-Temporal 
Multi-Scale Fourier-Features (ST-MS-FF). Motivated by NTK theory, 
they show that random Fourier embeddings with appropriate frequen-
cies allow PINNs to converge faster, especially when solutions with 
multi-scale behavior need to be learned. We adopt this idea in the 
trunk of PI-DeepONet in Fig.  2 and employ random Fourier feature 
embeddings via

𝛾𝑥(𝑟,𝐷𝑛, 𝐷𝑝) =

⎡

⎢

⎢

⎢

⎢

cos
(

(

𝑟 𝐷𝑛 𝐷𝑝

)

⋅ 𝐀
)

sin
(

(

𝑟 𝐷𝑛 𝐷𝑝

)

⋅ 𝐀
)

⎤

⎥

⎥

⎥

⎥

, (18)
⎣ ⎦
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Fig. 2. Parametrized PI-DeepONet with two adaptions (highlighted in red and green) compared to the ‘‘Standard’’ PI-DeepONet architecture. 
𝛾𝑡(𝑡) =

[

cos(𝑡 ⋅ 𝐁)
sin(𝑡 ⋅ 𝐁)

]

, (19)

where all entries of 𝐴 ∈ R3× 𝑚𝑥
2  and 𝐵 ∈ R1× 𝑚𝑡

2  are randomly sampled 
from Gaussian distributions  (0, 𝜎𝐴),  (0, 𝜎𝐵) with zero mean and 
standard deviations 𝜎𝐴 = 1 and 𝜎𝐵 = 10, respectively. The choice 
of standard deviations affects the magnitude of frequencies included 
in 𝛾𝑥 and 𝛾𝑡, respectively, and is motivated by the fact that solutions 
of the SPM tend to exhibit higher frequencies in time than in space. 
This holds true especially at the particle surfaces 𝑟 = 𝑅𝑗 , where the 
spatial gradients are proportional to the — potentially high-frequent 
— current profile 𝐼(𝑡), cf. Eq. (3). The dynamics along the radial 
dimension, however, are dominated by the diffusion process within the 
particles causing solutions to exhibit comparatively low frequencies in 
space. Note that the inclusion of diffusivities into the spatial Fourier 
features in Eq. (18) is not a crucial requirement but led to minor 
convergence improvements within our studies. In contrast to [28], 
the spatio-temporal Fourier feature embeddings 𝛾𝑥 and 𝛾𝑡 are passed 
through separate networks NN𝑐

𝑥 and NN𝑐
𝑡  in our work as separate 

weights 𝐖𝑗
𝓁 and biases 𝐛

𝑗
𝓁 are used in the forward pass

𝐇𝑥,1 = 𝜙(𝐖𝑥
1 ⋅ 𝛾𝑥 + 𝐛𝑥1 ) , (20)

𝐇𝑡,1 = 𝜙(𝐖𝑡
1 ⋅ 𝛾𝑡 + 𝐛𝑡1) , (21)

𝐇𝑥,𝓁 = 𝜙(𝐖𝑥
𝓁 ⋅𝐇𝑥,𝓁−1 + 𝐛𝑥𝓁) , for 𝓁 = 2,… , 𝑛layers , (22)

𝐇𝑡,𝓁 = 𝜙(𝐖𝑡
𝓁 ⋅𝐇𝑡,𝓁−1 + 𝐛𝑡𝓁) , for 𝓁 = 2,… , 𝑛layers , (23)

where 𝐇𝑥,𝓁 denotes the output of the 𝓁th trainable layer of the respec-
tive subnetwork NN𝑐

𝑥 or NN𝑐
𝑡  and 𝜙 denotes the activation function. 

Consequently, the column dimensions 𝑚𝑥
2 , 

𝑚𝑡
2  of matrices 𝐴 and 𝐵 are 

determined by the number of nodes 𝑚𝑥 and 𝑚𝑡 in the first hidden layer 
of the respective networks NN𝑐

𝑥 and NN𝑐
𝑡 , cf. Fig.  2.

Parametrized trunk. Recent work by Cho et al. [29] suggests the usage 
of a sophisticated PINN architecture for parametrized problems involv-
ing an input domain with physical coordinates and PDE parameters. 
Therein, coordinates and parameters are passed separately through two 
encoder networks, NN𝑐 and NN𝑝, after which the latent representations 
are concatenated and passed through another network referred to as 
manifold network NN𝑚. We employ the same idea within the trunk of 
4 
PI-DeepONet in Fig.  2 by passing the diffusivities (𝐷𝑛, 𝐷𝑝) and spatio-
temporal coordinates (𝑟, 𝑡) through separate encoder networks before 
merging them within the corresponding manifold network. Note, that if 
the aforementioned spatio-temporally split Fourier feature embeddings 
are applied, this results in two distinct networks for the coordinate 
space NN𝑐

𝑥 and NN𝑐
𝑡 , as visualized in Fig.  2.

The two aforementioned architectural adaptions can be enabled 
independently, yielding a nomenclature of four different types of 
parametrized PI-DeepONets that are defined in Table  1 for further 
reference in Section 4.

3. Design-of-Experiments (DoE) framework

This section describes the DoE framework that is presented as 
an academical example to motivate how PI-DeepONets can be used 
within common DoE methodologies. More specifically, this framework 
aims at the identification of solid phase diffusivities 𝐷𝑛 and 𝐷𝑝 as 
introduced for the SPM in Section 2.1 based on the model response. 
We choose those diffusivities as calibration parameters in this work 
for two reasons. First, their theoretical identifiability for the SPM has 
been shown by Bizeray et al. [30]. Second, there are reported practical 
difficulties of determining these diffusivities accurately as they depend 
significantly on the SOC and temperature in the short term, as well as 
degradation effects and SOH in the long term [15,23]. In combination 
with different use cases representing different sets of current profiles, 
i.e., experimental designs, this framework aims to analyze which exper-
imental design maximizes the identifiability of solid phase diffusivities 
from given model outputs and is described more thoroughly in the 
following.

3.1. Fisher Information Matrix (FIM)

The Fisher Information Matrix (FIM) is a fundamental concept 
in statistics, information theory, and recently also in machine learn-
ing [31]. It indicates how much information an observable random 
variable, or in the case of a data set, a data point, contains about an 
unknown parameter vector 𝜃. This can also be used to determine which 
unknown parameters in the parameter vector 𝜃 cannot be uniquely 
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Table 1
Nomenclature for different PI-DeepONet setups used in this work. The common prefix ‘‘PI-’’ is dropped for the sake of readability as all considered architectures are subject to the 
same physics-informed loss function.
 Standard Fourier-DeepONet Param-DeepONet Param-Fourier-DeepONet 
 ST-MS-FF 7 3 7 3  
 Parametrized Trunk 7 7 3 3  
determined with the data set at hand [32,33]. Mathematically, the FIM 
is defined as: 

𝐅𝐈𝐌(𝜃) = ∫

𝑇

0
𝑆𝑇
𝐲 (𝑡, 𝜃)𝑄(𝑡)−1𝑆𝐲(𝑡, 𝜃) 𝑑𝑡, (24)

where 𝑄(𝑡) is the covariance matrix of the measurement error and 
𝑆𝐲(𝑡, 𝜃) = ∇𝜃𝐲(𝜃) the sensitivity matrix of outputs 𝐲 with respect to 
the parameters 𝜃, cf. [6]. In the scope of this work, the unknown 
parameter vector is given as 𝜃 = (𝐷𝑛, 𝐷𝑝) and the SPM describes vectors 
of lithium concentrations 𝑐𝑛(𝑟, 𝑡), 𝑐𝑝(𝑟, 𝑡) that depend on both diffusivities 
𝐷𝑛, 𝐷𝑝 and the applied current profile 𝐼(𝑡). The corresponding voltage 
is the most relevant, measurable information in the context of model 
parametrization and can be post-processed from the surface concentra-
tions 𝑐𝑗 (𝑅𝑗 , 𝑡) in the SPM, see Eq. (5). Therefore, we define the vector 
of relevant output information in our setup as: 
𝐜(𝐷𝑛, 𝐷𝑝, 𝐼) = (𝑐𝑛(𝑅𝑛, 𝑡

𝑘, 𝐷𝑛, 𝐼), 𝑐𝑝(𝑅𝑝, 𝑡
𝑘, 𝐷𝑝, 𝐼)) , (25)

where 𝑡𝑘 is discretized uniformly in [𝑡0 = 0, 𝑡1, 𝑡2,… , 𝑡600 = 𝑡max]. The 
inclusion of the covariance of the measurement error 𝑄(𝑡) in Eq. (24) 
would account for the fact that variations in the measurement error of 
a specific battery tester may affect the FIM and, consequently, the FIM-
based DoE optimization in a realistic context. In [6], this covariance is 
predicted efficiently using a regression model. As our work is focused 
on introducing a general framework for fast and accurate approxima-
tion of sensitivity matrices 𝑆𝑦(𝑡, 𝜃) and does not yet aim at an optimal 
DoE for a specific tester, we assume no variation in the measurement 
error and, using Eqs. (24) and (25), approximate the FIM for given 
(𝐷𝑛, 𝐷𝑝) and current profile 𝐼 as follows: 

𝐅𝐈𝐌(𝐷𝑛, 𝐷𝑝, 𝐼) ≈

⎡

⎢

⎢

⎢

⎢

⎣
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⎥
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. (26)

The FIM helps to measure the accuracy with which parameters 
can be estimated. In particular, the Cramér-Rao bound states that 
the inverse of the Fisher Information Matrix provides a lower bound 
on the variance of any unbiased estimator of the parameters 𝜃 [34]. 
This means that the diagonal elements of the inverse FIM provide 
the smallest possible variances of the parameter estimates, therefore 
a higher value in the diagonal elements of the FIM corresponds to 
a lower error. On the other hand, non-diagonal elements represent 
the correlation between individual parameters, but as we consider 
two intrinsically independent parameters 𝐷𝑛, 𝐷𝑝 within the SPM, these 
entries are expected to be negligible. As it is common practice in 
model-based DoE, see [35], the so-called D-optimality criterion can be 
formulated as: 
opt(𝐷𝑛, 𝐷𝑝, 𝐼) ∶= log(det(𝐅𝐈𝐌(𝐷𝑛, 𝐷𝑝, 𝐼))) . (27)

Maximizing this quantity corresponds to minimizing the error in the 
parameter estimation and can also be used as an objective when opti-
mizing the DoE, i.e., trying to determine the experiment (i.e., current 
profile 𝐼(𝑡)) that yields the lowest error for estimating (𝐷𝑛, 𝐷𝑝) via: 

max
𝐼

opt(𝐷𝑛, 𝐷𝑝, 𝐼) . (28)

3.1.1. FIM approximation via five-point stencil
To calculate the elements of the FIM as well as the resulting D-

optimality in Eq. (27), partial derivatives of the surface concentration 
vector 𝐜 with respect to the vector of calibration parameters 𝜃 =
5 
(𝐷𝑛, 𝐷𝑝) have to be evaluated. Using Finite Differences (FD) with 
a five-point stencil approximation, the first order derivatives can be 
approximated numerically via
𝜕𝐜
𝜕𝐷𝑗

≈ 1
12𝛥𝐷𝑗

(

−𝐜(𝐷𝑗 + 2𝛥𝐷𝑗 ) + 8𝐜(𝐷𝑗 + 𝛥𝐷𝑗 )

−8𝐜(𝐷𝑗 − 𝛥𝐷𝑗 ) + 𝐜(𝐷𝑗 − 2𝛥𝐷𝑗 )
)

. (29)

In this case, the underlying model needs to be solved four times for 
each parameter 𝐷𝑗 , using perturbations of 𝐷𝑗 at different stencil points, 
i.e., 𝐷𝑗 ± 𝛥𝐷𝑗 and 𝐷𝑗 ± 2𝛥𝐷𝑗 , where 𝛥𝐷𝑗 represents a small relative 
perturbation (e.g., 10−3 ⋅ 𝐷𝑗). In a more general scenario featuring 
a larger number of calibration parameters 𝑁 and five-point stencil 
approximation, the model needs to be solved 4 × 𝑁 times, which can 
pose a challenge when analyzing computationally intensive models. 
In addition, the order of accuracy for numerical differentiation may 
depend on the model or current profiles being analyzed. An alternative 
approach is presented in [6] where local sensitivities 𝑆𝑦(𝑡, 𝜃) are 
rigorously computed by solving a corresponding system of differential 
algebraic equations (SDAEs) at each time step.

3.1.2. FIM approximation using trained PI-DeepONets
The possibility to use Automatic Differentiation (AD) [36] within 

PI-DeepONets allows for a fast approximation of partial derivatives of 
any outputs 𝑐𝑗 with respect to inputs (𝑟, 𝑡, 𝐷𝑛, 𝐷𝑝). This can be used 
to quickly approximate the FIM as defined in (26) and — as opposed 
to the SDAE approach in [6] or Eq. (29) – does not incur further 
overhead other than one forward pass through the network followed 
by one Jacobian computation per output 𝑐𝑗 in ‘‘reverse mode’’ AD. In 
Section 4, we validate this approximation with respect to a five-point 
stencil approximation based on a numerical reference and compare 
the inference times of the numerical approach in Eq. (29) with the 
inference times of AD through a trained PI-DeepONet.

3.2. Use cases

Three use cases with different experimental design libraries, i.e., 
current profiles 𝐼1(𝑡), 𝐼2(𝑡),… , 𝐼𝑁 train

𝐼
(𝑡), are introduced that differ in 

terms of the diversity in the considered current profiles. For a fair 
comparison in terms of Fisher-Information, all profiles are restricted 
to a fixed duration of 𝑡max = 10 min, which was chosen such that 
concentration profiles respect the stoichiometric limits at 0% and 100% 
SOC in all considered combinations of current profiles and diffusivity 
values.

Constant current discharge (CC): The most basic use case is represented 
by constant current (CC) discharge profiles with currents sampled uni-
formly between 0 and 5 Ampere (1C). Experiments with constant cur-
rent cycles are frequently used in battery testing, e.g., in experiments 
related to aging and degradation mechanisms within LIBs [37].
Gaussian Random Fields (GRF): To evaluate the performance of PI-
DeepONets on dynamic, time-dependent profiles, a second use case 
is introduced by current profiles that are described by Gaussian Ran-
dom Fields (GRF). In this specific application, the 1-dimensional func-
tion 𝐼(𝑡) is generated from a Gaussian random process based on the 
covariance kernel 

𝑘(𝑡𝑖, 𝑡𝑗 ) = exp

⎛

⎜

⎜

⎜

⎜
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−

2 sin2
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Fig. 3. Visualization of the three considered use cases and solution diversity at particle surfaces. Left: Three example current profiles 𝐼1(𝑡), 𝐼2(𝑡), 𝐼3(𝑡) for each use case. Right: 
Reference solution from PyBaMM for anode surface concentration 𝑐𝑛(𝑟 = 𝑅𝑛 , 𝑡, 𝐼(𝑡), 𝐷𝑛) for each exemplary profile and 𝐷𝑛 ∈ {10−15 , 10−14 , 10−13}.
with periodicity 𝑝 = 𝑡max and length scale 𝑙. The kernel describes how 
current values 𝐼(𝑡𝑖) and 𝐼(𝑡𝑗 ) are correlated based on their periodical 
similarity and GRF profiles of higher or lower frequencies could be 
obtained by adapting the length scale. For the scope of this work, we 
stick to a fixed length scale of 𝑙 = 0.1 and refer to other work by 
Zhu et al. for an in-depth study on GRFs of varying frequencies being 
applied in DeepONets [38].
Pulse profiles:. As a more relevant scenario in battery testing, we 
consider a set of pulse profiles of different pulse widths as the third 
and final use case. Pulse profiles consist of alternating phases of 
constant-current discharges and resting phases without any current, 
which is commonly referred to as Galvanostatic-Intermittent-Titration-
Technique (GITT) and used to infer diffusion parameters in battery 
testing [39,40]. In contrast to the two previous use cases, only a discrete 
set of pulses is chosen to maintain an equal amount of charge being 
transferred within the considered time window of 10 min for a fair 
comparison of identifiability. Therefore, we select four pulse profiles 
with widths of 300, 150, 100 and 60 s, respectively, by which 𝑡max =
600 s is evenly divisible and each profile begins with a discharge phase 
at 0.5C.

In addition to varying these use-case specific input profiles dur-
ing training of PI-DeepONet, diffusivities for cathode and anode are 
varied independently within the same range of [10−15, 10−13] m2

s  for 
both electrodes. Fig.  3 shows three exemplary profiles per use case 
as well as the corresponding diffusivity-dependent anode surface con-
centration obtained from the open-source battery modeling framework
PyBaMM [41].

4. Results and discussion

In this section, we benchmark the accuracy of PI-DeepONets as SPM 
surrogate models for the introduced use cases and architectures and 
evaluate their potential for local and global DoE methodologies based 
on FIM analysis.

4.1. Surrogate model accuracy

To evaluate the capabilities of PI-DeepONets as surrogate models, 
the concentration profiles 𝑐NN𝑗 (𝑟, 𝑡), predicted with PI-DeepONets, are 
compared with concentration profiles 𝑐ref𝑗 (𝑟, 𝑡) obtained via PyBaMM.
PyBaMM is used to solve the SPM with Finite-Differences based on 
6 
the same parameter set used for training of PI-DeepONets, cf. Table 
A.1 in Appendix. In order to prevent inaccurate numerical results 
for small diffusivities with large spatial gradients at the particle sur-
face, the discretization scheme in PyBaMM was setup sufficiently fine 
with 1001 points in space and 101 points in time. The accuracy in 
the 2-dimensional spatio-temporal domain is reported via the Mean-
Absolute-Error (MAE) of point-wise concentrations as arithmetic mean 
over a grid of 𝑁𝑟 = 21 points in space and 𝑁𝑡 = 101 points in time. 
Furthermore, we evaluate the accuracy at the particle surfaces over 
time via a normalized Mean-Absolute-Percentage-Error (NMAPEsurf), as 
this provides a better intuition on the prediction capabilities of derived 
external variables like the SOC or voltage response, cf. Eq. (5). The 
normalization aims at a fair comparison of different use cases that may 
span different orders of magnitudes in their respective concentration 
profiles depending on the applied currents profiles and diffusivity 
values, see Fig.  3. As the voltage described by Eq. (5) is the most rel-
evant quantity for practical applications, its Root-Mean-Squared-Error 
(RMSE) is reported here as well.

NMAPEsurf = 1
2

∑

𝑗∈{𝑛, 𝑝}

1
𝑁𝑡

𝑁𝑡
∑

𝑖=0

|

|

|

𝑐NN𝑗 (𝑅𝑗 , 𝑡𝑖) − 𝑐ref𝑗 (𝑅𝑗 , 𝑡𝑖)
|

|

|

max(𝑐ref𝑗 (𝑅𝑗 , 𝑡)) −min(𝑐ref𝑗 (𝑅𝑗 , 𝑡))
⋅ 100 % ,

(31)

MAE = 1
2

∑

𝑗∈{𝑛, 𝑝}

1
𝑁𝑟𝑁𝑡

𝑁𝑟
∑

𝑙=0

𝑁𝑡
∑

𝑖=0

|

|

|

𝑐NN𝑗 (𝑟𝑙 , 𝑡𝑖) − 𝑐ref𝑗 (𝑟𝑙 , 𝑡𝑖)
|

|

|

, (32)

RMSE =

√

√

√

√
1
𝑁𝑡

𝑁𝑡
∑

𝑖=0

|

|

𝑉 (𝐜NN, 𝑡𝑖) − 𝑉 (𝐜ref, 𝑡𝑖)||
2 , (33)

where the dependency of concentrations on applied current profiles 𝐼(𝑡)
and diffusivities (𝐷𝑛, 𝐷𝑝)𝑘 has been omitted for the sake of readability. 
Furthermore, to obtain scalar, comparable performance metrics for 
individual trainings of parametrized PI-DeepONets, both metrics are 
averaged over a logarithmically spaced grid of 112 = 121 diffusivity 
tuples (𝐷𝑛, 𝐷𝑝)𝑘 ∈ [10−15, 10−13]2 and the use case specific set of test 
current profiles 𝐼1(𝑡), 𝐼2(𝑡),… , 𝐼𝑁 test

𝐼
(𝑡) as follows:

NMAPEsurfavg = 1
121 ⋅ 𝑁 test

𝐼

121
∑

𝑘=1

𝑁 test
𝐼
∑

𝑙=1
NMAPEsurf((𝐷𝑛, 𝐷𝑝)𝑘, 𝐼𝑙(𝑡)) , (34)

MAEavg =
1

test

121
∑

𝑁 test
𝐼
∑

MAE((𝐷𝑛, 𝐷𝑝)𝑘, 𝐼𝑙(𝑡)) , (35)

121 ⋅ 𝑁𝐼 𝑘=1 𝑙=1
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Fig. 4. Accuracy evolution during training of ‘‘Standard’’ parametrized PI-DeepONet for each considered use case.  (For interpretation of the references to color in this figure 
legend, the reader is referred to the web version of this article.)
RMSEavg =
1

121 ⋅ 𝑁 test
𝐼

121
∑

𝑘=1

𝑁 test
𝐼
∑

𝑙=1
RMSE((𝐷𝑛, 𝐷𝑝)𝑘, 𝐼𝑙(𝑡)) . (36)

As a first benchmark, the ‘‘Standard’’ architecture of PI-DeepONets, 
cf. Table  1, is trained and evaluated with respect to its accuracy as 
surrogate model for the SPM while generalizing over different current 
profiles and diffusivity values. After spending significant resources for 
the tuning of hyperparameters — most notable network sizes, learning 
rates and collocation points — the most successful training runs in 
terms of NMAPEsurfavg  are shown in Fig.  4 via the corresponding evolution 
of accuracy metrics throughout training. Both CC and GRF profiles can 
be approximated with an error below 2% NMAPEsurfavg  after a few hours 
of training, which can be decreased further with additional training 
time to 0.41% and 0.30%, respectively. However, significantly more 
challenges arise when training non-smooth pulse profiles where an 
average error of around 2% remains even for longer training attempts. 
The corresponding plots for the MAEavg and RMSEavg show similar 
trends across training but also highlight the difficulties of comparing 
these different use cases within a non-normalized metric. This is most 
notable for the CC use case that yields comparatively large errors 
in terms of concentration MAE and voltage RMSE although the cor-
responding surface concentration predictions are relatively accurate. 
Hence, we focus on the NMAPEsurfavg  for the following benchmarks of 
physics-informed training and, later on, base our evaluation of FIM 
predictions on training checkpoints that perform well in this metric.

In Fig.  5, an exemplary profile was chosen randomly for each use 
case and evaluated in terms of accuracy throughout the discretized 
diffusivity domain (𝐷𝑛, 𝐷𝑝)𝑘, with 𝑘 = 1, 2,… , 121. While most areas 
of the parameter domain are resolved accurately with an NMAPEsurfavg
far below 1%, we repeatedly observe larger errors towards the upper 
limits of the diffusivity domain, which is observable in all use-cases 
7 
but most notable for pulse profiles, e.g., in the respective surface 
concentrations in the bottom right plots of Fig.  5. One explanation for 
this phenomenon may be that the sharp edges in the corresponding 
time-dependent Neumann boundary condition in Eq. (3) are scaled by 
the diffusivity value. This may cause an imbalance within the resulting 
loss terms in Eqs. (12)–(14) in this generalized training approach. 
Another reason might be an insufficient sampling density in the 4-
dimensional input domain (𝑟, 𝑡, 𝐷𝑛, 𝐷𝑝) with diffusivities spanning 
two orders of magnitude. Despite our logarithmic sampling approach 
via Eq. (11), this might benefit inaccuracies at the boundaries of the 
diffusivity domain due to extrapolation.

In order to improve both model accuracy and convergence speed, 
the architectural adaptions introduced in Section 2 are consequently 
benchmarked for the three use cases. For a fair comparison with 
the ‘‘Standard’’ architecture, all architectures are trained for a fixed 
number of 250k epochs and network sizes are adjusted such that all 
architectures contain comparable amounts of trainable variables within 
each use case, cf. Table  A.2 in Appendix. To reduce random effects 
and detect outliers that may occur due to the non-deterministic nature 
of neural networks (e.g., due to random initialization of weights and 
biases), a minor grid search was executed for each use case and each 
architecture based on two rather sensitive hyperparameters. First, the 
learning rate, which limits the step size throughout the optimization 
process, and second, the batch size of the function space inputs in 
the branch net, i.e., the amount of functions 𝐼1(𝑡), 𝐼2(𝑡),… , 𝐼𝑁𝐼

(𝑡) be-
ing sampled and trained on all collocation points per epoch. Fig.  6 
shows the results in terms of NMAPEsurfavg  with boxplots highlighting 
maxima, minima, as well as first, second (median) and third quar-
tiles while outliers are plotted as dots. In the CC use case, accuracy 
decreases occasionally with the addition of Fourier features (orange), 
which can be explained by the fact that the CC use case contains 
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Fig. 5. (a): Exemplary profiles chosen randomly for each use-case. (b): Profile-specific accuracy of ‘‘Standard’’ PI-DeepONet resolved in the diffusivity domain (interpolation with 
11 × 11 values). (c) and (d): Corresponding surface concentrations for 𝐷𝑗 ∈ {10−15 , 10−14 , 10−13} in anode and cathode, respectively.
Fig. 6. Statistical benchmark results per use case for different architectures from Table  1 with varying learning rates and branch batch sizes highlighting the use case specific 
effects of adding architectural adaptions compared to ‘‘Standard’’.  (For interpretation of the references to color in this figure legend, the reader is referred to the web version of 
this article.)
solutions of very simple dynamics without any notable multi-scale 
behavior. Therefore, the addition of such transformations might indeed 
be harmful for the training process. The addition of a parametrized 
trunk (green and red) improves convergence significantly with the best 
results obtaining errors below 0.3% NMAPEsurfavg  in less than 5 GPU-
hours. In the more dynamic use cases featuring GRF and pulse profiles, 
notable improvements seem to be related mainly to the addition of 
Fourier features (orange and red) achieving errors below 0.4% and 2% 
NMAPEsurfavg , respectively, in less than 8 GPU-hours. The addition of the 
parametrized trunk architecture on its own (green) seems less effective. 
In the case of pulse profiles, none of the proposed architectural adap-
tions yield similar levels of accuracy as observed for the CC and GRF 
profiles. It should be noted that the addition and combination of the 
proposed architectural adaptions lead to a significant amount of addi-
tional hyperparameters that could hardly be tuned exhaustively in the 
scope of this work. These include the size of the different subnetworks 
NN𝑝, NN𝑐 , NN𝑚 or standard deviations 𝜎𝐴 and 𝜎𝐵 for generating the 
randomized Fourier features among several other, generally sensitive 
hyperparameters in DeepONets, leaving room for further research and 
improvements on top of the current results.
8 
4.2. FIM analysis

The parametrized PI-DeepONets evaluated in the previous section 
can be useful surrogate models in parameter identification tasks due 
to their fast inference times of several milliseconds and automatic 
differentiability. As these methodological advantages have already been 
demonstrated in other works related to PINNs for battery modeling [18,
21], the remainder of this section is focused on the applicability of 
such models in DoE methodologies based on FIM analysis. In or-
der to compare the D-optimalities predicted by PI-DeepONet (via 
AD) and PyBaMM (via Eq. (29)) quantitatively, we introduce a fur-
ther Mean-Absolute-Percentage-Error and refer to the corresponding 
D-optimalities as opt

NN and 
opt
ref , respectively:

MAPEopt (𝐷𝑛, 𝐷𝑝, 𝐼) =
|opt

NN −opt
ref |

opt
ref

⋅ 100 % , (37)

MAPEoptavg (𝐼) = 1
121

121
∑

𝑘=1
MAPEopt ((𝐷𝑛, 𝐷𝑝)𝑘, 𝐼) . (38)
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Fig. 7. Local FIM analysis at (𝐷∗
𝑛 , 𝐷

∗
𝑝 ) = (3.3 ⋅10−14 m2

s
, 4.0 ⋅10−15 m2

s
) based on trained PI-DeepONet (‘‘NN’’) and a five-point stencil applied on concentration profiles from PyBaMM

(‘‘Reference’’).
All D-optimalities based on PI-DeepONets, opt
NN, are inferred based 

on the respective final training checkpoint of the ‘‘Standard’’ architec-
ture, cf. Fig.  4 in Section 4.1.
Local D-optimality. In Fig.  7, the use case specific current profiles are 
analyzed after training in terms of local D-optimality at the nominal 
diffusivity values of 𝐷∗

𝑛 = 3.3 ⋅ 10−14 m2

s  and 𝐷∗
𝑝 = 4.0 ⋅ 10−15 m2

s . 
This local analysis provides insight into how informative each profile 
is for inferring parameters 𝐷∗

𝑛 , 𝐷
∗
𝑝 based on the corresponding surface 

concentration profiles in both anode and cathode. First, we observe for 
the CC profiles that parameter identifiability increases with the applied 
current, which is expected as higher currents yield larger gradients 
at the particle surface, i.e., increasing the impact of slight diffusivity 
changes. Second, we evaluate a set of 100 randomly generated GRF 
profiles in terms of their D-optimality and plot the three profiles 
with the highest, lowest, and median score in terms of D-optimality, 
respectively. Qualitatively, these numbers are intuitive as profiles with 
smaller currents and less net charge transferred are expected to be less 
informative/sensitive in terms of the corresponding surface concentra-
tion response. The quantitative comparison of opt

NN and 
opt
ref  shows 

high agreement in the case of CC and GRF profiles, while the gradient 
information is not in line when analyzed for the considered pulse 
profiles. This might be linked to the reduced accuracy for pulse profiles 
reported in Section 4.1 but also to an insufficient approximation of 
gradients within the five-point stencils. Further analysis shows that 
the reference D-optimalities opt

ref  are very sensitive with respect to the 
relative perturbation 𝛥𝐷  when applied to non-smooth pulse profiles, 
𝑗

9 
which is demonstrated further in Fig.  A.1 in Appendix. However, both 
predictions and references for all pulse profiles (discharging at 0.5C
at a duty cycle of 0.5) yield higher D-optimalities than the constant-
current discharge at 0.25C = 1.25 A with the equivalent amount of 
charge transferred, backing up their usage in the aforementioned GITT 
experiments.

Global D-optimality. In the aforementioned work by Park et al. [6], 
local sensitivities 𝑆𝑦(𝑡, 𝜃) are computed for several reasons: First, 
to obtain a parameter grouping for parametrization, second, within 
the parameter estimation process via the Levenberg–Marquardt algo-
rithm and, finally, to obtain confidence intervals for the estimated 
parameters. The authors of this work as well as other aforementioned 
works [4,9] suggest that local sensitivities may be insufficient if the 
nominal values are far away from the true values. Furthermore, Chen 
et al. [23] have shown that the experimentally determined diffusivity 
parameters span many orders of magnitude throughout the SOC range 
and admit that the proposed scalar average value is a significant simpli-
fication. In the following, we emphasize the potential of PI-DeepONets 
in context of global DoE methodologies, as they can be used much 
more efficiently to compute sensitivities, i.e., FIMs, throughout the 
complete parameter domain when the nominal values are unavailable 
or uncertain. To validate this both quantitatively and qualitatively, Fig. 
8, depicts the three previously identified GRF profiles of high, medium, 
and low local identifiability from Fig.  7, and the evolution of their 
respective D-optimality when varying each parameter independently. 
Although minor deviations can be observed towards the lower and 
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Fig. 8. Top: FIM analysis throughout diffusivity domain for three exemplary profiles based on the trained PI-DeepONet (‘‘NN’’) and a five-point stencil applied on results from
PyBaMM (‘‘Reference’’). Bottom: Error histogram for a set of 100 randomized GRF profiles.
upper boundaries of the diffusivity domain, the gradient information 
obtained via AD on the trained PI-DeepONet agree closely with the nu-
merical reference. Identifiability increases with decreasing diffusivities, 
which is expected as the spatial gradients at particle surfaces are scaled 
inversely by the respective diffusivity in Eq. (3). This is equally true for 
both electrodes and further confirmed by the corresponding local FIM 
entries and the 2D plots of opt

NN shown in Fig.  A.2 in Appendix. Finally, 
a quantitative comparison based on the 100 randomized GRF profiles 
used in the local analysis from Fig.  7 also shows a high agreement in 
terms of the global metric MAPEoptavg  with average deviations below 
0.5% for almost all profiles.

To quantify the speed-up potential in the case of two calibration 
parameters and GRF profiles as design candidates, Table  2 compares 
the inference times of PyBaMM and the five-stencil from Eq. (29) 
with the ‘‘Standard’’ PI-DeepONet after around 24 h of training, cf. 
Fig.  4. The resulting speedup of approximately 30 for the global FIM 
analysis, cf. second and third row of Table  2, is due to the fact that FIM 
gradients can be retrieved for many points in the parameter domain 
simultaneously within one AD step (batched AD). Hence, this speedup 
is expected to increase further if more parameters are added to the 
input domain or a computationally more expensive PDE like the DFN 
model would be used in both PyBaMM and training of PI-DeepONet. 
We also note that the inference time for the PI-DeepONet is affected by 
the underlying AD implementation of DeepXDE and its TensorFlow 1.x
backend, cf. [42], which was not compared with more efficient options 
in the scope of this work.

5. Conclusion and outlook

The proposed PI-DeepONet is able to approximate solutions of the 
SPM for varying current profiles and a wide range of diffusivity values 
within milliseconds while achieving percentage errors below 0.3% in 
case of constant or GRF profiles and below 2% in case of non-smooth 
pulse profiles given adequate architectural adaptions. The training is 
done completely data-free and only based on the governing equations of 
the SPM. In addition to its fast inference times as generalized surrogate 
model, the trained PI-DeepONet can be used efficiently to infer gradient 
information that is frequently used in DoE methodologies based on 
Fisher-Information. The corresponding gradient information has been 
validated quantitatively using a numerical reference solution and a 
five-point stencil for the gradient approximation. The combination of 
10 
Table 2
Inference times for FIM approximation. Runtimes are affected by assuming a required 
discretization granularity of 11 values per parameter. Both PyBaMM and inference on 
the trained PI-DeepONet are executed on an Intel Core i7-8650U CPU.
 PyBaMM PI-DeepONet  
 (5-point stencil from Eq. (29)) (AD)  
 FIM(𝜃∗ , 𝐼∗) 𝑁𝜃 ⋅ 4 SPM solves 𝑁𝑜𝑢𝑡⋅ AD  
 (local, fixed profile) ≈4 s (𝑁𝜃 = 2) ≈0.6 s  
 FIM((𝜃1 , 𝜃2 ,…)𝑘 , 𝐼∗) 𝑁11

𝜃 ⋅ 4 SPM solves 𝑁𝑜𝑢𝑡⋅ AD (batched)  
 𝑘 = 1,… , 𝑁11

𝜃 ≈242 s (𝑁𝜃 = 2) ≈0.8 s  
 (global, fixed profile)  
 FIM((𝜃1 , 𝜃2 ,…)𝑘 , 𝐼𝑙) 𝑁𝐼 ⋅𝑁11

𝜃 ⋅ 4 SPM solves 𝑁𝐼 ⋅𝑁𝑜𝑢𝑡⋅ AD (batched) 
 𝑘 = 1,… , 𝑁11

𝜃 , 𝑙 = 1,… , 𝑁𝐼 ≈6.7 h ≈800 s  
 (global, varying profiles) (𝑁𝜃 = 2, 𝑁𝐼 = 100) (𝑁𝐼 = 100)  

high accuracy and fast inference times indicate that PI-DeepONets can 
be impactful surrogate models in obscure, i.e., not uniquely identifi-
able, parameter estimation scenarios which require both an efficient 
model and efficient ways to analyze Fisher-Information to improve the 
experimental design.

Both GPU memory and time consumption during training pose prac-
tical limitations at the current state of work and room for improvement 
in accuracy was observed for non-smooth current profiles. In future 
research, both these issues should be tackled, e.g., by incorporating 
more advanced training schemes and architectures tailored towards 
the SPM and more advanced battery models. Efficiency improvements 
during training are likely to become more crucial as soon as more than 
two parameters are incorporated in the input domain as the curse of 
dimensionality would cause the number of required collocation points 
to increase exponentially. Recent work by Mandl et al. [43] addresses 
this issue and should be adapted for LIB-specific DeepONets as well. 
Future work is planned to employ the proposed methodology for the 
parametrization process of an actual LIB cell based on experimen-
tally measured voltage data, which requires some modifications with 
respect to the current state of work. These include a voltage-based 
FIM definition, introduction of advanced battery models in the loss 
formulation, generalization over varying initial conditions, cf. [18], and 
the choice of model parameters and current profiles that are varied 
during training.
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Table A.1
Cell specifications and parameters for the SPM as given by Chen et al. [23].
 Parameter Unit Description Anode (𝑗 = 𝑛) Cathode (𝑗 = 𝑛) 
 𝑄nom [Ah] Nominal cell capacity 5
 𝐴 [m2] Electrode surface area 0.1027
 𝐿𝑗 [m] Electrode thickness 8.25e−5 7.56e−5  
 𝑅𝑗 [m] Electrode particle radius 5.86e−6 5.22e−6  
 𝑧0% [−] Stoichiometry at 0% SOC 0.0279 0.9084  
 𝑧100% [−] Stoichiometry at 100% SOC 0.9014 0.27  
 𝜀𝑗 [−] Active material volume fraction 0.75 0.665  
 𝑐max𝑗 [ molm3 ] Maximum concentration 33133 63104  
 𝑎𝑗 [ 1

m ] Specific interfacial area 3 𝜀𝑛
𝑅𝑛

3 𝜀𝑝
𝑅𝑝

 
 𝑐0𝑗 [ molm3 ] Initial solid phase concentration 𝑧50% ⋅ 𝑐max𝑝 𝑧50% ⋅ 𝑐max𝑛  
 𝐷𝑗 [ m

2

s ] Solid phase lithium diffusivity 3.3 ⋅ 10−14 4.0 ⋅ 10−15  
 𝑐𝑒,𝑗 [ molm3 ] Electrolyte concentration (const.) 1000

 F [ C
mol ] Faraday’s constant 96485.33

 R [ J
mol K ] Universal gas constant 8.31

 T [K] Temperature 298.15
 𝑡max [min] Length of time interval 10
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Appendix

A.1. Parameters for the single-particle-model

Table  A.1 describes all relevant parameters for the SPM as provided 
by Chen et al. [23].

A.2. Implementation details and hyperparameters

All variations of PI-DeepONets were implemented based on Deep-
XDE [42] with the TensorFlow 1.x backend. Trainings were executed 
and runtimes measured on an NVIDIA A100 GPU with 82 GB VRAM. 
Table  A.2 describes all relevant hyperparameters that were used in 
the baseline results based on the ‘‘Standard’’ DeepONet architecture in 
Fig.  4. In addition, Table  A.3 describes all parameters that were either 
changed with respect to Table  A.2 or varied during the hyperparameter 
study in Fig.  6. Note that the corresponding trunk sizes of architec-
tures with split spatio-temporal features (‘‘F’’ or ‘‘PF’’ in Table  A.3) 
are adapted to obtain similar total amounts of trainable parameters, 
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e.g., two split networks of size [3 ⋅ 40] instead of one shared network 
of size [3 ⋅ 60]. The increased amount of trainable parameters in case of 
pulse profiles is mainly due to the larger input dimension of the branch 
network, cf. Table  A.2.

A.3. Sensitivity study on finite difference stencils

To understand the deviations between predictions and numerical 
calculations of opt for some pulse profiles in Fig.  7, a higher-order 
seven-point stencil is introduced for comparison as 
𝜕𝐜
𝜕𝐷𝑗

≈ 1
60𝛥𝐷𝑗

(

− 𝐜(𝐷𝑗 − 3𝛥𝐷𝑗 ) + 9𝐜(𝐷𝑗 − 2𝛥𝐷𝑗 ) − 45𝐜(𝐷𝑗 − 𝛥𝐷𝑗 )

+ 45𝐜(𝐷𝑗 + 𝛥𝐷𝑗 ) − 9𝐜(𝐷𝑗 + 2𝛥𝐷𝑗 ) + 𝐜(𝐷𝑗 + 3𝛥𝐷𝑗 )
)

,

(A.1)

and the relative perturbations 𝛥 𝐷𝑗 in Eqs.  (29) and (A.1), are chosen 
from {5 ⋅ 10−4, 1 ⋅ 10−3, 2 ⋅ 10−3}. Fig.  A.1 shows that the gradients in the 
CC profiles are insensitive with respect to the parameter perturbation, 
whereas the results for pulse profiles show larger deviations. These 
deviations are further emphasized in the higher-order seven-point sten-
cil approximation scheme that yields similar tendencies. We conclude 
that the choice of stencil and especially its width affects the results 
in case of non-smooth pulse profiles quite heavily and no conclusive 
statement can be made about the accuracy of PI-DeepONet based on 
these references.

A.4. Parameter-specific identifiability

Instead of analyzing the FIM via its determinant, as realized by the 
D-optimality metric opt, the individual identifiability of each parame-
ter is indicated by the diagonal entries of the FIM. Fig.  A.2 depicts the 
corresponding FIMs for the three GRF profiles selected in the local FIM 
analysis with high, medium, and low identifiability, respectively, cf. 
Fig.  7 in Section 4. In combination with the corresponding visualization 
of opt

NN in the 2D parameter domain below, it becomes evident that 
the parameter-specific identifiability mainly depends on the respective 
nominal values. As we have 𝐷∗

𝑝 < 𝐷∗
𝑛 , a higher identifiability is 

observed for 𝐷∗
𝑝 in this local scope. We emphasize, that these analyses 

would be expected to change qualitatively if the FIM was defined via 
the voltage response instead of surface concentrations, e.g., due to 
the SOC-dependent slope of the corresponding open-circuit-potentials, 
e.g., shown in the work by Bizeray et al. [30]. Post-processing volt-
ages from concentration responses in an automatically differentiable 
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Table A.2
Hyperparameters used for baseline results with ‘‘Standard’’ architecture in Fig.  4.
 Parameter CC GRF Pulses  
 𝑁𝛺 20k 5k 20k  
 𝑁𝐵𝐶 20k 5k 20k  
 |𝑁 train

𝐼 | 𝑁𝐼 ⋅ Epochs 𝑁𝐼 ⋅ Epochs 4  
 Sampling: random ∈ [0, 5] A Random (Eq. (30)) Discrete (Section 3.2) 
 |𝑁 test

𝐼 | 5 9 4  
 Sampling: {1, 2, 3, 4, 5} A Random (Eq. (30)) Discrete (Section 3.2) 
 Epochs 1,000,000
 Activation Function SiLU
 Initialization Glorot uniform
 Initial Learning Rate (𝜂0) 1 ⋅ 10−3

 Exp. Learning Rate Decay 𝜂(epoch) = 𝜂0 ⋅ 0.8
epoch
100𝑘

 Batch Size - Branch 𝑁𝐼 8 4  
 Branch Input Dimension 𝑁𝑡 2 101 601  
 Branch Size (𝑛layers ⋅ 𝑛nodes) 3 ⋅ 20 3 ⋅ 50
 Trunk Size (𝑛layers ⋅ 𝑛nodes) 3 ⋅ 60 5 ⋅ 80
 Latent Output Dimension 𝑚 10 50
 Multi-Output-Strategy [42] Independent
 Loss Weights (𝜆PDE , 𝜆minBC , 𝜆maxBC ) (0.1, 0.01, 1)
Table A.3
Varying hyperparameters used for architectural benchmarks in Fig.  6 with short notations for Standard (‘‘S’’), Fourier-DeepONet (‘‘F’’), Param-
DeepONet (‘‘P’’) and Param-Fourier-DeepONet (‘‘PF’’). Trunk sizes for the parametrized trunks in ‘‘P’’ and ‘‘PF’’ are given as (NN𝑝 , NN𝑐 , NN𝑚).
 Parameter CC GRF Pulses  
 Epochs 250,000
 Initial learning rate (𝜂0) ∈ {2 ⋅ 10−3 , 1 ⋅ 10−3} ∈ {1 ⋅ 10−3 , 5 ⋅ 10−4}
 Exp. Learning rate decay 𝜂(epoch) = 𝜂0 ⋅ 0.8

epoch
25𝑘

 Batch size - Branch 𝑁𝐼 ∈ {4, 8} ∈ {2, 4}  
 ‘‘S’’ 3 ⋅ 60 5 ⋅ 80
 (22,642) (86,242) (136,242)  
 ‘‘F’’ 2 ⋅ [3 ⋅ 40] 2 ⋅ [5 ⋅ 60]
 Trunk Sizes
(# Total 
Trainable Param.)

(20,442) (90,162) (140,162)  
 ‘‘P’’ [3 ⋅ 30, 3 ⋅ 30, 3 ⋅ 30] [3 ⋅ 50, 3 ⋅ 80, 3 ⋅ 50]
 (21,982) (90,802) (140,802)  
 ‘‘PF’’ [3 ⋅ 30, 2 ⋅ [3 ⋅ 20], 3 ⋅ 30] [3 ⋅ 50, 2 ⋅ [3 ⋅ 60], 3 ⋅ 50]
 (20,162) (84,362) (134,362)  
Fig. A.1. Sensitivity of opt with respect to relative perturbation 𝛥𝐷𝑗 and order of finite-difference stencil for constant-current (top) and pulse profiles (bottom). (For interpretation 
of the references to color in this figure legend, the reader is referred to the web version of this article.)
12 



P. Brendel et al. Journal of Energy Storage 128 (2025) 117055 
Fig. A.2. Top: Visualization of local FIMs at (𝐷∗
𝑛 , 𝐷∗

𝑝 ), predicted by ‘‘Standard’’ PI-DeepONet for current profiles 𝐼24 , 𝐼50 , 𝐼59 shown in Fig.  7. Bottom: Visualization of D-optimality 
throughout the parameter domain for the same three profiles.
manner, e.g., as demonstrated by Zheng et al. [18], would yield more 
realistic results for practical parameter identification scenarios and is 
planned in future work.

Data availability

Data will be made available on request.
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