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Abstract

We present a two dimensional finite element simulation of a thermodynamic electrochemi-
cal model of lithium-ion batteries on microscale level. This model consists of several nonlinear
equations set in multiple domains. The different domains are coupled with nonlinear interface
conditions. Furthermore some of the quantities in the model are discontinuous across these
inner boundaries. A node splitting technique is used for the finite element method to account
for these discontinuities. The time disretization is done using the backward Euler method.
The resulting system of nonlinear equations is solved using Newton’s method. Numerical
experiments are presented along with physical interpretation of the results.
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1 Introduction

Mathematical modeling of lithium ion batteries is very important. The usage of devices requiring
high energy density batteries is increasing every year. Some of the industries using them are
mobile phones, computers and cars manufacturers. The highest energy density rechargable bat-
teries are the li-ion batteries. Mathematical models describing their work can be used by battery
manufacturers to help choose the right materials to increase even further their capacity. Further-
more, with the right tools, dangerous scenarios could be identified thus ensuring safe working
conditions. Also of interest, is not only the time needed to discharge the battery, but also the time
needed to charge it. The lifetime of the battery expressed in number of charge/discharge cycles
could also be improved. The structure and operation of the batteries described in Section 1.1
and Section 1.2 are based on [13].

1.1 Structure of a li-ion battery

Li-ion batteries are multiscale systems. On the top level we have a battery pack. This battery
pack contains one or more cells. We are considering the micro lengthscale where the structure of
these cells is resolved. Their main components, and by extension the battery’s main components,
are anode, cathode, electorlyte and separator. The anode and the cathode are commonly referred
to as electrodes. What is common for them is that they have porous structure. Both the anode
and the cathode are made of multiple small particles connected together. These particles are on
micro or even nano scale. The anode is the negative electrode and the cathode is the positive
electrode. The electrolyte is typically non-aqueous liqiud made of a lithium salt dissolved into
organic solvent. This is due to the fact that lithium is very reactive with water. The electrodes
are made of solid materials in which lithium can enter and exit due to electrochemical reactions.
The two are physically separated by the separator so that the battery will not short-circuit. The
separator is also with a porous structure. The electrolyte fills the whole empty space between
the different components of the cell.

Figure 1: Battery Scheme

1.2 Electrochemical processes in a li-ion battery

The main process inside the battery is the diffusion and migration i.e. potential driven flux of
lithium ions. The process of a lithium ion entering in an electrode is called intercalation. The
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inverse process of a lithium-ion leaving an electrode is called deintercalation. These electrochem-
ical reactions of intercalation and deintercalation happen on the interface between the electrodes
and the electrolyte. During discharge of the battery, i.e. when a power consuming device is con-
nected to the battery, the lithium ions diffuse to the surface of the active particles of the anode,
deintercalate into the electrolyte phase and carry then the electric current from the negative to
the positive electrode through the pores of the separator. There the ions are intercalated into the
active particles and diffuse into the particles. The electrical curent within the active particles is
mainly carried by electrons. The electrons do not enter the electrolyte phase. Only the Li-ions
can move through the electrolyte. Therefore the particles in the electrodes have to be connected
to each other to guarantee the electric conductivity of the electrode as a whole. The electrical
current i.e the electrons leave the cell through current collectors, which are connected to the
active material. This is shown in Figure 2.

Figure 2: Micro scale charging of a battery cell

When the battery is being charged a higher voltage than the one produced by the battery is
applied on the cathode thus forcing the current to pass from the cathode to the anode. During
the operation of the battery the temperature may rise significantly. Heat is one of the major
contributors to the degradation of the materials inside the battery [23, 2]. It can also lead to
unsafe working conditions caused by a local hotspot somewhere inside the cell. As such the full
mathematical model described in [10] will be used in this work. Resolving the microscale struc-
ture of lithium ion batteries is a crucial part of understanding the physical and electrochemical
processes in these batteries. A battery cannot be indefinitely charged and discharged without
gradual loss of charge capacity and power capability. The active materials in the electrodes tend
to react chemically with the electrolyte. The reaction products form protective surface layers on
electrode surfaces, which stop or slow down these chemical surface reactions. After many cycles
of charging and discharging, the instability of these surface layers contributes to both power fade
and capacity loss in lithium-ion-cell chemistries. Therefore, in order to find ways to slow these
degradation processes down, we need to detect and describe these processes and to understand
their mechanism and kinetics. Interfacial phenomena takes place at nano- or microscales and can
be characterized only by careful investigation of the processes occuring at the interface between
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the active particles and the electrolyte. Therefore the main contribution of the model [10] is that
it considers separately the complex transport phenomena in the active particles of the electrodes
and in the electrolyte on microscale. To the best of our knowledge, there is little literature re-
garding systematic derivation of thermodynamically consistent microscale Li-ion battery models.
A lot of the simulations are based on the pseudo 2D model of Newman et. al. and use finite
differences [14]. The early FORTRAN codes are supplied by Newman himself in his BAND rou-
tine. This model is widely used since due to its 1D+1D nature it is both easy to implement and
also runs very fast. It is not thermodynamic, but there are thermal extensions based on global
energy conservasion, i.e. usually without considering the microstructure of the battery and also
using a prescribed heat generator [3, 4, 16]. In order to account for the interface conditions more
naturally there are also Finite Volume or Finite Element discretizations. If one wants to also
observe local phenomena a cell resolved model could be used. They are far more expensive to
solve however (especially in 3D) so simulating many charge/discharge cycles can take a lot of
time. For an example of finite volume discretization of a cell resolved isothermal model [11],
see [17, 12]. A cell-resolved model was solved in [6] with finite elements, using Comsol. With
finite elements the coupling conditions can be expressed as natural boundary conditions. This
motivates us to use FEM in our simulations.
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2 Mathematical model

We consider both [10] and the previously derived [11] models. The first model is thermodynamic
and the second one is isothermal. Due to the similarity in the equations, the differences in the
models are outlined with a different color. These models are set on the microscale level. The
equations describing the mathematical model of the li-ion batteries are different in the electrodes
and the electrolyte. In that sense the system of equations will be presented separately in their
respective regions. The main processes described in the model are the transport of lithium
ions and the transport of charges. It also considers the heat transport and the related variable
temperature influence over the ion and charge transport. It is important to account for the
variance of the temperature instead of taking an average value over the cell due to the reasons
mentioned in Section 1.2. The unkowns in these equations will be the concentration of lithium
ions

[
mol
cm3

]
, the electrical (or electrochemical in the electrolyte) potential [V ] and the temperature

[K]. They will be denoted by c,Φ, T respectively. It follows from physical considerations that
the functions for the concentration and the potential are discontinuous along the interface. The
temperature is continuous there but the heat flux is discontinuous. The set of equations in the
system is nonlinear both in the active particles and in the electrolyte. Furthermore since most of
the electrochemical reactions are on the interface, the coupling conditions are complex and highly
nonlinear. For that reason they will also be presented distinctly from both the equations in the
electrolyte and the solids. The full list of the physical symbols, along with short descriptions, is
given in the list of symbols on page vii. Since many of these parameters have the same meaning
in all regions the lower indices, which indicate whether we are in solid particles or in electrolyte,
are omitted in the list. However we note that they have many orders of magnitude difference in
the separate regions.

2.1 Equations of the electrolyte

Let us introduce the flux of ion and the flux of charge:

N+,e = −
(

De∇ce −
t+

z+F
je+

DecekT,e

T
∇T

)
(2.1)

je = −
(

κ∇φe − κ
1 − t+
z+F

(
∂µe

∂ce

)
∇ce−κ

1
z+F

(
∂µe

∂T

)
∇T

)
(2.2)

Then in the electrolyte the system of equations has the following form:

∂ce

∂t
= −∇ · N+,e (2.3a)

0 = −∇ · je (2.3b)

cp,eρ
∂T

∂t
=∇ · (λe∇T ) +

|je|2

κ
+

∂µe

∂ce

(N+,e − t+
Fz+

je)2

De
−

T∇ ·
(

ce
∂µe

∂ce

kT,e

T

(
N+,e −

t+
Fz+

je

))
(2.3c)

These equations describe the li-ion transport, charge transport and heat transport respectively.
They are set only in this part of the domain which corresponds to the electrolyte. For the
boundary conditions we set zero Neumann for the ionic flux and the electrical current. Physically
this means that there is no flow of ions and charge through the boundary of the electrolyte. As
no absolute inslulation can be made for the temperature appropriate boundary conditions must
be set. We use either Neumann or Robin boundary conditions. We note that in the electrolyte
instead of the electrical potential we have the electrochemical potential.
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2.2 Equations of the solids

We move on to the system in the electrodes. In the solid particles the ion transference number
t+ is approximately zero, since the current is mainly carried by electrons. In the solids the fluxes
are in the following form:

N+,s = −
(

Ds∇cs+
DscskT,s

T
∇T

)
(2.4)

js = −σ∇Φs (2.5)

and the equations are:

∂cs

∂t
= −∇ · N+,s (2.6a)

0 = −∇ · js (2.6b)

cp,sρ
∂T

∂t
=∇ · (λs∇T ) +

|js|2

κ
− z+F

∂U0

∂cs

|N+,s|2

Ds
+

Tz+F∇ ·
(

cs
∂U0

∂cs

kT,s

T
N+,s

)
(2.6c)

The domain for these equations is either the cathode or the anode. The equations have the same
form in both electrodes. The material parameters however are different in the two electrodes. For
boundary conditions on the concentration of li-ions we again use zero Neumann on the ionic flux.
As was the case for the electrolyte this ensures no flow of ions. This comes naturally because
the battery cell is insulated with regard to the li-ions. This means that the amount of ions
remains constant throughout the battery. For the potential however the boundary conditions are
no longer zero Neumann. We use either non-zero Neumann or Dirichlet boundary conditions.
For the temperature we again use either non-zero Neumann or Robin boundary conditions.

2.3 Interface conditions

The interface conditions come from the Butler-Volmer theory. If both a cathodic and an an-
odic reaction happen in the same electrode the Butler-Volmer equation will give the connection
between the electrical current and the potential in the electrode.

ise = i0

(
exp(

αaF

RT
ηs) − exp(

−αcF

RT
ηs)

)
, (2.7)

where αa and αc are the weights of the anodic and cathodic contributions of the overpotential ηs

to the overall reaction. For them we have αa + αc = 1. For the amplitude i0 we have

i0 = kcαa
e cαa

s (cs,max − cs)αc (2.8)

The overpotential is expressed in terms of the electrical potential in the electrodes and the
electrochemical potential in the electrolyte:

ηs := Φs − φe − U0 (2.9)

Finally for the first two equations of the model we have the following interface conditions

js · ns = je · ns = ise = J (ce, cs, φe, Φs, T ) (2.10a)

N+,s · ns = N+,e · ns =
ise

z+F
= N (ce, cs, φe, Φs, T ) (2.10b)
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where ns is the unit normal vector going out of the solid into the electrolyte. The thermal
interface conditions are given by

−λsns · ∇Ts + λens · ∇Te =

− iseηs − iseΠ + ise

(
cs

∂U0

∂c
kT,s + ce

∂µe

∂c

kT,e(1 − t+)
z+F

)
(2.11)

with Π being the Peltier coefficient:

Π = T (βs − βe) + T
∂(U0 + µe

z+F )

∂T
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Figure 4: Boundaries for the sample domain shown in Figure 3. The boundaries for the active particles are
the solid lines, the ones for the electrolyte are the dotted lines and the interface is given in dashed lines.

3 Weak formulation

In this section we derive the weak formulation for the model presented in Section 2. First we
present the functional spaces which we use. Then the weak formulation for each of the regions is
derived in their respective sections. The interface conditions are included separately. We denote
the domain of the whole cell by Ω. In Ω we further distinguish between three subdomains. The
subdomain for the anode is denoted by Ωa. The one for the cathode is denoted by Ωc. Finally
the one for the electrolyte is denoted by Ωe. Ωa and Ωc themselves can be the union of multiple
subdomains. This represents electrodes with multiple particles. A sample domain is shown in
Figure 3.

Figure 3: Sample domain for a battery. The whole domain is Ω. The domains for the anode Ωa and the
cathode Ωc consist of multiple subdomains. The domain of the electrolyte is Ωe = Ω\(Ωa ∪ Ωc).

The boundaries of each domain are shown in Figure 4. Speciffically we have ∂Ωe,outer =
∂Ω∩∂Ωe, ∂Ωa,outer = ∂Ω∩∂Ωa, ∂Ωc,outer = ∂Ω∩∂Ωc for the outer boundaries of each subdomain
and Γ = ∂Ωe\∂Ωe,outer for the interface. The inner interface boundaries are the same for the
electrolyte and the solid particles.
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3.1 Functional spaces

We use the standart L2(Ω) and H1(Ω) spaces [19, 7]. Let us remind that L2 is the space of square
integrable functions in Ω

L2(Ω) =

v(x),x ∈ Ω :
∫
Ω

|v|2 dx < ∞


along with the norm:

||u||L2(Ω) =

∫
Ω

|u|2 dx

 1
2

and H1(Ω) is the space whose elements and their derivatives are square integrable, i.e.

H1(Ω) = {v(x),x ∈ Ω : v ∈ L2(Ω), (∇v) ∈ (L2(Ω))n}

with the norm

||u||H1(Ω) =

∫
Ω

u2dx +
n∑

k=1

∫
Ω

(
∂u

∂xk

)2

dx

 1
2

.

It is obvious from the definition of L2 that the functions in this space can be discontinuous. Also
functions, which vary only on a subspace of Ω with a Lesbegue measure zero, are equivalent in
L2(Ω).
We use the standart vector calculus notation, i.e. ∇ =

(
∂

∂x1
, . . . , ∂

∂xn

)
3.2 Weak formulation in the electrolyte

In this section we will derive the weak formulation of the electrolyte model equations. Let us
recall Equation 2.3a:

∂ce

∂t
= ∇ · (De∇ce) −∇ ·

(
t+

z+F
je

)
+ ∇ ·

(
DecekT,e

T
∇T

)
We multiply this equation with a test function v ∈ V1 where the test space V1 = H1(Ω). After
that we integrate over Ωe to obtain:∫

Ωe

∂ce

∂t
vdx =

∫
Ωe

∇ ·
(

De∇ce −
t+

z+F
je +

DecekT,e

T
∇T

)
vdx (3.1)

Now we use integration by parts∫
Ωe

∂ce

∂t
vdx =

∫
Ωe

∇ ·
(

De∇ce −
t+

z+F
je +

DecekT,e

T
∇T

)
vdx

=
∫

∂Ωe

[
v

(
De∇ce −

t+
z+F

je +
DecekT,e

T
∇T

)]
· nedx−

∫
Ωe

(
De∇ce −

t+
z+F

je +
DecekT,e

T
∇T

)
· ∇vdx (3.2)

Thus we obtain the weak formulation of Equation 2.3a. Since the differential equation is nonlinear,
analytical estimates of the regularity of the unknown functions are not trivial to obtain. Therefore
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we will assume that they are regular enough to be at least H1(Ω). We will recall that we have zero
Neumann boundary conditions for the electrical current and the ionic flux on the outer boundary
of the electrolyte, i.e.

N+ · n = 0 on ∂Ω ∩ ∂Ωe (3.3)
j · n = 0 on ∂Ω ∩ ∂Ωe (3.4)

and we impose Robin boundary conditions for the temperature, i.e.

λ
∂T

∂n
= g(T ) on ∂Ω ∩ ∂Ωe (3.5)

With these considerations in mind let us look at the boundary integral∫
∂Ωe

[
v

(
De∇ce −

t+
z+F

je +
DecekT,e

T
∇T

)]
· neds =

∫
∂Ωe

vN+ · neds = 0 (3.6)

The interface conditions will be included separately.
For the weak formulation of Equation 2.3b we have:

0 =
∫
Ωe

∇v(κ∇φe)dx −
∫
Ωe

∇v

(
κ

1 − t+
z+F

(
∂µe

∂ce

)
∇ce

)
dx −

∫
Ωe

∇v

(
κ

1
z+F

(
∂µe

∂T

)
∇T

)
dx (3.7)

For Equation 2.3c we again multiply by a test function and integrate over Ωe∫
Ωe

vcp,eρ
∂T

∂t
dx =

∫
Ωe

v∇ · (λe∇T )dx +
∫
Ωe

v
|je|2

κ
dx +

∫
Ωe

v
∂µe

∂ce

(N+,e − t+
Fz+

je)2

De
dx−

∫
Ωe

vT∇ ·
(

ce
∂µe

∂ce

kT,e

T

(
N+,e −

t+
Fz+

je

))
dx

= −
∫
Ωe

∇v · (λe∇T )dx +
∫
Ωe

v
|je|2

κ
dx +

∫
Ωe

v
∂µe

∂ce

(N+,e − t+
Fz+

je)2

De
dx+

∫
Ωe

∇(vT ) ·
(

ce
∂µe

∂ce

kT,e

T

(
N+,e −

t+
Fz+

je

))
dx+

∫
∂Ωe

vλe∇T · neds −
∫

∂Ωe

vT

(
ce

∂µe

∂ce

kT,e

T

(
N+,e −

t+
Fz+

je

))
· neds (3.8)

where we also used integration by parts.
The equations of the electrolyte then have the following form∫

Ωe

∂ce

∂t
vdx −

∫
Ωe

(
De∇ce −

t+
F

je +
DecekT,e

T
∇T

)
· ∇vdx = 0 (3.9a)

∫
Ωe

(κ∇φe) · ∇vdx −
∫
Ωe

(
κ

(1 − t+)RT

Fce
∇ce

)
· ∇vdx −

∫
Ωe

(
κ

R ln ce

F
∇T

)
· ∇vdx = 0 (3.9b)

∫
Ωe

vcp,eρ
∂T

∂t
dx = −

∫
Ωe

∇v · (λe∇T )dx +
∫
Ωe

v
|je|2

κ
dx +

∫
Ωe

v
∂µe

∂ce

(N+,e − t+
F je)2

De
dx+

∫
Ωe

∇(vT ) ·
(

RkT,e

(
N+,e −

t+
F

je

))
dx +

∫
∂Ωe,outer

vg(T )ds (3.9c)



3 WEAK FORMULATION 10

As noted before the interface conditions will be accounted for separately. This means that all
boundary integrals in this section are to be understood over ∂Ωe,outer and the interface integrals
are omitted.
We will also mention that the spaces of the test function for the second and third equations, i.e.
V2 and V3 are also H1(Ωe).

3.3 Weak formulation in the active particles

The weak formulation in the active particles is obtained in the same manner as the one for the
electrolyte so we will not do it thoroughly. We will note however the difference in the boundary
conditions for the potential. Since the equations have the exact same form in the two types of
active particles we will use Ωs = Ωa ∪ Ωc along with ∂Ωs,outer = ∂Ωa,outer ∪ ∂Ωc,outer. The weak
formulation for Equation 2.6a,Equation 2.6b and Equation 2.6c is∫

Ωs

∂cs

∂t
vdx+

∫
Ωs

(Ds∇cs) · ∇vdx +
∫
Ωs

(
DscskT,s

T
∇T

)
· ∇vdx = 0 (3.10a)

∫
Ωs

(σ∇Φs) · ∇vdx −
∫

∂Ωs,outer

iapplvds = 0 (3.10b)

∫
Ωs

vcp,sρ
∂T

∂t
dx = −

∫
Ωs

∇v · (λs∇T )dx +
∫

∂Ωs,outer

vg(T )ds +
∫
Ωs

v
|js|2

κ
dx−

∫
Ωs

vF
∂U0

∂cs

|N+,s|2

Ds
dx −

∫
Ωs

∇(vT ) ·
(

csF
∂U0

∂cs

kT,s

T
N+,s

)
dx (3.10c)

The boundary integral in Equation 3.10b comes from the non-zero Neumann conditions. The
test spaces in the solid particles are

V1,s(Ωs) = V2,s(Ωs) = V3,s(Ωs) = H1(Ωs)

where V1,s(Ωs), V2,s(Ωs), V3,s(Ωs) are the test spaces for the test function in Equation 3.10a,
Equation 3.10b and Equation 3.10c respectively. Again we omit here the integral over Γ which
will be added in Section 3.4.

3.4 The whole domain and the interface conditions

Let us now consider what happens on the whole domain Ω. Globally our test spaces for the first
two equations can be discontinuous across the interface. So we have V1(Ω) = V2(Ω) = L2(Ω).
Also for the first two equations it is trivial to account for the interface conditions by simply adding
the interface integrals in their respective weak formulations in both regions. This means that we
subtract from the left hand side of Equation 3.9a and add to the left hand side of Equation 3.10a
the following term ∫

Γ

N vds

We subtracted from Equation 3.9a because our interface conditions are given in terms of the
normal from the particle so we must take ne = −ns. Analogously we subtract from Equation 3.9b
and add to Equation 3.10b ∫

Γ

J vds

Although the equations can be summed and given in a single domain in the terms of discontinuous
coefficients it is more convinient for us for them to be in this form.
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For the heat transport equation however we have to sum the equations in a single domain to obtain
the interface integrals neccessary for the weak formulation. Furthermore since the temperature is
continuous across the interface we can require of our test space V3(Ω) to be H1(Ω). This means
that we can consider the test functions to be continuous and so have the same value on both
sides of the interface. Since the equations are long and the integrals over the subdomains and
the outer boundaries do not change we restrict our calculations to the interface integrals.∫

Γ

vλe∇Te · neds +
∫
Γ

vλs∇Ts · nsds−

∫
Γ

vT

(
ce

∂µe

∂ce

kT,e

T

(
N+,e −

t+
F

je

))
· neds+

∫
Γ

vT

(
csF

∂U0

∂cs

kT,s

T
N+,s

)
· nsds (3.11)

after we use Equation 2.10a,Equation 2.10b and Equation 2.11 we get

−
∫
Γ

v

[
−iseηs − iseΠ + ise

(
cs

∂U0

∂c
kT,s + ce

∂µe

∂c

kT,e(1 − t+)
z+F

)]
ds+

∫
Γ

v

(
ce

∂µe

∂ce
kT,e

(
N − t+

F
J

))
ds +

∫
Γ

v

(
csF

∂U0

∂cs
kT,sN

)
ds =

∫
Γ

vise(ηs + Π)ds =
∫
Γ

vT ds (3.12)

Therefore the heat transport equation becomes∫
Ω

vcpρ
∂T

∂t
dx = −

∫
Ω

∇v · (λ∇T )dx +
∫
Ω

v
|j|2

κ
dx +

∫
Ω

v
∂µ

∂c

(N+ − t+
F j)2

D
dx+

∫
Ω

∇(vT ) ·
(

c
∂µ

∂c

kT

T
(N+ − t+

F
j)

)
dx +

∫
∂Ω

vλg(T )ds−

∫
∂Ω

vT

(
c
∂µ

∂c

kT

T
(N+ − t+

F
j)

)
· nds +

∫
Γ

vT ds (3.13)

where t+ is nonzero only in the electrolyte and

µ =
{

µ0 + RT ln c, x ∈ Ωe

µLi − FU0, x ∈ Ωs
(3.14)

Remark. Notice that we have not accounted for the Dirichlet boundary conditions. Generally it
is not so trivial to apply them to a function in H1(Ω) since they have no meaning on a set of
measure zero like the boundary has with regards to measure of Ω. For a rigorous analysis we
must also introduce the notion of traces. However to avoid further complicating the functional
analysis part we will assume that the unknown function is continuous on the boundary and we
can take its restriction there. For further information, c.f. [19, 7].

Remark. The spaces which we discussed are considered only for the variables in space. We assume
that the unknown functions are continuously differentiable in time.
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4 Numerical methods

We use several different methods in order to solve our system of equations. First we need to
discretize the problem in the spatial variables. We use the Finite Element method [1, 5, 18].
After that for the time discretization we use the Backward Euler method [8]. Since this method
is implicit it results in a system of nonlinear equations. We linearize this system with the Newton
method [15, 9]. Finally for the linear system we use the ILUT preconditioned BiCGSTAB method
[22] or the commercial library SAMG. The latter is not discussed here but it is an implementation
of algebraic multigrid. They are implemented in code using the C++ programming language.
Double precision is used for all floating point variables.

4.1 Finite Element Method

Let us consider the equations we derived in the weak formulation in Section 3. Instead of the
full spaces Vi(Ω) however we take finite dimensional subspaces of them Vi,h ⊂ Vi. We also
take the unknown functions to be in these spaces, i.e. c,Φ, φ, T ∈ V3,h(Ω). We denote these
restrictions of the functions by ch, Φh, φh, Th. Without making any further modifications to
the weak formulations we have our discrete problem. Such an approximation is known as Ritz-
Galerkin approximation. Now we look for a suitable basis for this space. We describe this process
in two dimensions. First we divide the domain Ω into triangles as shown in Figure 5.

Figure 5: Triangulation of a region

This process is known as triangulation. We can use other shapes but we restrict ourselves to
triangles. We denote these triangles by ei and call them elements, and their vertices are denoted
by pi. Let us now consider the polynomials of certain order over these elements, i.e.

v(x) : v ∈ Pk(ei)

Along with these polynomials let us consider a set of functionals over the elements acting upon
them. The simplest possible combination would be polynomials of first order together with the
functionals which take the value of a function at the vertices of the triangles. Then for the basis
of a finite dimensional space we take piecewise polynomials (they are linear polinomials in each
triangle) such that the basis function φi (not to be confused with the electrochemical potential)
is unity only at node pi and zero at every other node, i.e. φi(pj) = δij as depicted in Figure 6a.
It follows that the support of these functions, depicted in Figure 6b is limited only to the few
elements which contain their associated node.
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(a) Lagrange basis
function at node i

(b) Support of a lagrange basis
function

Figure 6: Lagrange basis function at node i

It is easy to check that such basis functions are continuous over the whole domain. Such a
basis is called nodal basis and the associated finite elements - Lagrange finite elements. Let us
now assume that our functions are regular enough as to be able to get pointwise values at the
nodes. Then we call the interpolant of the concentration [1]

cI =
n∑

i=1

c(pi)φi

and we have analogous interpolants for the potential and the temperature. To account for the
discontinuous concentration and potential we split the nodes on the interface so that the nodes
on one side are strictly for the functions in the electrolyte and on the other side - for the solid
particle. For reference see Figure 7.

Figure 7: Example of splitting of the nodes on the interface. The split nodes are in black and the others are
in white.

Since we formally have different nodes, and hence different basis functions on both sides of
the interface, the test functions there are discontinuous, c.f. Figure 8.
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Figure 8: Support of a basis function on a split node. The interface is the dashed line.

Note that this splitting is for V1 and V2 whereas the basis functions in V3 remain continuous
even on the interface. Our unknowns in the discretized problem become the nodal values of the
unknown functions at each time step. We use the following discretization on the finite basis

ch =
n1∑
i=1

Ci(t)φ1,i(x)

Ph =
n2∑
i=1

Pi(t)φ2,i(x)

Th =
n3∑
i=1

Ti(t)φ3,i(x)

where n1, n2, n3 are the dimensions of the finite dimensional test spaces V1,h(Ω), V2,h(Ω), V3,h(Ω),
respectively. We note that we have combined potential in the electrodes and the electrochemical
potential in the electrolyte in a single function, i.e. Ph = φh,x ∈ Ωe and Ph = Φh,x ∈ Ωs.
Also note that in this discretization the variables in space are present only in the basis functions
while the time variables are only in the unknowns. The theoretical error estimate in the spatial
variables for linear elliptic PDEs is of order O(h2) in the L2(Ω) norm where h is the diameter
of the triangulation, i.e. the longest edge of a triangle. Let us now show the problem in the
electrolyte in discretized form:∫
Ωe

∂ch

∂t
φ1,jdx +

∫
Ωe

(
De∇ch − t+

F
je +

DechkT,e

Th
∇Th

)
· ∇φ1,jdx −

∫
Γ

Nφ1,jds = 0, j = 1, . . . , n1

(4.1a)

∫
Ωe

(κ∇Ph) · ∇φ2,jdx −
∫
Ωe

(
κ

(1 − t+)RTh

Fch
∇ch

)
· ∇φ2,jdx −

∫
Ωe

(
κ

R ln ch

F
∇Th

)
· ∇φ2,jdx−

∫
Γ

Jφ2,jds = 0, j = 1, . . . , n2 (4.1b)

∫
Ω

φ3,jcpρ
∂Th

∂t
dx +

∫
Ω

∇φ3,j · (λ∇Th)dx −
∫
Ω

φ3,j
|j|2

κ
dx −

∫
Ω

φ3,j
∂µ

∂c

(N+ − t+
F j)2

D
dx−

∫
Ω

∇(φ3,jTh) ·
(

ch
∂µ

∂c

kT

Th

(
N+ − t+

F
j
))

dx −
∫
∂Ω

φ3,jλg(Th)ds −
∫
Γ

φ3,jT ds = 0, j = 1, . . . , n3

(4.1c)
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Due to the small compact support of the basis functions it is obvious that the above integrals
are zero over most of the domain. Actually we will be making all of the calculations on a per
element basis. This means that intergrals should be considered as∫

Ω

=
number of elements∑

k=1

∫
ek

=
∑

k:ek⊂supp(φi)∩supp(φj)

∫
ek

However for notational simplicity we will leave them as they are.

4.2 Backward Euler Method

The backward Euler method is of the class of backward differentiation formulas. It can be derived
easily. Let us consider the following equation:

∂u

∂t
= f(t, u)

If we integtrate on both sides over the interval [t, t + τ ] we get

t+τ∫
t

∂u

∂t
dt =

t+τ∫
t

f(t)dt ≈ τf(t + τ, u(t + τ))

⇔u(t + τ) − u(t) ≈ τf(t + τ, u(t + τ))

where for the approximation of the right hand side we have used the formula of the ”right”
rectangles. The backward Euler method has a first order of accuracy O(τ). We will note that
while it is easy to implement the second order Crank-Nicholson method it can be numerically
unstable for nonlinear problems [5]. The backward Euler method is also A-stable as defined by
Dahlquist [8]. This method is implicit, i.e. the values for the current time step are used in
the right hand side of the equation. This means that in order to obtain the current time step
approximation of the unknown function we must solve a system of equations. We will use the
following notation

Cj(tl) = C l
j (4.2)

ch(tl) = cl
h (4.3)

For example when applied to Equation 4.1a the backward Euler method yields:∫
Ωe

cl
h − cl−1

h

τ
φ1,jdx +

∫
Ωe

(
De∇cl

h − t+
F

je +
Dec

l
hkT,e

T l
h

∇T l
h

)
· ∇φ1,jdx −

∫
Γ

Nφ1,jds = 0 (4.4)

Remark. We could use the explicit forward Euler scheme but for nonlinear problems the time
step may become too small for practical use.

4.3 Newton method

One of the drawbacks of the backward Euler method in our case is that the method results in a
system of non-linear equations. We will linearize this system with the help of the Newton method.
It is a fastly convergent iterative method for solving nonlinear problems. Specifically it has a
quadratic order of convergence which means that the error reduces with a quadratic speed at each
iteration of the method. Let us denote by F1(C,P,T) the set of functions on the left hand side
of the equations obtained from discretizing the ion transport equation from all the domains. The
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unknowns are written as vectors, i.e. C = (C1, . . . , Cn1), P = (P1, . . . , Pn2), T = (T1, . . . , Tn3).
Then these equations can be written as

F1(C,P,T) = 0 (4.5)

Analogously we do the same for the charge transport equations with F2(C,P,T) and the heat
transport equations with F3(C,P,T). Let us also denote F = (F1,F2,F3). Then for the whole
system of equations we have

F(C,P,T) = 0 (4.6)

The vector function F is known as the residual. For the derivation of the method, c.f. [15]. We
denote U = (C,P,T) The algorithm itself for Equation 4.6 is as follows:

• pick an initial iterate U(0)

• iterate for U(k) = U(k−1) + dk until ||F(U(k))|| ≤ εr||F(U(0))|| + εa, c.f. [9]

with the search direction dk being the solution of the system

J(Uk−1)dk = −F(Uk−1) (4.7)

where J is the Jacobian matrix of the vector function F, i.e.

J =



∂F1

∂C
∂F1

∂P
∂F1

∂T

∂F2

∂C
∂F2

∂P
∂F2

∂T

∂F3

∂C
∂F3

∂P
∂F3

∂T


(4.8)

Also εr is the tolerance of the method for the relative residual, which is ||F(U(k))||/||F(U(0))||.
εa is the tolerance for the absolute residual, which is ||F(U(k))||. It is necessary to test for both
since with a good initial iterate we might not be able to achieve the desired tolerance for the
relative residual. In our experiments we use εr = εa = 10−6. In order for the method to have its
quadratic convergence rate, the initial guess must be close to the solution, the Jacobian matrix
must be invertible, i.e. nonsingular and the second derivatives of the functions must be bounded.
Since the original problem is parabolic we use the solution from the previous time step as an
initial guess.
Let us now calculate one of the derivatives for demonstration. The others are done in a similar
fashion and some of them will be calculated in Appendix A. We will use the following notation

∂g
∂y

=
(

∂g1

∂y
, . . . ,

∂gn

∂y

)
where g = (g1, . . . , gn) is a vector function and y a scalar variable. We pick for our demonstrative
equation the i-th equation of F1 differentiated with respect to C l

j . We obtain:

∂F1,i

∂C l
j

=
∫
Ωe

φ1,j

τ
φ1,idx+

∫
Ωe

(
De∇φ1,j −

t+
F

∂je
∂ce

+
Deφ1,jkT,e

Th
∇Th

)
· ∇φ1,idx −

∫
Γ

∂N
∂ce

φ1,jφ1,ids

(4.9)

Note that we are doing a full Newton on the system including for the interface integrals. This
means that when we are calculating the interface integral in some element we must account for the
fact that there are also non-zero test functions along the interface in the neighbouring subdomain.
This gives us the coupling in the matrix between the different regions for the concentration and
the potential. Specifically the coupling comes when we differentiate a function from a region with
respect to an unknown from an other region. This is also shown in Appendix A.
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4.4 BiCGSTAB

Notice that on each step of the Newton method we have to solve a linear system of equations.
However due to the presence of first order terms and nonlinear coefficients the matrix of this
system is not symmetric. It is obvious for example in Equation 4.9 that ∂F1,i

∂Cl
j
̸= ∂F1,j

∂Cl
i

. This means

that we can’t use the standart conjugate gradient method. Instead we will use the stabilized
version of the biconjugate gradient, known as BiCGSTAB developed by H.A. van der Voorst
[21]. If we consider a linear system of equations Ax = b, the algorithm for the preconditioned
BiCGSTAB is given by [22]:

• pick x0

• r0 = b − Ax0

• choose r̃ = r0

• for i = 1, 2, . . .

1. ρi−1 = r̃T ri−1

if ρi−1 = 0 method fails

2. if i = 1
pi = ri−1

else
βi−1 = (ρi−1/ρi−2)(αi−1/ωi−1)
pi = ri−1 + βi−1(pi−1 − ωi−1νi)
endif

3. p̂ = K−1pi

4. νi = Ap̂

5. αi = ρi−1/(r̃T νi)

6. s = ri−1 − αiνi

7. if ||s|| is small enough
xi = xi−1 + αip̂ and quit

8. ŝ = K−1s

9. t = Aŝ

10. ωi = tT s/tT t

11. xi = xi−1 + αip̂ + ωiŝ if xi is accurate enough quit

12. ri = s − ωit

end

In the above algorithm K is the preconditioning matrix. We use it to reduce the number of
iterations needed to converge to a solution. We will use the ILUT (p, τ) precoditioner as described
in [20]. In it we search for an approximation of the LU factorization of the matrix A. Specifically
we start computing the factorization and we keep at most p elements on each row and throw
out any element which is below the threshold defined by τ . We remind that a system with LU
factorized matrix is easy to solve.
In our simulations we use p = 20, τ = 10−20 and for the stopping criterion we use
(ri, ri) < (r0, r0) ∗ tol2 where tol = 10−12
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5 Numerical experiments

In this section we present numerical simulations in different settings. First, in Section 5.1, we
consider a single domain in which we test our solver against known functions. In Section 5.2 we
consider numerical experiments for the isothermal model and in Section 5.3 we run simulations
for the thermodynamic model described in Section 2. In both Section 5.2 and Section 5.3 we
start with the simplest possible geometry with single electrode domains and then we continue
with more complex examples. For the numerical integration in all the experiments we use a
quadrature formula which is exact for polynomials of order two.

5.1 Verification of the methods

All verifications are in the same setup. Our solution domain is the unit square: Ω = [0, 1]× [0, 1].
Such a setting is representative of either the active particles or the electrolyte filler. Since we
want to test the theoretical error estimates for the Finite Element Method and the Backward
Euler Method we will use known functions. An appropriate right hand side will be introduced in
each of the equations. It will be calculated by substituting the known functions in the differential
operators. These problems are meant to show that the methods we use for discretization and
solution are sound. The L2(Ω) error between the known functions and their approximations will
be calculated as

||u − uh||2L2(Ω) =
∫
Ω

(u − uh)2dx =
∑
ek

∫
ek

(u − uh)2dx (5.1)

5.1.1 Linear problem in active particles

In our first test case the model is completely linear. This is done to show that the solver is
working according to theoretical estimates. This setting is also similar to the equations in the
active particles. The system still consists of three equations. All of the three equations have the
following form

∂u

∂t
− ∆u = f(x, t) (5.2)

The functions are chosen in such a way as to test multiple cases. The first unknown function is
linear to show that the approximation is indeed exact for linear functions. The second function
is linear only in time. The third function is non-linear both in space and time.

c(x, t) = t + x1 + x2

p(x, t) = tex1x2

T (x, t) = sin(tx1x2)

The right hand side functions are f1(x, t) = 1, f2(x, t) = ex1x2 − tex1x2(x2
1 +x2

2) and f3 = (x, t) =
x1x2 cos(x1x2t) + t2 sin(tx1x2)(x2

1 + x2
2), respectively. We use Dirichlet BC. The results of the

simulation are in Table 5.1, Table 5.2 and Table 5.3. As can be seen the linear problem is solved
within numerical precision and for the other two problems we get convergence of order O(τ +h2)
when we use finer meshes and smaller time steps. Due to the accumulation of computational
errors in the various numerical methods it can be observed in Table 5.1 that for linear solutions
smaller errors are actually achieved with coarser meshes.

Table 5.1: L2 error for a linear differential operator for the solution t+x1 +x2 in successive meshes for t=10

h nodes τ L2 Error
h, τ 0.27951 44 1 1.39486392121×10−14

h/2, τ/4 0.13676 178 0.25 1.91137428834×10−13

h/4, τ/16 0.072326 687 0.0625 5.76361797486×10−13
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Table 5.2: L2 error for a linear differential operator for the solution tex1x2 in successive meshes for t=10

h nodes τ L2 Error Decrease of L2 Error
h, τ 0.27951 44 1 0.05415877155707 -

h/2, τ/4 0.13676 178 0.25 0.01284746004483 4.22 times
h/4, τ/16 0.072326 687 0.0625 0.002958988598254 4.34 times

Table 5.3: L2 error for a linear differential operator for the solution sin(tx1x2) in successive meshes for t=10

h nodes τ L2 Error Decrease of L2 Error
h, τ 0.27951 44 1 0.1435623109492 -

h/2, τ/4 0.13676 178 0.25 0.04101667795240 3.5 times
h/4, τ/16 0.072326 687 0.0625 0.009084416868669 4.5 times

5.1.2 Non-linear problem in electrolyte

The problem that we solve in this section can be seen as represantative of the original problem in
the electrolyte. The differential operator is nonlinear and the boundary conditions are Dirichlet.
With this example we test if the solver also works for non-linear problems. There are no universal
theoretical error estimates in this case. We choose the following functions:

c(x, t) = tx1x2 + 1

p(x, t) = t2 + x2
1 + x2

2 + 1
T (x, t) = (t + 1)x1x2

The concrete form of the considered system is:

∂c

∂t
−∇ ·

[
(c + 10)2∇c + (c + p)∇p +

c

T
∇T

]
= f1(x, t)

∂p

∂t
−∇ ·

[
(c + p)∇c + (p + 10)2∇p + log(c)∇T

]
= f2(x, t)

∂T

∂t
−∇ · (∇T ) = f3(x, t)

where

f1(x, t) = x1x2 −
[
2t2(tx1x2 + 11)(x2

1 + x2
2) + 4t2+

+8(x2
1 + x2

2 + tx1x2 + 1) + t log(t + 1)(x2
1 + x2

2)
]

f2(x, t) = t2 + x2
1 + x2

2 + 1

f3(x, t) = 2t −
[
4tx1x2 + t2(x2

1 + x2
2) + 4(t2 + x2

1 + x2
2 + 6)2+

+ 8(t2 + x2
1 + x2

2 + 6)(x2
1 + x2

2)+

(t + 1)x1x2 log(t + 1)(x2
1 + x2

2)
(

t

tx1x2 + 1
+ log(t + 1) log(tx1x2 + 1)

)]
and the functions themselves are imposed as Dirichlet boundary conditions. As can be seen from
Table 5.4, Table 5.5 and Table 5.6 we still have convergence and even the order O(τ + h2) is
preserved.
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Table 5.4: L2 error for a non-linear differential operator for the solution tx1x2 + 1 in successive meshes for
t=0.16

h nodes τ L2 Error Decrease of L2 Error
h, τ 0.38845 27 0.04 0.00082815717534 -

h/2, τ/4 0.19186 98 0.01 0.000148208283622 5.58 times
h/4, τ/16 0.096785 351 0.0025 3.4104740058×10−5 4.34 times

Table 5.5: L2 error for a non-linear differential operator for the solution t2 +x2
1 +x2

2 +1 in successive meshes
for t=0.16

h nodes τ L2 Error Decrease of L2 Error
h, τ 0.38845 27 0.04 0.02110775794042 -

h/2, τ/4 0.19186 98 0.01 0.004584480029279 4.6 times
h/4, τ/16 0.096785 351 0.0025 0.00112427933167 4.07 times

Table 5.6: L2 error for a non-linear differential operator for the solution (t + 1)x1x2 in successive meshes for
t=0.16

h nodes τ L2 Error Decrease of L2 Error
h, τ 0.38845 27 0.04 0.000821360244424 -

h/2, τ/4 0.19186 98 0.01 0.000151007630003 5.44 times
h/4, τ/16 0.096785 351 0.0025 3.53157998497×10−5 4.27 times

5.1.3 Interface problem

In this section we present a simple interface problem. We test the accuracy for such problems
with the methods that we use. The differential operator is the same as in Section 5.1.1, i.e. linear.
There are interface conditions however, dependent on the values of the discontinuous function on
both sides of the interface. The function we use is:

u = u1 = 5ex1−t + 2t, x ∈ Ω1 (5.3a)
u = u2 = 5ex1−t + t, x ∈ Ω2 (5.3b)

The domain Ω is again the unit square. It is split into two equal subdomains Ω1 = [0, 0.5]× [0, 1]
and Ω2 = [0.5, 1] × [0, 1].

Figure 9: The solution domain for example 5.1.3

The interface condition which we use is:

∂u1

∂n1
=

∂u2

∂n1
= 2u2 − u1 (5.4)
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The right hand side is

f(x, t) = −10ex1−t + 2, x ∈ Ω1 (5.5)
f(x, t) = −10ex1−t + 1, x ∈ Ω2 (5.6)

We also use the following boundary conditions:

u(x, t) = 5e−t + 2t, x ∈ {x1 = 0} (5.7)
∂u

∂n
= 0, x ∈ {x2 = 0 ∪ x2 = 1} (5.8)

∂u

∂n
= 5ex1−t, x ∈ {x1 = 1} (5.9)

(5.10)

As can be observed in Table 5.7 we again achieve O(τ + h2) convergence rate.

Table 5.7: L2 error for an interface problem with linear differential operator for a discontinuous function in
successive meshes for t=1.2

h nodes τ L2 Error Decrease of L2 Error
h, τ 0.17678 119 0.4 0.3233774211799044 -

h/2, τ/4 0.088394 438 0.1 0.08601145571864255 3.76 times
h/4, τ/16 0.045423 1693 0.025 0.02182305173126918 3.94 times
h/8, τ/64 0.022429 6550 0.00625 0.005476552385904158 3.98 times

5.2 Simulations on the isothermal model

Here we run simulations for the isothermal model. The initial and boundary conditions that we
impose are specified in the first example in Section 5.2.1 where we have plate electrodes.
The parameters that we use in our numerical experiments are given in Table 5.8. We run our
simulations for time t = 4058s and as we can see from the figures below, we obtain reasonable
physical results.

Table 5.8: Values of the parameters used for the simulations

D
[

cm2

s

]
t+ κ

[
S

cm

]
cmax

[
mol
cm3

]
Electrolyte 7.5 × 10−7 0.363 0.002
Cathode 1.0 × 10−9 0 0.038 0.02286
Anode 3.9 × 10−10 0 1.0 0.02639

Table 5.9: Values of the parameters for the interface conditions

αa αc k
[

A
cm2

]
0.5 0.5 0.2

Finally for U0 we have

U0 = − 0.132 + 1.41e−3.52soc,x ∈ Ωa (5.11a)

U0 =4.06279 + 0.0677504 tanh(−21.8502soc + 12.8268) − 0.045e−71.69soc8−

0.105734
(

1
(1.00167 − soc)0.379571

− 1.576
)

+ 0.01e−200(soc−0.19),x ∈ Ωc (5.11b)



5 NUMERICAL EXPERIMENTS 22

5.2.1 Plates

Here we have electrolyte between one anode and one cathode plate as shown in Figure 10.

Figure 10: Simple layered battery model domain

The following initial and boundary conditions are imposed:
Initial conditions: t=0:

Table 5.10: Initial concentration

c0

[
mol
cm3

]
electrolyte 0.001

anode 0.2cmax = 0.005278
cathode 0.8cmax = 0.018288

Table 5.11: Initial potential

ϕ0[V]
electrolyte 0

anode U0(c0,a) = 0.5654
cathode U0(c0,c) = 3.9675

where U0(c) is the open circuit potential, a given function of the concentration of Li-ions
c(x, t).
Boundary conditions:
Dirichlet boundary conditions:

Γ1 : ϕ|Γ1 = U0(c0,a)|anode = 0.5654 (5.12)
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Neumann boundary conditions:

Γ1 ∪ Γ2 : (∇c · n) |Γ1∪Γ2 = 0 (5.13)
Γ2 : (k22∇ϕ · n) |Γ2 = E2 = const = 0.0005 (5.14)

Γ3 ∪ Γ4 : (N · n) |Γ3∪Γ4 = (J · n) |Γ3∪Γ4 = 0 (5.15)

Also, in all the successive simulations, on the interface Γi
a and Γi

c we impose the interface condi-
tions.
We ran simulations for time t = 1000s. As we can see from Table 5.10 the initial concentration of
Li-ions in the cathode is 0.018288 mol

cm3 and is bigger than that in the anode which is 0.005278 mol
cm3 .

Hence, due to the applied electrical current on Γ2 which is the cathode exterior boundary, the
Li-ions move from the cathode to the anode. This means that we simulate charging of the battery.
Therefore in the end of the simulations the concentration in the cathode decreases approximately
to 0.01760 mol

cm3 , while that in the anode increases to 0.007 mol
cm3 as shown in Figure 11.

At time t = 1000s, as we can see from from Figure 12a, the value of the potential in the anode
is still 0.5654V, i.e. they do not change and is the same as that at time t = 0. This result
was expected because we imposed a Dirichlet boundary condition (5.12) on the anode exterior
boundary Γ1. On the other hand, the potential in the cathode slightly increases from 3.9675V to
4.0964V (see Figure 12b), and also the potential in the electrolty increases from 0V to 0.0985V
(see Figure 12).
Another thing that we can observe is that when we apply bigger electrical current on Γ2 (see
Figure 13b), taking E2 = 0.005, the process of Li-ions moving from the region with bigger
concentration-the cathode to the region with smaller concetration-the anode is getting faster.
In this case the potential in the cathode increases significantly form 3.9675V at time t = 0 to
4.8113V at time t = 1000s. As we can see from Figure 13a the potential in the electrolyte also
increases from 0V at time t = 0 to 0.585V at time t = 1000s.
Judging by the numerical experiments, we can conclude that the obtained results from the sim-
ulations coincide with the expected physical phenomena.
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Figure 11: Concentration at time 1000s
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Figure 12: Potential in Electrolyte at time 1000s

Here we show the simulations with the higher electrical current applied on the cathode:
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(a) Steep Potential in the Electrolyte at time
1000s
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5.2.2 Electrolyte with five anode active particles and four cathode active particles

Here we show numerical results for a Li-ion battery cell with five anode active particles and four
cathode active particles. For this example instead of charging, we are discharging the battery.
Hence the applied current is on Γ1 instead of on Γ2 and the ions move from the anode (where
their concentration is higher) to the cathode. Moreover the initial values for the concentration
in the particles are 0.69999 ∗ cmaxanode

for the anode and 0.30001 ∗ cmaxcathode
for the cathode.

Again our numerical results seem physically correct.
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(c) Potential in Electrolyte at time 3617s
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(d) Potential in Cathode at time 3617s
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Figure 13: Concentration at time 3617s

5.3 Simulations on the thermodynamic model

In this section we present numerical simulations in different settings. The linear systems of
equations in this section were solved not with the BiCGSTAB solver but with the commercial
SAMG solver. We show simulations of charging and discharging of a battery. We vary the strength
of the applied current to show its effect on the temperature. We also vary the thermoconductivity
of the boundary. The total area of the particles in the anode and in the cathode is chosen in
such a way that the maximum number of Lithium ions that can be stored in each electrode is
the same. The parameters that we use in our numerical experiments are given in Table 5.12. We
run our simulations for time t = 2500s.
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Table 5.12: Values of the parameters used for the simulations

D
h

cm2

s

i

t+ κ
ˆ

S
cm

˜

kT λ
ˆ

W
cm·K

˜

ρ
ˆ

kg
cm3

˜

cp

h

J
kg·K

i

cmax

ˆ

mol
cm3

˜

Electrolyte 7.5 × 10−7 0.363 0.002 1 0.01 0.001 2000
Cathode 1.0 × 10−9 0 0.038 1 0.01 0.0036 7000 0.023671
Anode 3.9 × 10−10 0 1.0 1 0.01 0.0029 7000 0.024681

Table 5.13: Values of the parameters for the interface conditions

αa αc kanode

[
A

cm2

]
kcathode

[
A

cm2

]
Πanode Πcathode

0.5 0.5 0.002 0.2 -0.28 -0.38

Finally for U0 we use

U0 = − 0.132 + 1.41e−3.52soc,x ∈ Ωa (5.16a)

U0 =4.06279 + 0.0677504 tanh(−21.8502soc + 12.8268) − 0.045e−71.69soc8−

0.105734
(

1
(1.00167 − soc)0.379571

− 1.576
)

+ 0.01e−200(soc−0.19),x ∈ Ωc (5.16b)

where soc = cs/cs,max. The setting of the problem is on the microscale level as described in
Section 2. We have Ω = [0, 5 × 10−3] × [0, 5 × 10−3] and the units are in centimeters.

Table 5.14: Initial values for the charging process

c
[

mol
cm3

]
Φ[V] T [K]

Electrolyte 0.001 0 300
Cathode 0.0213 4 300
Anode 0.0025 0.8596 300

Table 5.15: Initial values for the discharging process

c
[

mol
cm3

]
Φ[V] T [K]

Electrolyte 0.001 0 300
Cathode 0.0083 4.13 300
Anode 0.016 0.011 300

For the boundary conditions we use:

Φ(x, t) = 0.8596V, x ∈ ∂Ωanode,outer (5.17)

σ
∂Φ
∂n

= iappl
A

cm2
, x ∈ ∂Ωcathode,outer (5.18)

λ
∂T

∂n
= α × (Touter − T ), x ∈ ∂Ω (5.19)

for the charging process and

Φ(x, t) = 0.011V, x ∈ ∂Ωanode,outer (5.20)

σ
∂Φ
∂n

= iappl
A

cm2
, x ∈ ∂Ωcathode,outer (5.21)

λ
∂T

∂n
= α × (Touter − T ), x ∈ ∂Ω (5.22)
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Figure 14: Evolution of the temperature in a battery cell during discharge for 2500s for applied current
density 10−3 A/cm2 for different values of α.

for the discharging process. Touter = 300K is the ambient temperature. We also take α =
{0 W/cm2K, 5 × 10−6 W/cm2K, 10−5 W/cm2K, 3 × 10−5 W/cm2K, 10−4 W/cm2K} in each
case in order to test different levels of thermal insulation for the battery and iappl = {5 ×
10−4A/cm2, 10−3A/cm2} in order to observe what happens when we drive different currents
through the battery. The rest of the boundary conditions have been already defined in Section 2.
For our problem the values of the temperature are practically uniform at each time step hence we
show only its evolution and not its distribution in the battery. It is obvious from the figures that
when driving stronger currents the temperature increases faster, as was expected. The behavior
of the concentration was not influenced by the temperature in this test case since the gradient is
practically zero. Simulation snapshots for the concentration at t = 2000 seconds are shown for
charge and discharge for α = 0 in Figure 18 and Figure 19 respectively. There are two scales -
one for the concentration in the electrolyte and one for the concentration in the active particles.
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Figure 15: Evolution of the temperature in a battery cell during discharge for 2500s for applied current
density 5 × 10−4 A/cm2 for different values of α.
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Figure 16: Evolution of the temperature in a battery cell during charge for 2500s for applied current density
10−3 A/cm2 for different values of α.
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Figure 17: Evolution of the temperature in a battery cell during charge for 2500s for applied current density
5 × 10−4 A/cm2 for different values of α.

Figure 18: Spatial profile of the lithium concentration (mol/cm3) in a battery cell after 2000s of charging
for applied current density 10−3 A/cm2.
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Figure 19: Spatial profile of the lithium concentration (mol/cm3) in a battery cell after 2000s of discharging
for applied current density 10−3 A/cm2

6 Conclusion

We have successfully developed a solver for the cell resolved thermodynamic model of a lithium
ion battery from [10] in a two dimensional setting. The results obtained from the simulations
seem physically correct. The node splitting technique that we used for the finite element method
allowed us to correctly simulate the discontinuous quantities.

A natural extension of our solver would be to move it to a realistic three dimensional setting.
In its current form the geometry does not allow to have the complicated structures observed
in real batteries. The added complexity of the increased number of unknowns will also bring
the need for better preconditioners and parallel implementations. To ensure the conservation of
physical laws nonconforming elements would also have to be included. If the model is extended to
include the degradation processes for the particles, which may include changing their geometry,
the mesh should allow for modification. Higher order time discretization methods may also be
implemented.
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A Derivatives

In this appendix we present some of the derivatives needed in the Newton method. Instead of
writing the approximating functions as linear combinations we use the already introduced lower
h notation, i.e. ch, Ph, Th. For clarity we first present their derivatives

∂ch

∂Cj
= φ1,j (A.1a)

∂Ph

∂Pj
= φ2,j (A.1b)

∂Th

∂Tj
= φ3,j (A.1c)

For completeness we also show the derivative calculated in Section 4.3. We begin with the
derivatives of the three equations in the electrolyte differentiated with respect to C l

j :

∂F1,i

∂C l
j

=
∫
Ωe

φ1,j

τ
φ1,idx −

∫
∂Ωe,outer

(
Deφ1,jkT,e

Th
− κ

t+Rφ1,j

F 2ch

)
g(Th)φ1,ids+

∫
Ωe

(
De∇φ1,j −

t+
F

∂je
∂ce

+
Deφ1,jkT,e

Th
∇Th

)
· ∇φ1,idx −

∫
Γ

∂N
∂ce

φ1,jφ1,ids (A.2a)

∂F2,i

∂C l
j

=
∫
Ωe

(
κ(1 − t+)RTh

F

(
φ1,j

c2
h

∇ch − 1
ch

∇φ1,j

))
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∫
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(
κ

Rφ1,j

Fch
∇Th

)
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∫
∂Ωe,outer

κ
Rφ1,j

Fch
g(Th)φ2,ids −

∫
Γ

∂J
∂ce

φ1,jφ2,ids (A.2b)

∂F3,i

∂C l
j

= −
∫
Ω

φ3,i2
j · ∂j

∂c

κ
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∫
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D
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φ3,jds

(A.2c)

Since the rest of the derivatives are done in a similar manner we do not show them here. We
will calculate the derivatives of the first two equations of the model when we test with a basis
function whose support is in the electrolyte and the derivative is with respect to an unknown
which is from the side of an electrode. We use additional indices to differentiate them.

∂F1,i,e

∂C l
j,s

= −
∫
Γ

∂N
∂cs

φ1,j,sφ1,i,eds (A.3)

∂F2,i,e

∂C l
j,s

= −
∫
Γ

∂J
∂cs

φ1,j,sφ2,i,eds (A.4)

Since the third equation is defined on the whole of Ω and also the test functions in V3 are
continuous in the whole domain the derivative there is simply the standart derivative.
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