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a b s t r a c t

Classical continuum methods fail in predicting gas flows with higher Knudsen numbers. Several models
have been derived in the past which extend the classical Navier–Stokes equations (CNSE) in order to
capture the particle character of the medium. One approach takes into account the kinetic theory
of gases. Accordingly, an additional self-diffusive mass flux can occur, which is a result of strong
temperature and pressure gradients. These effects led to the derivation of the so called extended
Navier–Stokes equations (ENSE). Under rare conditions they can be treated analytically. However,
in most cases numerical methods are necessary. Usually the Finite-Volume-Method is utilized for
numerically solving the CNSE, which is why the present work uses the well-known open-source-tool
OpenFOAM as a foundation for developing an ENSE solver. It is pointed out that the advantage of
being able to discretize certain terms implicitly and define additional diffusion face-flux fields leads to
a huge performance gain in this case. Using a simple microchannel test case, the results are verified
against analytical formulas.

© 2023 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/).
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1. Motivation and significance

Common fluid flows are described using continuum approa-
hes. The classical Navier–Stokes equations (CNSE) describe the
onservation of mass, momentum and energy of a continuum.
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While this is viable from a macroscopic point of view, they
fail to accurately predict gas flows through channels with small
geometries and/or for rarefied-gas-flows. These kind of flows
usually have Knudsen numbers above 0.001, which means that
the continuum approach is not valid anymore and the medium
has to be described as an ensemble of particles. That comes
with disadvantages like a high computational effort, giving the
motivation to use the CNSE and modify it to efficiently model
such flows. One approach is the so called bi-velocity model by
Brenner [1,2], which defines two conceptually different veloc-
ities. A numerical implementation of this model based on the
OpenFOAM solver rhoCentralFoam was done by Christou and
Dadzie [3]. Along with the use of Maxwell slip boundary condi-
tions the results fit perfectly with the experimental data of Ewart
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Fig. 1. Three hypothetical planes separated by a distance of the mean free path λ. Particles travel with ū from the upper and the lower plane in any direction.
ecause ρ is higher on the upper plane, statistically more particles will travel from there to the middle plane.

t al. [4] for mean Knudsen numbers of up to 80. However, it
omes with a few disadvantages: In order to obtain a convergent
imulation of shock waves it was necessary for Greenshields and
eese [5,6] to include mass diffusion in the continuity equation.
ame authors also pointed out the insufficient physical reasoning
uring the derivation. Another promising approach is based on
irst principles and was followed by Durst et al. [7–9]. Hereby
he kinetic theory of gases is used to extend the CNSE by new
erms to take self-diffusion of mass into account. In the present
ork, a solver for these extended Navier–Stokes equations (ENSE)

s implemented in OpenFOAM and verified for a simple test case.

.1. Theoretical foundation

It is argued in the approach of Durst et al. [7–9] that the
onditions that appear in microchannel gas flows give rise to
igh pressure gradients, which cause a self-diffusive mass flux. In
he following section, the derivation of this ENSE is shown very
riefly. For a detailed derivation see Sambasivam [10]. Transient
nd gravity terms are not considered in the present work.

.1.1. Diffusive transport of mass
The diffusive transport of a conserved quantity in an ideal

as can be explained based on the kinetic theory of gases. Ac-
ordingly, the gas is composed of particles which are moving
venly distributed into any direction, elastically collide with each
ther and travel by a distance of the mean free path λ between
ollisions. The velocity distribution is given by the Maxwell–
oltzmann distribution, from which a temperature dependent
ean molecular velocity ū can be derived. Fig. 1 shows three
ypothetical planes separated by a distance of the mean free path.
f either the density/pressure or the velocity/temperature on the
pper or lower plane is different, the resulting mass flux in the
iddle plane is not zero. From those considerations a diffusive
ass flux (density) ṁD at any location can be derived for an ideal
as [10]:

˙
D

= −µ

(
1
p
∇p −

1
2T

∇T
)

. (1)

With the pressure p, temperature T and the viscosity µ. By
dividing it by the density ρ the diffusive velocity can be obtained:

uD
=

ṁD

. (2)

The total velocity u shall be now the sum of the classical con-
vective velocity uC and the newly derived diffusive velocity uD

u = uC
+ uD. (3)

Inserting this expression in the stationary form of the classical
continuity equation yields the extended continuity equation:

∇ ·
(
ρuC)

= −∇ · ṁD, (4)

where the term on the RHS is new compared to the classical
equation.

1.1.2. Diffusive transport of momentum
In a similar way an extended shear stress tensor can be derived

when the mass flux is initially weighted with the convective
velocity uC :

τENSE
= −µ

(
∇uC

+ (∇uC )T
)
+

2
3
µ∇ · uC I

+ ṁDuC
+ uCṁD

−
2
3
ṁD

· uC I, (5)

where terms that include the unity matrix I are related to the
fluid’s compressibility. The first three terms are a known part
of the classical Newtonian shear stress tensor, while the last
three terms are newly derived and represent the transport of
momentum by mass diffusion. The extended shear stress tensor is
now inserted into the stationary CNSE momentum conservation
equation:

∇ ·
(
ρuCuC)

= −∇p − ∇ · τENSE . (6)

1.1.3. Diffusive transport of energy
Following the same procedure a diffusive transport of heat q̇D

can be derived:

q̇D
= −κ∇T + ṁDe. (7)

Hereby κ represents the thermal conductivity. With CV being
the specific heat capacity at constant volume, it is calculated as
κ = CVµ. The first term is the (classical) Fourier heat transport
and the second term the additional self-diffusive heat transport.
The heat flux in the classical conservation equation for internal
energy e is now simply replaced by this expression. However,
for compressible flows it is common to solve a conservation
equation for the total energy EC , which is the sum of the internal
ρ

2
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nergy e and the kinetic energy EC
kin. The conservation equation

or the latter can be derived by first multiplying the momentum
onservation Eq. (6) by the convective velocity uC . Now, by adding
he equations for e and EC

kin, the extended total energy equation
an be obtained:

· (ρuCEC ) = −∇ · q̇D
+EC

kin∇ ·ṁD
−∇ · (puC )−∇ · (τENSE

·uC ). (8)

2. Software description

The solver rhoSimpleFoam of the open source CFD software
package OpenFOAM v2006 is used as a foundation for numerically
solving the stationary form of the ENSE, i.e. Eqs. (4), (6) and
(8) for the unknowns p, uC and e, respectively. Originally, this
as conceived as a sequential, pressure-based solver for the
tationary, compressible CNSE that uses the SIMPLE algorithm
or pressure–velocity coupling. See Moukalled et al. [11] for a
etailed explanation of the algorithm. Accordingly, for each flow
ariable a system of equations is solved separately and by doing
uter iterations the components are coupled in an explicit man-
er. In contrast, several works regarding stationary simulation of
icrochannel flows have been done using rhoCentralFoam [3,12,
3], a transient, sequential and density-based algorithm that uses
central flux evaluation scheme, originally developed for solving
igh-speed flows [14]. However, as microchannel flows are usu-
lly subsonic, this solver could be highly ineffective [15,16]. The
resent section explains how rhoSimpleFoam is modified in order
o efficiently solve the ENSE. Crucial part of the solver process is
he assembly of the system of linear equations, i.e. the coefficient
atrix and a source vector for each equation that has to be solved

Step 2, 3, 4, 6 and 7 in Fig. 2). There are generally two ways of
iscretizing a spatial operator such as divergence or laplacian:

• Implicitly: Matrix coefficients are formed, this being gen-
erally the preferred way. Practically it can be achieved by
using operators from the fvm namespace within the Open-
FOAM framework.

• Explicitly: The discretization is done by taking values from
previous outer iterations. Hereby values of the source vec-
tor are built. Usually this requires more outer iterations
and underrelaxation in order to be stable and converge.
Corresponding operators lie within the fvc namespace of
OpenFOAM.

The applicability of the implicit operators is limited and it re-
quires a bit more insight into how they work in order to use them
properly. According to the OpenFOAM Programmers Guide [17]
the fvm::div operator works in the following way: After inte-
grating ∇·(Ψφ) over a control volume VKV , applying the Gaussian
rule and approximating the surface integrals one obtains∫
VKV

∇·(Ψφ) dV =

∮
∂VKV

φΨ ·dS =

∑
f

φf
(
Ψ n−1

f · S f
)

=

∑
f

φf Φ
n
f ,

(9)

where Ψ is an arbitrary vector and φ the variable that is being
solved for. The face-flux Φn

f =
(
Ψ n−1

f · S f
)
is evaluated by using

values from the previous outer iteration n − 1. The interpolation
f φ to face f of the control volume forms coefficients in the solu-
ion matrix, which get weighted with Φn

f . The fvm::laplacian
operator works in a similar way:∫
VKV

∇ · (Γ ∇φ) dV =

∑
f

Γ n
f (∇φ)f · S f , (10)

here Γ is a scalar. As shown in Table 1 several new terms of
he ENSE are now discretized with these approaches. It should be

noted here that by expanding ∇ ·
(
ṁDe

)
this can be done in both

ways at once for the energy equation:

∇ ·
(
ṁDe

)
= −∇ ·

[(
µ

p
∇p

)
e
]

+ ∇ ·

(µe
2T

∇T
)

= −∇ ·

[(
µ

p
∇p

)
e
]

+ ∇ ·

(
µCV e
2eCV

∇e
)

= −∇ ·

[(
µ

p
∇p

)
e
]

+ ∇ ·

(µ

2
∇e

)
. (11)

The remaining new terms are discretized explicitly with corre-
sponding operators from the fvc namespace. For an understand-
ing of the discretization of the classical terms and OpenFOAM
numerics in general also see Holzmann [18]. Special care is taken
of the pressure equation, where the matrix assembly of ∇ · ṁD

has to be separated from the CNSE part (Step 6 and 7 in Fig. 2),
as the convective flux would be otherwise corrected wrongly
by the SIMPLE solution algorithm. Furthermore, the face normal
component of ṁD is constrained to zero on the wall bound-
aries (Step 3 and 14 in Fig. 2). Hereby a diffusion through walls
caused by a temperature gradient is prevented, which could occur
when there is a constant temperature or a fixed heat flux as a
boundary condition for the walls given. Fig. 2 shows the flow
chart of the entire solution algorithm. The new solver is named
rhoSimpleEnseFoam.

3. Illustrative example

Maurer et al. [19] performed experiments of a pressure-driven
Helium flow through a rectangular microchannel for outlet Knud-
sen numbers of up to 1.5. Much higher mass flow rates than
predicted by the CNSE could be observed. As proven by Samba-
sivam [10] the difference comes from the missing self-diffusive
mass flux terms within the CNSE. Furthermore, in this case there
are some characteristics of the ENSE solution regarding the pres-
sure and velocity profiles that can be described by means of
analytical formulas. These are now taken to verify the present
OpenFOAM solver for this test case. Geometry, boundary condi-
tions and material properties used are shown in Fig. 3 and Table 2.
Originally they were adapted from Maurer et al. [19] with the
exception of the channel height, which is taken to be 1.2 µm.
Second-order discretization schemes are used for all terms. As
this is an isothermal test case, solving the energy equation is
omitted. It is felt that the extremely high aspect ratio causes gen-
eral instabilities, especially with the unmodified rhoSimpleFoam.
Therefore, convergence is achieved once the residuals drop below
1 · 10−4. The case is run on one core. A meshing with 500 × 15
quadrilateral cells was found to be sufficient.

3.1. Performance observations

Depending on the pressure–velocity coupling algorithm, a
meshing with 500 × 15 cells requires an underrelaxation of the
density with αρ = 0.01 (between Step 13 and 14 in Fig. 2)
in order to achieve convergence, when the case is run on the
isothermal version of the rhoSimpleFoam (CNSE) solver. Interest-
ingly, the convergence is more easily achieved with the present
rhoSimpleEnseFoam (ENSE) solver, where no such underrelax-
ation is required and the residuals can drop without any oscil-
lations below 1 · 10−6. Hereby it can be also observed that the
implicit discretization of the pressure dependent part of ∇ · ṁD

is crucial for a performance gain compared to a purely explicit
discretization of the new terms, i.e. by using only operators from
the fvc namespace. Doing the latter would make an underre-
laxation of the pressure with αp = 0.0002 (Step 12 in Fig. 2)
necessary, which in turn increases the number of iterations to
3
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Fig. 2. Flowchart of the rhoSimpleEnseFoam solver algorithm. Orange colored parts are either modified or completely new compared to rhoSimpleFoam. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)
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Fig. 3. Geometry and boundary conditions for the verification test case. The subscripts denote an arbitrary surface patch element on the corresponding boundary,
while n is the surface normal unity vector.

Table 1
New terms of the ENSE that are discretized implicitly.
Equation φ Term OpenFOAM operator Γ n

f /Φ
n
f

Continuity (4) p ∇ ·

(
−µ

p ∇p
)

fvm::laplacian
(
−

µ

pn−1

)
f

Momentum (6) uC
∇ ·

(
uC ṁD

)
fvm::div ṁD,n−1

f · Sf

Energy (8) e −∇ ·

[(
µ

p ∇p
)
e
]

fvm::div
(
−

µ

pn−1 ∇pn−1
)
f
· Sf

∇ ·
(

µ

2 ∇e
)

fvm::laplacian
(

µ

2

)
f

Table 2
Material properties for the microchannel test case [10] and OpenFOAM solver
parameters.
Parameter Simulation Maurer et al. [19]

Channel height H = 2h [µm] 1.2 1.14
Width [µm] 200 200
Length L [mm] 10 10
Domain temperature [K] 293 293
Gas Helium Helium
Gas constant [

J
Kg K ] 2077 2077

Gas viscosity [10−5 Pa s] 1.99 1.99
Outlet Knudsen number Knout 1.509 1.509 − 0.179
Iterative solver — pressure equation GAMG –
Iterative solver — momentum equation PBiCGStab –
Iterative solver — energy equation PBiCGStab –

achieve convergence by a factor of around 3.3. This is broadly in
agreement with the findings of Sambasivam [10], who employed
User-Defined-Functions (UDF) in ANSYS Fluent for solving the
ENSE. He attributed the bad convergence behavior in case of
large Knudsen numbers to the fact that the new terms are only
implemented as source terms. Fig. 4 shows the graph of the
residuals for each of the mentioned solvers.

3.2. Verification of the results

The pressure profiles along the channel length in Fig. 5 from
oth the CNSE and ENSE solver are plotted together with the an-
lytical ENSE solution, derived by Jaishankar and McKinley [20]:

(x1) = P

√
W

[
exp

(
−

p2out
P2

(
p2in
p2out

− 1 +
P2

p2out
ln

(
pin
pout

))
x1
L

p2in
P2 + ln

(
p2in
P2

))]
,

(12)

with W being the Lambert W function and P = µ
√
3RT/h the

characteristic pressure. ENSE numerics and analytics are in good
agreement, yet a small deviation is visible. This might be due
to the simplifications that were made during the derivation of
Eq. (12). It can be observed that the CNSE solution has a concave
downward curvature. As the pressure and therefore the density
decreases towards the outlet, the velocity has to increase because
the mass flow rate has to be equal at all positions in the channel.
This causes the shear forces and hence the local pressure-drop
to rise towards the outlet. On the other hand, the solution of
the ENSE is curved upwards. It can be deduced from Eq. (1) that
a decrease of pressure causes an increase of the self-diffusive
mass flux, which leads to a decreasing convective flux because
the continuity equation has to be fulfilled. Since the convective
mass flux is a result of local pressure gradients, their magnitude
decrease towards the outlet as well. This behavior is just the case
in areas where the diffusive mass flux is the dominant driving
mechanism of the flow. In regions where the convective flux
would dominate, the curvature is concave downward here too as
it was proven by Sambasivam [10].

The profile of the velocity profiles obtained with rhoSimple-
Foam (CNSE) and the present rhoSimpleEnseFoam (ENSE) at two
different locations in the channel is plotted over the cross section
in Fig. 6 along with the following analytical solution (ENSE) [10]:

u1(x1, x2) = −
1
2µ

∂p
∂x1

(h2
− x22) −

µ

ρ

(
1
p

∂p
∂x1

)
, (13)

where the first part represents the parabolic profile of the convec-
tive velocity and the last term is the block profile of the diffusive
velocity. Analytics and numerics fit very well. The total ENSE-
velocity has a slip-like offset caused by the diffusive velocity. As
already mentioned, the ratio uD/uC tends to increase towards the
outlet as the pressure drops. Furthermore, uD is constant along
5
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Fig. 4. Graph of residuals for the different solvers used in the test case plotted over the number of outer iterations. The explicit implementation requires a heavy
underrelaxation of the pressure.

the cross section of the channel because the pressure gradient
does not change there either.

4. Impact and conclusion

An OpenFOAM solver for the ENSE by Durst et al. [7–9] has
been implemented in this work. The OpenFOAM source code

allows the implicit discretization of several of the new terms.
This results in a far better performance than with a purely ex-
plicit discretization. Using a simple test case with a rectangular
geometry the results have been verified against analytical for-
mulas. However, as this is just an isothermal test case with a
simple geometry, deeper investigations for performance and ac-
curacy would require a more sophisticated case. Nevertheless, the
6
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Fig. 5. Pressure profiles plotted over the channel length x1 . Comparison between rhoSimpleFoam(CNSE), rhoSimpleEnseFoam(ENSE) and analytics(ENSE).

Fig. 6. Profile of the velocity components plotted over the channels cross section at the middle of the channel at x1 = 5 mm (left figure) and at the outlet at
x1 = 10 mm (right figure), obtained from rhoSimpleFoam(CNSE), rhoSimpleEnseFoam(ENSE) and analytics(ENSE).

solver gives a starting point to anyone who wants to numerically
investigate these equations. Possible areas of interest could be
thermal transpiration [10], thermophoresis [10], cold-to-hot heat
transfer [21,22], flows involving more complex geometries and –
although it might require a density-based approach – hypersonic
shock structures [5,6]. Furthermore, the solver can be extended
by the use of Maxwell slip boundary conditions and models for an
effective mean free path [12,23,24] in order to efficiently simulate
gas flows with Kn ≫ 1.
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