
This work focuses on the evaluation of the acoustoelastic constants (AEC) using Ray-
leigh waves (RW). These constants represent the state of the microstructure of the 
material on macroscopic level and are therefore very sensitive to changes in micro-
structure. They are used as input parameters to determine the residual stress level 
with acoustoelastic measurements.

The comparison of different measurement strategies and the investigation of the 
possibility to create an in-situ method to measure the AEC near the surface using 
the nonlinear interaction of two Rayleigh waves are the main contributions of this 
work. Nonlinear interactions between elastic waves are considered as a prospective 
mean for in-situ determination of local near-surface nonlinear elastic parameters. 
The permissible interactions between bulk and surface waves were investigated 
using an analytical model and then compared with experimental results and avail-
able FEM simulations.
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Abstract

In-field surface treatment intensity monitoring is still an open and challenging nondestruc-

tive testing problem. The main issue for the determination of residual stress levels by elec-

tromagnetic or ultrasonic measurements is the change in themicrostructure of the treated

material during processing and operation, which makes it impossible to uniquely relate the

measured quantities (changes in conductivity, Barkhausen noise or elastic wave velocity)

to variations in the stress-strain state.

This work is focused on the evaluation of acoustoelastic constants (AEC) by means of

surface acoustic waves (Rayleigh waves, RW). These constants represent the state of the

material’s microstructure, and are thus very sensitive to variations in it. Moreover, these

parameters are needed for the determination of the residual stress level with acoustoelas-

tic measurements. Comparison of different testing strategies (direct measurement of RW

AEC on the surface and mapping from the bulk wave AEC values), as well as investigation

of the possibility of creating an in-situ method for measuring AEC near the surface using

the nonlinear interaction of two Rayleigh waves are the main contributions of this work.

In order to assess the current level of measurement precision and to analyse the im-

provement possibilities, a series of experiments were carried out to measure bulk wave

and surface wave acoustoelastic constants for untreated and treated materials. Several

automated procedures and algorithms have been developed and applied to increase the

robustness of the extraction of the measured parameters, also allowing the collection of

the necessary data.

The indirect (mapping of bulk wave AEC to the surface wave AEC through the Grüneisen

constants) and the direct method are compared for the different states of material (an-

nealed, plastically deformed, surface treated) for the In718 and Ti6246 alloys. It is shown

that mapping between bulk and surface wave acoustoelastic constants is not matching up,

therefore the direct AEC measurements should be used for the stress-strain state evalua-

tion in the vicinity of the surface. In addition, it is shown that surface AEC are very sensitive

to any changes in material structure up to change in the sign of the effect, and for the prac-

tical application a direct in-situ Rayleigh wave AEC measurement should be performed.

Nonlinear elastic-wave interactions (also called wave mixing or scattering) — namely, the

generation of secondary ultrasonic waves in a nonlinear medium — are considered as a

prospective mean for near-surface nonlinear elastic parameter evaluation. The allowed in-

teractions between bulk and surface waves, as well as the dependence of the scattering

efficiency on the frequency and angle between source waves, were investigated through

an analytical model, then compared with the experimental results and available FEM sim-

ulations. Finally, possible future steps for the development of the applied methods for the

determination of near-surface higher-order elastic constants are discussed. In addition, a

number of problem-specific numerical routines and algorithms have been developed and

successfully applied. In conclusion, several proposals for the future experiments are given

and briefly discussed.





Acronyms

ADC Analog-Digital Converter

AEC AcoustoElastic Constant

ANP Acoustic Nonlinear Parameter

BW Bulk Wave

DSP Digital Signal Processing

FEM Finite Element Modelling

FFT Fast Fourier Transform

HPF High-Pass Filter

HUGO High precision Ultrasonic GOniometer

In718 Ni-Cr19-Fe19-Nb5-Mo alloy

LDV Laser Doppler Vibrometry

LUT Laser Ultrasonic Testing

OLS Ordinary Least Squares fit

RANSAC RANdom SAmple Consensus

RW Rayleigh Wave

SAW Surface Acoustic Wave

SNR Signal-to-Noise Ratio

SOEC Second-Order Elastic Constant

STFT Short-Time Fourier Transform

Ti6246 Ti-6Al-2Sn-4Zr-6Mo alloy

TOEC Third-Order Elastic Constant

TOF Time Of Flight
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1 Introduction

Since the begin of the era of aeronautics, the aerial vehicles and parts of its structures have

always been among themost outstanding examples of the application of latest advances of

the structural design, novel engineering approaches, advanced materials and production

technologies and methods. Limiting to aviation, the design of the propulsion system was

always at the frontiers of the theoretical and applied mechanics and materials science,

demanding for the state-of-the-art manufacturing precision and outstanding fatigue life.

In particular, more than seventy years of development of gas turbine engines combined

all of the available innovations all of aforementioned research fields. This could be ex-

plained by the harshest conditions under which the gas turbine elements are built to

last: loads, temperature, pressure, vibrations and centrifugal forces. According to [Mee81;

Kof04], the evolution of the jet engine structural design went into three main sections:

application of newmaterials and material processing methods, active cooling and heat iso-

lation.

Among the material processing methods applied for the enhancement of the efficiency

and reliability of gas turbine engine structural elements, such as compressor and turbine

discs and blades, one can highlight the surface treatment operations, namely the shot

peening, laser shock peening and deep rolling. Those techniques are applied in many in-

dustries in order to improve the structural elements operational lifetime. The core of all

those methods is the modification of the outer layer of metal, in order to induce the com-

pressive residual stresses, which significantly improves the high-cycle fatigue properties

[Sch14]. This effect is directly dependent on the intensity and the state of the treatment

[Wag99].

The goal of the surface treatment operations, considered in this work (namely the shot

peening, laser shock peening, low plasticity burnishing) is the introduction of compressive

residual stress in a thin (0.1 – 0.5mm) surface layer. These methods are used for enhance-

ment of the expected fatigue life of critical structural components: an induced compressive

stress layer suppresses the initiation and growth of a crack under (cyclic) tensile load, there-

fore improving the overall fatigue performance [Sch06]. As an example, such a treatment

is used in the production chain of blade discs for gas turbines, which are exposed to high

temperatures and to high centrifugal tensile stresses. Components in the hot part of the

gas turbine engine (turbine discs and blades) are operating under the temperatures up

to 600
◦
C [Pre06], which creates the potential for the thermal annealing or release of the

induced compressive stresses.

Ultrasonics is one of the standard methods for non-destructive testing (NDT) and ma-

terial studies [Bra96]. However, despite several decades of intensive research, a robust

method for in-situ residual stress evaluation using the UT measurements is yet to be de-

9



1 Introduction

rived. In this contribution the current state-of-the-art research in this topic have been as-

sembled, and the existing limitations for the commercial application of ultrasonic measure-

ments for the evaluation of surface treatment intensity have been outlined. Moreover, a

prospective supplementary experimental design, based on the properties of nonlinear in-

teraction of ultrasonic waves in a solid, is presented and its applicability is evaluated using

the commercially available equipment. Such measurements are one step further towards

the in-situ evaluation of nonlinear elastic parameters in a thin surface layer, which are cru-

cial for the residual stress evaluation. In addition, a comprehensive set of processing tools,

such as Digital Signal Processing (DSP) algorithms for the robust extraction of relevant pa-

rameters is presented. Last but not least, an extensive series of analytical simulations was

performed to optimize the layout of experiments, and to interpret the outcomes.

1.1 Short overview of available methods for surface treatment

evaluation

100 nm 1 µm 10 µm 100 µm 1 mm 10 mm

Spatial resolution

Surface

1 µm

10 µm

100 µm

1 mm

10 mm

10 cm

1 m

Synchrotron diffraction

X-ray diffraction

Hole drilling

Barkhausen

Ultrasonic

Neutron

diffraction

Contour

method

Sectioning

Deephole

drilling

Figure 1.1: Typical penetration depth and the spatial resolution of the various residual

stress measurement techniques (from [Ros12; Sch14]). The destructive meth-

ods are colored.

The estimation of residual stresses is a subclass of the general stress-strain state evalu-

ation problem. Surface treatment, i.e. shot peening, is a mature industrial procedure (first

reports on the beneficial effect of the shot peening on fatigue life date back to at least 1938

[Pla83]). Since then a large number of laboratory and destructive methods for measuring

residual stresses have been developed to assess the stress-strain state during and/or after

operations. According to [Ros12; Sch14], residual stress measurement methods could be

depicted according to their spatial resolution and penetration (Figure 1.1). Below is a brief

description and basic principle of the most common ones.
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1.1 Short overview of available methods for surface treatment evaluation

1.1.1 Existing procedures: production, destructive and laboratory methods

Almen stripes

The first prototype for the procedure to evaluate the intensity of the treatment was in-

troduced in 1942 by J.O. Almen (U.S. Patent 2350440A), and based on measurements on

standardized metal stripes, treated with the same process (i.e. beads size, energy, inten-

sity), as the structural element under test. Under the action of compressive stresses, the

strip deforms into an arc, the bending profile of which can be measured with an Almen

gauge. This method also gave its name to the technical unit of treatment intensity.

Destructive methods

The principle underlying the destructive methods of residual stress assessment (slitting,

layer removal, hole drilling and contouring) is relaxation measurements. By observing

the redistribution of the field of deformations (change in shape of the specimen) induced

by controlled removal of material portions or drilling, and comparing it with an analyti-

cal/numerical solution, the stress-strain state of the original specimen can be restored.

Diffraction methods

The other branch of methods, namely diffraction methods, are mainly used as reference

laboratory methods. The principle may be described as follows: electromagnetic radiation

(typically, X-rays) or neutrons penetrates the surface layer of amaterial with a regular lattice

(penetration depth in the range of 0.05-100mm, depending on photon/particle energy and

material) and then re-radiate according to Bragg’s law:

nλ = 2d sin(θ) (1.1)

By extraction of the lattice parameter d, one can estimate the absolute residual or applied

strain. Though some portable X-ray solutions are available on themarket, their applicability

is restricted with the limited output beam energy, and therefore the maximum penetration

depth.

It should be mentioned, that both measurement methods are linked directly with the

measurements of the strain. The mapping from the strain levels to the stress evaluation

is done usually either with using of the literature values of linear elastic properties of the

material, or through an additional calibration procedure [Ast].

It is also worth mentioning other state-of-the-art laboratory approaches, namely the use

of indentation measurements [Car01] and electron backscatter diffraction [Chi11] to char-

acterise the residual stress caused by the surface treatment.

1.1.2 Development of the in-situ NDT methods

In comparison with the laboratorymethods, conventional quantitative nondestructive eval-

uation (NDE) methods, in particular electromagnetic and ultrasonic testing, are either ap-

plicable for ferromagnetic metals only, or still found themselves at the development stage.

Electromagnetic methods: overview

The characteristics of electromagnetic (EM) field propagation in various materials (conduc-

tive and non-conductive, ferromagnetic and non-ferromagnetic) are widely used in nonde-

structive testing [Bra96]. The basic principle behindmagnetic and eddy current methods is

11



1 Introduction

as follows: a sample is placed in an EM field generated by a permanentmagnet/electromagnet

or eddy current coil and a response is measured using another coil circuit with a specific

shape and frequency close to the specimen surface which is sensitive to changes in the

magnetic and electrical properties.

Magnetic flux leakage measurements for ferromagnetic materials, for example, consist of

a permanent magnet or electromagnet, and magnetic flux detector (e.g. a Hall element or

an induction coil), and typically suitable for detecting changes in the magnetic field associ-

ated with cracks or flaws in a specimen. Later a similar setup was used to measure residual

stresses using Magnetic Barkhausen noise.

Magnetic Barkhausen Noise

Magnetic Barkhausen Noise (MBN) measurements use the sensitivity of the "macroscopic"

magnetic hysteresis loop and related time-averaged parameters associated with themove-

ment of multigrain domain walls under an external magnetic field in the presence of ma-

terial degradation and/or internal stresses. This effect has been known for almost a cen-

tury [Tyn27]. These parameters can be detected either by using a non-contact sensor

coil (magnetic Barkhausen emission) or by using a contact piezoelectric sensor (acoustic

Barkhausen emission) by placing the sample in an external alternating magnetic field. Nat-

urally this method is only applicable for ferromagnetic metals (i.e. non-austenitic steels).

The maximum penetration depth is usually limited to a few millimetres and the maximum

measurable stress levels are limited to 300-400 MPa [Gau98; Sch14].

Eddy Current

In general, eddy current testingmethodsmeasure the local variations of conductivity/resistance

and magnetic permeability properties in the vicinity of the specimen surface and can be

applied to any electrically conductive material.

Over the last 20 years significant research efforts have been devoted to the development

of surface treatment monitoring methods using eddy current [Zil01; Blo04; AN10b; AN10a;

Mad10; Hil10; Bot18]. The dependence of the conductivity tensor [σ] on the elastic stress

[τ] can be described as follows [Blo04]:




σ1

σ2

σ3



 =




σ0 0 0

0 σ0 0

0 0 σ0



 +




K! K⊥ K⊥
K⊥ K! K⊥
K⊥ K⊥ K!








τ1

τ2

τ3



 (1.2)

where σ0 denotes the electrical conductivity of an isotropic body in the absence of stress

and K! and K⊥ are electroelastic coefficients, parallel and normal to the stress direction,

respectively. Through the calibration measurements of the Apparent Eddy Current Con-

ductivity (AECC) variation under the uniaxial stress, the effective electroelastic coefficient,

or

δσ0

τ1

= K0 = 1

2

(K! + K⊥) (1.3)

can be estimated. As these coefficients are material-specific and are not widely available

in the literature, they usually have to be measured before a test. This fact, as well as the

sensitivity of the coefficients to processing intensities, considerably limit the application of

EC-measurements for superalloys.
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1.1 Short overview of available methods for surface treatment evaluation

Eddy Current Induced Thermography

Over the last 20 years, advances in infrared (IR) camera development and the resources

available for thermographic image processing have opened up a wide range of applications

for infrared non-destructive testing stimulated by various heat sources (i.e. flash [Wan18],

resonant vibration excitation [Sol15] or eddy currents [Tia16]). Along with enhanced data

processing capabilities (resulting in increased lateral/depth resolution) due to full-matrix

recording of thermal field evolution, a particular advantage of eddy-current pulse ther-

mography (ECPT) is the possibility to quantify both the electrical and thermal properties

of the material under study, through its ability to decompose the Joule heating (or resis-

tance/conductivity) and heat diffusion, according to Fourier’s law [Yin13]. The dependence

of the thermal properties of a material on its stress-strain state has not found wide applica-

tion in NDE. However, there are several theoretical and experimental works providing the

relation between mechanical and thermal properties of the medium [Ros84; Tri04; Bai].

Here a brief idea from [Ros84] is given.

The thermal conductivity λ in metal can be represented as the sum of two components:

λ = λe + λf (1.4)

where λe is the electronic thermal conductivity and λ
f
is the phonon (lattice) thermal

conductivity. The first term is prevailing in pure metals at room temperature. The heat

carriers (electrons and phonons) can be scattered by impurities, phonons or electrons.

Therefore, the thermal resistivity We = 1

λe

can be written as

We = We0 +Wef
+Wee, (1.5)

where the terms on the right refer to impurities, phonons and electrons, respectively. At

relative high temperatures (T ∼ 300K), We is dominated by electron-phonon scattering,

which could be approximated according to the Wiedemann-Franz law:

W
ef

= ρe

L0T

(1.6)

where ρe is the electrical resistivity, which depends on the elastic stress through the piezore-

sistive (or electroelastic) effect [Ros84; Mor10].

Up to now, currently available infrared cameras do not yet meet the accuracy and sen-

sitivity requirements for detection of small (less than 1%) variations in thermal/electrical

properties in thin layers. However, with the further proliferation of infrared cameras, this

challenge may become solvable. The required sensitivity and frame rate should be at least

in the range ∼ 5-15 mK at 100 Hz respectively, which until now is achievable for high-end

IR cameras with a cooled photon detector.

Ultrasonic Testing

The acoustoelastic effect, or the dependence of the velocity of propagation of the ultrasonic

wave on the level of stress (strain) of the medium, makes it possible to characterize stress

by means of ultrasonic testing.

Practical applications of the acoustoelastic effect may consist of either extended charac-

terization of materials by measuring higher order elastic constants at known stress levels,

or by evaluating the strain and stress levels (applied or residual), having the necessary in-

formation about the nonlinear material properties (Fig. 1.2).

The limited number of available experimental values for nonlinear elastic constants de-

pending on a large number of parameters (e.g. plastic deformation, surface layer erosion

13
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Figure 1.2: Acoustoelastic effect connects the variation in stress level with the variation in

ultrasonic wave propagation velocity through the nonlinear properties of mate-

rial (AECs or TOECs).

and annealing) seriously limit the potential practical application of the acoustoelastic ef-

fect. Also an important limitation is the lack of an engineering model describing the de-

pendence of nonlinear elastic constants, on microstructure changes also associated with

surface treatment and harsh operating conditions.

1.1.3 Comparison of the methods and objectives of current work

Considering the different approaches available for measuring residual stresses and their

limitations (Table 1.1), ultrasonic inspection is one of themost promising tools for the devel-

opment of in situ industrial residual stress control method, due to its relatively low equip-

ment cost, advanced theoretical basis, non-contact measurement capability with Laser Ul-

trasonic Testing (LUT), and high signal-to-noise ratio for immersion testing.

Since the determination of nonlinear elastic parameters (Rayleigh Wave (RW) AcoustoE-

lastic Constant (AEC)) at the material surface is the main difficulty for the practical applica-

tion of the acoustoelastic effect to assess residual stresses, the main objective of this work

is to compare available methods for its assessment, their accuracy and applicability, and

to develop a new in-situ method using the nonlinear elastic wave interaction effect.

In this work the accuracy of AEC determination by means of direct and indirect measure-

ments for relevant materials is evaluated using the large amount of gathered experimental

data. An important part of the work is the analytical and experimental analysis of the ap-

plication of non-linear surface elastic wave interaction to determine RW AEC, performed

for the first time. To improve the accuracy and reliability of the extraction of measured

quantities, a number of problem-specific automatic and semi-automatic procedures and

algorithms have been developed, tested and successfully applied to the experimental and

available FEM data.
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1.1 Short overview of available methods for surface treatment evaluation

Method Precision

(∼% of

yield

stress)

Penetration

depth

Works best for Has limitations with

Splitting 10-25% Specimen

thickness

Routine comparative quality

control

Nonuniform and

untypical stresses

Sectioning 5-15% Specimen

thickness

Specimens with

regular-shaped geometry

Challenging

calculations for

multiple sectioning

Stoney

Equation

3-10% Layer

thickness

Thin layers on flexible beams Determining layer

thickness

accurately

Layer Re-

moval

5-15% Specimen

thickness

Flat plates and cylinders of

uniform thickness

Subject to

measurement drift

Hole

Drilling

5-15% Up to 2 mm Near-surface measurements

of in-plane stress

Max. stress=70%

yield

Deep Hole

Drilling

3-10% Specimen

thickness

Large components Compromised by

plasticity

Slitting 3-10% Specimen

thickness

1D perpendicular stress in

prismatic shaped specimens

Non-uniform

across width

stresses

Contouring 3-10% Specimen

X-section

2D perpendicular stress in

prismatic shaped specimens

Cutting accuracy,

problems for

near-surface

X-ray

Diffration

∼20MPa <0.03 mm Near surface measurements

on crystalline materials

Variations in grain

structure and

surface texture

Synchrotron

Diffraction

∼50MPa >5 mm Deeper non-destructive

measurements than X-ray

Requires

synchrotron and

zero-stress

refrerence

Neutron

Diffraction

∼50MPa 25 mm

(Steel)/100

mm (Al)

Deeper non-destructive

measurements than

Synchrotron

Requires neutron

radiation source

and zero-stress

reference

Magnetic

BNA

>25MPa 1 mm Ferromagnetic materials only Material-specific

calibration

Ultrasonic >25MPa 1-20 mm Low-cost comparative

measurements

Material-specific

calibration

ThermoelasticQual. var. Low-cost comparative

measurements

Not quantitative

Photoelastic 5-15% Specimen

thickness

Full-field measurements in

transparent materials

Transparent

materials, not

quantitative

Indentation Qual. <1 mm Comparative measurements Not quantitative

Table 1.1: From [Sch14]: Comparison of practical residual stress measurement methods

and their limitations.
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1.2 Ultrasonic testing: an overview

Ultrasonic testing is generally defined as the use of elastic waves with a frequency of 20

kHz or higher for non-destructive testing, in particular for detection of defects, for mea-

surement of element thicknesses and for determination of physical properties [Kra90]. The

following chapter presents a brief review of the development stages, current applications

and existing limitations of ultrasonic testing and evaluation methods.

The idea of ultrasonic testing of materials was first introduced by S. Sokolov in 1929,

who suggested using the characteristics of a continuous elastic waves to detect defects

in solid materials [Sok29]. However, it is believed that the first commercial pulse-echo

measurement systems were developed not earlier than 1943 simultaneously in the USA

(based on the work of F. Firestone) and in UK (D. Sproule) [Gra81].

Although the basic concept (pulse-echo or through-transmission test) for most applica-

tions remains the same to this day, advances in electronics and digital data processing

change the industry standards almost every decade. In 1952, for example, D.C. Erdman

patented an ultrasonic flaw detector that displayed an echo signal from a sample sub-

merged in water along the scanning axis on a cathode ray tube along the axes (space, time)

(patent US2593865A). With the further development of analog and digital experimental

equipment, the use of synthetic aperture radar and sonar imaging techniques, new types

of inspections became available. For example, the concepts of beam shaping, angular con-

trol and focusing, well known from radar theory, have been applied for the first time in the

form of a predecessor of the phased array ultrasonic transducer (PAUT) in 1954 [Bra54].

It took over fifteen years to reach the field of medical diagnosis and another fifteen years

to bring PAUT to industrial applications. Only in the last 25 years, linear and matrix phased

array ultrasonic transducers of various shapes have entered the broad non-destructive

testing market [Bra96].

The RCA Laboratories group seems to have been the first to demonstrate the applicability

of laser interferometry for detection and visualisation of ultrasonic waves [Mez74]. Later,

with the development of compact commercial Laser Doppler Vibrometry (LDV) (such as

Polytec, optomec and others), absolute displacement (or velocity or acceleration) measure-

ments became the de facto standard for remote non-contact ultrasonic measurements.

Not only the properties of bulk wave propagation have been utilized for NDT: the special

solution of the boundary value problem on the surface of an elastic solid body was theo-

retically predicted by Lord Rayleigh in 1885 [Ray85]. The first applications of RW, or Surface

Acoustic Wave (SAW), in the field of non-destructive testing date no later than 1954 [Coo54;

Min54]. Although they have been widely used inmicroelectronics in interdigital devices and

SAW filters since the 1970s, RW are still a niche solution for industrial non-destructive test-

ing.

Another family of elastic waves, namely guided waves (Lamb waves or plate waves) prop-

agating in thin plates and shells are also applied in the context of non-destructive testing

problems [Gri61; Bra96]. The commercial application of test systems based on guided

wave propagation characteristics began in the last decade of the XX century [Ros10].

1.2.1 Conventional ultrasonic testing

The most common industrial application of ultrasonic testing is non-destructive assess-

ment of the structural integrity of samples, structural elements and structures of metal

alloys, modern carbon and glass fibre reinforced composites, concrete, wood and many

other materials as well as evaluation of their mechanical properties. The main fields of

application and the corresponding methods can be categorised by the typical operating

frequency. Approximate frequency range of conventional ultrasonic testing methods is
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1.2 Ultrasonic testing: an overview

represented graphically in Figure 1.3.

In the "low frequency ultrasonic range" or around 15(20)-300 kHz, guided wave and air-

coupled UT testing methods are dominant. The propagation properties of guided waves

(Lamb waves or plate waves) depend on both elastic and geometric properties of the struc-

ture under test. Up to now themain (and still mostly promising) applications are the inspec-

tion of pipelines, rails and plates [Pap08; Oli21]. Although guided waves have the unique

feature of propagating tens of metres along a structure, many practical issues such as re-

liable excitation and problems of interpreting the real signal still remain open [Ros10].

Air-coupled ultrasonic methods have an immediate and obvious advantage over other

methods. The use of air as a couplant closes all the problems associated with the trans-

mission of the elastic pulse. However, the main limitation of air-coupled UT methods is

the significant mismatch of acoustic impedances of air and most of the materials, as well

as the strong attenuation of ultrasound in the air. This limits the use of ACUT mainly to

materials with low acoustic impedance (polymers reinforced with glass and carbon fibres,

wood, textiles and others) and to the frequency range 100-2000 kHz.

The most versatile and widespread area of ultrasonic inspection is contact and immer-

sionmethods. Here the problem of transmitting an elastic wave to the structure under test

is solved by using special gels or oils, or by direct immersion into a liquid (usually water).

When using a normal incident single element (pulse-echo), PAUT, or a pair of transducers

(through-transmission or pitch-catch) with normal incident or inclined transducers, the vast

variety of structural defects can be detected. This family of techniques is used to detect

fatigue cracks, inclusions or porosity, grain structure and weld defects, as well as for ma-

terial investigation and thickness measurements [Bra96]. Most of these applications are

performed in the frequency range 0.5-20 MHz.

10kHz 100kHz 1MHz 10MHz 100MHz

Guided waves

Air coupled UT

Contact/Immersed UT

Laser UT

SAM

f

Figure 1.3: Approximate operating frequency range of the conventional ultrasonicmethods

for industrial NDT. The frequency range of interest (Rayleigh wave penetration

depth of order of surface treatment depth) is indicated by grey.

Contactless high-frequency ultrasonic inspection is also possible using laser excitation

and detection. A high-power laser pulse (i.e. Ng:YaG) locally heats the sample surface, cre-

ating thermoelastic deformation and/or ablation or evaporation of a thin surface layer of

material. These factors generate an elastic pulse, which can be detected by a laser inter-

ferometer. The method has found application in testing composite and metal structures

and for in-line inspection of welding and metal rolling quality [Mon04]
1
.

At higher frequencies (around 20-200MHz, with existing extensions up to the GHz range)

scanning acoustic microscopy is widely used for various biological applications, quality

1
Another special case is the use of electromagnetic forces, namely magnetostrictive, Lorentz or Coulomb

forces, to generate elastic waves, is beyond the scope of this brief review.
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monitoring of integrated circuits and testing of composite materials with lateral resolu-

tion down to fractions of μm [KY93; Ary18]. Obviously, operating at high frequency has the

disadvantage of limiting the penetration depth (range μm to mm).

Most of these approaches are prone to similar drawbacks:

1. Fundamental physical constraints impose severe limitations on ultrasonic inspection:

trade-off between minimal resolution and penetration depth always arise due to the

properties of elastic wave propagation in all media.

2. Ultrasonic transducers only provide relative measures of pressure of elastic wave: re-

cord-ed amplitude in relative units and the time delay limits the potential application

(does not apply for the laser interferometry).

3. Most ultrasonic methods require coupling between transducer (transmitter and re-

ceiver) and the specimen surface, by introducing layer of couplant of an unknown

thickness that varies from point to point. This introduces an additional source of

uncertainty. Furthermore, the gel and oil can evaporate over time, which alters the

bonding conditions. Finally, dissolved gases, air bubbles and other inclusions can

affect the quality of immersion tests [Kra90].

4. A reliable interpretation of UT signals requires a higher average level of system op-

erator [Dgz]: standard UT training requires more time investment in comparison to

the other in-situ methods.

Despite all these limitations, ultrasonic nondestructive testing methods hold the largest

part on NDTmarket [Ndt], offering high accuracy, a wide range of problem-specific tailoring

and competitive overall cost.

1.2.2 Nonlinear UT measurements

Most of the methods mentioned above are described using theoretical models based on

linear elasticity theory, valid for infinitesimal deformations [Aul73; Lan86]. However, for a

certain class of problems, it is necessary to extend the linear model to adequately describe

the observed phenomena. One of such problems is the estimation of mechanical stresses

using the acoustoelastic effect - dependence of the ultrasonic wave propagation velocity

on the stress (strain). This section presents a brief review of existing works in the field of

nonlinear ultrasound related to the problem of qualification and quantification of applied

and residual stresses in metals.

The first studies on nonlinear deformation of elastic bodieswere carried out byD. Bernoulli

and L. Euler. Later A. Cauchy, G. Green and V. Saint-Venant laid the foundations of nonlin-

ear strain theory, which developed into general elasticity theory in the second half of the XIX

century [Sav70]. It is believed that Brillouin in 1925 [Bri25] was the first to explicitly relate

the stress tensor and the velocity of elastic wave propagation in an elastic medium. How-

ever, only after a series of publications by F.D. Murnaghan, which culminated in a compre-

hensive monograph in 1951 [Mur51], where the author presented an elegant theoretical

model of finite strains of elastic isotropic and anisotropic solids, the practical application of

the acoustoelastic effect began.

Using Murnaghan’s formalism, Hughes and Kelly [Hug53] derived an explicit relation be-

tween the velocity of bulk elastic waves of different polarization and the internal stresses.

They were also apparently the first to publish the results of applying the acoustoelastic

effect to the characterisation of materials by measuring specific non-linear parameters -

Third-Order Elastic Constant (TOEC) for polystyrene, iron and glass in different material

states.
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1.2 Ultrasonic testing: an overview

RW acoustoelastic effect for the surface treatment intensity evaluation

In 1960 Frederick [Fre60] presented experimental results on the dependence of Rayleigh

wave velocity on residual stress for various aluminium and steel alloys. The following year,

Hayes and Rivlin [Hay61] published an explicit theoretical description of the acoustoelas-

tic Rayleigh wave effect. T.L.Szabo [Sza75] investigated the problem of inversion of SAW

velocity dispersion for hardened steel. The analytical model was later extended and exper-

imentally verified for the case of non-uniform loading [Hir81]; in this work, the Rayleighwave

velocity dispersion associated with a depth-varying stress was measured with an applied

load on a mild steel sample. A. Zeiger et al. [Zei82] showed the temperature dependence

of the measured RW AEC for several steel alloys. Later D. Husson and G. S. Kino [Hus82;

Hus85] published a comprehensive perturbation theory for the acoustoelastic effect in

case of inhomogeneous stresses on inhomogeneous elastic bodies for bulk and surface

(Rayleigh and Lamb type) waves. In recent years, P. Mora and M. Spies [Mor19a; Mor19b]

revised this contribution and proposed a new formulation.

In a detailed theoretical review [Man87] on the applicability of stress quantification using

ultrasonic methods, the authors pointed out several main limitations.

• First, since the residual stresses in bodies are usually caused by inelastic processes

(thermo-mechanical surface treatments such as welding, drilling and others), the ex-

isting theory of elastic-plastic deformation, which cannot adequately describe these

phenomena, needs further development. This statement is based on the work of

G.C. Johnson [Joh81], where several samples of aluminium alloys (6061-T651, 2024-

T351 and 7075-T651) were investigated and showed the alloy-specific dependence

of variation of AEC with plastic deformation.

• Another problem is the distinction between stress induced rate changes and metal

texture changes. Although this has already been mentioned in [Cre67], a robust in-

dustrial approach to accounting for grain alignment has not yet been implemented.

However, there are some methods using birefringent shear waves or critically re-

fracted longitudinal waves which have limited application [Sch14] for stress estima-

tion using ultrasound.

This thesis focuses on the development of an NDEmethod formonitoring residual stresses

for one particular family of mechanical treatment, namely surface treatment, which in-

cludes the shot peening, laser shock processing and deep rolling. All of these techniques

aim to create a surface layer of compressive residual stresses balanced by tensile stresses

deep within the machined part (shown schematically in Figure 1.4). This type of treatment

significantly slows down the surface fatigue crack growth [Wag99] and resistance to for-

eign object damage [Pre04], both in the fabrication and repair phase [Liu01]. P. Nagy et

al. [Car02] were among the first researchers to investigate the applicability of UT to as-

sess residual stresses induced by surface treatment for aluminium alloy. His group also

reported on the dependence of nonlinear elastic parameters on microstructural changes

induced by plastic deformation (cold work), also induced by surface treatment [Nag06].

The demand for surface treatment intensity control tools comes strong from jet engine

manufacturers: critical jet engine components are exposed to high-temperature stresses

(e.g. discs and blades of high-pressure turbines) and the possibility of annealing dur-

ing operation is present [Sch06]. These components are made from high-strength, high-

temperature superalloys such as Inconel (trade name for a nickel-chromium-based alloy)

and titanium alloys. Lack of a certified tool for monitoring residual stresses (and hence

remaining life prediction), required by the [EAS03; FAA09] certification requirements, limits

the potential for weight optimisation by maximising the positive effects of surface treat-

ment. For the relevant superalloys, only a few experimentally measured non-linear elastic
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Figure 1.4: Schematically shown residual stress depth profile for surface treated compo-

nents.

parameters - acoustoelastic constants or third order elastic constants have been published

[Hub12; Rje13]. Since the surface treatment intensity is depth dependent, Rayleigh wave

dispersion measurement seems to be the most convenient method of ultrasonic inspec-

tion. Following the first publications on the determination of the residual strength of shot-

peened aluminum alloys [M.02; Rui04], several groups have published RW velocity disper-

sion measurements for high-temperature superalloys [Köh10b; Bar12; Hub14]. However,

the problem of relating the measured RW velocity dispersion to a specific residual stress

depth profile has not yet been solved.

Thus, improving the methodology for measurement of the nonlinear elastic character-

istics of high-temperature superalloys in different processing states, as well as searching

for an independent way to in-situ evaluation of nonlinear material properties are the two

main challenges of this contribution.

Nonlinear interaction of elastic waves

Another physical effect which gives an insight into the nonlinear elastic properties of solids

is the nonlinear elastic wave interaction (or wave scattering or wave mixing): a non-linear

solid generates secondary elastic waves in the presence of two primary elastic waves.

This effect and a brief analysis of the possible types of interacting waveswas described no

later than 1944 by L.D. Landau [L.D44]. Later, Goldberg [Gol60] derived an explicit equation

of motion for a nonlinear medium. The possible types of initial and scattered waves, as

well as the interaction criterion were discussed by G. Jones and D. Cobett [Jon63], they

have also presented the first numerical results for wave scattering in polystyrene. Taylor

and Rollins [Tay64; Rol64] extended the theoretical description and also presented the

first experimental results for fused silicon, polycrystalline aluminium and polycrystalline

magnesium.

Korneev et al. [Kor98] extended the polarisation constraints on the interaction of dif-

ferent types of bulk waves (pressure waves and shear waves with vertical and horizontal

polarisation) and presented experimental results for sandstone. Regarding practical NDE

applications, bulk wave scattering has been presented to monitor ageing in thermoplas-

tics [Dem12; Dem14] and adhesive joints [Ju19a], the occurrence of fatigue cracks in steel

samples [Hil06], quality control of titanium diffusion joints [ER13] and detection of plastic

deformation in aluminium [Sun18].
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Meanwhile, the bulk wave and Rayleigh wave interaction has been used to the greatest

extent for piezoelectric materials and thin films (for interdigital devices) [F. 84]. The first

experimental results of surface acoustic wave mixing experiments for pure crystals were

presented not later than 1970 [Lea70] for LiNbO3 substrate in GHz range. Further exper-

imental, analytical and numerical studies related [Vel74; Zab92; Shu93] mainly on piezo-

electrics. The generation of second harmonics in a nonlinear medium along the SAW prop-

agation path can be interpreted as a special case of interaction of two identical collinear

waves [Pad76; Nor79; Kal82; Kal83; Ben13; Ju19b]. Measurements of second harmonic

generation (or Acoustic Nonlinear Parameter (ANP) β measurements , which can be de-

rived from TOECs and SOECs), can also be used for NDE surface treatment [Jha09; Liu11;

Mat14], or fatigue damage accumulation [Bar03; Her06], as ANP is directly related to the

nonlinear material properties depending on the microstructure.

Up to now the collinear and non-collinear Rayleigh wave scattering hasmainly been used

for piezoelectric thin films for interdigital devices and SAW filters [F. 84; Cam89; Mor07].

Recently published work related to the practical applications of nonlinear wave interactions

in NDE are focused on the interaction of bulk waves [Kor98; Kor14; Dem14; Dem15] and

Lamb waves [Jin17; Ish18a; Ish18b; Has18; Mor22].

1.2.3 Existing limitations and challenges

Nonlinear ultrasonic measurements in metals, and measurements of TOEC/AEC in partic-

ular, are challenging for a several reasons [Zar66]:

• Murnaghan elasticity theory describes the finite-amplitude displacements in isotropic

bodies at the macro level, and excludes the influence of defects associated with

grains, texture, dislocations and vacancies at the micro level. These defects may sig-

nificantly affect the values of higher order elastic constants, if their size and periodicity

are comparable to the wave length [Rje18].

• Since Murnaghan’s theory for isotropic bodies involves three TOEC, at least three

independent experiments must be performed to determine the TOEC.

• Since measurable quantities (e.g. AEC or scattering efficiency) consist of a combina-

tions of TOEC (which are often not completely independent either), it is virtually im-

possible to determine experimentally the sign of TOECwithout additional hypotheses

for some materials.

• Static or dynamic strain (for acoustoelastic or wave mixing measurements) must be

large enough for reliablemeasurements. In practice: the strain level should be greater

than 1e-4, which is the limit of commercial ultrasonic transducers and amplifiers.

Furthermore, the scale of the effects puts serious demands on the experimental design

and processing algorithms, as both the change in wave velocity and the amplitude of the

scattered wave compared to the fundamental components are in the range of fractions of

a percent.

Thus, the main practical objectives of this work are to investigate the current accuracy of

TOEC/AEC measurements for existing laboratory equipment, the possibility of improving

these parameters using digital signal processing techniques, and to develop the basis of a

newmeasurement principle based on the effect of nonlinear interaction of surface acoustic

waves in metal.
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2 Theoretical Framework: elements

of the theory of elasticity

All real bodies are deformed by physical forces, changing their shape and/or volume. These

changes are called strains. The theory of elasticity deals with elastic solids: if the applied

forces are released quasi-statically, the strains are vanishing. The following assumptions

will then be made: the deformations in elastic solids will be isothermal (or adiabatic), and

heat transfer from one part of the body to another in dynamic processes (such as wavemo-

tion) will be excluded. In addition, typical dimensions are assumed to be much larger than

intermolecular distances, so the internal forces, or internal stresses, acting on a small vol-

ume of the body are only transferred through its surface. The following subsection briefly

summarizes the theory from [Bre85; Lan86; Lur05].

2.1 Linear model (Elastic moduli, infinitesimal displacements,

plastic deformation region)

When elastic body is deformed by the action of external forces, internal stresses occur. One

can represent the force acting on the arbitrary small volume dV as

∫
FdV , where F is the

force per unit volume. As the total force acting on the small volume is equal in magnitude

and opposite in direction to resultant of all the other forces, and accounting the divergence

theorem, we could write for each of three components Fi:

Fi = ∂σ
ik

∂X
k

, and

∫
FidV =

∫
∂σ

ik

∂X
k

dV =
∮

S

σ
ik
n
k
dS, (2.1)

where n = {n
k
} is an unit normal to the surface S, bounding the volume, and tensor σ

ik
is

the symmetric stress tensor. In Equation (2.1) the Einstein summation convention is used

(summation over repeated Cartesian indices is implied). This notation also holds in all the

following equations, unless explicitly stated otherwise.

The position of each point of the body prior to the deformation could be defined by a

vector r = {X1, X2, X3} and after deformation by a r′ = {X ′
1
, X

′
2
, X

′
3
} in Cartesian coordinate

system. The quantity u = r
′
– r;ui = X

′
i
– Xi for i = 1, 2, 3, is called the displacement vector.

If u(r) is known, we can introduce the symmetrical Cauchy strain tensor:

u
ik

= u
ki

= 1

2

(
∂ui
∂X

k

+

∂u
k

∂Xi

)
(2.2)
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Strain tensor could be transformed to diagonal form by coordinate change; therefore

any deformation could be represented as tension and compression along three pairwise

perpendicular axes, called the principal strain axes. Three strain invariants can be derived:

I1 = uii,

I2 = 1

2

(uiiukk – uikuik),

I3 = det(u
ik
).

Assuming the absence of dissipative losses (or independency of internal energy on defor-

mation velocity), the internal energy per unit volume Φ could be expressed as expansion

of strain invariants Φ(I1, I2, I3):

Φ = Φ(0, 0, 0) +

∂Φ
∂I1

∣∣∣∣
0

I1 +

(
∂Φ
∂I2

∣∣∣∣
0

I2 +

1

2

∂2Φ
∂I2
1

∣∣∣∣∣
0

I
2

1

)

+

[
∂Φ
∂I3

∣∣∣∣
0

I3 +

1

2

∂2Φ
∂I1∂I2

∣∣∣∣
0

I1I2 +

1

6

∂3Φ
∂I3
1

∣∣∣∣∣
0

I
3

1

]
, (2.4)

up to the third order of displacement gradients. In (2.4) the second-order terms are kept

in parenthesis, and third-order terms are enclosed in square brackets. We can assume the

Φ(0, 0, 0) = 0 and ∂Φ/∂I1|0 I1 = 0 — undeformed elastic body in equilibrium condition. For

infinitesimal displacements of an isotropic body, introducing the Lamé constants λ and μ,

the expression for Φ will take the form:

Φ = λ

2

u
2

ii
+ μu

2

ik
(2.5)

Finally, we could introduce the generalized Hooke’s law:

σ
ik

= ∂Φ

∂
(

∂ui
∂X

k

) = C
ikjl
u
jl

(2.6)

where the fourth-order elasticity tensor C
ikjl
is combined of Lamé constants.

Writing down the Newton’s second law and substituting the (2.6) into the (2.1), one may

finally obtain the linear equation of motion. This equation for elastic isotropic body with

presence of body forces f
b
could be written in a vector form:

ρü = μΔu + (λ + μ)∇(∇ · u) + f
b
, (2.7)

where ∇ is symbolic nabla operator. Being correct only for infinitesimal displacements,

linearised model is used for most of the applications. Approximate ranges of applicability

of linear theory of elasticity is given at Figure 2.1.
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Figure 2.1: Schematic applicability ranges of linear and nonlinear elastic theory for metals.

Here LTE stands for linear theory of elasticity, NLTE stands for nonlinear theory

of elasticity, PD stands for permanent (irreversible) plastic deformations

2.2 Elastic waves in isotropic solids

2.2.1 Bulk waves

In absence of body forces (f
b

= 0), the solution of the equation of motion (2.7) for linear

isotropic media could be written in terms of two potentials:

u = uL + uT , uL = ∇φ, uT = ∇ × Ψ, (2.8)

where φ and Ψ are scalar and vector potentials, correspondingly. Those potentials are

functions of time and space variables. For a homogeneous medium after substitution of

(2.8) into (2.7), the equation of motion could be splitted in two wave equations:

∂2φ
∂t2

– c
2

L
Δφ = 0; c

2

L
= λ + 2μ

ρ

(2.9a)

∂2Ψ
∂t2

– c
2

T
ΔΨ = 0; c

2

T
= μ

ρ

(2.9b)

Solutions of Equations 2.9 have a similar form:

φ = f (n · r – cLt); Ψ = F(n · r – cT t) (2.10)

where n is a vector, perpendicular to the wave front. The simplest and most important

solution — harmonic plane wave— has the form:

φ = Aexp[i(k · r – ωt)]; , k = ωn/cL; (2.11a)

Ψ = Bexp[i(k · r – ωt)]; , k = ωn/cT (2.11b)

The plane wave 2.11a is called a longitudinal or pressure wave, whereas 2.11b is refereed

to as transversal or shear wave. The vector k is a wave vector, cL and cT are the propagation

velocities.

2.2.2 Surface acoustic waves (Rayleigh waves)

Special solution of the elastic wave, propagating along the boundary of solid and penetrat-

ing about one wavelength in depth of themedium, is named after J. W. Strutt, Lord Rayleigh,

who was the first to theoretically describe it in 1887. We can consider a displacement field,
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2 Theoretical Framework: elements of the theory of elasticity

in a isotropic homogenousmedium, filling the half-space X3<0, associated with a linear SAW

in a form:

(u((X , t) =
∑

(̃
k

e
i(
(̃
k·(̃X–ω((k)t) (w(X3|

(̃
k)A(

(̃
k). (2.12)

where the vectors with tilde (i. e.
(̃
k) are 2D projections on OX1X2 plane. Functions (w(X3|

(̃
k)

are displacement depth profiles, which could be written in the following form:

(w(X3|
(̃
k) =

∑

r=L,T
Nr





cosα

sinα

i
ρω

2
(
(̃
k)–(λ+2μ)k̃

2
+μ(k̃

2
–(ω/cr )

2
)

k̃

√
k̃
2
–(ω/cr )

2
(λ+μ)



 e

√
k̃
2
–(ω/cr )

2
X3
,

where NL = 1;NT =
4

√
(k̃
2
– (ω/cL)

2
)(k̃

2
– (ω/cT )

2
)

k̃

(2.13)

The coefficients in Equation (2.13) could be derived with substituting of (2.12) into the (2.9)

and accounting the boundary conditions:

σi3|X3=0 = 0, i = 1, 2, 3 (2.14)

Finally the characteristic equation (or Rayleigh equation) for determination of Rayleigh wave

velocity cR could be given as:

(
2 –

c
2

R

c
2

T

)
2

– 4

√

1 –

c
2

R

c
2

T

√

1 –

c
2

R

c
2

L

= 0 (2.15)

Therefore, Rayleigh waves are non-dispersive and their velocity is dependent only on Pois-

son ratio ν. For most of the real isotropic materials the solution of (2.15) could be approxi-

mated as followed:

cR

cT

∼
0.87 + 1.12ν

1 + ν

, where ν = λ

2(λ + μ)

. (2.16)

2.3 Reflection and refraction of elastic waves

One important particular case is the elastic wave propagation through a plane boundary

between two media with different acoustic properties. Incident, reflected and refracted

waves must satisfy four conditions of continuity on the stresses and the displacements.

The unit propagation direction vectors of the system of incident, reflected and refracted

waves are shown in Figure 2.2. Assuming the medium carrying the incident wave has Lamé

constants λ, μ and density ρ, and the joined isotropic half-space could be characterized with

λ
′
, μ

′
and ρ

′
, correspondingly. In the limiting case, the solution also describes the reflection

at the medium-vacuum boundary and the related mode conversion.

Incident, reflected and refracted waves could be represented as:

u
(n) = And

(n)
exp(ikn(x1p

(n)

1
+ x2p

(n)

2
– cnt)), (2.17)

where n is an index, characterizing the wave (Figure (2.2)).

The expressions for directions of reflected and refracted waves could be derived from

the Snell’s law (Table 2.1).
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2.3 Reflection and refraction of elastic waves

X1

X2

Incident wave Scattered waves

p
(0)

p
(3)

p
(4)

p
(2)

p
(1)

ρ
′
, λ

′
,μ

′

ρ, λ,μ

θ0

θ4

θ3

θ2

θ1

Figure 2.2: Plane elastic wave p
(0)
refraction and reflection at boundary of two media. An-

gles and polarizations are given at Table 2.1.

Reflected&

refracted waves

Incident

wave type

p
(0)

P

c0 = cL =
√

λ+2μ

ρ

d
(0) = p

(0)

SV

c0 = cT =
√
μ/ρ

d
(0) = i3 ∧ p

(0)

SH

c0 = cT =
√
μ/ρ

d
(0) = i3

Reflected P-wave, c1 = cL

p
(1) = i1 sin θ1 – i2 cos θ1

θ1 = θ0 sin θ1 = cL

cT

sin θ0 -

Reflected S-wave, c2 = cT

p
(2) = i1 sin θ2 – i2 cos θ2

SV, sin θ2 = cT

cL

sin θ0 SV, θ2 = θ0 SH, θ2 = θ0

Refracted P-wave, c3 = c
′
L

p
(3) = i1 sin θ3 + i2 cos θ3

sin θ3 = c
′
L

cL
sin θ0 sin θ3 = c

′
L

cT
sin θ0 -

Refracted S-wave, c4 = c
′
T

p
(4) = i1 sin θ4 + i2 cos θ4

SV

sin θ4 = c
′
T

cL

sin θ0

SV

sin θ4 = c
′
T

cT

sin θ0

SH

sin θ4 = c
′
T

cT

sin θ0

Table 2.1: Polarization and direction of the reflected and refracted waves (Figure 2.2).

P stands for pressure (longitudinal) wave, SV and SH stands for shear (transver-

sal) wave with vertical and horizontal polarization, correspondingly. Here i1, i2

and i3 are unit vectors.

For the case of θ0 = 0, it is convenient to introduce the reflection and transmission coef-

ficients R and T , correspondingly:

R = Z
′
– Z

Z
′
+ Z

and (2.18a)

T = 2Z
′
Z

Z
′
+ Z

(2.18b)

where Z = ρCL (or Z = ρCT , depending on wavetype) is the acoustic impedance of medium.

Calculation of amplitudes Ai for the general case is described below.
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2 Theoretical Framework: elements of the theory of elasticity

Amplitudes of reflected and refracted waves

Boundary conditions for two perfectly matched surfaces (as shown at Figure 2.2) could be

written as follows:

u1|X2=0 = u
′
1
|X2=0,

u2|X2=0 = u
′
2
|X2=0,

σ12|X2=0 = σ
′
12
|X2=0,

σ22|X2=0 = σ
′
22
|X2=0,

(2.19)

for displacements and stresses respectively. Following the Snell’s law, the wave vector pro-

jection on axis X1 should be equal for all wave components:

k
(0)
sin θ0 = k

(1)
sin θ1 = k

(2)
sin θ2 = k

(3)
sin θ3 = k

(4)
sin θ4 (2.20)

Considering various types of incident waves, one may obtain the amplitude ratios with the

acoustic Fresnel equations.

Incident P-wave

In case of the incident P-wave, using the relation

k
(0)
cL = k

(1)
cL = k

(2)
cT = k

(3)
c

′
L

= k
(4)
c

′
T

(2.21)

one can rewrite Equations 2.19 for determination of reflected and refracted waves’ ampli-

tudes in the matrix form:





– sin θ1 – cos θ2 sin θ3 – cos θ4

cos θ1 – sin θ2 cos θ3 sin θ4

sin 2θ1
cL

cT

cos 2θ2
μ

′

μ

cL

c
′
L

sin 2θ3 –
μ

′

μ

cL

c
′
T

cos 2θ4

–

(
cL

cT

)
2

cos 2θ2
cL

cT

sin 2θ2
μ

′

μ

cL

c
′
L

(
c

′
L

c
′
T

)
2

cos 2θ4
μ

′

μ

cL

c
′
T

sin 2θ4









A1

A2

A3

A4



 = A0





sin θ0

cos θ0

sin 2θ0(
cL

cT

)
2

cos 2θ2





(2.22)

Incident SV-wave

Since the indices and polarizations of reflected and refracted waves keep the same, only

the RHS terms in Equation 2.22 have to be changed to:

A0





– cos θ0

sin θ0

– cos 2θ0

sin 2θ0



 (2.23)

Incident SH-wave

If p
(0)
is the shearwavewith horizontal polarization, only the u3 components and σ23 stresses

are present. In this case both reflected and refracted waves are also SH waves. The ampli-

tude ratios could be computed as:

A2

A0

=
μ cos θ0 – μ

′
(cT /c

′
T
) cos θ4

μ cos θ0 + μ
′
(cT /c

′
T
) cos θ4

,

A4

A0

= 2μ cos θ0

μ cos θ0 + μ
′
(cT /c

′
T
) cos θ4

,

(2.24)
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2.4 Nonlinear theory of elasticity: account of third-order terms

If θ1, θ3 or θ4 is equal to π/2 , the grazing waves, travelling along the X1 direction are gen-

erated. In this case the angle θ0 is called the critical angle. If the angle of incidence of the

initial wave exceeds the critical angle, inhomogeneous decaying plane wave components

(head waves) would also appear.

2.4 Nonlinear theory of elasticity: account of third-order terms

The equations of elasticity theory are generally nonlinear [Zar66], therefore the propaga-

tion of elastic waves is accompanied by a nonlinear distortion of the wave profile as well as

the interaction of elastic waves in solids. The interaction forces between atoms, molecules

and ions in solids nonlinearly depend on the displacement of the particle from its equilib-

rium position. Hence thermal vibrations of atoms or ions in a crystal lattice are anharmonic,

and this anharmonicity leads to the interaction of thermal phonons of the lattice. The pos-

sibility of phonon-phonon interaction also gives a description of the thermal conductivity

of solids and the absorption of sound. This nonlinearity at the molecular level also reveals

itself in nonlinear elasticity for macroscopic processes.

At certain level ofmechanical stresses, deviations from the proportionality between strain

and stress (the violation of linear elasticity theory - Hooke’s law) begin (Figure 2.1). These

characteristics of solids depend on several factors: first, the intermolecular forces that de-

pend on the displacement of the molecules are nonlinear. Second, crystals and polycrys-

tals contain various types of defects and dislocations, microcracks and vacancies, which

also contribute to the deviation from the linear Hooke’s law.

The strain matrix η could be defined with Jacobian matrix J = (x
′
1
,x

′
2
,x

′
3
)

(x1,x2,x3)
[Mur51]:

η = 1

2

(J
∗
J – E3), (2.25)

where E3 is a 3x3 identity matrix and asterisk denotes the conjugate transpose (Hermitian

transpose). The invariants of η could be written as followed:

Î1 = Tr(η) = η11 + η22 + η33,

Î2 = 1

2

(ηiiηjj – ηijηji),

Î3 = det(η).

(2.26)

Therefore, if the strain matrix is infinitesimal, the subindex of invariant displays the order

of smallness of each parameter. The energy of deformation per unit volume could be

expanded as:

φ = φ0 + φ1 + φ2 + φ3 + ..., where

φ1 = const ∗ Î1;

φ2 = λ + 2μ

2

Î1

2

– 2μÎ2;

φ3 = l + 2m

3

Î1

3

– 2mÎ1 Î2 + nÎ3,

(2.27)

where l,m,n are third-order elastic constants inMurnaghan notation. Another notations,

such as A,B,C – Landau notation [L.D44], and ν1, ν2, ν3 – Lamé notation are also used. All

TOEC triplets are linearly related with each other:




l

m

n



 =




0.5 1 0

0 1 2

0 0 4








ν1

ν2

ν3



 =




0 1 1

0.5 1 0

1 0 0








A

B

C



 (2.28)
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2 Theoretical Framework: elements of the theory of elasticity

The nonlinear equation of motion could be written as followed:

ρ

∂2ui
∂t2

= ∂σ
ik

∂x
k

= ∂
∂x

k



 ∂φ

∂
(

∂ui
∂x

k

)



 , (2.29)

where σ
ik
is the first Piola-Kirchhoff stress tensor.

By substituting the Equation (2.27) in (2.29), onemay obtain this equation in explicit form:

ρ0

∂2ui
∂t2

– μ

∂2ui
∂x2

k

– (λ + μ)

∂2u
l

∂x
l
∂xi

= Fi, (2.30)

where Fi is the i-th component of the nonlinear force per unit volume of the undeformed

medium:

Fi = (μ + n/4)

(
∂2u

l

∂x2
k

∂u
l

∂xi
+

∂2u
l

∂x2
k

∂ui
∂x

l

+ 2

∂2ui
∂x

l
∂x

k

∂u
l

∂x
k

)

+ (λ + μ +m – n/4)

(
∂2u

l

∂xi∂xk
∂u

l

∂x
k

+

∂2u
k

∂xi∂xk
∂ui
∂x

l

)
+ (λ +m – n/2)

∂2u
l

∂x2
k

∂u
l

∂x
l

+ (m – n/4)

(
∂2u

k

∂x
l
∂x

k

∂u
l

∂xi
+

∂2u
l

∂xi∂xk
∂u

k

∂x
l

)
+ (2l –m – n/2)

∂2u
k

∂x
l
∂x

k

∂u
l

∂x
l

(2.31)

2.5 Acoustoelastic effect

2.5.1 BW AEC

In the general case of elastic wave propagation in an isotropic body, strained with uniax-

ial load (the load direction is defined as ’1’ for convention), dimensionless acoustoelastic

constants can be defined as follows:

Lij =
δVij/V

0

δε

(2.32)

where the first subindex shows the wave propagation direction in a Cartesian coordinate

system, and the second subindex shows the particle displacement direction for a given

wave. ε is a strain level in direction ’1’, and V
0
stands for the velocity of the same wave at

zero axial strain.

The analytical expressions for the variation of velocity of the bulk wave in a pre-stressed

isotropic solid were published by Hughes and Kelly [Hug53], based on Murnaghan’s theory

of finite deformations of solids [Mur51]:

L11 = 2 +

μ + 2m + νμ(1 + 2l/λ)

λ + 2μ

,

L12 = 2 +

νn

4μ

+

m

2(λ + μ)

,

L21 = λ + 2μ +m

2(λ + μ)

+

νn

4μ

L22 = –2ν(1 +

m – μl/λ

λ + 2μ

),

L23 = m – 2λ

2(λ + μ)

–

n

4μ

,

(2.33)

where ν is the Poisson ratio. A detailed derivation of Equations (2.33) is given in Appendix

8.1.
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2.6 Rayleigh wave velocity dispersion inversion for stress measurement

2.5.2 RW AEC definitions and calculation from TOEC

Following the works [Iwa78; May95], the transition from TOEC, estimated from the mea-

surements of BulkWave (BW) AEC, to the Rayleighwave acoustoelastic constants for a semi-

infinite homogeneous elastic medium, can be done through the definition of the Grüneisen

constants:

γLM(q) = –

[
ω
–1

q

∂ωq
∂ELM

]

(EJK=0)
, (2.34)

where ELM represent homogeneous strains ([May95], Eq. 4.21).

For an isotropic medium, the equation for the relative change in velocity of a Rayleigh

wave will take the form [Iwa78; May95]:

δVR

VR

= (1/h0)(hELL + h2E22), (2.35)

where coefficients h/h0 and h2/h0 are dependent on Second-Order Elastic Constant (SOEC),

TOEC and velocities of bulk and Rayleigh waves. Explicit algebraic expressions for these

coefficients are given in the Appendix 8.2

For experimental measurements of acoustoelastic constants it is convenient to express

RW AEC as a function of stress rather than strain [Duq02]. In this case the relative variation

on velocity could be then expressed in terms of static stress:

δVR

V
0

R

= A
(1)

R12
σ11 + A

(3)

R12
σ33, where

A
(1)

R12
= 1

M

[
N1

2

(
α1

α0

+ 1 –

C12

C23

)
+

N2

2

(
α2

α0

+ 1 –

C22

C23

)]
,

A
(3)

R12
= 1

M

[
N3

2

(
α1

α0

+ 1 –

C12

C23

)
+

N4

2

(
α2

α0

+ 1 –

C22

C23

)]
,

M = C11N1 + C12N2 + C13N3;

N1 = C22C33 – C
2

23
,N2 = C13C23 – C12C33,N3 = C12C23 – C13C22;

N4 = C11C33 – C
2

13
,N5 = C12C13 – C11C23,N6 = C11C22 – C

2

12
.

(2.36)

Here t
I
is the Cauchy stress tensor element, and Cij are second-order elastic constants in

Voigt notation. Constants α0 and α1 are defined as in [Hay61; Hir81]:

α = α0 + α1u11 + α2u33, where α ≡ ρV
2

δVR/V
0

R
= (α1/2α0)u11 + (α2/2α0 – μ/λ)u33,

(2.37)

2.6 Rayleigh wave velocity dispersion inversion for stress

measurement

The dependency of Rayleigh wave’ propagation velocity on stress makes it a prospective

mean on in-situ evaluation of residual stress depth profile (Figure 1.4) by measuring the

Rayleigh wave velocity dispersion. However, the solution of the inverse problem, i.e. re-

constructing the stress distribution profiles from the measurement of velocity dispersion

or phase shift δφ(ω) of RW due to presence of the static stress fiield, is facing several dif-

ficulties. In particular, the analytical solution exist only for stress profiles, which could be

expressed as polynomials in the depth coordinate [Dit96; Dit97].
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2 Theoretical Framework: elements of the theory of elasticity

Using an expression for the phase shift of the Rayleigh wave velocity in an unstressed

medium and a stressed medium in the form [Hus85]:

δφ(ω) = –

ω

4P

∫

X∈V
G(X ,ω)d

3
X , (2.38)

where ω denotes circular frequency, V denotes volume in undeformed coordinate system,

and P denotes the average over one time period of power flux per unit width, perpendic-

ular to the travel direction. P could be expressed in terms of the product of the Rayleigh

wave group velocity and its kinetic energy density. General form of integral equations for

two particular cases - uniaxially applied stress field along and across the RW propagation

direction could be written as followed [Dit97]:

δφ
22
(ω) = –

L0ω

4P

∫
0

–∞
α
||

i
Fi(X3,ω)σ22(X3)dX3, (2.39a)

δφ
21
(ω) = –

L0ω

4P

∫
0

–∞
α

⊥
i
Fi(X3,ω)σ11(X3)dX3, (2.39b)

where i ∈ {1, ..., 5}, Fi and αi are functions, dependent on frequency and SOEC/TOEC, and
L0 is the RW propagartion distance. Superscripts δφ

αβ
are denoting the change in phase

of the Rayleigh wave, propagating in direction α, caused by uniaxial stress in β direction.

Explicit form of Fi and αi are given in Appendix 8.3.

Given only the first order approximation for the acoustoelastic effect, the phase shift is a

linear function of the stress distribution. The corresponding change in phase velocity can

be calculated using the relation:

δV

V

= u22 –

δφ
22
V0

ωL0

, (2.40)

where u22 denotes the surface strain in the direction of propagation. A detailed analysis of

the biaxial stress case, considered as the sum of two separate stress states, can be found

in [Dit97].

2.7 Nonlinear interaction of elastic waves in solids

In linear theory of elasticity (Section 2.1), the field of two acoustic waves in a given solid

volume is a linear superposition of the input wave fields [Lan86]. Given finite deformations,

besides the superposition of two initial waves with frequenciesω1 andω2, secondary waves

of mixed frequency ±pω1 ± qω2 generated by material nonlinearity are also expected (p

and q are natural numbers).

The nonlinear wave interaction effect, also called elastic wave scattering or wave mix-

ing, has been theoretically described [Jon63; Tay64; Nor79] and observed experimentally

[Rol64; Tan73; Dem14] for isotropic and anisotropic materials.

In order to effectively generate an elastic wave with an angular frequency ω3 through a

second order nonlinearity at the desired mixed frequency in a finite volume, phase match-

ing (or resonance) conditions must be fulfilled:

ω3 = ω1 ± ω2, (2.41a)

(
k3 = (

k1 ± (
k2, (2.41b)

where
(
ki, (i=1, 2, 3), are the wave vectors of the three involved waves. Analysis of the allowed

interactions and scattering intensities for bulk waves was first performed by Jones and
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2.7 Nonlinear interaction of elastic waves in solids

ω1

ω2

ω1 ± ω2 ω1 ω2

ω1 + ω2

ω1

ω2

ω1 − ω2 ω1

ω2
ω1 ± ω2

ω1

ω2
ω1 − ω2

Figure 2.3: Allowed bulk wave-surface wave resonant interactions, presented by Stegeman

andNizzoli [F. 84]. Straight lines represent bulk waves, curly lines denote surface

waves, and solid and dashed lines indicate initial and scattered waves, respec-

tively.

Kobett [Jon63]. Additional polarization restrictions and allowed cases for bulk waves are

given in Appendix 8.4.

The inclusion of Rayleigh waves as possible interactionmembers requires additional con-

siderations. As themixing volume is limited to the RW penetration depth, the presence of a

free surface breaks the translational symmetry normal to the surface. Therefore, Equation

(2.41b) can be rewritten as:

(κ3 = (κ1 ± (κ2, (2.42)

where for bulk waves (κi = (̃
ki – the projection of

(
k onto the OXY plane, parallel to the sur-

face; and (κi = (
ki for RW. The corresponding analysis of the resonant

1
interactions of bulk

and surface waves in isotropic solids has been performed by Stegeman and Nizzoli [F. 84].

Assuming ω1 > ω2, the allowed interactions are shown in Figure 2.3, where straight and

curly lines represent bulk and Rayleigh waves, and solid and dashed lines denote the initial

and scattered waves, respectively.

The analysis of nonlinear surface wave phenomena has two major complications. First,

description of the three-dimensional displacement field demands the parametrisation, alike

shown at Equation (2.12) and (2.13). The second complication is the existence of nonlinear

boundary conditions (Equations (2.56) and (2.64)): mixing of two or more waves results in a

net stress on the surface at the mixing frequencies, and the solutions must contain terms

to ensure the surfaces are indeed stress-free to first order at the mixing frequencies.

In this work two cases are considered to calculate the scattering efficiency of an elastic

wave from the angle between the original waves and the frequency ratio (Figure 2.4).

• Case 1: calculation of the scattering efficiency of an elastic wave away from the inter-

action region using the perturbation theory described in [May95].

• Case 2: calculation of displacement amplitudes directly at the boundary of the inter-

action region. This option is convenient for comparison with the results of the exper-

iment carried out with LDV. These calculations were performed using the extension

of model [May95], presented in work [Gar22].

1
The low-loss leaky modes are not considered there
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2 Theoretical Framework: elements of the theory of elasticity

X3

X1

X2

Case 2: Calculation of surface displacements

components and HL

(
k2

(
k1 (

k3

Case 1: Calculation of scattering efficiency H

at distance from interaction volume

Figure 2.4: Two cases of nonlinear wave interaction’ intensity evaluation. Here the inter-

action volume is shaded with grey, k1 and k2 are wavevectors of initial waves.

Cases 1 and 2 are related to calculation of H and HL, correspondingly.

Case 1. Evaluation of intensity of the nonlinear wave interaction in the far field

For the evaluation of wave scattering efficiency at some distance from the interaction vol-

ume, the perturbation theory [May95] was used.

First Piola–Kirchhoff stress tensor σ may be expanded with respect to the powers of

displacement gradient components:

σ
Ll

= ∂Φ
∂u

l,L

= C
lLmM

um,M +

1

2

S
lLmMnN

um,Mun,N + ..., (2.43)

where the fourth-rank tensor C contains the second-order elastic constants (SOEC, or the

Lamé constants λ and μ for isotropic materials), and the sixth-rank tensor S depends on

the second- and third-order elastic constants (or l,m, and n for isotropic materials) [Lei60].

Compared to the conventional linearised strain–displacement relation (Equation (2.2)), the

Green-Lagrange strain tensor E contains the additional product of displacement gradients

uj,Auj,B, leading to additional nonlinear terms:

EAB = 1

2

[(
δjA + uj,A

) (
δjB + uj,B

)
– δAB

]
. (2.44)
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Figure 2.5: Definition of angles and coordinate system

34



2.7 Nonlinear interaction of elastic waves in solids

Here EAB is defined in terms of gradients uj,B = ∂uj/∂XB of the displacement vector (u,

(u((X , t) = (x((X , t) – (
X . (2.45)

The coordinate system was defined such that the X3-axis is oriented normally to the

surface, and the X1-axis was parallel to the projection of
(
k3 to the surface (see Figure 2.5).

The solid fills the half-space X3<0. With these definitions, the equation of motion and the

nonlinear boundary conditions can be written as

ρü
l
(
(
X , t) = σ

Ll,L
(
(
X , t), (2.46)

σ
3l
(
(
X )

∣∣∣
X3=0

= 0, (2.47)

where ρ is the material density in the undeformed state.The general expression for the

input waves can be written as

(u((X , t) = e
i(
(
k·(̃X–ωt) (w(X3|

(̃
k)A + c.c., (2.48)

where
(̃
X is the projection of

(
X onto OX1X2, the function (w(X3|(

k) describes the displacement

profiles for bulk (2.3) and surface waves (2.2.2), and c.c. denotes the complex conjugate.

Neglecting attenuation, the displacement field at the sum/difference frequency may be

decomposed into two parts, described by two summands in the curly brackets:

(u3((X , t) = e
i(
(̃
k3·(̃X–ω3t)





∑

j

e
–ikjX3 (

W(j)Ĥ
(j)
+ (w(loc)

(X3)




 A1A2 + c.c. (2.49)

The first part is the sum of linearly polarized plane waves, labelled by j, which are prop-

agating away from the surface and having the unit polarization vectors
(
W(j). The second

part is a surface-localized component, which decays to zero exponentially in the negative

X3-direction. In (2.49) qj denotes the X3-component of the three-component wavevector

of the j-th plane bulk wave (Equation 2.7 and [May95], (5.54)). This case, the scattering

efficiency for this bulk wave is defined as the quantity Ĥ
(j)
.

If the resonant conditions of Eq. (2.41) are fulfilled and the scattered wave type is SAW,

solution could be found in a form

(u3((X , t) = e
i(
(
k3·(̃X–ω3t)

((w(X3|(
k3))(–i)ĥX + ζ((w(X3|(

k3)) + c.c. (2.50)

By inserting Eq. (2.50) into the equation of motion (2.46), projecting on (w(X3|(
k), integrat-

ing by parts andwith use of nonlinear boundary conditions at the surface, one could get the

expression for the efficiency ĥ of Rayleigh wave generation through nonlinear interaction

of two waves:

ĥ = ω3

SR

S
lLmMnN

∫
0

–∞
[Q̂L(–(κ3)wl(X3|(κ3)]*[Q̂M(

(
k2)wm(X3|

(
k2)][Q̂N(

(
k1)wn(X3|

(
k1)]dX3 (2.51)

If the scattered wave is a bulk wave, its wave vector can be written as
(
k3 = (

(̃
k3, –k):

(u3((X , t) = e
i(
(
k3·(X–ω3t)

(
(
W(

(
k3j)e

–ikX3
+ ζ(X3)) + c.c. (2.52)

and the solution for Ĥ (component of complex amplitude B of scattered bulk wave: B =
ĤA1A2), could be represented as:
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2 Theoretical Framework: elements of the theory of elasticity

Ĥ = iω3

SB

S
lLmMnN

∫
0

–∞
[Q̂L(–

(
k3)wl(X3| –

(
k3J)][Q̂M(

(
k2)w

(II)

m
(X3)][Q̂N(

(
k1)w

(I)

n
(X3)]dX3, (2.53)

where additional operator Q̂L = δL1iq1 + δL2iq2 + δL3
∂

∂X3 was used. Here the functions

w
l
(X3| –

(
k3J) are displacement fields of a bulk modes, defined through the solution of a

linear reflection problem at the free boundary (Section 2.3).

For both cases, SR and SB are averages of energy flux per unit length for scattered waves:

SR = 2ω3Cj1mMIm

(∫
0

–∞
w

∗
j
(X3|k3)Q̂M(k3)wm(X3|k3)dX3

)

SB = 2ω3Cm3nNKNWm(
(
k3j)Wn(

(
k3j)

(2.54)

Therefore, scatteredwave efficiency could be expressed through decay profiles andwave

vector components of initial waves. Later both the coefficients ĥ and Ĥ will be referred to

as the scattering efficiencies H.

Case 2. Calculation of scattering efficiency on the surface of interaction layer

The perturbation theory formulation described earlier provides an estimation of the effi-

ciency of generation of a bulk wave of the form (2.49). The near-surface displacement field

on the border of wave overlapping volume can be calculated through perturbation theory,

as outlined below
2
.

The interaction area and zone of scattered’ wave evaluation are shown in Figure 2.4.

Here, the wave field generated bymaterial nonlinearity did not yet evolve into a plane wave.

Within perturbation theory, the bulk wave displacement field generated by second-order

nonlinearity may be determined from the equation of motion:

ρü
(B)

l
–

∂
∂XL

C
lLmM

u
(B)
m,M

= ∂
∂XL

S
lLmMnN

u
(I)
m,M

u
(II)
n,N
, (2.55)

and boundary conditions at the surface

–C
l3mM

u
(B)
m,M

∣∣∣
X3=0

= S
l3mMnN

u
(I)
m,M

u
(II)
n,N
, (2.56)

where u
(I)
and u

(II)
are the displacement fields of two input waves [Aul73].

In particular, to calculate the displacement field generated by the nonlinearmixing of two

Rayleigh waves, one must find a particular solution for the equation of motion (Equation

2.55) in the following form:

(u(p)((X , t) = e
i(KX1–ω3t)(u(p)(X3) + c.c, where (u(p)(X3) =

∑

r,r
′=L,T

(
b
(3)
(r, r

′
)e
(k1α̂r+k2α̂r′ )X3 ,

(2.57)

where L and T stand for longitudinal and transverse. Thus, one can rewrite the equation of

motion (2.55) for vectors
(
b
(3)
(r, r

′
) as:

(
ρω

2

3
δ
lm
+ C

lLmM
Q
(3P)

L
(r, r

′
)Q

(3P)

M
(r, r

′
)

)
b
(3)

m
(r, r

′
) = R

l
(r, r

′
), (2.58)

where

R
l
(r, r

′
) = –S

lLmMnN
Q
(3P)

L
(r, r

′
)b
(1)

m
(r)Q

(1)

M
(r)b

(2)

n
(r

′
)Q

(2)

N
(r

′
). (2.59)

2
In this section the results, published in a collaborative paper [Gar22], are presented.

36



2.7 Nonlinear interaction of elastic waves in solids

Here, α̂r =
√
1 –

(
VR

Vr

)
2

, r, r
′ = L, T , and VR and Vr are the RW and bulk wave velocities,

correspondingly. The displacement field of the two incoming Rayleigh waves (Λ = 1, 2) is

given by

(
U
(Λ)
(
(
X , t) = NΛe

i

(
(
kΛ·(X–ωΛt

)







cos(αΛ)

sin(αΛ)

–iα̂L





︸ ︷︷ ︸
(
b
(Λ)
(L)

e
kΛα̂LX3

+




–

√
α̂Lα̂T cos(αΛ)

–

√
α̂Lα̂T sin(αΛ)

i

√
α̂L/α̂T





︸ ︷︷ ︸
(
b
(Λ)
(T )

e
kΛα̂T X3



 + c.c., (2.60)

where N1 and N2 are RW amplitudes. We define:

(
Q
(Λ)
(r) =




ikΛ,1

ikΛ,2

k1α̂r



 and
(
Q
(3P)

(r, r
′
) =




iK

0

k1α̂r + k2α̂r′



 , (2.61)

where K is the magnitude of the projection of the wave vector on the OX1X2 plane. Finding

a solution
(̃
u

(h)

(
(
X , t) = e

i(kX1–ω3t)(u(h)(X3)+c.c. to the homogeneous equation of motion, in order
to satisfy the traction-free boundary condition on the surface:

(u(h)(X3) =
∑

j=P, SV, SH

(a(j)e–iqjX3 , (2.62)

where qj is either real and positive or imaginary with a positive imaginary part, following

q
2

j
=
(
ω3

Vj

)
2

– K
2
. The vectors, (a(j), may be chosen as

(a(P) =




K

0

–qp



 pP√
K
2
+ |qP|

2

, (a(SV ) =




qSV

0

K



 pSV√
K
2
+ |qSV|

2

, (a(SH) =




0

1

0



pSH. (2.63)

The projections pP, pSV , and pSH are obtained from the boundary condition at the surface:

∑

j=P, SV, SH
C
l3mM

Q
(3h)

M
(j)a

(j)

m
+

∑

r,r
′=L,T

C
l3mM

Q
(3P)

M
(r, r
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(3)

m
(r, r

′
)+

∑

r,r
′=L,T

S
l3mMnN

Q
(1)

M
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(1)

m
(r)Q

(2)

N
(r

′
)b
(2)

n
(r

′
) = 0.

(2.64)

Here, we define
(
Q
(3h)

(j) =




iK

0

–iqj



.

Finally, the local scattering efficiency HL is introduced, as a suitable mean of comparison

between perturbation theory results and other investigation methods, such as Finite Ele-

ment Modelling (FEM) simulations, and experimental measurements of displacement field

at the interaction area. For all the aforementioned cases, HL is defined as

HL = A3(ω1 + ω2)

A3(ω1)A3(ω2)

, (2.65)

where A3(ω) is the amplitude of the X3-component of the surface displacement at the fre-

quency ω. Similar to the definition of H in Equation (2.49), HL has the dimension of inverse

length.
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3 Methodology

This section describes the numerical studies, the experiments carried out and the devel-

oped and verified data processing algorithms. These algorithms and procedures have been

established both for improving the accuracy and reliability of measured physical values and

for visualisation of experimental data and advanced analysis of FEM data.

The practical part of the work consisted of several main tasks:

1. Study of TOEC/AEC evaluation precision with two available methods (direct measure-

ments and mapping from bulk wave measurements) for available industrial grade

equipment for materials of interest (Ni-Cr19-Fe19-Nb5-Mo alloy (In718) and Ti-6Al-

2Sn-4Zr-6Mo alloy (Ti6246)) and direct measurements of surface-treated acoustoe-

lastic constants.

2. Investigation of RW dispersion measurement limitations using the problem-specific

device: High precision Ultrasonic GOniometer (HUGO) for materials of interest (In718

and Ti6246)

3. Design of independent method for evaluation of TOEC (RW AEC) in surface layer:

a) Numerical study for optimization of experiment’ layout

b) Case study: contactlessmeasurements of nonlinear interaction onmetal surface

In addition, feasibility study of fully noncontact excitation and sensing using laser ultra-

sound have been performed and analysed. To ensure the robustness of measured pa-

rameters extraction, several data processing algorithms have been developed, tested and

applied in this work. As a part of validation, independent implementation of processing

routines in MATLAB and Python 3.7 enviroments have been performed.

3.1 AEC measurements

Two types of samples, machined from In718 and Ti6246 were used for bulk wave and

Rayleigh wave acoustoelastic constants evaluation (Figure 3.1). For BW AECmeasurements

the Type 1 samples were used; for RW AECmeasurements both Type 1 and Type 2 samples

have been used. In addition to measurements in initial sample state (annealed), samples

have been also plastically deformed and examined. Finally, after annealing, direct RW AEC

measurements of treated components have been done, as dedicated sample areas have

been shot-peened with 5A (mild) and 8A (high) intensity.
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3 Methodology

Figure 3.1: Geometry of different sample types and shot-peening scheme. Type 1 (upper)

is treated from both sides with intensity 5A and 8A. Type 2 (bottom) is peened

from a single side. Type 1 thickness 4.8 mm, Type 2 thickness 3.8 mm. Load

direction 1 is shown with grey arrows

3.1.1 TOEC/BW AEC measurements using contact ultrasonic measurements

As isotropic body has three independent third-order elastic constants, at least three inde-

pendent measurements have to be performed. According to definition of acoustoelastic

constants (Equation (2.33)), the direction of uniaxial load and bulk wave polarisation are

two parameters of selection. In case of uniaxial loading of dog-bone shaped samples in

a tensile machine (Figure 3.1), measurements of velocity variation of pressure wave and

shear waves with two polarisations allows to determine acoustoelastic constants L21, L22

and L23 (Figure 3.2a), and third-order elastic constants.
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Figure 3.2: Polarisation convention and scheme of experiment for bulk wave AECmeasure-

ments. Load direction ‘1’ is shown with the grey arrows. L21 ↔ S||, L22 ↔ P,

L23 ↔ S⊥ (Equation (2.33))

In allmeasurements, a Zwick/Roell tensilemachinewas used to apply an external uniform

tensile load to the specimens at eight different levels under ambient conditions. Actual

elongation wasmeasured with an extensometer (Zwick/Roell makroXtens II). Effects related

to specimen heating were neglected. Deformations were automatically extracted using the

40



3.1 AEC measurements

algorithm described in Section 3.4.1.

Tomeasure BWAEC, ultrasonic pressure and shearwave transducers (Krautkramer K10K

and MB4Y) attached normally to the sample surface were used to both generate the elas-

tic wave and to record the multiple echo signal. The excitation pulse was generated us-

ing a pulser-receiver (Olympus 5900PR). The received signal was processed with the same

pulser-receiver and recorded with a high-performance digital scope (LeCroy 62 Xi-A, 10

GS/s, 8 bit) in order to trace slight changes in the travel times. A schematic representation

of the experimental setup is shown in Figure 3.2b. The raw measurement result for each

polarisation for each load level was a multiple echo signal (Figures 3.12a and 3.14a).

Details of the group velocity extraction and BW AEC for known sample thickness, mea-

sured strain and flight time are given in 3.4.2.

3.1.2 RW AEC measurements using laser interferometry

For direct measurements of the RW AEC (defined in the Equation (2.36), [Gar20]), the the

surface wave velocity propagation dependencies on applied load were recorded using LDV

(Polytec OFV 353 + DD300). An Interferometer of this kind allows the non-contact measure

of the ’out-of-plane’ component of the Rayleigh displacement (or velocity) using the Doppler

effect. The LDV head was mounted on a three-axis scanner, which allows changing the

measurement point coordinate along the wave propagation direction. An ultrasonic trans-

ducer on a wedge was attached to the sample to excite the surface wave. The recorded

wave propagation distance for the treated and untreated samples was in the range of 30-

45 mm for different types of samples. The out-of-plane component of the displacement

was scanned along five to eight parallel lines with a 1 mm step and a line offset of 0.5-1

mm. The wedge angle was chosen to generate a Rayleigh wave (θ0 = arcsin(
CRW

C
Wedge

L

), Equa-

tion (2.20)). Three commercial transducers with different nominal centre frequencies (1.5

MHz, 5 MHz and 10 MHz) were used for excitation. The waveform and frequency spectrum

of the excited Rayleigh wave for each transducer are shown in figure 3.3.

For the RW||| propagation direction, Type 1 sample was used (Figure 3.1), and excitation

and recording were done at the same face. For the RW⊥ case, Type 2 sample was used, and

a Rayleigh wave was generated on the backside and propagated around the half-circular

edge into the scanning area. The resulting signal was recorded using an Analog-Digital

Converter (ADC) board (GaGe 14200, 200 MS/s, 8 bit). The raw result of each scan was

an out-of-plane shift, generated by Rayleigh wave propagation, at several scanning points

(Figure 3.17, left-hand side).

The SNR of optical measurements is directly related to the fraction of reflected light

reaching the detector. Therefore direct RW AEC measurements on a rough shot-peened

surface treated surface require a scrupulous experiment (1000 averages were performed

Figure 3.3: Example of commercial transducers temporal and frequency response.
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for each scanning point on a dense grid) and robust data processing. Details of the data

processing are given in 3.4.3.
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Figure 3.4: Notation and scheme of experiment for Rayleigh wave AEC measurements.

Load direction ‘1’ is shown with the grey arrows. A
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↔ RW, A
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3.2 Immersed measurements of RW dispersion using the

ultrasonic goniometer HUGO

Rayleighwave dispersionmeasurements on surface treatedmaterials have beenperformed

using the HUGO [Bar12]. This device was specially designed and developed at Fraunhofer

IKTS for suchmeasurements, and consists of two submerged transducers (transmitter and

receiver) mounted on movable arcs, which allow the dip angles to be adjusted. One of the

arcs is mounted on a platform which can be moved along the line. Therefore, two types of

measurements are available:

1. recording of the reflected wave amplitude as a function of the angle between the

transducers: the angle with the maximum energy loss associated with the energy

transfer of the initial pulse into the surface acoustic wave can be found. Knowing the

velocity of elastic waves in water, the RW velocity can be estimated accurately.

2. record of Rayleigh wave propagation with linear stage motion after finding the opti-

mum angle for Rayleigh wave generation

The second approachwas used to accurately estimate the Rayleighwave velocity dispersion

for ‘Type 1’ samples of Ti6246 and In718 at shot-peening intensities of 0A, 5A and 8A.

For all samples and treatment intensities, the surface acoustic wave propagation was

recorded on a dense grid with small spatial step (0.025-0.05 mm) with 200 averages. A

record example is shown in Figure 3.20. Details of processing are described in Section

3.4.4.
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T R R
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available measurement modes

(b) Device exterior view (w/o immersion tank)

Figure 3.5: High-precision Ultrasonic Goniometer HUGO

3.3 Design of in-situ method of nonlinear elastic parameters

estimation

Numerical simulation: selection of interaction modes

First, the most promising interaction modes in the relevant frequency range (1-10MHz)
1

were selected by comparing the calculated scattering efficiencies. The elastic constants

used as model input are given in Table 3.1.

Assuming that the involved bulk waves were propagating at small angles with respect to

the surface — that is, θ = ∠((k3,
−→
OZ) ∼ 95

◦
for the bulk waves — the relative efficiencies for

the allowed cases (Equations (2.41)–(2.42)) were calculated as shown in Figure 3.6. Due

to the polarization restrictions, noncollinear interactions with horizontally polarized shear

waves are forbidden.

The value of θ corresponds to near grazing propagation, and was chosen according to

the experiment described in the following Section 3.3. Two Rayleigh waves were excited,

and surface displacement was detected by laser vibrometry at the same surface. In this

case, scattered bulk waves at small angles should be more visible than bulk waves, which

radiate at steeper angles into the volume. Results of the calculations are shown in Table

4.3 and in the Appendix 8.6.

On the basis of these simulations, the followingmixing cases were selected as beingmost

efficient for subsequent detailed analysis:

1. RW + RW → P: two Rayleigh waves generating a bulk longitudinal wave at the sum of

input frequencies; and

2. RW + RW → SV: two Rayleigh waves generating a bulk transversal wave with vertical

polarization at the sum of input frequencies.

These cases have been also used for the experimental investigation of the detectability of

the scattered component of two Rayleigh waves generating a bulk wave at near grazing

angle.

In addition, for selected interactions (two Rayleigh waves generating the bulk wave), anal-

ysis of scattered wave amplitude at the surface on top of interaction volume (Section 2.7)

has been performed. Results of these simulations have been validated by comparison with

1
Here the approximate frequency range is defined by the Rayleigh wave penetration depth, chosen to be in

the same order of magnitude as the surface treatment penetration depth of 300-800μm.
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Define the search grid
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f1, f2= 1-10MHz,

Angle α.

Pick combination

Calculate the efficiency

(Eq. (2.51) and (2.53))

and normalize by

1/2πf3

Fulfills the Eqs.

(2.41) and (2.42)?

Yes

No

W1
(f1)

W

2 (f
2 )

W3(f1 ± f2)

Extract the max.

values for each

interaction case

Figure 3.6: Efficiency calculation and selection of the most promising nonlinear wave inter-

actions. Interactions including the shear wave with horizontal polarization are

omitted due to polarization restrictions. Here α is the angle between
(
k1 and

(
k2

(Figure 2.5a).

Table 3.1: Material parameters of aluminum alloy (Al7075) used for simulations. Density

and reference TOEC are taken from the literature [Moh19]; SOEC (Lamé con-

stants) derived from velocity measurements.

Parameter Symbol Unit Value

Density ρ [kg/m
3
] 2750

Pressure wave velocity Vp [m/s] 6373

Shear wave velocity Vs [m/s] 3161

Rayleigh wave velocity c [m/s] 2925

Lamé’s first constant λ [GPa] 56.74

Lamé’s second constant μ [GPa] 27.48

First Murnaghan constant (reference value) l [GPa] -250.0

Second Murnaghan constant (reference value) m [GPa] -350.0

Third Murnaghan constant (reference value) n [GPa] -350.0

the FEM simulations, performed by Dr. Peng Zuo (IC London) as a part of collaborative work

[Gar22].
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3.3 Design of in-situ method of nonlinear elastic parameters estimation

Recording of the nonlinear interaction of RW using laser interferometry

The experiments followed two basic goals: investigating the feasibility of detecting the res-

onant interaction of two source waves (Rayleigh waves) in metal using commercially avail-

able equipment, and determining the variation in the local scattering efficiency HL in the

real sample, by changing the angle between sources for a fixed frequency ratio of the input

waves.

Amirror polished aluminum alloy plate was used as a sample. Two commercial transduc-

ers with central frequencies of 1.5 and 3.5MHz weremounted onto wedges, and optimized

for Rayleigh wave excitation in aluminum. Glycerin was used as a coupling medium, in or-

der to provide stable and long-lasting coupling. The electrical excitation of the transducers

was realized by two independent signal generators and amplifiers to minimize the elec-

trical crosstalk between sources. Generator frequencies (1.45 and 3.3MHz) were chosen

slightly off the nominal transducer central frequencies, accounting for amplifier and trans-

ducer frequency responses, and considering the optimal frequency ratio obtained from

semi-analytical calculations (see Section 3.3). The angle between sources was swept from

45
◦
to 180

◦
, with a step size of 5

◦
, using a special holder device (shown in Figure 3.7b).

The wavefield was captured with a laser Doppler vibrometer mounted onto a three-axis

scanner. For each fixed angle between the two sources, the displacement component nor-

mal to the surface (out-of-plane component) was recorded in a square area of 10×10mm
2
,

with a step size of 0.1mm in both directions. The vibrometer signal was converted using

an 8-bit ADC, averaged 600 times, and stored digitally. In order to increase the ADC resolu-

tion in the frequency band of interest (i.e., around the frequency of the scattered wave), an

analog High-Pass Filter (HPF) was added to suppress the fundamental components. The

schematic representation of the setup is shown in Figure 3.7. The amplitudes of the dis-

placement along the vertical axis X3 for the fundamental components were in the range

of 15–25nm. The amplitude of the scattered component was in the range of 0.5–20pm,

which is at least ten times larger than the resolution limit of the vibrometer.

RAM5000

SWG+HPA

PC

Transducer 2

on wedge

AWG+HPA

Sample

under test

ADC

board

Transducer 1

on wedge

Digital

signal

LDV Scanner

Coordinate

Trigger

HPF+

LPF

(a) Here: SWG - sine waveform generator, AWG - arbitrary wave-

form generator, HPA - high-power amplifier, HPF+LPF - high-

pass (4MHz) and low-pass (11MHz) filter.

(b) Top-view of scan area

Figure 3.7: Wave mixing experiment: scheme and photo of scan area

Additional measurements have been carried out to validate the resolution capacity of the

experimental setup for detecting the nonlinear interaction of surface waves and to verify

that the signal at the sum frequency of two initial waves is not generated by instrumen-

tation. The optical path of the vibrometer was changed from the normal reflection from
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3 Methodology

Figure 3.8: Example of raw scan data (angle between the source waves α ≈ 165
◦
). Four

temporal responses at different scan points and corresponding frequency re-

sponses are shown on top left and top right subfigure, correspondingly. Snap-

shot of the wavefield at the moment of two wavefronts arriving into the scan

area (6 μs) is given on bottom left subplot (here the log. colormap is used to

highlight the 1.45 MHz component, suppressed by HPF). Two-dimensional spa-

tial Fourier transfrorm is shown on the bottom right subplot.

a single polished metal surface to the double reflection from two almost parallel polished

surfaces (Figure 3.9b).

Double reflection allows the contribution of wave mixing to be isolated from the imper-

fections of the data acquisition setup (Figure 3.7), as the digital signal will contain equal

instrumental error, generated by the high-amplitude fundamental components in the ac-

quisition chain. To achieve that, after rearranging the setup from Case A (isolated sources)

to Case B (wave mixing) the amplitude of the wave, generated by rearranged transducer 1

was changed accordingly by reducing the high power amplifier gain. All other data acquisi-

tion parameters remained unchanged.

Themeasurement results are given in Figure 3.9, and show a clear response at themixing

frequency (4.75 MHz) in presence of elastic wave interaction (Case B), at least 10 dB above

the instrumental noise (Case A), which itself contains no distinct instrumental-induced (LDV,

filters, ADC) component at the interaction frequency.

In order to simplify the analysis of acquired experimental data, as well as to test and vali-

date the processing algorithms, described below, an interactiveMATLAB graphical interface

have been developed (Figure 3.10).
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3.3 Design of in-situ method of nonlinear elastic parameters estimation

(a) Frequency responses for isolated sources (Case A) and in presence of elastic wave interaction

(Case B).

LDV

2

1

Case B

LDV

2

1Case A

Case B

(b) Scheme and optical path of two cases, used for

auxiliary measurements.

Figure 3.9: Measurement results and principal scheme of additional comparative study:

two transducers mounted at the different polished metal plates (Case A); and

two transducers mounted at the same polished metal plate (Case B) with iden-

tical optical path. The light beam is focused on the left plate. Transducer 1 (1.45

MHz wave) and transducer 2 (3.3 MHz wave) are depicted with grey rectangles

on the scheme.
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(a) Selection of run and raw data visualisation in time domain: snapshot and two-dimensional

spatial Fourier transform.

(b) Visualisation in frequency domain. Selected points frequency responses and Short-Time

Fourier Transform (STFT) slices: amplitudes and unwrapped phase plane for selected fre-

quency and time delay step.

Figure 3.10: Interactive MATLAB graphical interface for analysis and advanced visualisation

of experimental LDV data.
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3.4 Algorithms

3.4 Algorithms

The vast amount of experimental and simulation data had to be evaluated accurately;

therefore several algorithms and scripts were developed and validated both with generic

and real test data. In this section a brief description of each developed tool is given.

3.4.1 Automated strain extraction from raw extension data

In total more than 40 tensile tests has been performed (BW: 2 materials x 3 wave polari-

sations x 5 measurement points, RW: 2 materials x 2 sample types X 4 treatment states).

The demanded loading profile was determined before the measurement in a Zwick/Roell

control software, and the actual extension has been measured with the extensometer and

extracted as (time from measurement start, absolute elongation) array. Actual strain data

for each loading step have been calculated by division of extension for given step over the

extensometer base.

Raw record of extensometer, along with the extracted data levels is shown at the Figure

3.11. Before the actual measurements, pre-loading (five slow zero load- full load cycles

for homogenizing the grain orientation and check of sample clamping quality), have been

performed.

Figure 3.11: Extraction of actual sample extensions during the tensile machine testing

Number of loading steps (nsteps), pre-loading and actualmeasurement discretisation steps

were the input parameters for the loading profile and record of extension. Therefore, the

actual extensions have been extracted as followed.

1. Cut out the pre-loading part, leaving only themain part of themeasurement (stepped

profile).

2. Apply the moving average filter to extension data (average over 5 sampling points)

and round to one decimal.

3. Compute the histogram values HV (number of occurrences) and bin centres HBC for

a pre-defined histogram parameters (number of bins or bin width).

4. Define the initial threshold level: h=max(HV )/2 and empty extracted peaks array EP. Per-

form a descent until the number of extracted peaks will reach the number of loading

steps. Initial threshold level and descent direction are shown at histogram on the

left-hand side of Figure 3.11 with dash-dotted line and arrow, correspondingly.

While size(EP) < nsteps AND h > 2:

a) EP=HBC(HV > h)

b) h=h-1
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3.4.2 Comparison of the group velocity evaluation methods for the BW AEC

measurements

The principal issue in determination of TimeOf Flight (TOF) of ultrasonic wave is the absence

of standard definition of TOF/velocity for pulse-echomeasurements. According to ISO 5577

(6.1.22-6.1.26), several modes are equivalent:

1. flank-to-flank: measurement of the time difference between similar edges (flanks) of

multiple echoes, usually defined as rising (leading) or falling (trailing) edge, at a spec-

ified amplitude

2. peak-to-peak: measurement of the time difference between themaximumamplitudes

of multiple echoes

3. zero crossing: measurement of the timedifference between corresponding zero cross-

ings of multiple echoes

Comparison of elastic wave velocities, based on these definition, have been done; in addi-

tion, two other methods, typical for DSP applications, have been added:

4. autocorrelation: measurement of the time difference between the maximum values

of the autocorrelation function of multiple echoes signal x:

R̂xx(m) =
{ ∑

N–m–1

n=0 xn+mx
∗
n
,m " 0,

R̂xx(–m),m < 0,

(3.1)

5. cross-correlation: measurement of the time difference between the maximum values

of cross-correlation function between the windowed first echo y and multiple echoes

signal x:

R̂xy(m) =
{ ∑

N–m–1

n=0 xn+my
∗
n
,m " 0,

R̂yx(–m),m < 0,

(3.2)

Here xn and yn are the discrete signal amplitudes at the n-th sampling point. The asterisk

denotes the complex conjugation operation in the general case (in this case all amplitudes

are real).

Figures 3.12 and 3.14 show examples of multiple echo signals of pressure and shear

wave recordings. These figures also show points extracted according to the definitions

described above. Variations in TOF, extracted from records, presented in Figures 3.12 and

3.14, are shown in Figure 3.15. First echoes are used as a reference point, extracted peaks

used as a baseline.

The total number of measurements exceeded 250 records (2 material types x 5 measur-

ing points per sample x 3-5 records per measuring point x 8(9) load levels). This dataset

allowed comparing the robustness of the implemented algorithms for each type of inter-

action wave.

The relative TOF (TOFi/TOF) extraction error for the whole dataset for each method is

given in Fig. 3.16 (a detailed description of the comparison metric is given in the figure

caption).

Another DSP approaches, such as cepstrum liftering and envelope peak extraction using

Hilbert transform [Opp09], have shown both inferior performance and worse computa-

tional efficiency.
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(a) Multiple echo signal and different TOF definitions

(b) TOF extraction with auto-correlation and cross-correlation functions

Figure 3.12: Processing example for P-wave in In718

Raw signal
TOF extraction

with selected method

(TOF, echo number)

OLS fit

Sample extension

Extensometer base

Thickness at given

measurement point at

initial state h0

Poisson’s ratio ν

of sample material

ε

h = (1 – νε)h0

True velocity:

2 × slope × thickness

s
lo
p
e
,
[
1
/
s
]

Real

thickness, [m]

Figure 3.13: Velocity calculation: dataflow. Here Ordinary Least Squares fit (OLS) is used

for slope estimation.

51



3 Methodology

(a) Multiple echo signal and different TOF definitions

(b) TOF extraction with auto-correlation and cross-correlation functions

Figure 3.14: Processing example for S|| wave (polarisation convention given in Figure 3.2a)

in In718.

(a) P-wave

(b) S||

Figure 3.15: TOF variations, extracted from data shown in Figures 3.12 and 3.14. All de-

tected time delays are shifted to the same reference point, peak method is

used as a baseline.

52



3.4 Algorithms

(a) In718

(b) Ti6246

Figure 3.16: Comparison of the relative error of the algorithms used to estimate TOF. Rela-

tive error on the vertical axis is the standard deviation of the relative TOF calcu-

lated for all measurement points and load levels. Smaller values correspond

to more robust TOF extraction algorithms. Dividing by the average TOF value

for each measurement point and load level eliminates the effects of local vari-

ations in thickness and changes in TOF due to acoustoelastic effect.
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3.4.3 Group velocity evaluation using the iterative algorithm for the low

SNR data

An additional procedure for the velocity extractionwas needed due to the rather low Signal-

to-Noise Ratio (SNR) of the LDVmeasurements, especially for the treated samples at higher

frequencies. Each scan line have been treated independently as a line scan, and processed

as following:

1. Selection of the point with the highest SNR (reference scan point).

2. Calculation of cross-correlation function between the reference point and given point

at the scan line.

3. Extraction of the cross-correlation function maximum time delay (between the refer-

ence point and given point).

4. Estimation of RW velocity by the linear approximation in the (scanner coordinate -

cross-correlation peak delay) space with an RANdom SAmple Consensus (RANSAC)

iterative algorithm [Cho09].

RANSAC, or the random sampling and consensus algorithm, is an iterative algorithm for

estimating model parameters in the presence of outliers. In this case, outliers were de-

fined as points with the SNR below the threshold level, or secondary peaks extracted from

the cross-correlation function. In general, RANSAC consists of two steps, iterated until the

required level of accuracy is reached:

1. Select the random minimal sample set (2 points for the line fit) from the input dataset

(line scan), fit the model

2. Add the points to the sample set, which are consistent with the model with a prede-

fined error

The procedure is stopped if the fit quality target value or the maximum number of iter-

ations is reached. The threshold and fit quality parameters have been selected manually.

Example of the line scan processing with the RANSAC algorithm is shown in Figure 3.17.

Figure 3.17: Example of direct LDV scan processing. Left sub-figure - raw scan, middle sub-

figure - raw record at the given point and result of filtering, right subfigure -

result of iterative fitting.

An example of the data processing for the AR12 evaluation is shown in Figure 3.18. The

AR12 coefficients are evaluated with the Ordinary Least Squares fit (OLS) (see Appendix 8.5).
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3.4 Algorithms

Figure 3.18: Example of A
3

R12
measurements for In718 at fc=5MHz.

3.4.4 Phase velocity extraction

The OLS fit (described in Appendix 8.5) or RANSAC line fit (described in Section 3.4.3) for

peaks extracted in the time domain can estimate the group velocity of an elastic wave

for the frequency band defined by the ultrasound transducer (Figure 3.3). As mentioned

above, the Rayleigh wave velocity is dispersive in the surface treated and therefore inho-

mogeneously stressed layer. Thus, the extraction of phase velocity vp = ω/k and its de-

pendence on Rayleigh wave frequency provides additional information about the velocity

variation at different penetration depths.

Having linear scan records of the displacement U(x, t) along the wave propagation di-

rection, by performing 1D Fast Fourier Transform (FFT) one can obtain the growth of the

wrapped phase at each frequency of interest:

U(x,ω) = FFT (U(x, t)), (3.3)

φ(x,ω) = atan2(3U(x,ω),4U(x,ω)), (3.4)

where the function atan2 returns the wrapped phase φ in range [–π, π) (Figure 3.19). By

Re(X)0

Im(X)

U(x,ω)

4U(x,ω)

|
U
(x
,
ω
)|

3U(x,ω)

φ(x,ω)

+π

–π

Figure 3.19: Wrapped phase φ, defined in range [–π, π)

phase unwrapping, or substituting ±2π to eliminate phase jumps, and therefore recon-

structing the unwrapped phase Γ dependence on the propagation distance, followed by

a fitting in the (coordinate, unwrapped phase) domain, the phase velocity for each fre-

quency component can be obtained. As in the previous cases, the RANSAC algorithm was
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used tomake the phase velocity extraction proceduremore robust tomeasurement noise.

Depending on the origin of the data, the following procedures were implemented.

Immersed measurements: HUGO scan

The high SNR of immersed ultrasonic measurements allows the phase velocity variation to

be extracted over a wide frequency range from a single scan with a broadband excitation

pulse signal. In this case the central frequency and bandwidth of the transmitting and

receiving transducer limit the operating frequency range. In order to extend it, two series of

measurements were carried out with a low (4 MHz, equal to transmitter) and high (10 MHz)

central frequency of the receiving transducer. These measurements were combined using

the procedure described below. An example of an immersed linear scan measurement

and its attenuation is shown in Figure 3.20.

Figure 3.20: HUGO linear scan for RW dispersion measurements and wave attenuation for

nontreated surface. Here: LF - low frequency receiving transducer (same as

transmitter), HF - wideband high-frequency receiving transducer.

Figure 3.21: Example of RANSAC-based phase velocity extraction from the HUGO linear

scan data. Here the points above the noise threshhold (+12dB) are highlighted

with black.

First, the operating bandwidth for each case was determined, with the threshold de-

fined as shown in 3.23. This method was chosen on the basis that ADC sampling rate

(100MS/s) was significantly higher than the actual operating bandwidth (0-10MHz for the
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low-frequency (LF) transducer and 4-25MHz for the high-frequency (HF) transducer) and

the rapid attenuation of high-frequency components. The phase velocity for each (distance-

time delay) displacement scan and data fusion were done according to an algorithm:

1. Perform an 1D FFT for each record: U(x, t) → U(x, ω)

2. Evaluate the noise threshold as shown in Figure 3.23 (upper row). For each frequency

line ωi:

a) Shift the phase to zero by dividing by U(0 ,ωi) at the scan starting point and un-

wrap the phase

b) Select the points with FFT amplitude higher, than the threshold level and apply

the iterative RANSAC line fit method in (travel distance, unwrapped phase) space

(Figure 3.21).

c) Calculate the phase velocity:

Vp = 2πf

(
x

φ

)
, (3.5)

where the last part is the slope of the line, fitted in the previous step.

3. Merge the LF and HF data with procedure described in Figure 3.23: use the LF trans-

ducer data for low-frequency area, data from both transducers in mid-frequency

range and the HF transducer data in high frequency range.

Figure 3.22: Rayleigh wave dispersion for surface-treated In718: raw data from two trans-

ducers. The curves on the bottom row show the FFT amplitudes at the begin-

ning and end of the scan line. The merging result is shown in Figure 4.4.
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Figure 3.23: Automated determination of the noise threshold for immersion measure-

ments (HUGO) and seamless merging of dispersion data measured by low-

frequency (LF) and high-frequency (HF) sensors. In the upper left Figure, the

samedata as in Figure 3.20, (1mm, 5mmand 10mmscanning points propaga-

tion paths) is given. Upper subfigures shows the definition of the noise thresh-

old (1D FFT distribution peak + 12dB or SNR +12dB, or signal is at least 4 times

stronger than noise). The bottom subplots show the definition of weights for

merging the dispersion curves. The 0 dB threshold is manually selected as the

linear response limit for the LF transducer for a given amplifier factor.
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3.4.5 Multidimensional phase unwrapping and wave vectors/phase velocity

extraction

Basic idea

Typical 2D LDV scan data consists of a scalar or vector displacement field U recorded in

surface (x,y) coordinates and time t. This dataset can be processed in several ways:

• by performing a 3D FFT U(x, y, t) → U(kx, ky , f ) one can extract the dominant wave

vectors and analyse the energy density distribution in space k-f (wave number - fre-

quency).

• by performing spatial FFT U(x, y, t) → U(kx, ky , t) the arrival time of the wave packet to

the reflecting obstacle can be automatically extracted from the change of direction

of wave vectors. Certain components of the wave packet can be selected and fil-

tered/selected in the spatial domain using a generated mask (e.g. binary) in k-space

and inverse FFT.

For the wave mixing experiment using LDV , another method, namely 2D phase unwrap-

ping, has been developed which has proven to be robust and applicable to specific prob-

lems. The need for a new tool was driven by the presence of two or more wave packets in

the scan area, as well as additional parasitic broadband components from amplifier har-

monics and gate opening which make an analysis by conventional methods inconvenient.

The essence of the method is to apply 2D phase unwrapping algorithms to Short-Time

Fourier Transform (STFT) slices: U(x, y, t) → U(x, y, f , t̃). STFT slicing is shown in Figure 3.24.

Correctly reconstructed phase contains information about the distribution of wave vectors

and phase velocities over the scan area for the frequencies of interest. Thus local spatial

variations in direction and/or velocity of the wave propagation can be taken into account.

This can be useful for visualizing wave vector fields and for proving the phase resonance

condition (2.41) on given part of the scanning field.

Comparison and selection of 2D phase unwrapping algorithm

Phase unwrapping (reconstruction of "true" phase Γ by adding 2πn, n ⊂ Z, to the wrapped

phase valuesφ,φ ⊂ [–π, π]) is a complex inverse numerical problemwith no unique solution

[Str99; Ghi94; Her02; Zha18]. Several 2D phase unwrapping implementations available in

the MATLAB File Exchange community have been compared using the generated synthetic

data. Below is a list of the algorithms used for comparison:

1. unweighted least squares method [Ghi94] (implemented by M. F. Kasim)

2. transfer of the intensity equation [Zha18] (implemented by the authors, Z. Zhao et

al.)

3. sorting by reliability following a noncontinuous path (2D-SRNCP) [Her02] (implemented

by M. F. Kasim/implemented by M. Mullen)

4. branch cut phase unwrapping (2D Goldstein) [Gol88], (implemented by B. Spottis-

woode)

The main difference between these 2D algorithms is the definition of the penalty function

and the padding strategy. In addition, a superposition of MATLAB built-in 1D phase un-

wrapping procedures was added for comparison.

These algorithms were compared with synthetic data simulating the wavefield of a small

source with a given wavelength for the range of dimensionless parameters specified in the
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Figure 3.24: Short-time Fourier transform (STFT) and slicing for the phase unwrapping

2a=
5λ

d=5a

Y

X(0, 0)

φ = 15
◦

Figure 3.25: Coordinate convention for 2D phase unwrapping algorithm selection with syn-

thetic source at point (0, 0) with wavelength λ. Varied parameters: side of

square scan area 2a (4λ, 8λ and 16λ), distance to source d (2.5a 5a, 10a), rota-

tion angle φ (0
◦
– 45

◦
) and SNR (40dB, 20dB, 12dB and 6dB). The square scan

area (100x100 scan steps) is shown with a thick line.

caption of Figure 3.25. For a fixed wavelength λ the size of the scan area (2a*2a for 100

scan steps in each direction), the distance from the centre of the scan area to the source d

and the angle between the scan axes and the direction between the wave source and scan

centre. This parametrization allows comparing the robustness of the algorithms to different

wavefront curvatures and relatively low number of scanning points per wavelength. The

robustness of the algorithms to low SNR was compared with the addition of random noise.

An example of the synthesised wrapped data is shown in Figure 3.26. This figure shows
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the wrapped phase at the synthetic wave frequency in colour (the FFT slicing is explained

in Figure 3.24).

Figures 3.27 and 3.28 show a comparison of the robustness of the algorithms to the

above parameters. In analogy with the definition of the elastic net penalizing function

[Has09], the phase reconstruction error R is defined here as the product of the mean ab-

solute difference D1 and the mean standard deviation D2 between the "true" Γ(x, y) and the

"reconstructed" Γ̃(x, y) 2D phase planes:

D1 = |Γ – Γ – (Γ̃ – Γ̃)|, (3.6)

D2 =
√
(Γ – Γ – (Γ̃ – Γ̃))

2
, (3.7)

R = log
10
(D1D2), (3.8)

where overline means averaging in the (x,y) plane. The gradient reconstruction error is de-

fined similarly for kx and ky .

The phase and gradient reconstruction results (Figures 3.27 and 3.28) give an indication

of the limitations of the 2D phase reconstruction algorithms. As expected, SNR is the most

important parameter for stability and quality of the phase reconstruction: at SNR 20 dB and

higher all algorithms show comparable results. The number of scan points per wavelength

is the second most important parameter. In case of low SNR, the wavefront shape and

orientation as well as the number of scanning points per wavelength can also influence the

quality of the reconstruction.

The algorithm [Zha18] showed the best stability and quality of phase reconstruction.

However, it has the drawback of manually selecting the starting point, which limits its ap-

plication to large datasets.

In addition to the comparison of reconstruction errors, two problem-specific heuristic

criteria were added for the final choice of algorithm:

1. Adequate reconstruction (similar amplitudes and directions) of wave vectors/phase

velocities for the experimental data.

2. Stability at wavefront boundaries and edges (experimental data).

For the present case (high SNR∼ 40dB and additional analog filtering in the design of the

experiment), the 2D-SRNCP algorithm [Ghi94] was used as both computationally efficient

and robust.

61



3 Methodology

Figure 3.26: Example of synthesized wrapped phase fields for various parametrisation co-

efficients. Fixed parameters for each row are given on left side.
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Figure 3.27: Dependency of the phase reconstruction errors of several 2D phase unwrapping

algorithms on different scan parameters. For higher SNRs than 12dB all 2D

algorithms behave similarly. Errorbars show the standard deviation over all

varied parameters, except varied at the subplot vertical axis.
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Figure 3.28: Dependency of the gradient reconstruction errors of several 2D phase unwrap-

ping algorithms on different scan parameters. Smaller values shows the higher

similarity of true and reconstructed gradient fields.
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Wave vector and phase velocity extraction algorithm

With a 3D array of complex numbers, one may reconstruct the 2D phase planes for the

frequency of interest by applying a certain 2D phase unwrapping algorithm to a given slice.

From the phase values Γ obtained in this way, one may easily extract the wave vectors and

phase velocities by taking the gradient of the 2D unwrapped phase:

(
kω(x, y) = –

−→
∇Γ

ω,t̃i
(x, y) (3.9)

V = ω

|
(
k |

, (3.10)

where Γ
ω,t̃i
(x, y) is the result of two-dimensional phase unwrapping at a fixed angular fre-

quency ω and STFT with time step t̃i, and V is the phase velocity. Since the processing is

performed for a fixed plane parallel to OXY , only the planar components of the bulk wave

vector can be extracted (if they exist). Thus, the wave vectors and phase velocities at the

frequencies of interest can be extracted from the spectrogram slices as follows:

1. two-dimensional phase unwrapping (with smoothing by averaging in a small spatial

domain);

2. calculation of phase gradient (with smoothing by averaging in a small spatial domain);

3. splitting a large area into small blocks and extracting themedian wave vector (median

component kx and ky from the set of values for a given block).

The beneficial effect of convolution filtering is shown in Figure 3.29: each convolution

step reduces scattering of the extracted parameter and improves smoothness of the re-

covered field.

Figure 3.29: Effect of convolutional filtering on variance of extracted gradient component

kx.

The applicability of 2D phase unwrapping to LDV measurements to extract local wave

vectors and phase velocities of surface elastic waves has been tested on synthetic and

real LDV measurements. An example of wave vector processing and extraction for real

measurement data is shown in Figure 3.30.
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(a) 1.45 MHz (b) 3.3 MHz (c) 4.75MHz

Figure 3.30: Example of processing results for measured displacement data at frequencies

of two overlapping surface waves for an angle of 165
◦
between sources. The

upper row shows the FFT amplitude distribution over the scan area. The lower

row shows the results of phase reconstruction and wave vector extraction (ar-

rows) over the scan area.

The presented approach can be used not only to extract local wave vectors and phase

velocities but also to account for the real shape of the elastic wave source in the near field

region. This approach has several advantages, such as high computational speed, clarity

and interpretability.

On the other hand, the use of 2D phase-unwrapping algorithms requires high quality

experimental data (high signal to noise ratio and measurements for at least six to ten cy-

cles at the frequency of interest). It is also fundamentally impossible for this approach to

distinguish multiple modes propagating at the same frequency.

3.4.6 Extraction of the radiation direction of elastic wave and its

polarisation for sparse multidimensional data

The procedure described in 3.4.5 can only be applied for 2D surface measurements or

FEMmodelling, but not for 3D FEMmodelling with multiple scattered wave modes (longitu-

dinal and transverse). Along with the numerical problems of three-dimensional phase un-

wrapping, the principal inability to distinguish the contribution of each mode to the phase

change makes it impractical. In contrast, three-dimensional laser Doppler vibrometry (cur-

rently widely available only up to 500 kHz) and numerical simulations using finite difference,

finite volume or finite element methods allow to obtain all three components of the spa-

tial displacement and their evolution over time to be tracked. Using the full vector field
2

(
U(x, y, z, t), the direction of propagation of bulk waves travelling at a known speed and the

dominant polarisation in the presence of several components can be determined using

another approach.

2
displacement, velocity or acceleration
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The following procedure has been implemented: assuming the presence of a coherent

plane wave with a certain three-dimensional wave vector in a multidimensional FEM or

experimental data volume, the phase shift between successive grid points for the virtual

iterated wave vector can be calculated. This phase shift can be used to compensate for

the phase shift of the temporal FFT
(
U(x, y, z,ω) known offset vector field at any frequency of

interest, similar to known beamforming algorithms in the frequency domain. If the plane

wave of interest is present in the simulation or measurement volume, the complex FFT

coefficients with phase compensation are coherently summed to a large value. When the

virtual wave vector used to calculate the phase shift and the wave propagation direction in

the volume data do not match, the sum of the FFT coefficients is relatively small. Therefore,

by changing the direction of the iterated wave vector in spherical coordinates (θ, φ) for

known values

∣∣∣(k
∣∣∣, one can obtain a volumetric radiation pattern for each volumetric wave

mode.

Exact algorithm is described below:

1. Generate the mesh of position vectors (r(x, y, z) for the known FEM or experimental

grid.

2. For every point (θi, φj) of the spherical coordinate grid with a 1
◦
step in both polar

and azimuthal directions and for a known frequency f and velocity V of the scattered

wave:

a) Calculate spherical coordinate system unit vectors (er , (eθi and (eφi (defined in [Iso])
and the virtual wave vector

(
k(θi,φj)

(
k(θi,φj) = 2πf /V · (er (3.11)

b) Calculate the phase-shift factors F for known
(
k(θi,φj) and (r(x, y, z)

F
θi ,φj

(x, y, z, f ) = e
i(
(
k(θi ,φj)·(r(x,y,z))

(3.12)

c) Compensate the phase shift in complex displacement vectors (obtained by FFT

of raw FEM simulation data) through multiplication by F

(
DPC(x, y, z, f ) = (

D(x, y, z, f )F
θi ,φj

(x, y, z, f ) (3.13)

where
(
D and

(
DPC are raw and phase-compensated complex displacement vec-

tors, correspondingly.

d) Calculate the absolute value of the scalar product of the sumof complex
(
DPC with

unit vectors (er , (e
θi
and (eφi (resulting in P, SV, and SH wave-polarization vectors

for the wave traveling in the (er direction).

AS(θi,φj, wavetype, f ) =

∣∣∣∣∣∣




∑

x,y,z

(
DPC(x, y, z, f )



 · (ewavetype

∣∣∣∣∣∣
(3.14)

where AS is the scattering amplitude of the given wavetype in the given direction.

This procedure was first tested on synthetic data and then applied to multidimensional

FEM
3
data (the evolution of three displacement components over time for the three-dimensional

spatial grid). Using the algorithm, described above, the scattering direction in volume and

the dominant polarisation were obtained.

3
FEM simulations were performed by Dr. Peng Zuo (IC London) as part of collaboration [Gar22].
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3 Methodology

3.4.7 Local scattering efficiency by perturbation theory for wide-band

primary pulses

With perturbation theory (Section 2.7) one can determine the intensity of a secondary

wave generated by a nonlinear interaction of twomonochromatic primary waves. However,

these results cannot be directly compared with experimental results or FEM simulations

for several reasons.

First, we do not have access to the freely propagating (plane) wave, but only to the wave

field components at (experiment) or near (FEM simulation) the surface. Secondly, the in-

put waves in the experiment were not monochromatic: during excitation, the powerful

amplifier and transducer generate side nonlinearities. In addition, the fact that both the

experimental and the available FEM source signals were time-limited extended the band-

width of the fundamental waves, which contribute to the generated waves and thus to the

non-linear mixing component.

These facts have to be taken into account in the perturbation approach in order to obtain

values which can be compared with the experimental and FEM results. Therefore, the

following procedure has been implemented:

1. parameterize the recorded frequency response (FR) of individual RW transducers (Λ =
1, 2) using the 3D FFT, and assuming only a single plane Rayleigh wave to be present,

with the form

FRΛ(ω) = FFT (A
(Λ)

Z
(X , Y , t)) = A

(Λ)

Z
(kx, ky ,ω) = A

(Λ)

Z
(ω), (3.15)

where AZ is the measured out-of-plane displacement.

2. Calculate the out-of-plane displacement for the scattered wave SW(ω) for each pos-

sible combination of FR1 and FR2 spectral lines in the frequency range of interest

(1–5MHz) for varying source angle α from 45
◦
to 180

◦
, in 5

◦
increments.

3. For each angle between sources and each frequencyωi from the list (1.45, 3.3, 4.75MHz),

we obtain the resulting amplitude, which is a combination of the source waves and

the scattered component:

AZ(ωi) = |〈FR1(ω) + FR2(ω) + SW(ω)〉|︸ ︷︷ ︸
||ω–ωi|<50kHz

, (3.16)

where angle brackets denote averaging of complex amplitudes.

4. Calculate the local scattering efficiency HZ (defined in equation (2.65)) for each angle

between the sources.

The frequency band 50 kHz contains three spectral lines for the sampling rate and record-

ing length used throughout the experiments. A comparison of Figures 4.7 and 4.8 can give

an indication of how broadband excitation affects overall efficiency, and the increasing in-

fluence of this effect for relatively small angles between sources. This effect could also be

the reason for the lack of a sharp peak in the Figure 4.7.
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3.5 Supplementary study of applicability of contactless laser ultrasonics

3.5 Supplementary study of applicability of contactless laser

ultrasonics

A short complementary study on the applicability of a completely non-contact LUT to gen-

erate Rayleigh waves of a certain length with a Nd:YAG laser and to detect the nonlinear

interaction with an LDV was carried out in the Acoustics and Biophysics Laboratory at KU

Leuven. The working principle of LUT is based on a sudden thermal expansion created by

heating the surface of a sample with a given pattern, which generates elastic waves.

A schematic representation of the setup and the resulting excitation points RW is shown

in Figure 3.31. A short pulse with 10 Hz repetition rate generated by a 1064 nm pulsed

laser (Quanta-Ray Spectra Physics) was split into two semicircles. Splitted light beam later

wasmodulated by linear steel gratings with variable slit widths (Figure 3.32), placed at some

distance to the sample surface. Splitted andmodulated beamwas focused by convex cylin-

drical lenses (the focal line of the lenses is parallel to the diameter of the semicircles) in

vicinity of the sample surface.

Nd:YaG

laser

PC

Grating 1 and

cylindrical lens 1

Grating 2 and

cylindrical lens 2

Sample

under test

Digital

scope

Beam

splitter

Digital

signal

LDV Scanner

Coordinate

Trigger

HPF

Photo

detector

(a) Here: Nd:YAG laser- high-power 1064 nm wave source,

HPF - high-pass (4MHz) filter.

‘Source’ 1

‘Source’ 2

Measurement point

2-
3 

m
m

8 
m

m

~1.5 mm

(b) Front view of laser ultrasonic

excitation pattern.

Figure 3.31: LUT feasibility study: scheme and front view.

The results are shown in Figure 3.33. With a maximum source wave amplitude on the

order of 1 nm, for the effects considered, the scattered wave amplitude must be on the

order of 0.01-0.1 pm, which is at the edge of resolution limit of the available commercial

LDV. Increasing the excitation amplitude is problematic due to the resulting ablation - re-

moval of the surface layer of the material by the high-power laser beam. In addition, for

some geometries, excitation through the grating results in a large number of spurious high-

frequency components due to Fresnel diffraction, which also complicates the analysis of

the data obtained.

Thus, the relatively low level of amplitude of the excited Rayleigh waves, and therefore

low signal-to-noise, as well as a number of problems inherent to LUTs (low repetition rate,

additional high frequency components due to optical effects) make this method a subop-

timal choice for noncollinear wave mixing experiments at this stage.
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3 Methodology

Figure 3.32: Temporal and frequency response for different gratings, evaluated without the

HPF. Curves in the left subfigure are divided with an 1nm offset for readability.

Figure 3.33: Case study: Applicabiltiy of noncontact LUT for generation of detection of wave

mixing. No distinguishable wave interaction is detected.
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4 Results

This chapter presents the results obtained and a brief analysis of the sources of experi-

mental errors and uncertainties. These results include directly measured TOEC (3.1.1) and

RW AEC (3.1.2) and their comparison via Grüneisen constants, RW AEC measurements for

surface treated materials (3.1.2), Rayleigh wave dispersion over a wide frequency range

(up to 25 MHz) (3.2). In addition, first results of numerical and experimental investigation

of nonlinear elastic wave interaction (3.3) using the algorithms introduced in the previous

chapter are also presented.

4.1 TOEC values for relevant superalloys

Third-order elastic constants were calculated according to the following scheme:

1. straight line fit with the OLS method (8.5) in (strain, relative velocity variation) domain,

2. extraction of slopes - acoustoelastic constants (Equation (2.32)),

3. calculation of the third-order elastic constants using Equations (2.33).

TOEC vaues, calculated from the direct BW AEC measurements (Section 3.4.2), and the

comparison with the published results for the given superalloys, are given in Table 4.1. The

available results for the In718 sample are in good correlation with the measured values.

The high scattering of Ti6246 acoustoelastic constants (seen in Figure 4.1) was expected

frompreviousworks [Rje13], and can be explained by the spatial variation in themicrostruc-

tural properties.

Material l, GPa m, GPa n, GPa

In718 (5 points) -556±5 -624±5 -484±5
In718 (3 points) [Rje13] -524±4 -603±4 -478±2.3
In718 (3 points) [Hub12] -472±19 -564±15 -489±7

Ti6246 (5 points) -312±125 -309±71 -442±51
Ti6246 (3 points) [Rje13] -356±35 -390±21 -475±15

Table 4.1: Third-order elastic constants (TOEC) values, calculated from BW AEC for an-

nealed samples, and a comparison with the available literature values.
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4 Results

Figure 4.1: Rawmeasurement of elastic wave velocity variation for BWAEC evaluation. Each

curve corresponds to a different measuring point, the vertical dashes show the

standard deviation. The high scattering of nonlinear elastic characteristics of

the Ti6246 alloy (on the right) is related to the variations in the microstructure.

Figure 4.2: Relative velocity variation of the bulk wave modes due to uniaxial strain load

for In718 and Ti6246 alloys. Here the standard deviation for strain and relative

velocity variation for 5 different measurement points are given with dashes. P -

pressure wave, S - shear wave with two possible polarizations (Figure 3.2a).

4.2 RW AEC values for relevant superalloys

The results of direct measurements of acoustoelastic constants, some of which were car-

ried out for the first time (for surface treated materials), and a brief analysis of the sources

of uncertainty in the experiment are presented below.

Results of RW AEC extractions for samples with different treatments are shown in table

4.2. A different historymeans that the same samples weremeasured after plastic deforma-

tion, annealing and shot peening. The RW AEC were measured with transducers with dif-

ferent centre frequency and bandwidth, giving different treatment depths (approximately

7 TD for 1.5 MHz, 2 TD for 5 MHz and 1 TD for 10 MHz transducers, respectively). This table
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4.2 RW AEC values for relevant superalloys

includes the values, mapped from the annealed sample BW AEC measurements (shown

in bold), as well as several published results. Comparisons were done with the Lamé con-

stants derived from literature density values and BW velocity measurements at zero load

(ρIn = 8220 kg/m
3
, V

P

In
= 5814 m/s, V

S

In
= 3096 m/s, ρTi = 4650 kg/m

3
, V

P

Ti
= 6126 m/s,

V
S

Ti
= 3150 m/s). As can be seen, the measured values of the constants A

(1)

R12
depend on

the state of the material. BW AEC → TOEC → RW AEC mapping (Section 2.5.2) gives results

close to the directly measured values only for A
(1)

R12
for titanium. The reasons for the devi-

ation of the remaining mapped RW AEC from the directly measured values require further

investigation.

In Figure 4.3a, the parameter A
(1)

R12
measured for three different states of the same sam-

ple In718 is shown by a vertical histogram. These states are shown on the horizontal axis:

sample after annealing, after partial surface treatment (measurements were taken on the

untreated area) and after plastic deformation. Because of the apparent anomalous be-

haviour, the measurements for state 0A were repeated several times but always showed

a similar result. Both the magnitude and the sign of RW AEC depends on the processing

history of the In718 alloy.

The effect of hardening intensity on the sign and magnitude of RW AEC for In718 and

Ti6246 is shown in Figure 4.3b. Unlike titanium alloy, for which the "cumulative" nonlinearity

A
(1)

R12
+A

(3)

R12
retains its magnitude, for Inconel both acoustoelastic constants change strongly

in magnitude and/or sign, which jeopardises its subsequent application for the assessment

of residual stresses in the surface treated structure.

Material fc(MHz) A
(1)

R12
(1/TPa) A

(3)

R12
(1/TPa)

In718 (PD) 1.5 -4.11 ± 3.89 -1.73 ± 3.03

In718 (AA) 1.5 3.39 ± 0.66 -0.92 ± 0.77

In718 ([Köh10a]) 2.36 -1.20

In718 (BW) 2.18 ± 0.07 -1.31 ± 0.03

In718 (0A) 1.5 -0.49± 0.78

In718 (0A) 5 0.38 ± 2.90 -7.98 ± 1.47

In718 (0A) 10 0.23 ± 2.81

In718 (5A) 5 -1.27 ± 2.80 -6.88 ± 2.48

In718 (5A) 10 -0.95 ± 1.84

In718 (8A) 5 -2.40 ± 4.33 -2.51 ± 1.80

In718 (8A) 10 6.06 ± 1.25

Ti6246 (PD) 1.5 0.32 ± 2.60 -2.36 ± 3.20

Ti6246 (AA) 1.5 3.36 ± 0.25 1.46 ± 2.10

Ti6246 ([Köh10a]) 2.79 1.62

Ti6246 (BW) 3.3 ± 2 5.81 ± 1.97

Ti6246 (0A) 5 7.83 ± 4.19 1.61 ± 1.22

Ti6246 (5A) 5 6.25 ± 4.42 3.65 ± 1.72

Ti6246 (8A) 5 3.42 ± 3.59 7.66 ± 2.99

Table 4.2: Direct-measured RWAEC for the different states ofmaterial and comparisonwith

the literature and mapped values (here, PD—plastically deformed; AA—after an-

nealing; BW - mapped from the BW AECmeasurements, available literature values

are shown with the reference number). Treatment and measurements at 0A, 5A,

8A states have been performed after annealing.

73



4 Results

(a) In718 A
(1)

R12
for three different sample

states (all without treatment, 0 A—

measurements at nontreated part of the

treated sample), fc=1.5 MHz.

(b) RW AEC variation for 0 Almen (non-

treated), 5 Almen, and 8 Almen shot-

peening intensity for In718 and Ti6246 al-

loys, fc = 5 MHz. Vertical axis—A
(1)

R12
; hori-

zontal axis—A
(3)

R12

Figure 4.3: Direct measurements of Rayleigh wave acoustoelastic constants for different

states of surface treatment (Table 4.2).

All measurements were performed under laboratory conditions using commercial equip-

ment. Additionally, reproducibility and the effect of setup parameters on measurement

accuracy were analyzed using synthetic tests in MATLAB by varying the jitter delay between

the excitation and recording and changing the accuracy of scanner positioning.

4.3 Rayleigh wave dispersion measurements

A semi-automatic method has been developed to combine measurements from ultrasonic

transducers with different frequency ranges to increase the overall measurement band-

width and improve the accuracy of the dispersion curves. The original method is described

in 3.4.4, the measurement result for the respective samples is shown in Figure 4.4. Com-

pared to the previous processing procedure [Bar12], the efficient frequency range has

been increased by 10 MHz. HUGO has been designed specifically for measuring disper-

sion curves using the immersion method. Thus, the requirements for high signal to noise

ratio and scanning accuracy are met by default. In this case the critical parameter to fur-

ther improve the measurement accuracy is the monitoring of the elastic wave velocity in

the water, which is temperature dependent and determines the critical angle.
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4.4 Nonlinear interaction of elastic waves and its potential for AEC estimation

Figure 4.4: Rayleigh wave dispersion for surface-treated In718.

4.4 Nonlinear interaction of elastic waves and its potential for

AEC estimation

In this section the results of theoretical and experimental investigation of possible non-

linear interactions of Rayleigh waves with nearly incident bulk waves are presented. The

scattering efficiency is evaluated using perturbation theory (Section 2.7). For verification

of experimental results and perturbation model simulations, as well as the algorithms de-

veloped, the results of additional FEM simulation, performed by Dr. Peng Zuo, are shown

in several figures. These FEM simulations of nonlinear interaction of two Rayleigh waves,

performed in Abaqus/Explicit package, resulted in three-component displacement vectors,

which were simulated over a 4D (x, y, z, t) grid over a wide range of angles between the pri-

mary waves. Detailed description of FEM simulation is given in [Gar22].

All of the following graphs and explanations use the coordinate system shown in Figure

2.5.

4.4.1 Perturbation model

The results of the calculation of the scattering efficiency H of nearly incident scattered bulk

waves (θ = 95
◦
) are shown in the Table 4.3 and shown in detail in Appendix 8.6. These

values can be interpreted as the relative amplitude of the scattered wave at a significant

distance from the interaction volume. Any pair of parameters from the list (f1/f2, α, α2, θ)

determines the other two, as well as the relative interaction efficiency for a given Rayleigh

wave interaction. Similarly, the maximum efficiency values can be similarly, maximum effi-

ciency values can be found by changing any two parameters in this list.

In addition, surface displacements in the interaction region have been calculated using

a perturbation model (Section 2.7) and compared with the FEM simulation results (Figure

4.5). The perturbationmodel was in reasonable agreement with the FEM simulation results,

adequately predicting order of magnitude of the displacement and following the general

trend of the dependence of the scattered wave amplitude on the angle between the initial

waves. In addition to this, the sensitivity of the local scattering efficiency HZ to nonlinear

elastic constants has been determined (see Section 4.4.4).
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4 Results

Interaction efficiency

Mixing case ω1/ω2 Maximum Median

ω
3

=
ω
1
+
ω
2

RW+RW→P 0.07 3.43E+00 1.72E+00

RW+RW→SV 0.68 1.08E+00 5.43E-01

RW+P→P 0.83 2.23E-01 3.40E-02

RW+P→SV 0.82 1.65E-02 9.56E-03

RW+SV→P 0.07 1.52E-01 7.47E-02

RW+SV→SV 0.96 2.73E-02 4.00E-03
ω
3

=
ω
1
–
ω
2

P-RW→RW 14.41 1.03E+01 1.28E+00

P-RW→P 13.49 5.76E-01 9.79E-02

P-RW→SV 15.83 2.03E-01 4.81E-02

P-P→RW 2.99 1.00E+04 2.13E-02

P-SV→RW 15.10 1.87E-01 2.42E-02

SV-RW→RW 7.93 3.99E+02 1.40E+00

SV-RW→SV 8.25 7.80E+00 1.74E-02

SV-P→RW 1.27 6.65E-03 4.59E-03

SV-SV→RW 1.48 1.09E+04 2.74E-02

Table 4.3: Efficiencies H of allowed input combinations for scattered grazing bulk waves,

considering Rayleigh waves (RW), pressure waves (P), and shear vertical waves

(SV). Detailed simulation results are given in Figures 8.3–8.17. Wave interactions

are abbreviated as [Source wave 1][scattered wave frequency][Source wave

2]→[scattered wave]. Due to normalisation features, the efficiencies for ”+” and

”-” cases should not be directly compared.

Figure 4.5: Dependence of the scattered wave displacement components (4.75MHz) on

the angle α between the primary waves. The vertical lines in the FEM data show

the 95%confidence interval of the offsets obtained as described in Section 3.4.5.

Here the TOEC values were multiplied by a factor of 150 to compensate for the

low amplitudes of the original waves (short simulations).
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4.4 Nonlinear interaction of elastic waves and its potential for AEC estimation

4.4.2 Experimental results

First, the sensitivity of the experimental setup to nonlinear Rayleigh wave interaction in

metals has been demonstrated (details are given in Section 3.3).

The raw measurements (Figure 3.8) and its comparison with the available raw FEM data

showed that the amplitude of the elastic wave interaction was about an order of magnitude

higher than expected by analytical model and FEM (Figure 4.5).

Results of experiments, processed as described in Section 3.4.5, are shown in Figures

4.6 and 4.8. As can be seen from Figure 4.6, the experimentally measured directivities of

the scattered waves were in good agreement with Equation (2.41) and the available FEM

results. This fact also supports the statement that the measured component k̃3 of the

wave vector, follows the resonant (phase-matching) condition (2.41) and in fact, belongs to

a scattered wave.

A comparison of local scattering efficiencies HL (defined in Equation (2.65)), calculated

analytically and extracted from experimental data, is given in Figure 4.8. As the real input

signals contained not only the sine bursts at the desired frequencies, but also spurious

wide-band components and amplifier-generated additional harmonics (Figure 3.8), the re-

sponses measured from isolated sources were used as input for the analytical model (this

procedure is described in Section 3.4.7). The resulting measured and analytically predicted

scattering efficiencies were of the same order of magnitude, following the same trend in

range α ∈ (130
◦
, 180

◦
), having though a different increment.

(a) Comparison of analytical solution with k̃3

from FEM and experimental data (Equation

(3.9)).

(b) Comparison of analytical solution with k̃3 di-

rections, extracted from FEM and experi-

mental data.

Figure 4.6: Fulfilment of resonance condition for scattered wave vector projection k̃3 (Equa-

tion (2.42)). Experimental data and available FEM are processed as described

in Section 3.4.5. FEM discrepancies at α ∈ (90
◦
, 135

◦
) are related to the lim-

ited number of Rayleigh wave source elements, which leads to larger variations

for reconstructed phase surfaces in the near field for some geometrical con-

figurations. Vertical and horizontal lines at the points denote numerical and

measurement errors, respectively (standard deviation of parameters retrieved

during processing).
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Figure 4.7: Comparison of local scattering efficiency HZ from perturbation model and avail-

able FEM data (TOEC values multiplied by a factor of 150). The vertical lines on

the FEM data show the 95% confidence interval of HZ values, extracted as de-

scribed in Section 3.4.5. Average amplitudes, AZ(ω1) and AZ(ω2), extracted from

the FEM were used as input for the perturbation model.

Figure 4.8: Comparison of local scattering efficiencies HL (defined in Equation (2.65)) from

perturbationmodel and experiment. The vertical lines on the experimental data

show the 95% confidence interval of HL values, extracted as described in Sec-

tion 3.4.5. In order to account for the spurious effects from the experimental

setup (especially the signal distortions by the amplifier at the start of a burst),

measured frequency responses for both sources were used as inputs for the

perturbation model (details in Section 3.4.7).
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4.4 Nonlinear interaction of elastic waves and its potential for residual stress estimation

4.4.3 Extraction of propagation direction and dominant polarization from

multidimensional data

Figure 4.9 shows the result of this extraction procedure, applied to the raw multidimen-

sional FEM data
1
of the interaction of two RWs under an angle of 165 degrees between

sources with frequencies of f1 = 1.45 MHz and f2 = 3.3 MHz. The narrow distribution of

the extracted intensity radiation pattern and the position of its maximum, in agreement

with the k-vector orientation according to the resonance condition (Equation (2.41)), sug-

gests that, near the surface, the scattered wave field already has the form of a plane wave.

Due to polarisation restrictions, the shear wave with horizontal polarization exists only in

interaction volume.

Figure 4.9: Extraction of volumetric propagation direction for three polarization compo-

nents at the interaction frequency (4.75MHz) and comparison with the reso-

nant condition. Upper row: 3D radiation pattern for the given mode and the

scaled wave vectors. Bottom row: color map of relative interaction efficiency in

(φ, θ) coordinates and
(
k3 orientation. The vectors

(
k1 and

(
k2 were directly ex-

tracted from available FEM data using the procedure described in Section 3.4.5.

The vector
(
k3 was derived from Equation (2.41) and the known value of

∣∣∣(k3
∣∣∣.

This algorithm could be applied to any multidimensional data with known phase velocity

and/or dispersion relations.

4.4.4 Sensitivity of local scattering efficiency to TOEC variation

As discussed in the previous chapters, at least three independent measurements are re-

quired to determine the three TOEC in nonlinear isotropic body. An analysis of the sensitiv-

ity of the elastic wave scattering efficiency to each of the elastic constants to be determined

can help in the design of the experiment. Themaximum/minimum sensitivity zones of each

of the constants will prompt the optimum configuration for determining each of the third-

order elastic constants.

Based on the perturbation theory formulated in Section 2.7, a brief analysis of sensitivity

of the local scattering efficiency (2.65) to variations of TOEC has been performed. HL can

be written as a linear combination of the Murnaghan elastic constants l, m and n, plus a

1
Interaction of two Rayleigh waves were simulated using the Abaqus/Explicit FEM software and three-

component displacement vectors over a 4D (x, y, z, t) grid were extracted. Detailed description is given

in [Gar22]
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term which is independent of the TOEC:

HL = H
0

L
+ l

∂HL
∂l

+m

∂HL
∂m

+ n

∂HL
∂n

, (4.1)

where H
0

L
and the sensitivities

∂HL
∂l ,

∂HL
∂m and

∂HL
∂n depend on the second-order elastic con-

stants, frequency ratio and angle between the initial waves. The dependence of the sen-

sitivities on the angle between initial waves α for fixed f1/f2=1.45MHz/3.3MHz is given in

Figure 4.10.

Figure 4.10: Sensitivity of local scattering efficiency HL to the third order elastic constants

(defined in Equation 4.1) versus the angle α between the primary waves.

Possible application of this result is discussed in the next chapter.
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5 Discussion

5.1 Key parameters for the accuracy of the BW AEC and RW

AEC measurements

First, TOEC have been measured by recording the variations in time-of-flight during the

loading with the tensile machine. Direct measurements of bulk wave acoustoelastic con-

stants impose the following requirements on the experimental setup:

• high sampling rate: in order to reliably resolve the minor variations in time-of-flight

ΔTOF on the order of 0.01-1% of TOF, the minimal recording sampling rate SR should

meet the following heuristic criterion:

SR #
2

ΔTOF

= 2

0.01%(2d/V )

≈
d∼5mm

V∼6mm/μs

10GS/s (5.1)

• High level of achieved strains/stresses (strains of at least 0.2 % for the alloys under

investigation). For simple cases of uniaxial loading of solid specimens by means of a

tensile machine, this condition may conflict with item 1, due to the competing speci-

men thickness demands.

• Several measurement points/areas.

Developed signal processing algorithms and routines, described in Sections 3.4.1 and 3.4.2,

allow for semi-automated extraction of the desired parameters - Murnaghan constants (l,

m, n).

Regarding the contactless measurements of RW AEC, the following parameters were

identified as the most important for the accuracy.

• Signal-to-noise ratio: limitations on the amplitude of the electrical pulse and the effi-

ciency of the piezoeffect on the amplitude of the excited wave and indirect scattering

of light from the surface of the rough surface treated material.

• Positioning accuracy of the laser vibrometer beam: differences in measurement er-

rors between vertical and horizontal axis scanning due to the features of industrial

scanner design can be seen in Figure 4.3b, where A
(1)

R12
and A

(3)

R12
values are obtained

with the vertical and horizontal line scans, correspondingly.

The necessity of use of direct measurements has been shown through comparison with

the BW AEC values, measured for the same samples and mapped to the RW AEC. In the
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given case, the mapped values and the values obtained by direct measurement for the

annealed samples, have shown different results, except for the A
1

R12
case for Ti6246. For

the rest cases, the direct and mapped RW AEC values have shown a significant difference.

As shot-peened superalloys, RW AEC are highly sensitive to the treatment intensity and

RW penetration depth, one should always account for the state of the material, penetra-

tion depth or bandwidth of interest, and wave propagation orientation. Thus, the afore-

mentioned parameters should be determined in the actual region of interest, taking into

account both the macro- and micro-structure of the material under test. The influence

of the surface treatment on nonlinear elastic properties varies with the alloy type as well.

In718 RW AEC tend to have stronger variations with the shot peening intensity, than the

Ti6246.

5.2 Nonlinear interaction of Rayleigh waves as a prospective

in-situ method for evaluation of surface layer nonlinear

elastic constants

Allowed nonlinear interactions of surface and bulk waves were investigated using pertur-

bation theory, providing a basic understanding of the influence of input frequencies and

wave vectors of initial waves on the direction and intensity of the scattered wave. Quanti-

tative analysis of the dependence of the interaction efficiency on the frequency ratio and

angles between propagation directions for surface waves have been performed, as well as

an evaluation of surface displacement amplitudes. Several processing algorithms for the

extraction of parameters of interest from multi-dimensional data were introduced. The

obtained parameters were wave vectors, phase velocities, radiation direction, wave inter-

action efficiency and dominant polarization. These methods are applicable to both FEM

simulations and experimentally measured displacements. These tools were validated and

successfully applied in this work and may be useful for future research of nonlinear wave

interaction phenomena.

Next, the principal possibility for the detection of nonlinear mixing of surface and bulk

waves in metals has been shown experimentally, as well as the current limitations of the

available measurement setup have been highlighted:

• Limitation of the maximum amplitude of the excited elastic waves with commercial

piezoelectric transducers.

• Features of short-time high frequency high voltage signals generation: high amount

of harmonics induced and broadband parasitic components during the gate opening

and closing of amplifier.

• Limited resolution of the 8-bit ADC.

Under the limitations of the setup (i.e., the maximal amplitudes of input Rayleigh waves

were in the range of 10–25nm), the dependence of the interaction efficiency on the angle

between input wave vectors was assessed. These results were in rough qualitative agree-

ment with the perturbation model.

The difference between predicted and measured scattering amplitude and the depen-

dence of the interaction efficiency on the angle between source wave vectors for the per-

turbation model and the experimental data need further investigation. However, several

potential reasons for the discrepancy can already be mentioned. First, the deviations be-

tween the literature values of TOEC, used for simulations, and the real one, as TOEC are

strongly dependent not only on material type, but also on the processing history. At sec-

ond, the effects, related to the microstructure of the sample at the surface layer (such as
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microcracks, vacancies, dislocations and other) are ignored by the theoretical model using

the assumption of isotropy, which could significantly affect the ‘effective’ higher-order elas-

tic constants in the surface layer. Moreover, the limitations of the existing experimental

setup (8-bit ADC resolution and transducer coupling variations, related to the positional

change of the transducers on the surface) may have introduced additional errors.

As a further result, the information on the sensitivity of the wave amplitude generated by

the two surface waves on the sample surface to non-linear elastic constants (Figure 4.10)

have been obtained. It is important for the design of future experimentalmethods, allowing

for the determination of near-surface TOEC, as the minimum of 3 independent measure-

ments are required to determine the (l,m,n) constants triplet. For example, measurements

for an angle α between 100 and 120 degrees can be used to determine the H
0

L
. In the in-

terval of 50 degrees it could be possible to determine the constant m. Knowing this, the

constants l and n for intervals in 80 and 150 degrees, respectively, could be determined.

The future development of an experimental setup should include the application of cus-

tomized transducers and electrical amplifiers in order to reach the desired amplitude levels

of the source surface waves and high-power low-pass filters to minimize the spurious high-

frequency components from the excitation path. After reaching Rayleigh wave amplitudes

of roughly 50–100nm for a 10 µs sine burst at 2–5MHz, wave mixing measurements may

become feasible for practical applications.

With the further improvement of numerical and analytical models, as well as the intro-

duction of a purpose-tailored measurement setup, the in situ evaluation of surface-layer

TOECs could become feasible by inversion of the angle- and frequency- dependent local

scattering efficiencies HZ . Finally, as the RW AECs could be obtained from TOECs, this inver-

sion procedure will be one step further towards the long-term goal: acoustoelastic mea-

surements for residual stress evaluation in surface treated components.

5.3 Suggestions for the design of future experiments to

determine surface acoustoelastic constants

The achieved accuracy of measurements of surface acoustoelastic constants for surface-

treated materials, evaluated for the first time (and varying from qualitative up to 20%) high-

lighted the need of a cutting-edge precision of experiment as well as the potential for future

improvements in themeasurement strategy. To improve the accuracy of themeasurement

of RWAEC for treatedmaterials using noncontactmethods (LUT or LDV), the followingmea-

sures could be potentially applied:

• Application of high-precision step scanner and performing the scans with a spatial

resolution in order of

Δx ∼
λRW

8

∼
400

fMAX

μm, (5.2)

where λRW is the wavelength of Rayleigh wave and fMAX is the maximal frequency of

interest in MHz to allow for robust phase unwrapping and phase velocity reconstruc-

tion.

• Place the focusing lens at a minimum distance to the sample to maximise the SNR.

• (in case of piezoelectric excitation) application of sine burst/chirp sine signals to en-

hance the SNR in the frequency range of interest.

The sketch drawing of the prospective setup for contactless RWAECmeasurement is shown

in Figure 5.1.
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Figure 5.1: Schematic illustration of the RW AEC non-contact measurement setup. LDV,

optical system and scanner are mounted on a platform rigidly connected to

a tensile machine. In this Figure 1 and 6 are convex lenses for focusing the

interferometer beam; 2 is a concave lens for creating a parallel beam; 3 and 4 -

mirrors to rotate the beam parallel to the scanning axis (shown with a dashed

line); 5 - mirror mounted on themovable part of the scanner to rotate the beam

normally to the plane of the sample; 6 - convex lens mounted on the movable

part of the scanner to focus the interferometer beam on the surface of the

sample. The direction of loading is shown by the bold arrow.

With minimal modifications, the setup shown in the Figure 5.1 could be used to measure

acoustoelastic constants at elevated temperatures.

Another possible way to measure Rayleigh acoustoelastic constants and their depen-

dence on depth for surface treated metals would be to use high SNR immersive measure-

ments together with an applied load. If the maximum level of strain on the order of 0.2% is

reachable, Rayleigh wave dispersion measurements can provide information on both the

dependence of the RW dispersion and the RW AEC dependence on the depth. With use of

superbroadband transducers or with an automatic merging of dispersion curves in several

frequency bands from the several probes using the algorithm presented in Section 3.4.4,

it will be possible to reconstruct dispersion curves for velocity and dependence of RW AEC

values on depth in the range from 1 to 30 MHz and above. A rough sketch for such setup

is shown in the Figure 5.2.

It is worth noticing the following practical problems which may arise when attempting to

implement such a method:

• Firstly, each of the possible solutions for the problem of measurements in water un-

der external mechanical loading (sealing of the water tank, use of waterproof actua-

tors, use of water jet coupling (squirters)) is related to technological difficulties.

• Secondly, additional FEM/experimental investigations of the actual stress-strain state

are necessary when applying this method to real structural elements of complex

shape (hollow blades or turbine disks). In addition, deformations and their influence

on the shape of the scanning area have to be taken into account in the measure-

ments.

• Finally, it is necessary to control the elastic wave velocity in the water in themeasuring

area, which is directly dependent on the water temperature. For example, this can be

accounted by regular additional measurements with a U-shaped sample with known

wall spacing, made of material with a low thermal expansion coefficient.
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α
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Figure 5.2: Schematic illustration of the concept formeasuring the Rayleigh wave acoustoe-

lastic constants for surface treated materials using immersion testing. Here, T

is the transmitter and R is the receiver, exciting and measuring the RW, respec-

tively. The required degrees of freedom (2 translational and 1 rotational for

receiver and transmitter) are shown in the Figure. The possible types of load-

ing are shown by arrows: by means of a waterproof actuator placed in a water

tank (shaded arrows) and external tensile machine (white arrows).The scan line

is shown as gray dashed line.
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6 Conclusion

In this work the accuracy of available ultrasonic methods for determination of nonlinear

elastic constants for stress level characterisation in metal samples and their practical ap-

plicability for the measurements in surface-treated specimens have been analysed and a

novel in-situ approach have been introduced.

As a reference level for the quality of acoustoelastic experiment, as well as for deter-

mination of the TOEC l, m and n for In718 and Ti6246 superalloys, a series of velocities

measurement under tensile loading have been carried out. The accuracy of laboratory

measurements of bulk wave acoustoelastic constants (on the order of 1%) is an order of

magnitude smaller than their local variations due to alloy structure andmicrodefects. Thus,

a further increase in the resolution of the experiment is not reasonable.

Series of direct measurements of Rayleigh wave acoustoelastic constants, demanded for

connection the variation in surfacewave velocity to the surface layer stress state, for treated

and untreated materials were made. These measurements have shown that even in the

surface layer of untreated metals the Rayleigh wave acoustoelastic constants may differ

from those obtained by mapping from the bulk ones, therefore posing a requirement for

the direct measurements of RW AEC for each treatment state for the following application.

The final part of this work was the investigation of possibility of measuring the demanded

TOEC or acoustoelastic constants in surface layer by nonlinear interaction of elastic waves

in an isotropic material. This novel method was investigated by means of perturbation the-

ory modelling and experiment and compared with FEM research data, obtained as part of

joint work. Themeasurements have shown that the direction of scattered waves is well pre-

dicted by the existing models, while the scattering intensity is prognosed only qualitatively.

Several possible reasons have been discussed in previous chapter.

In the future, with improvements in both the excitation and measurement parts, the

method may have the potential for in-situ determination of the nonlinear elastic constants

demanded to determine the residual stress levels in the metal. To increase the excitation

amplitudes of the original waves, amplifiers and piezo-composite transducers optimised

for the required excitation frequency, should be applied. Recent advances in production of

lithography-processed metamaterials as resonators and vibration absorbers in MHz range

also could help to improve the storage and transfer of vibrational energy from piezoelectric

transducer to sample. In addition, high-power low pass filters should minimize the amount

of amplifier-induced components above the excitation frequency. Finally, the recording

with at least 16-bit ADC resolution will eliminate the need for high-pass filters and simplify

post-processing, comparison and analysis.

Thus, maximum amplitudes excited by the piezoelectric effect and scanning accuracy

are limiting the further development and potential application of residual stress measure-
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ment methods using Rayleigh wave dispersion. Once the initial wave amplitudes are on the

order of 50-100 nm, local in-situ measurements of the surface nonlinear elastic constants

become feasible.

The development of a family of automatic and semi-automatic (requiring a single param-

eter tuning) procedures, visualisation methods and algorithms was an important part of

this work. The resulting solutions for determining the group velocity from low SNR mea-

surements, extraction of wave vectors and velocity fields from two-dimensional scans, and

an algorithm for extraction and merging dispersion curves obtained from the transducers

with different bandwidth could be useful in future research in the field of nonlinear ultra-

sound. Additional procedures, such as automated strain level extraction and visualisation

of wave radiation direction and dominant polarisation for multidimensional data could be

of interest in various fields of applied mechanics and non-destructive testing.
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8 Appendix

8.1 Calculation of bulk waves acoustoelastic constants

Here the detailed procedure from [Hug53] is given. Introducing the general infinitesimal

Cauchy strain tensor urs (Equation (2.2)), superimposed over a homogeneous triaxial finite

strain with the coordinate axis as principal axes:

x
′
r

= Arxr + ur(x), r = 1, 2, 3; where the de-dimensionalized ũr = ur/[L]

ũr(x) 8 Ar – 1.

(8.1)

Lagrangian strain components are given by

ηrs = αrδrs + ArAsurs, where

αr = 1

2

(A
2

r
– 1),

(8.2)

and δrs is a Kronecker function. The stresses are given by:

Trs = T
0

rs
+ Crstu∂ut/∂xu, where

T
0

rs
= [λ + (l –m – λ)θ + (λ +m – μ)αr]θδrs + 2μ(αr + 2α

2

r
)δrs +m

∑

t

α
2

t
δrs +

1

2

nδ
rtu

stu
αtαu,

Crstu = [λ + 2(l – λ –m)θ + 2(λ +m)(αr + αt) – 2μαr]δrsδtu+

[μ + (λ +m – μ)θ + 2μ(αr + αs + αu)][δrtδsu + δruδst] +

1

2

n(δ
rvu

svt
+ δ

rvt

svu
)αv ,

θ = α1 + α2 + α3.

(8.3)

Velocity V is given by solutions of

det

∣∣∣Crstuiriu – V2δst
∣∣∣ = 0. (8.4)

and three corresponding solutions for the wave, propagating along the axis ‘1’ :

ρ0V
2

1
= λ + 2μ + (2l + λ)θ + (4m + 4λ + 10μ)α1,

ρ0V
2

2
= μ + (λ +m)θ + 4μα1 + 2μα2 –

1

2

nα3,

ρ0V
2

3
= μ + (λ +m)θ + 4μα1 + 2μα3 –

1

2

nα2.

(8.5)
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8 Appendix

8.2 Algebraic expressions for RW AEC calculation from the

known SOEC, TOEC and velocities of bulk and Rayleigh

waves

The coefficients in Equation (2.35) could be expressed explicitly in terms of SOEC (λ, μ),

TOEC (l, m, n), and longitudinal, shear and Rayleigh wave velocities (VL, VT , VR), correspond-

ingly from the work [May95]:

h/h0 = Aλ + Bμ + Cl + Dm + En

Fμ

,

h2/h0 = G(λ +m + n) + Hμ

Iμ

, where
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8.3 Parameters of Rayleigh wave dispersion inversion

Functions Fi have the following general form [Dit97]:

Fi(X3,ω) = ω
2{fi1e2ωκsX3 + fi2e2ωκlX3 + fi3eω(κl+κs)X3}, where

κs =
√

1

V
2

0

–

1

V
2

S

; κ
l
=

√
1

V
2

0

–

1

V
2

L

; K2 = 2κ
l
κs

1/V
2

0
+ κ

2

s

; K4 = 2

1 + V
2

0
κ
2

s

;

f11 = f21 = –0.5f31 = 0.5f51 = (κs/V0)
2
; f41 = 1/V

4

0
+ κ

4

s
;

f12 = (κ
l
K2/V0)

2
; f13 = –2κsκlK2/V

2

0
; f22 = K

2

4
f21; f23 = –2K4f21;

f32 = κ
l
K2K4f31/κs; f33 = –[K4 + κlK2/κw]f31; f42 = K

2

2
/V

4

0
+ (κsκlK4)

2
;

f43 = –2[K2/V
4

0
+ κ

3

s
k
l
K4]; f52 = κ1K2K4f51/κs; f53 = –[κ

l
K4/κs + K2]f51

(8.7)
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8.4 Polarization restrictions for nonlinear bulk wave interactions
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λ(2λ + 6μ + 4m)

2μ

)
,

α
||

2
= 1

3λ + 2μ

(
λ + 2l +

(λ + μ)(2λ + 6μ + 4m)

μ

)
,

α
||

3
= 1

3λ + 2μ

(
λ + 2l +
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(
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⊥
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⊥
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(λ + μ)n

2μ

)

(8.8)

8.4 Polarization restrictions for nonlinear bulk wave

interactions

In work [Kor98] Korneev considered the interaction of bulk waves in a fixed volume, sub-

stituting the displacement field of two incident waves in form

u0 = u
(1)

0
+ u

(2)

0
= A0 cos(ω1t – k1r) + B0 cos(ω2t + k2r) (8.9)

into Equation (2.30). Part of Equation (2.31), describing the interaction of elastic waves, can

be written in form:

p(r, t) = I
+
sin[(ω1 + ω2)t – (k1 + k2)r] + I

–
sin[(ω1 – ω2)t – (k1 – k2)r], where

I
± = –

1

2

{
(μ + n/4)[(A0B0)(k2k2)k1 ± (A0B0)(k1k1)k2 + (B0k1)(k2k2)A0

± (A0k2)(k1k1)B0 + 2(A0k2)(k1k2)B0 ± 2(B0k1)(k1k2)A0]

+ (λ + μ +m – n/4)[(A0B0)(k1k2)k2 ± (A0B0)(k1k2)k1 + (B0k2)(k1k2)A0 ± (A0k1)(k1k2)B0]

+ (m – n/4)[(A0k2)(B0k2)k1 ± (A0k1)(B0k1)k2 + (A0k2)(B0k1)k2 ± (A0k2)(B0k1)k1]

+ (2l –m + n/2)[(A0k1)(B0k2)k2 ± (A0k1)(B0k2)k1]

+ (λ +m – n/4)[(A0k1)(k2k2)B0 ± (B0k2)(k1k1)A0]

}

(8.10)

Here the expressions (x, y) denote scalar products. If resonant conditions (2.41) are fulfilled,

the solution for the scattered second wave in the far-field could be evaluated with the
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P ± P → P

P - P → SV

P ± SV → P

P - SV → SV

SV + SV → P

SH + SH → P

P - SH → SH

Table 8.1: Allowed cases of bulk wave interaction [Kor98].

following integral:

u
l
(r, t) = (I

+
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4πV
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)]
dV+
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4πV
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∫
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sin
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ω1 – ω2

VP
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)
· r′
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(
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VP

– t

)]
dV+
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+
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4πV
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∫
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sin

[(
ω1 + ω2
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r̂ – k1 – k2

)
· r′

– (ω1 + ω2)

(
r
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)]
dV+

I
–
– (I

–
r̂)r̂

4πV
2

S
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∫
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sin

[(
ω1 – ω2

VS

r̂ – k1 + k2

)
· r′

– (ω1 – ω2)

(
r

VS

– t

)]
dV ,

(8.11)

where r = rr̂, |r̂| = 1 is the radius-vector from the center point of interaction region to

observation point; and r
′
is the radius-vector inside the integration (interaction) volume V.

From (8.11) follow, that the amplitudes of the scattered waves are proportional to their

projections in the direction, defined by polarization of the wave (parallel to r̂ for P-waves

and perpendicular for S-waves).

This fact imposes an additional polarization restriction: scattering amplitude could be

zero, even if conditions (2.41) are satisfied. Allowed interactions for bulk waves, accord-

ing to Korneev, are shown at Table (8.1).

8.5 Ordinary least squares fit

OLS is an optimal solution for the classical linear optimization problem [Gol91]: find the

unknown coefficient(s) β for the best linear approximation having the series of observations

of independent variable(s) x, dependent variable y in presence of unknown random noise

ε:

yi = βxi + εi, i = 1, ...,n. (8.12)

According to the Gauss-Markov theorem, the following solution has the lowest sampling

variance (or the smallest error) in class of linear unbiased estimators for one- and multidi-

mensional regression problems:

βOLS = (X
T
X )
–1
X
T
Y , (8.13)

where T stands for transpose.
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8.6 Supplementary graphics of perturbation model simulation results

Figure 8.1: Ordinary least squares fit.

Examples of OLS fit for generic data are given in Figure 8.1.

8.6 Supplementary graphics of perturbation model simulation

results

Solution of Equation (2.42) is presented in the Figure 8.2.

Figure 8.2: Dependence of angle θ on the angle between sources α for the scattered P-

wave (solid line) and S-wave (dash-dotted line). Angle definitions are given in

Figure 2.5.

Detailed results of efficiency calculations with perturbation model for nearly grazing in-

cident angle are given here. This material presents detailed results of the calculations

described in Section 2.7. Angles α and α2 are shown at horizontal axes, while the vertical

axis indicates the scattering efficiency. Color bars refer to the frequency ratio of the two in-

put waves. Six wave-scattering modes are presented. As discussed above, any fixed couple

of parameters from the list (f1/f2, α, α2, θ) determines the others and the relative interaction

efficiency. A numerical comparison is given in Table 4.3.
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Figure 8.3: RW+RW→ P, efficiency of the pressure wave generation by two

Rayleigh waves, propagating at angles α1 and α2, with a frequency
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Figure 8.4: RW+RW→ SV, efficiency of the shear wave generation by two

Rayleigh waves, propagating at angles α1 and α2, with a frequency

ratio f2/f1
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8.6 Supplementary graphics of perturbation model simulation results
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Figure 8.5: RW+P→ P, efficiency of the pressure wave generation by Rayleigh

wave and pressure wave, propagating at angles α1 and α2, with a

frequency ratio f2/f1
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Figure 8.6: RW+SV→ P, efficiency of the pressure wave generation by Rayleigh

wave and shear wave, propagating at angles α1 and α2, with a fre-

quency ratio f2/f1
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Figure 8.7: RW+SV→ SV, efficiency of the shear wave generation by Rayleigh

wave and shear wave, propagating at angles α1 and α2, with a fre-
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Figure 8.8: RW+P→ SV, efficiency of the shear wave generation by Rayleigh

wave and pressure wave, propagating at angles α1 and α2, with a

frequency ratio f2/f1
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8.6 Supplementary graphics of perturbation model simulation results
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Figure 8.9: P-RW→ RW, efficiency of the Rayleighwave generation by pressure

wave and Rayleigh wave, propagating at angles α1 and α2, with a

frequency ratio f2/f1
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Figure 8.10: P-RW→ P, efficiency of the pressurewave generation by pressure

wave and Rayleigh wave, propagating at angles α1 and α2, with a

frequency ratio f2/f1
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Figure 8.11: P-P→ RW, efficiency of the Rayleigh wave generation by two pres-

sure waves, propagating at angles α1 and α2, with a frequency

ratio f2/f1
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Figure 8.12: P-RW→ SV, efficiency of the shear wave generation by pressure

wave and Rayleigh wave, propagating at angles α1 and α2, with a

frequency ratio f2/f1
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8.6 Supplementary graphics of perturbation model simulation results

α, deg

−100
−50

α
2 , deg

120
140

160

180

R
elativ

e
effi

cien
cy 0.05

0.10

0.15

P - SV→RW

−1.2

−1.0

−0.8

−0.6

−0.4

F
re

qu
en

cy
ra

ti
o,

ln
(

f 2
/

f 1
)

Figure 8.13: P-SV→ RW, efficiency of the Rayleigh wave generation by pres-

sure wave and shear wave, propagating at angles α1 and α2, with

a frequency ratio f2/f1
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Figure 8.14: SV-RW→ RW, efficiency of the Rayleigh wave generation by shear

wave and Rayleigh wave, propagating at angles α1 and α2, with a

frequency ratio f2/f1
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Figure 8.15: SV-RW→ SV, efficiency of the shear wave generation by shear

wave and Rayleigh wave, propagating at angles α1 and α2, with

a frequency ratio f2/f1
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Figure 8.16: SV-P→ RW, efficiency of the Rayleigh wave generation by shear

wave and pressure wave, propagating at angles α1 and α2, with a

frequency ratio f2/f1

110



8.6 Supplementary graphics of perturbation model simulation results

α, deg

−60
−40

−20

α
2 , deg

40

60

80

R
elativ

e
effi

cien
cy 2500

5000

7500

10000

SV - SV→RW

−2.0

−1.5

−1.0

−0.5

F
re

qu
en

cy
ra

ti
o,

ln
(

f 2
/

f 1
)

Figure 8.17: SV-SV→ RW, efficiency of the Rayleigh wave generation by two

shear waves, propagating at angles α1 and α2, with a frequency

ratio f2/f1
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This work focuses on the evaluation of the acoustoelastic constants (AEC) using Ray-
leigh waves (RW). These constants represent the state of the microstructure of the 
material on macroscopic level and are therefore very sensitive to changes in micro-
structure. They are used as input parameters to determine the residual stress level 
with acoustoelastic measurements.

The comparison of different measurement strategies and the investigation of the 
possibility to create an in-situ method to measure the AEC near the surface using 
the nonlinear interaction of two Rayleigh waves are the main contributions of this 
work. Nonlinear interactions between elastic waves are considered as a prospective 
mean for in-situ determination of local near-surface nonlinear elastic parameters. 
The permissible interactions between bulk and surface waves were investigated 
using an analytical model and then compared with experimental results and avail-
able FEM simulations.
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