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HIGHLIGHTS

« Energy harvesters can replace batteries as energy sources in IoT applications.

« For each application, the harvester needs to be optimized based on FEM simulations.
« Three different real-time responsive surrogate models are compared.

+ The surrogate models can perform well depending on queries and training data.

ARTICLE INFO ABSTRACT
Keywords: Thermoelectric energy harvesters (TEH) serve as autonomous energy sources in Internet of Things applications,
Surrogate models particularly for powering wireless sensor nodes. However, they often require complex, computationally

Polynomial Chaos Expansion

expensive multi-physical finite element method (FEM) simulations for precise optimization. Machine learning-
Gaussian Process Regression

> based surrogate models offer a computationally efficient alternative. This study presents a comprehensive
E:z:[:z:lr; f;?;:lii:iaolrl\letwork comparative analysis of three prominent surrogate modeling techniques: Polynomial Chaos Expansion (PCE),
FEM Gaussian Process Regression (GPR), and Deep Neural Networks (DNN). These models are trained using high-
Multi-physical coupling simulation fidelity datasets derived from multi-physical FEM simulations, with a specific focus on limited data regimes
to emulate realistic computational constraints. The predictive performance and generalization capabilities of
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PCE, GPR, and DNN are rigorously evaluated against unseen reference data across varying training set sizes.
This approach allows for a quantified assessment of how data sparsity impacts model fidelity. Furthermore, the
models’ capacity to forecast the influence of individual parameters is directly validated through comparison
with empirical data obtained from a simplified experimental setup. The findings reveal distinct operational
regimes for each methodology. While GPR demonstrates superior robustness and predictive accuracy in single-
parameter optimization, PCE intrinsically offers excellent interpretability and efficiency for smooth parametric
dependencies. Conversely, DNNs exhibit strong scalability as dataset sizes increase and deals well with the
high-dimensional parameter space. Notably, while a single high-fidelity FEM simulation requires approximately
30 min per parameter set, the trained surrogate models deliver predictions virtually in real-time.

1. Introduction

Methods for harvesting ambient energy provide a practical approach
to powering wireless sensor networks autonomously. This technology
allows sensors to operate in distributed locations without needing
infrastructure-dependent electrical connections. Fundamentally, this re-
moves the operational and economic burdens associated with regular
battery changes, which is a major logistical constraint for large-scale
networks. The success of energy harvesting systems relies on the avail-
ability of sufficient thermodynamic or electromagnetic gradients near
the sensor. In particular, thermal energy conversion via TEG utilizes the
Seebeck effect to convert local temperature differences into electrical
energy. Such temperature differences are ubiquitous in industrial IoT
architectures, often appearing as waste heat from process equipment
and fluid transport lines. Optimizing the design of a TEH requires
aligning the sensor’s energy needs with a quantitative assessment of the
environment’s thermal resources. Consequently, the architectural pa-
rameters of the TEH undergo application-specific optimization. This is
typically performed using validated computational “digital twins” that
represent the physical thermoelectric conversion process. Simulation-
based design offers significant economic benefits by eliminating the
cost of manufacturing prototypes. It also facilitates parametric analyses
across extensive variables with minimal effort. However, the under-
lying mathematical models usually employ FEM discretization and
complex nonlinear equations governing heat transport. These models
incur significant computational overhead. As a result, complex opti-
mization workflows lead to unreasonably long execution times, making
comprehensive sensitivity analyses impractical within standard time-
frames. Surrogate metamodels represent a complementary strategy to
overcome this computational bottleneck. These proxy architectures are
trained using machine learning algorithms on curated, high-precision
simulation or experimental datasets. They approximate the behavior of
complex physical models without explicitly solving PDE. These data-
driven proxies significantly reduce mathematical complexity compared
to standard FEM implementations, delivering predictions in millisec-
onds. This efficiency makes surrogate models particularly advantageous
for sensitivity quantification, uncertainty propagation, and design opti-
mization. Nevertheless, the accuracy of a surrogate model is fundamen-
tally limited by the quality and size of the training data. Obtaining this
data through high-fidelity modeling is computationally or experimen-
tally expensive. Therefore, a critical challenge is developing surrogate
architectures that achieve the required accuracy even under data-
poor conditions. This study systematically evaluates the comparative
predictive performance of three surrogate modeling paradigms for
characterizing TEH systems: PCE, DNN architectures, and GPR. The ac-
curacy of the prediction is evaluated through a quantitative comparison
of experimental measurements, high-precision finite element simula-
tions, and surrogate model predictions. All three modeling frameworks
utilize identical parametric input specifications. The resulting Qol are
analyzed using comparative statistical metrics to determine the rel-
ative effectiveness of each method under the investigated operating
conditions.

2. Thermoelectric energy harvester
2.1. System architecture

The TEH system comprises a TEG module based on the Peltier
effect. A heat exchanger establishes thermal coupling between the heat
source and the hot-side junction of the TEG. The cold-side junction
interfaces with an air-cooled heat sink. This heat sink is designed to
minimize thermal resistance to the ambient environment. This sustains
the necessary temperature gradient across the TEG terminals. The
TEG transduces this thermal potential into electrical potential via the
Seebeck effect. The relationship between the electrical potential and
the temperature gradient is described by Eq. (1):

V,. =S AT, )

where S is a material constant known as the Seebeck coefficient. The
system architecture requires a DC-DC converter and an energy storage
capacitor. These components raise the low-voltage output of the TEG
to the required operating level. The thermally conductive coupling
element facilitates the optimization of the thermal interface to the heat
sink. It uses a conformal contact geometry adapted to the morphology
of the heat source, such as tubular configurations. This element features
minimal thickness and is composed of materials with high thermal
conductivity to minimize parasitic heat losses. Given the application-
specific geometric requirements, a comprehensive thermal analysis of
this interface component is beyond the scope of this study. Additional
mechanical assemblies, such as fasteners and housing structures, are
also excluded from detailed analysis. Thermal contact between the
thermoelectric generator and the heat sink is assumed to be optimal.
Thermally conductive interface materials, such as thermal paste, are
used to eliminate air gaps. Fig. 1 displays the components considered
for this energy harvester.

2.2. Heat sink design and constraints

The TEH is described by a specific set of parameters defined in a
range typical for self-sufficient wireless sensor nodes (Table 1). The
volume of the thermal management subsystem is the dominant volume
constraint of the device. It is parameterized by length (/), width (w(),
and height (h¢).

A heat sink with nominal dimensions of 40 x 40 x 20 mm- typ-
ically provides sufficient heat dissipation capacity for autonomous
wireless sensor node applications under the following conditions: ther-
mal potential difference (AT) between the heat-absorbing interface
and the environment of approximately 10 K, no forced convection
flow, and assuming natural convection boundary conditions. Under
these specifications, the measured thermal output power of the DC-DC
converter has a nominal value of 200 uW. This power budget enables
intermittent telemetry transmission at ~ 6.94 x 10~* Hz (10-minute
intervals) via Low Power Wide Area Network (LPWAN) protocols or
1 Hz (1-second intervals) via Bluetooth Low Energy (BLE). Applica-
tions that require increased energy consumption — due to increased
transmission frequency, the integration of cellular communications,
or computationally or energy-intensive sensor modalities — require
thermal management architectures with an enlarged surface area. Con-
versely, systems operating under increased AT conditions or improved
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Abbreviations

BLE Bluetooth Low Energy

FEM Finite Element Method

TEG Thermoelectric Generator

TEH Thermoelectric Energy Harvester

DNN Deep Neural Network

ANN Artificial Neural Network

PINN Physics-Informed Neural Network

PI-GPR Physics-Informed Gaussian Progress Regression
PI-PCE Physics-Informed Polynomial Chaos Expansion
PCE Polynomial Chaos Expansion

GPR Gaussian Process Regression

PDE Partial Differential Equation

LHS Latin Hypercube Sampling

MCU Micro-Controller-Unit

ReLU Rectified Linear Unit

Qol Quantities of Interest

IoT Internet of Things

LPWAN Low Power Wide Area Network

uQ Uncertainty Quantification

forced convection regimes allow for a corresponding reduction in en-
closure volume. The maximum allowable enclosure volume is often
dictated by application-specific geometric constraints. The geometry
of the fin array, characterized by the number of fins in orthogonal
directions (nN, x nN ), is a design parameter that is subject to joint
optimization with the height of the heat sink. This optimization pro-
cess aims to balance the competing goals of maximizing convective
mass transfer and available surface area. For natural convection in
unbounded domains with horizontal heat sink orientation (pin symme-
try axis parallel to gravitational acceleration), nN, = nN, yields the
optimal thermal performance; however, orthotropic fin distributions
(nN, # nN,) may be advantageous under forced convection regimes
or vertically oriented natural convection configurations. Increased air
velocity allows for greater fin height and density before adverse aero-
dynamic effects occur. The thermal interface base plate (socket) must
have sufficient surface dimensions to ensure adequate heat distribution
and load distribution. Geometric constraints arise from both thermal
performance requirements and mechanical mounting tolerances. As the
example of the commercial heat sink designation “ICK S 40 x 40 x 20”
(Fischer Elektronik), representative specifications include: overall di-
mensions of 40 x 40 x 20 mm?, fin arrangement with 11 x 11 pins, and
a base plate thickness of 3.5 mm (see Fig. 1).

2.3. Thermoelectric generator characteristics

The following Table 2 shows some parameters that define the TEG.
A TEG consists of two electrically insulating ceramic substrates between
which n- and p-doped bismuth telluride (Bi,Te;) pairs are arranged
in series. The electrical resistance of the TEG module, referred to as
R, TEG> is inversely correlated with the energy yield; consequently,
minimizing this parameter is a prerequisite for maximizing electrical
power.

The thermal resistance R, rg must be impedance-matched to the
thermal resistance of the heat sink interface in order to optimize the
thermal power flow through the TEG. This thermal resistance is a
function of the geometry of the TEG module (characterized by length
It gg> Width wy g, and height hyp; — typically several orders of mag-
nitude smaller than the dimensions of the heat sink to facilitate thermal
impedance matching) and the number and geometric configuration
of the Bi,Te; thermocouple pairs. There is a fundamental trade-off
whereby an increase in R, rgq is typically accompanied by a pro-
portional increase in Ry, 7gg, with both parameters depending on the
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Fig. 1. Components of a TEH: A and B are the heat sink (base plate and pins,
respectively) and C is the TEG. C is always centered under A.

Table 1
Parameters defining the heat sink. Parameters, that are not indicated in Fig.
1 are not numbered.

Number Component Values
1 Cooler length /. 31...100 mm
2 Cooler width w¢ 31...100 mm
3 Cooler height h 10...25 mm
4 Socket height hg 1...3.5 mm
5 TEG length Iz 5...30 mm
6 TEG width wy g 5...30 mm
7 TEG height hy g 1...8 mm
- Thermal cond. 4, 100...400 %
- nN, 3...15
- N, 3..15

Table 2

Parameters defining the TEG.
Material parameter Values
Ry1r6 1..25Q
Rourrc 10...30 K/W
S 2...70 mV/K

architecture of the thermocouple pair. The Seebeck coefficient S quan-
tifies the generation of open-circuit voltage per unit temperature across
the TEG (expressed in ﬂ). Maximizing this coefficient is desirable, but
it exhibits a coupled dependence on both R, 5 and R, 7 g due to the
material composition and geometric configuration of the Bi,Te; pairs.
A minimum threshold of approximately 40 mV must be maintained to
ensure sufficient input voltage for proper operation of the DC-DC con-
verter, while higher coefficients typically increase the efficiency of the
converter through improved input voltage margins and reduced power
dissipation in the conversion stage. Optimization of the TEH design
is usually aimed at maximum power output. For the above-mentioned
heat sink geometry operating under natural convection conditions, the
commercially available module “1MD04-127-15” (TEC-Microsystems)
has a favorable thermal impedance matching with R, 7 = 25 K/W,
accompanied by R, 7pc = 243 Q and a Seebeck coefficient § =
50.4 mV/K. The module dimensions are 9.8 x 9.8 x 2.1 mm’. If
the thermal resistance boundary condition is changed — either by
increasing the heat sink dimensions or by increasing forced convec-
tion — the optimal TEG parameter configuration must be adjusted to
maintain thermal impedance matching. In addition, the efficiency char-
acteristics of the DC-DC converter must be included in the parametric
optimization framework when selecting the appropriate TEH module.

2.4. Environmental parameters

The relevant environmental conditions are specified in Table 3.
The ambient temperature T,,, represents the thermodynamic state of
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Table 3
Parameters defining the ambient conditions.

Parameter Values

Toamb —-15°...35 °C

Thot 36°...70 °C
0.1...1.0 m/s

Uin

Table 4
Parameters to be predicted by our models.

V, Voltage in [V]
T Average temperature of the

cooler surface in [K]

TrEGop Temperature on the top of the TEG
(warm side) in [K]

4T EG bor Heat flux through the bottom
of TEG in [W]

9T EG 10p Heat flux through the top
of the TEG in [W]

It EG.bor Electric current through the bottom
of the TEG in [A]

dc Heat flux through the cooler in [W]

Ve Volume of the cooler in [m?]

the surrounding fluid medium. In thermally demanding environments
such as substations, T, can reach elevated values, while applications
with cryogenic or cooling systems have significantly lower ambient
conditions. In open systems, 7,,, is influenced by seasonal and geo-
graphical variations. The hot side temperature T}, refers to the thermal
state at the surface of the TEG away from the heat sink interface,
whereby the condition T}, > T,,, must apply. Representative values
are: domestic hydronic systems with T}, between 40 °C and 60 °C,
power semiconductor junctions in substations at around 45 °C, and
synthetic fluids in torque coupling applications above 60 °C.

The inflow velocity v;, characterizes the forced or natural convec-
tion regime at the thermal interface. The lower limit corresponds to
natural convection conditions with minimal air circulation driven by
local heat sources. In open-air installations or dynamic mechanical sys-
tems (e.g., rotating couplings), v;, increases significantly. The present
analysis focuses on low-velocity regimes, with the investigation limited
to a maximum velocity limit of 1 m/s. These thermal and hydraulic
parameters are typically specified by the application specifications.

2.5. Quantities of interest (Qol)

Table 4 describes the relevant variables for the subsequent anal-
ysis. The open-circuit voltage (V,.) is calculated using Eq. (1). This
parameter is crucial for evaluating DC-DC conversion functionality and
voltage conversion efficiency. Electrical output power is calculated as
P, = (V,./2?/R, 1. This represents the maximum theoretical power
under impedance-matched conditions, assuming uniform voltage con-
version efficiency. Specific applications may impose minimum power
requirements.

The volume of the heat sink (excluding housing) allows for the
quantification of raw material mass, primarily aluminum. From this,
the carbon footprint of the production phase can be derived. In some
applications, aluminum mass significantly contributes to lifecycle CO,
emissions. This parameter is crucial for developing sustainable sensor
networks. Heat flux density across the outer heat sink surface facilitates
the optimization of the thermal architecture, specifically fin geom-
etry. Higher values indicate superior performance. Convective heat
transfer mechanisms are evaluated based on calculated heat fluxes.
Radiative exchange across outward-facing surfaces was neglected due
to its relatively minor significance. Convective heat flow through the
TEH determines the thermal impedance match between the TEG and
the assembly. Increased flow indicates improved coupling. The quality
of matching is verified by monitoring the TEG cold side temperature
(T,,4)- For optimal matching, the difference between T,,, and T},
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should equal half the difference between T,,, and T, (assuming
negligible parasitic losses and source resistance). The temperature drop
across the TEG-heat sink interface allows for the evaluation of thermal
resistance and effective thermal conductivity. Minimizing this gradient
through geometric optimization improves overall performance. The
parameters presented in Table 1, Table 2 and Table 3 serve as input
parameters for the FEM simulation used to calculate the values in Table
4.

3. FEM model and experimental data

COMSOL Multiphysics is a commercial finite element analysis (FEA)
platform designed for the numerical solution of multi-physical prob-
lems characterized by coupled physical phenomena. The software en-
ables the seamless integration of different physics modules — including
heat transfer, computational fluid dynamics (CFD), electromagnetic
field theory, electrochemical kinetics, and related areas — and allows
users to create coupled simulation frameworks without having to ex-
plicitly implement the underlying PDEs. The underlying computational
methodology uses the FEM to solve both individual and systems of PDEs
with appropriate boundary conditions and constitutive relations.

3.1. Model of TEG and heat sink

Within the finite element framework of COMSOL, the TEG module
is geometrically discretized as a rectangular parallelepiped with dimen-
sions Irpg X wrpg X hrpg. The complex coupled physical processes
determining thermoelectric phenomena — such as Joule heating, the
Seebeck effect, heat conduction, and charge transport — are abstracted
using a phenomenological black-box representation. This domain ex-
hibits macroscopic input-output behavior consistent with physical TEG
devices. Consequently, constitutive material properties are paramet-
rically assigned to the computational domain to match experimental
device properties. These include the thermal conductivity tensor x,,
the Seebeck coefficient .S, electrical resistivity, and heat capacity. A
parametrically defined passive heat dissipation structure (heat sink)
with dimensions /- XweXh( is positioned coaxially on the TEG module.
Conformal contact at the common interface enables conjugate heat
transfer via direct thermal coupling. The base plate, with thickness
hs, features an extended surface geometry with nN, x nN, uniformly
distributed rectangular fins. These fins are oriented perpendicular to
the plate surface. The fin density is optimized to maximize the surface-
area-to-volume ratio, thereby improving convective heat dissipation.
Since heat radiation is relatively small in this example, it has been
neglected in the model. The coupled TEG and heat sink assembly
is immersed in a limited computational domain representing a wind
tunnel configuration. Incompressible forced air convection with an inlet
velocity v;, creates flow patterns around the extended surfaces. This ex-
ternal forced convection mechanism significantly increases the overall
thermal conductivity of the structure compared to natural convection
regimes due to improved mass and heat transfer in the boundary layer.

COMSOL enables the multi-physical modeling of strongly coupled
phenomena, such as heat transfer in solids, electrokinetic transport,
and convective fluid dynamics near solid boundaries. This capability
is fundamental to accurately representing systems subject to complex
interactions. The implementation of sophisticated numerical methods
within the FEM framework is a prerequisite for accurate simulation
results. By robustly handling nonlinear constitutive relationships, tem-
poral developments, and bidirectional couplings, COMSOL delivers
validated solutions that capture the transient and steady-state behavior
of TEGs. Furthermore, the software facilitates parametric sensitivity
analyses and design optimization. This allows for the systematic iden-
tification of optimal material and geometry parameters under specific
boundary conditions, enabling the exploration of the design space with
high accuracy.
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3.2. Generation of training data

The generation of training data involves performing iterative for-
ward model evaluations over a defined sample distribution, a process
formally known as experimental design (ED). Sample points are often
generated by using Monte Carlo sampling methods; however, in [1]
McKay, Beckmann and Conover used LHS for data collection, a stratified
variance reduction technique that ensures quasi-uniform coverage of
the input parameter space. Compared to conventional Monte Carlo
approaches, LHS offers significant computational efficiency, as it en-
ables equivalent or superior exploration of the parameter space with
a significantly reduced number of samples. This makes it particular
beneficial for applications involving uncertainty quantification and the
transversal of high-dimensional parameter spaces. This methodological
approach is consistent with the mathematical frameworks of stochastic
spectral methods and PCE. In [2], Lin and Tang were able to show that
PCE uses such sampling strategies to promote convergence and reduce
computational complexity. Accordingly, the training configuration con-
sists of 1000 datasets and 32 testing datasets for subsequent model
evaluation.

4. Methods of surrogate models

The development of computational models inevitably requires com-
promises between representational accuracy and computational man-
ageability. This modeling paradigm inevitably leads to discrepancies
between predicted and empirical results. Additional sources of error —
including truncation, rounding, and discretization artifacts — amplify
these deviations in numerical solution schemes for PDEs. Consequently,
the implementation of metamodeling architectures or surrogate models
represents a fundamental approach to accounting for such unavoidable
epistemic and aleatory uncertainties. Beyond uncertainty reduction, the
computational effort required for multi-physical simulations — charac-
terized by high algorithmic complexity and prohibitive execution times
— is a compelling reason for using surrogate models. In scenarios that
require extensive exploration of the design space metamodels enable
a reduction in computational effort by several orders of magnitude.
These considerations converge on the framework of UQ, an interdisci-
plinary field concerned with the rigorous propagation, characterization,
and quantification of parametric and model-related uncertainties in
scientific and engineering simulations. Using UQ methods, Adcock,
Brugiapaglia, Dexter, and Moraga conducted a systematic analysis of the
sensitivities of input parameters and their effects on model predictions
in [3], thereby facilitating the identification of important design pa-
rameters and optimization paths. This study evaluates the accuracy and
computational efficiency of metamodeling approaches as a substitute
for FEM simulations. In particular, three competing surrogate model
architectures are evaluated in terms of their ability to approximate
a three-dimensional FEM model of a TEH. Given the considerable
computational effort associated with high-dimensional FEM analyses
— due to geometric complexity, nonlinear material laws, and coupled
multiphysical phenomena — metamodel-based emulation strategies are
expected to significantly accelerate the calculations. This claim is made
by Raissi in [4].

The rigorous characterization of complex dynamic systems using
appropriate methodological frameworks and the systematic quantifi-
cation of uncertainties is a fundamental requirement in the natural
and engineering sciences. In [5], Laloy and Jacques demonstrated that,
for computationally intensive transport models, DNNs perform best
in emulation, sensitivity analysis, and uncertainty propagation, even
with small training datasets. However, they yield the worst results for
inverse problems. They attribute this to a complex bias. The GPR, on
the other hand, provides reliable and physically consistent parameter
estimates. Berkemeier, Kriiger, Feinberg, Miiller, Poschl, and Krieger also
reached a similar conclusion in their study [6]. In it, they demonstrated
that kinetic multi-layer models for aerosol chemistry could be replaced

Energy and Al 25 (2026) 100812

. hidden layers
mput

layer

output

Fig. 2. An example of a densely connected feedforward neural network
architecture includes an input layer with dimensionality N, followed by a
single hidden layer with M units with nonlinear activation functions, and
ending with an output layer with K neurons. The topological configuration
and hyperparameter specifications — including layer width, depth, activation
function families, and connection patterns between layers — are subject to
optimization depending on specific task requirements and domain-specific
constraints.

by machine learning methods such as PCE and DNNs. These surro-
gate models are fast, accurate, and enable both sensitivity analyses
and inverse modeling, making them suitable for use in large-scale
atmospheric models. He, Jiang, Xiao, Xu, and Li also conclude in [7]
that DNNs are very powerful. However, they often provide uncertain
predictions, which is why methods for quantifying uncertainty are
crucial.

4.1. Deep neural networks

An Artificial Neural Network (ANN) is a computer architecture
modeled on the organizational principles and functional mechanisms
of biological neural systems. As a separate category within the fields
of machine learning and artificial intelligence, ANNs represent funda-
mental methods of considerable importance. The architecture consists
of a topologically organized set of artificial neurons that are connected
to each other via synaptic connections and divided into hierarchical
layers. Each computing unit receives input signals, performs a nonlinear
or linear mathematical transformation, and forwards the result to all
downstream neurons with which it has a synaptic connection (see Fig.
2).

Nonlinear transformations and weighted summations are performed
iteratively across the network topology until activation vectors reach
the output layer. The output activations are combined to generate
model predictions. During the training phase (network learning), synap-
tic weight matrices undergo iterative optimization. Parameters are
adjusted to minimize the loss function across the training distribution.

Standard ANNs consist of three main types of layers: an input
layer that accepts raw feature vectors; hidden layers that perform
nonlinear transformations by combining affine mappings and activation
functions; and an output layer that provides regression or classification
estimates. Yang and Wang present these and other fundamental con-
cepts of ANNs in their paper [8] and demonstrate how they are inspired
by neurobiology. These architectures extend the classic perceptron
model, which was formulated in the 1950s and had limited expres-
sive power for complex function approximation tasks. Adding multiple
hidden layers — resulting in DNNs when the depth is greater than
one — significantly increases the network’s representational power and
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enables the learning of hierarchical feature abstractions required for
challenging prediction tasks. The typical training phase, as described
by Li, Zheng, Taylor, Studor, and Goldstein in [9], consists of an iterative
process of parameter optimization in which the weights are refined us-
ing backpropagation to minimize the prediction error. The current loss
is quantified by a cost function — typically using quadratic or cross-
entropy loss formulations — which is then backpropagated through
the network to compute parameter gradients. As described in [8],
the weights are updated using gradient-based optimization methods,
primarily stochastic gradient descent (SGD), in which parameter adjust-
ments are made in the direction of the steepest descent. This process is
repeated over several epochs, with each epoch representing a complete
traversal of the training dataset. To increase computational efficiency
and improve generalization performance, the dataset is divided into
mini-batches. The hyperparameter “learning rate” and the batch size
significantly influence the convergence properties and generalization
performance of the optimized network. Although they have a sub-
stantial impact on training, Jaeger empirically selected these training
parameters in his work [10]. The paper also criticizes the fact that
these parameters cannot be directly derived from standard theory. As a
solution, a new information-theoretic loss function is proposed, inspired
by synaptic signal processing, which implies specific values for the
learning rate and momentum. The paper also experimentally confirms
that there is a close link between the loss function, the learning rate,
and the momentum. Chaudhary, Nidhi, Heikkonen, Merisaari, and Kanth,
on the other hand, describe in [11] an optimization algorithm for
neural networks with dynamic learning rates that combines exponential
decay and strategies against overfitting. The results obtained from this
work deepen the understanding of adaptive learning rate mechanisms
and provide a foundation for more efficient and reliable optimization
methods. Furthermore, the work opens up new perspectives for han-
dling complex, high-dimensional data landscapes in precision-critical
applications. Generalization performance is continuously monitored by
evaluating a held-out validation set to avoid overfitting. Training is
terminated when the validation metrics reach a plateau or predefined
convergence criteria are met. Network performance is fundamentally
determined by the quality of the learned weight matrices, as these
parameters enable successful generalization to unknown data and the
accurate execution of specific tasks. Selecting a suitable network ar-
chitecture poses a critical design challenge, as the topology of the
architecture must be optimized to strike a balance between compu-
tational efficiency and task complexity. Since the effectiveness of the
network depends on several interdependent factors — including task
complexity, data availability, and hyperparameter configurations — the
selection of the architecture remains a non-trivial inverse problem. A
pragmatic approach uses specialized software frameworks, in particular
domain-specific Python libraries optimized for building and training
neural networks. The systematic search for optimal hyperparameter
configurations is referred to as hyperparameter optimization. This pro-
cess involves an exhaustive or stochastic search in hyperparameter
space in conjunction with training data to identify the configuration
that minimizes the empirical loss function. The present study used
the open-source Python library Optuna for Bayesian hyperparameter
optimization.

4.2. Polynomial chaos expansion

PCE is a spectral representation method in which random variables
and stochastic processes are decomposed into orthonormal polynomial
basis expansions. Originally formulated by Norbert Wiener, PCE has
evolved into a canonical framework within the discipline of Uncer-
tainty Quantification (UQ) for characterizing parametric variability in
computational and experimental scientific contexts. The theoretical
foundation of PCE is derived from the spectral theory of stochastic pro-
cesses, in particular by applying the principle that every quadratically
integrable random variable Y (i.e., with finite second moment) admits
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Table 5
The distribution of the random variables determines the basis polynomial [14].
Here are just a few possibilities for basis polynomials.

Distr. random variable PCE basis
Cont. Gaussian Hermite
Gamma Laguerre
Beta Jacobi
Uniform Legendre
Discr. Poisson Charlier
Binomial Krawtchouk
Negative Binomial Meixner
Hypergeometric Hahn

a convergent decomposition with respect to a complete orthogonal
polynomial system defined by the probability measure that determines
the stochastic input space. Faulwasser, Ou, Pan, Schmith, and Worthmann
were able to show in [12] that a PCE also provides an equivalent
description of the system’s behavior, in that the dynamics of the ran-
dom variables and their series coefficients coincide. This decomposition
yields the functional representation:

Y=MX)= ) B(X) 2

M

The PCE ‘éi?nprises coefficients f,, orthogonal basis polynomials
@, that span a Hilbert space with a suitable measure function, and
standard random variables X (which are typically distributed according
to a standard Gaussian distribution) corresponding to the model input
parameters. The output vector Y denotes the parameterized response
of the system under investigation. The orthogonality of the polynomial
basis is a fundamental prerequisite for the numerical stability and com-
putational efficiency of the spectral projection method. The work [13]
by Navarro, Witteveen, and Blom confirms this. Furthermore, PCE is
increasingly being used for UQ, as key statistical parameters such as the
mean, variance, and Sobol indices can be determined very efficiently.
However, it is traditionally limited to statistically independent random
variables. The selection of the orthogonal polynomial family used in
the extension is determined by the probability measure governing the
distribution of the input parameters, with the correspondence between
the distribution families and their optimal polynomial bases listed in
Table 5.

The use of LHS for data generation ensures uniform marginal dis-
tributions across all input parameters, which requires the construction
of the basis for the PCE exclusively from orthogonal Legendre polyno-
mials in terms of the uniform probability measure. Eq. (2) represents
an infinite series expansion that cannot be handled computationally.
Consequently, a dimension reduction of the PCE is required, whereby
the series is truncated to a finite cardinality P. The truncation strategy
typically retains multi-indices « that satisfy the criterion |a] < p,
resulting in a finite subspace of polynomial chaos basis functions whose
cardinality scales with both the polynomial degree p and the stochastic
dimension n, defined as:

M
AM’pz{aeNM Z|a|=2ai§p} )

i=1
The number of permutations determines the number of terms P and
thus the size of the experimental setup, as follows:

P=( M+p >_(M+p)!

p T Mp! )

Due to missing terms, truncating the series leads to an error ¢, which
results in a truncated definition of Polynomial Chaos Expansion (PCE):

Y2 YPE = N g, (X)+e 5)
acAM.p

There are two methodological approaches for calculating the ex-

pansion coefficients g,: In the study [15] by Wang, Batool, Sun, and
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Pan, a non-intrusive reduced-order model for solving time-dependent
stochastic PDEs is presented, which combines proper orthogonal de-
composition, dynamic mode decomposition, and PCE. This approach
demonstrates high efficiency in many nonlinear stochastic PDE ex-
amples, as well as good extrapolation capabilities beyond the train-
ing interval. The second approach, described by Hadigol and Doostan
in [16], treats the original mathematical model as a computational
black box. This eliminates the need for intrusive code modifications.
This approach works exclusively with input—output example pairs (x—y)
derived from direct model evaluations, thereby reducing the imple-
mentation effort. The PCE coefficients are then determined using a
standard least-squares regression formulated as an optimization prob-
lem to minimize the residual error ¢ defined in Eq. (5). This leads to
the minimization of the L2 norm. In [17], Novak and Drahomir outlined
the exact steps::
1 < 2

B = argmin — Tp(xD) - x® 6
B=arg N;(ﬁ()M()) ®)

The solution to this equation can be written as
B=(o"®)" @7y, %)
where @ is the data matrix
&={®,;=d;(X).i=1,..,M;j=0,.,P-1}. 8)

Given the inherently poor conditioning of the Gram matrix @ ®
that occurs in practical applications, orthogonal decomposition metho-
ds — in particular, singular value decomposition (SVD) or QR factoriza-
tion — are required for a numerically stable solution of the associated
linear system. Furthermore, Novak and Drahomir confirmed in [17] that
the cardinality of the experimental design must satisfy the condition
N > 2P, where N denotes the sample size and P the number of model
parameters, in order to ensure sufficient degrees of freedom for robust
parameter estimation.

4.3. Gaussian Process Regression

GPR refers to a nonparametric Bayesian approach in the literature
on machine learning and statistical inference, which differs from para-
metric models with fixed degrees of freedom in that it can adaptively
adjust the model complexity to the data dimension and sample size.
In his paper [18], Beckers provides an introduction to Gaussian pro-
cesses and their application to regression tasks in dynamic systems.
He was able to show that, unlike most other techniques, modeling
with Gaussian processes not only provides a prediction of the mean
but also a measure of model fit. In [19], Li and Wang have shown
that GPR can be used for applications of UQ and its core tasks, in-
cluding uncertainty propagation, risk estimation, optimization under
uncertainty, parameter estimation, and sensitivity analysis. They also
present Gaussian processes as a surrogate-based modeling technique.
The methodology enables the simultaneous computation of posterior
prediction distributions over continuous output ranges, while quan-
tifying aleatory and epistemic uncertainty regarding the covariance
structure of the underlying stochastic process. In [20], Zhao, Lu, Yan,
Chow, and Xi show that the prediction accuracy of the GPR depends
significantly on the choice of the mean function, the covariance kernel
function, and the associated hyperparameters. They also show that
any mis-specification of these variables leads to inaccurate results and
propose a strategy to circumvent these problems. In this approach, the
mean and the UQ are determined separately. Subsequently, a novel
kernel search algorithm is employed to correct the mis-specification
of the kernel function. Supported by theoretical analyses, an optimal
kernel can now be selected from a set of candidates. Wilson, Knowles,
and Gharamani presented an alternative approach in their paper [21].
They introduce a Gaussian process regression network that combines
the structural properties of Bayesian neural networks with the nonpara-
metric flexibility of Gaussian processes. This results in a multi-output
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regression model and demonstrates significantly higher performance
than eight common multi-output Gaussian process models.

A Gaussian process represents a functional extension of multivari-
ate normal distributions, which is characterized by two fundamental
components: the mean function u(x) and the kernel function (covari-
ance function) k(x,x’). The structural properties of the kernel func-
tion encode the inductive bias that determines the class of functions
representable by the model, depending on the topological and distri-
butional properties of the input domain. For a training corpus D =
(x;,y)li = 1,...n, consisting of n input-output pairs with x; € RP
and y; € R, the regression task deals with the approximation of an
unknown function f* R? — R from finite, noisy observations
y = f(X) + &, where & denotes stochastic noise. This framework en-
ables noise suppression and regularization through implicit probability
marginalization over latent noise processes. The design matrix X €
R™D aggregates the input vectors x; as rows, while the corresponding
response vector y € R” encodes the observations, allowing for a
compact notation D = (X,y). The inferential goal is to characterize
the posterior prediction distribution p(y|X), thereby enabling quan-
tification of uncertainty and nonparametric function estimation. GPR,
which instantiates a Bayesian nonparametric framework analogous in
its approximation capability to PCE and DNN, performs nonlinear
function learning via implicit feature space transformation over the
reproducing kernel Hilbert space induced by the kernel function.

4.4. State of art

Given the computational and time constraints associated with high-
precision multiphysics simulations of TEH systems, the use of surro-
gate modeling methods has proven to be extremely effective. DNNs
represent a class of exceptionally powerful tools for the metamodel-
ing of thermoelectric systems, distinguished by their ability to map
high-dimensional nonlinear relationships between multivariate design
parameter spaces and the corresponding model outputs. Edelen, Neveu,
Frey, Huber, Mayes, and Adelmann were able to show in [22] that the
metamodels are a factor of ~ 10® more computationally efficient than
classical simulation models. Furthermore, the DNN models could also
be used for multi-objective optimization. Deep learning models are
particularly advantageous in applications that require significant simu-
lation effort and where preliminary data is available. In the study [23]
by Khan, Zekios, Bhardwaj, and Georgakopoulos, it was demonstrated
that DNNs can efficiently and reliably map the near field of antennas
and precisely predict far-field characteristics and key antenna param-
eters, such as reflection coefficients. A simulation of a rectangular
patch antenna showed that, after the training phase, the surrogate
model was over 200 times faster than conventional finite element
analysis and provided predictions of all necessary antenna parameters
— such as resonance frequency, radiation pattern, and directivity —
with a root mean square error of 0.0174. In the paper [3], Adcock,
Brugiapaglia, Dexter, and Moraga highlight the advantages of using
DNNs to approximate high-dimensional, nonlinear functions with both
known and unknown parameters. They also show that DNNs possess
the fundamental ability to circumvent the curse of dimensionality by
enabling the approximation of high-dimensional function mappings.
Furthermore, the approximation error is independent of the dimen-
sional scaling and remains bounded. This property proves particularly
effective in the numerical solution of complex, high-dimensional para-
metric PDEs, where conventional discretization-based methods and
spectral approaches encounter computational intractability and expo-
nential growth in solution complexity. Raissi also takes advantage of
this fact in [4]. In this work, the unknown solution of a PDE is approx-
imated by a DNN, which makes it possible to exploit the benefits of
automatic differentiation. DNNs demonstrate remarkable performance
in approximating non-smooth functions that exhibit singularities. Com-
parative computational studies, such as [5] by Laloy and Jacques, in
which the performance of surrogate-based emulations was compared
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with computationally intensive reactive transport models, have shown
that DNNs achieve superior prediction accuracy compared to GPR
and PCE methods, even with limited training datasets of 75 to 500
samples. However, despite its superior emulation capabilities, the DNN
showed the worst performance for inverse problems. This is caused
by noise in the data; the noise clearly impairs DNN-based predictions,
even when it is only small. In [24], Imaizumi and Fukumizu attempt
to explain why DNNs (for non-inverse problems) perform better than
other approaches. They were able to prove that the convergence rate
of the generalization error, which they derived from a DNN estimator,
is optimal. Despite their remarkable performance, DNNs also have
their weaknesses. One of these is their inherent opacity and limited
epistemic interpretability. Consequently, they are often referred to as
“black-box” constructs, in which the underlying decision mechanisms
and the learned feature representations remain opaque for subsequent
interpretation and mechanistic understanding. In [25], Huang, Lala,
and Jha introduce a versatile framework called “CONFINE” (“Confor-
mal Prediction for Interpretable Neural Networks”), which provides
statistically validated prediction sets with uncertainty for existing clas-
sifiers instead of point predictions, thereby improving interpretability,
reliability, and even accuracy. PCE models, on the other hand, offer
significantly improved interpretability, as the coefficients of the poly-
nomial basis have an explicit physical meaning, which facilitates direct
global sensitivity analysis. In [26], Loukrezis, Diehl, and De Gersem
present a basis-adaptive method for constructing anisotropic PCEs for
high-dimensional, vector-valued models, where the basis selection is
based on sensitivity metrics. This allows even complex engineering
problems to be modeled efficiently and with high accuracy at low
computational cost. In [27], Del Giudice, Marelli, Sudret, and Vassiliou
investigated how various process parameters of binder jet printing
influence mechanical properties. Using statistical methods and a sen-
sitivity analysis, they were able to show that the binder content (print
resolution and droplet mass) is particularly decisive, while the print
speed has no influence. After determining the PCE coefficients, higher-
order statistical moments and variance-based sensitivity indices (Sobol
indices) are derived analytically directly from the coefficients, enabling
a complete analytical quantification of the propagated uncertainty. This
represents a significant methodological advantage over DNNs, as it
allows for a rigorous characterization of uncertainty without requiring
surrogate approximations or sample-based variance decompositions.
In [28], Sudret presents a non-intrusive, regression-based approach us-
ing PCEs that enables the efficient calculation of Sobol indices directly
from PCE coefficients, thereby significantly reducing computational
effort. Application examples show that the method delivers accurate
results even with multiple input variables and is several orders of
magnitude more efficient than Monte Carlo methods. A corresponding
example is provided by [29]. In this work, Shahzadi and Soulaimi use
uncertainty and global sensitivity analysis to investigate the influence
of soil parameters on the behavior of a rockfill dam, based on FEM
simulations (Plaxis) and measurement data. In this work, surrogate
models (polynomial chaos expansion and neural networks) are used to
efficiently approximate displacements, and Sobol indices are calculated
to evaluate the parameter effects.

Another advantage of PCE is its high training efficiency and rela-
tively low requirement for training data. Berkemeier, Kriiger, Feinberg,
Miiller, Poschl, and Krieger, who modeled chemical reaction times in
aerosol particles in [6], showed that PCE processes data more efficiently
than DNN for small to medium-sized datasets (< 20,000 samples).
However, with larger datasets, PCE increasingly reaches its limits in
terms of computational effort and memory requirements. This behav-
ior can be attributed to the mathematical structure of the respective
methods: PCE solves a linear regression problem on an orthogonal
polynomial basis, whereas neural networks are based on solving a high-
dimensional nonlinear optimization problem using backpropagation. As
an example, the work by Zhang, Shao, Liu, Fan, and Shi [30] on the
optimization of variable-pitch propellers can be named. In this work,
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they developed a parametric kinematic model for the pitch control
process of variable-pitch propellers that accounts for geometric and
friction-related uncertainties to investigate their influence on the blade
angle. Based on extensive simulation data, various surrogate models
were created, including a DNN, Kriging, support vector regression,
random forest, and polynomial chaos expansion Kriging. The DNN
demonstrated the highest predictive accuracy and was used to analyze
the effects of uncertainty. The resulting model enabled more efficient
calculations and also provided valuable insights for the design opti-
mization of variable-pitch propellers. In [19], Li and Wang provide
an introductory overview of Gaussian process-based methods for UQ,
including key tasks such as uncertainty propagation, risk estimation,
optimization under uncertainty, and sensitivity analysis. They also
demonstrate how GPR can be specifically applied to various UQ tasks
and provides a unified framework for the probabilistic modeling of
complex systems. Using GPR, it is possible to systematically identify
critical regions in the input space, specifically investigate the associated
uncertainties, and thereby support robust and sustainable design deci-
sions. In [31], Kyger, Fernandez, Grunenwald, Braun, and Booth use GPR
for UQ in addition to a novel “profile-based Bayesian optimization”.
The goal is to determine the minimum energy loss as a function of
diffuser length when simulating a diffuser. This approach yielded better
results than those obtained with pure classical Bayesian optimization.
Another argument in favor of GPR is its outstanding data efficiency.
Its robustness and high predictive power for small to medium-sized
datasets represent a significant advantage over deep learning-based
methods, which typically require thousands of training examples. This
surrogate modeling approach is particularly advantageous in scenar-
ios where data availability is limited or costly—for example, when
data must be generated through time-consuming numerical simulations
or expensive physical experiments. In [32], Dharmadhikari, Berdanier,
Thole, and Basak present an automated framework for optimizing inline
pin-fins, in which parametric splines are used to describe the geometry
and a Gaussian process-based surrogate model is employed within
a Bayesian optimization framework to minimize pressure drop. The
results show that convergence to aerodynamically favorable designs is
achieved even with limited initial data, and that the row spacing of the
pins has the greatest influence on pressure loss.

5. Results after training with small datasets

In order to rigorously evaluate the predictive accuracy of the sur-
rogate models and enable comparison between them, a special testing
was carried out following the training and validation phase. For this
purpose, a test dataset with 32 samples that differ strictly from the
original training data was applied to the trained surrogates. This proce-
dure ensures that the models exhibit robust generalization to previously
unknown inputs and do not merely overfit or memorize the training
data.

5.1. Influence of the training dataset size

The following section presents and analyzes the results of the
trained surrogate models in terms of their predictive accuracy as a
function of the size of the training dataset. To this end, the models
were trained using training datasets of sizes 400, 700, and 1000, and
then evaluated on a separate, unmodified test dataset. The resulting
error metrics and performance indicators are visualized in the form
of graphs to systematically investigate the influence of dataset size on
model quality. The goal is to comparatively evaluate the convergence
properties of the respective surrogate models.

In the field of machine learning research, there is no universally
defined boundary between small, medium, and large datasets. Classifi-
cation depends heavily on the application context, model complexity,
and the number of features. However, consistent rules of thumb and
empirical thresholds can be derived from the literature and practical
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Table 6
Utilizing Optuna-driven hyperparameter optimization and architecture search
to configure the deep neural network topology.

Parameter Value
Hidden layer 3

Nodes input layer 16

Nodes output layer 8

Nodes first hidden layer 393
Nodes second hidden layer 92

Nodes third hidden layer 396
Learning rate 0.0013355
Batch size 37
Activation function Sigmoid
Number epochs 1000

Size train data 1000

Size test data 32
Optimizer Adam
Loss MSE
Normalization Min-Max Scaling

Regularization WeightDecay= 0 (L,)
Early Stopping Not used
Random seeds Not used
40 s DNN
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Fig. 3. The mean relative error of all outputs as a function of the size of
the training dataset. The height of the bars represents the respective mean
relative error, while the red lines indicate the standard deviation around the
mean (N = 32).

experience. This study is heavily oriented toward the DNN model. In
deep learning, the scientific literature typically defines “small datasets”
as datasets with fewer than 1000 to 3000 samples. In the work by
Brigato and Iocchi [33], the “small-data regime” is explicitly examined
for datasets with 10 to 1280 samples per class, although the authors
emphasize that the definition of “low” is highly subjective.

5.1.1. Convergence behavior of DNNs

The performance of a deep neural network does not depend solely
on the size of the available dataset. Other hyperparameters, such as the
number of nodes within a layer or the learning rate, have a significant
impact on the results. The appropriate hyperparameters for the deep
neural network can be found in Table 6.

Fig. 3 illustrates the convergence behavior of the DNN for different
dataset sizes.

The graph shows that performance increases significantly as the
training dataset grows. With a dataset size of 1000, accuracy is already
over 85%.

5.1.2. Convergence behavior of GPR

The GPR has the property that it delivers good results even with
a small number of data points. Larger datasets result in a dispropor-
tionately long training time. The following section demonstrates the
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Table 7
Parameters defining the GPR.

Output Kernel Parameter

1 kp(x,x") I=15v=3
+kgo(x, x") a=08,/=1
+kpp(x,x") oy =1

2 kp(x,x") 1=3.5,v=0.75

3 1.5%k g (x, X') I=4
+kpss(x,x") 1=33,p=5

4 1.5%k py (x, x') 1=02,v=05
+kpp(x,x") oy =2

5 1.6*K g (x,x") =45
+kpp(x,x") 6y =0.5

6 0.8k s (x, x") 1=09,v=05
+kpp(x,x") 0y =0.6
+hy (x,x) noise_level = 0.1

7 kppr(x.x") 1=215
+kpp(x,x") oy =2

8 kpr(x,x") I=12,v=03
+hpsg(x,x") 1=24,p=0.7
+hy (x,x) noise_level = 0.2

convergence of the GPR as a function of dataset size. To do this, several
kernels and their corresponding hyperparameters must be specified or
determined. Before we define the kernels for the individual outputs, we
must first introduce a few functions that we have taken from the work
of Rasmussen and Williams [34]. One of them is the Matern kernel:

! <\/Zd(x,x’)> .

r'(v)2v-1 1
-K, <@d(x, x'))

where d(x, x') is the Euclidean distance, K, is the modified Bessel func-
tion, and I is the gamma function. Other important hyperparameters
include the length scale / and the smoothness parameter v. Another
kernel used here is called “RationalQuadratic” and is defined as

kpg(x,x") =

)]

n oy =X
krott,x) =0 1+ ——— ) , (10)

where a > 0 is the mixing parameter and o2 is the variance. As a — oo,
this function becomes a radial basis function (RBF). It is defined as

llx = x"|I? >
k LX) = - . 11
rBF (X, Xx") exp< R 11

One of the mathematically simpler kernels in this study is the scalar
product kernel. It takes the form

kpp(x,x') = o5 +x7x, 12)

which, at its core (apart from the term 0'3), simply corresponds to the
scalar product of the input variables.
A kernel that models functions that repeat exactly periodically is the
ExpSineSquared kernel. It is described by
2 sin?(d(x, x') - ﬂ/p))

13

kESS(x,x’):exp< 5

p > 0 specifies the periodicity.
Finally, the WhiteKernel is specified. This is written as

, noise_level, if x = x’,
ky (x,x") =
0, else.

Table 7 lists all the kernels used in this paper. Some of the kernels
are composites of other kernels, which often leads to better results.

The following Fig. 4 shows the convergence behavior of GPR as a
function of the training data size.

In the case of GPR it appears that, unlike DNN, increasing the
dataset size does not necessarily lead to improved performance.
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Fig. 4. The average relative error of all outputs as a function of the training
data size. The bars visualize the error magnitude, and the red markers indicate
the dispersion (standard deviation) around the mean (N = 32).

Table 8
Parameters defining the PCE.
Parameter Value
Polynomial order 2
Number of basis functions 17
Polynomial used Legendre
I PCE
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Fig. 5. The mean relative error of the outputs as a function of the number
of training data points. The height of the bars corresponds to the error value,
and the red lines represent the standard deviation from the mean (N = 32).

5.1.3. Convergence behavior of PCE

Polynomial Chaos Expansion often behaves stably and data-effici-
ently with small training datasets, as long as the model order and the
number of coefficients are appropriate for the available sample. If there
is insufficient data, the coefficient estimates become uncertain, and the
model may overfit or become unstable. As the training dataset size
increases, the estimation uncertainty of the PCE coefficients typically
decreases, and the prediction becomes more reliable.

The hyperparameters for the PCE used in this study can be found in
Table 8.

Fig. 5 shows the convergence behavior of the PCE as a function of
the training dataset size.

Similar to the DNN, the PCE also shows a significant improvement
in model performance. Initially below 60%, the accuracy is now around
70%.

10

Energy and AI 25 (2026) 100812

mm GPR
. 400 === DNN
€ B35 N PCE
S
o 200
(0]
=
S 100
S L
O -4». *$

c bt
Q
= _-100
—-200

LT o

<
oo o8 E
R A SA-L R SR SRV S
& oé K & o =
e &
& L

Fig. 6. The mean relative error (N = 32) as a function of the selected
metamodel and the input. While DNN exhibits comparatively small prediction
errors, PCE and, in particular, GPR produce errors for all outputs except 7.
and Trp 4, that are so large that the resulting predictions can be considered
practically unusable.

g
28
8T 100
o<
m |
c2 50 43
o 17
s
0 GPR DNN PCE

Fig. 7. The mean relative error of all outputs as a function of the selected
metamodel. This shows that, for the test data, DNN yields the smallest global
prediction error. PCE and, in particular, GPR, on the other hand, exhibit
particularly large deviations between the predictions and the labels.

5.2. Comparison of the surrogate models

For reasons of comparison and since DNN and PCE show best results
with 1000 datasets, all three methods are now compared when trained
with 1000 datasets each. Following surrogate-based processing of the
test data, the mean absolute error (MAE) associated with each output
variable can be evaluated on the basis of the model predictions (see
Fig. 6).

In addition, a global mean error over all output parameters can be
computed from these results (Fig. 7).

For the considered test dataset, GPR yields highly accurate pre-
dictions for the output quantities T¢ and Ty g, comparable to the
performance of the other surrogate models. In contrast, for all re-
maining output variables, GPR exhibits markedly inferior predictive
accuracy, whereas DNN attains comparatively strong performance. The
predictive quality of PCE is consistently intermediate between that of
these two approaches.

5.3. Experimental setup

To reproduce the environmental boundary conditions assumed in
the numerical simulation and surrogate models, simplified correspond-
ing experiments are conducted. A temperature at or above the ambient
air temperature is imposed on the bottom surface of the TEG by
means of a resistive heating plate (Gestigkeit PZ28-2). The ambient
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Fig. 8. Sketch of the measurement setup. A fan creates an air flow, which is conditioned and measured before the device under test. A heat plate is used as the
heat source. Temperatures are measured using thermocouples and a MCU as well as using a thermal camera.
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Fig. 9. Thermal image of TEG and heat sink on heat plate.

air temperature is monitored using a type-K thermocouple, thereby en-
abling determination of the resulting temperature gradient. Convective
boundary conditions on the heat sink are realized by enforcing a con-
trolled airflow generated by a PWM-regulated axial fan in combination
with a simple air-duct, which incorporates cutouts to accommodate
the heat sink and measurement access (see Fig. 8 for a sketch of the
experimental setup). This arrangement is used as a substitute for a
wind tunnel, which is not available for generating the required low air
velocities.

The resultant air velocity is quantified using a handheld hot-wire
anemometer (Testo 405). To promote a quasi-uniform inlet velocity
profile, a honeycomb flow straightener is installed between the axial
fan and the device under test. The temperature field over the heat plate,
the TEG, and the heat sink is characterized by means of an infrared
thermographic camera (Optris Xi 400), as illustrated in Fig. 9, and
by two thin copper interlayer plates equipped with embedded type-K
thermocouples, positioned between the heat plate and the TEG, and
between the TEG and the heat sink, respectively.

In this configuration, the data obtained from both measurement
modalities can be directly compared for validation purposes. The
thermocouple signals are acquired using MCP9600 integrated circuits,
which provide a specified measurement accuracy of at least 1.5 °C [35].
The thermal imaging system, in turn, exhibits an accuracy of 2.0 °C or
2.0%, respectively [36]. Accordingly, the thermocouples yield higher
absolute accuracy, whereas the thermal camera enables a spatially
resolved measurement of the temperature field over the entire TEG heat
sink assembly. The additional copper plates and the thermal interface
materials between the layers are not represented in the simulation
model but are incorporated in the experimental setup for practical
reasons and to facilitate the measurements. This discrepancy between
the numerical model and the physical setup may lead to deviations
when comparing simulated and experimental results.
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Table 9
Parameters defining the TEGs.
TEG A TEG B TEG C
Type 083-230-07 017-150-29 SP1848-
27145SA
Ryrrc 341 Q 0.16 Q 2.71 Q
Rourrc 200 & 29412 & 347 &
s 0.005 ¥ 0.005 ¥ 0.039 ¥
Irgg 40 mm 15 mm 40 mm
Wrgg 40 mm 15 mm 40 mm
hrgg 3.8 mm 3.7 mm 3.8 mm

5.4. Measurement procedure

Since sub-ambient temperatures cannot be realized with the config-
uration described in Section 5.3, the objective is instead to reproduce,
as closely as possible, the temperature differences between the lower
surface of the TEG and the ambient environment that result from the
input parameter combinations. Likewise, the air velocity measured with
the anemometer is regulated to the prescribed setpoint by appropriately
adjusting the fan’s PWM duty cycle. All measurements are conducted
only after the system has attained a steady-state operating condition.
Under these conditions, the temperatures Tj,, Tp; and Trgg,,, are
recorded. By systematically modifying the experimental setup, a com-
prehensive dataset is obtained that enables validation of both the
numerical simulation model and the surrogate models. The different
experimental campaigns arise from the use of distinct TEG modules
and heat sink configurations. In addition, the influence of the air flow
velocity on the Qol is investigated. In the experimental phase, three
thermoelectric generators (TEG) of distinct structural designs, each
incorporating integrated heat sinks, were quantitatively characterized.
Throughout the measurements, three temperature points were mon-
itored: the hot-side temperature T}, the ambient temperature T,
and the upper-surface temperature Ty ,,,- From these quantities, the
temperature differentials AT}, = T},,,—T,,,, (total temperature gradient)
and ATy pG = Ty —Tr g 0, (temperature gradient between the hot side
and the top side of the TEG) were derived and subsequently correlated
by plotting AT} as a function of AT;,,. Here, AT, defines the abscissa
and ATy the ordinate of the resulting graph. Geometric parameters
and thermophysical properties of the investigated TEG devices, such as
characteristic dimensions and thermal conductivities, are summarized
in Table 9.

The characteristic values for the heat sinks used are listed in Table
10.

The results of the experiments are shown in Fig. 10. They reveal
the expected linear relation between the two AT and indicate an
experimental accuracy of +2 K in both directions.
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Table 10
Parameters defining the heat sinks.
Heat sink 1 Heat sink 2
Ao 220 o 220
nN, 13 11
nN, 13 10
S, 3 mm 3 mm
lys 50 mm 38 mm
Wy 50 mm 38 mm
hys 25 mm 16 mm
50 —— TEHB,HS1
—— TEHA ,HS 1
40 —— TEHC,HS1
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Fig. 10. Measured ATy, with different thermal resistances in relation to 4T,
at an air flow of v, = 0.5 m/s. A pin heat sink is attached to the top of the TEG.
The graph shows the measured data points, which are approximated by a linear
regression, along with a band around the curves representing the measurement
error.

5.5. Results from experiments compared with predictions of the surrogates

After the surrogate models have been validated using the available
test datasets, their predictive outputs are quantitatively compared with
empirical results obtained from controlled laboratory measurements.
In these experiments, three characteristic temperatures were recorded:
Thots Tamps and Trpg,,,- The temperatures Ty, and T,,,, along with
additional parameters such as the Seebeck coefficient, geometric char-
acteristics of the heat sink, and other relevant operating variables,
serve as input data for the surrogate models. Based on these inputs,
the models compute Ty gg,,, as well as further dependent quantities.
Furthermore, the total temperature difference AT, and the temperature
difference across the thermoelectric generator, AT, are determined.
The resulting values are visualized by plotting the surrogate predic-
tions against the experimental reference data for direct comparison.
In Figs. 11 and 12, one can see an offset between the experimental
and FEM-based simulation data. This offset is caused by systematic
differences between the simplified measurement and abstract FEM
model (e.g. ideal air flow as boundary conditions, missing copper
plate, thermal paste). Since all surrogate models were trained based
on simulation data, they are expected to show similar behavior.

Specifically, Fig. 11 presents the measurement outcomes for ther-
moelectric generator TEG A in combination with heat sink 1, alongside
the corresponding simulation data and the predictive outputs of all
three equivalent surrogate models. Of the three modeling approaches,
GPR (turquoise, dashed line) exhibits the highest predictive accuracy
in this case. The GPR curve has a slope that closely matches that
of the experimental measurement curve and shows the smallest sys-
tematic offset compared to the other surrogate models. In contrast,
both the DNN and PCE models exhibit significant deviations in slope
compared to the reference data. Furthermore, the PCE model produces
implausible predictions, as negative temperatures are not possible. This
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Fig. 11. The technically important TEG temperature difference AT ., is
plotted versus a changing single parameter: the total temperature difference
AT,,. The three surrogate models predictions are compared to FEM-based
simulation data and experimental data.
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Fig. 12. The TEG temperature differences ATy is plotted versus different air
flow velocities. Again, the three surrogate models predictions are compared to
FEM-based simulation data and experimental data.

could potentially be prevented by incorporating a physically grounded
component into the training.

The DNN model (purple, dashed) provides the least accurate pre-
dictions, characterized by the lowest slope and thus a faster deviation
from the experimental curve compared to the PCE model.

In a subsequent investigation, the inlet velocity v;, was systemat-
ically varied within the range of 0.2 m/s to 0.8 m/s while AT,, was
kept constant. This parameter modification leads to a reduction in the
gradient of the resulting profiles, as the enhanced convective transport
facilitates more rapid dissipation of thermal energy within the fluid
domain. Consequently, this behavior is also reflected in the surrogate
model predictions (Fig. 12).

The GPR response (turquoise, dashed) displays a minor systematic
overprediction relative to the experimental reference Exp (light green,
solid), whereas both the DNN model (purple, dashed) and the PCE
model (black, dashed) consistently underpredict the measured trend.
The gradient of the DNN prediction closely parallels that of the ex-
perimental data, indicating that, despite the absolute offset, the DNN
model reproduces the relative variation and local sensitivity of the
target response with comparatively high fidelity.

To enable a qualitative assessment of the results obtained for the
remaining configurations, the root mean square error (RMSE) between
the experimental measurements and the corresponding surrogate model
predictions for the various TEG heat sink designs is computed and
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Fig. 13. The left two setups include the same heat sinks and different TEGs;
the right two setups include the same TEGs and different heat sinks.

subsequently compared. The comparative results are presented in Fig.
13: Across all three configurations, GPR exhibits the lowest deviation
relative to the experimental results, whereas both the DNN and PCE
approaches demonstrate discrepancies nearly twice as large for TEG
B and heat sink 1, and even more pronounced for TEG C. This is
plausible since only one parameter is changed here and for such a local
interpolation GPR seems well suited. However, it is worth noting that
PCE and DNN show the more expectable behavior in that they are
similar to the simulation data. Taking the offset between experiment
and simulation into account, all three surrogate models predict the
gradients in Figs. 11 and 12 correctly. This can be used for a sensitivity
analysis with respect to a single parameter.

6. Conclusion

The overall results indicate that the surrogate modeling approaches
show an overall satisfactory level of predictive accuracy. All three
surrogate modeling methods deliver results in seconds compared to
corresponding multi-physical FEM simulations which take between 30
to 60 min. Comparing the influence of the dataset size on the prediction
accuracy with unknown query data, all three methods are behaving
differently if trained with more datasets. However, Gaussian Process
Regression and Polynomial Chaos Expansion seem to be less dependent
on the dataset size: The deviations between the predicted and FEM-
computed quantities of interest are only slightly reduced (Polynomial
Chaos Expansion 25%) or almost constant (Gaussian Process Re-
gression) going from 400 datasets to 1000 datasets. For Deep Neural
Network, this error is drastically reduced by almost 50%. Comparing all
three methods for 1000 datasets, Deep Neural Network shows the best
performance with respect to all quantities of interest with a rms error
of 17%. This indicates the Deep Neural Networks superior robustness
and generalization across globally distributed input spaces. When the
influence of single parameters is investigated experimentally, clear
correlations can be found between the crucial temperature difference
at the Thermoelectric Generator and the respective input parameter.
This sensitivity can be predicted qualitatively in a correct way by
all three surrogate models. Notably, the offset between the surrogate
models and the experimental data can be explained by the fact, that
the training data was based on FEM simulations and not experiments.
Taking this into account, the surrogate models’ predictions of the
change of the temperature difference at the Thermoelectric Generator
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depending on e.g. the air flow velocity or the total temperature dif-
ference agrees reasonable well with simulation and experimental data.
Gaussian Process Regression appears strongest for these locally sampled
experimental regimes. Important to note, however, is that Polynomial
Chaos Expansion generates partially physically implausible results such
as negative temperature differences at the Thermoelectric Generator.
This can potentially be prevented with a physics-informed training
process which is the authors next field of research.

7. Outlook and discussion

Surrogate models have demonstrated satisfactory predictive accu-
racy even when trained on limited datasets. Several strategies exist
to enhance surrogate model performance without the need to expand
the training dataset. One approach involves constraining the admissible
range of selected model input parameters in accordance with the prac-
tical operating boundaries of TEGs and heat sinks. This ensures that
the available data — treated as a valuable computational resource —
is concentrated within physically relevant regions of the design space,
thereby avoiding the allocation of modeling capacity to nonphysical or
practically irrelevant parameter domains.

Another promising strategy is to incorporate prior physical knowl-
edge into the framework of surrogate modeling by explicitly embed-
ding the relevant physical laws. This integration results in physically-
informed surrogate models that extend conventional data-driven formu-
lations into hybrid, theory-driven architectures. Such approaches have
already achieved remarkable success in a variety of fields, including
fluid dynamics, quantum mechanics, and electromagnetism [37-39],
with the most prominent example being PINN. This is achieved by in-
tegrating the underlying physical differential equation as an additional
term into the loss function. This physics-informed term computes the
residual of the differential equation at points in the solution space using
automatic differentiation and penalizes solutions that do not agree with
the laws of physics.

Similarly, GPR and PCE can be reformulated into their physics-
informed counterparts, referred to as PI-GPR and PI-PCE, respectively.
The PI-PCE is obtained by supplementing the purely data-driven coeffi-
cient determination with physical constraints in the form of differential
equations and boundary conditions. These constraints are integrated
into the optimization problem as additional equations and solved using
Karush-Kuhn-Tucker (KKT) conditions. This results in the surrogate
model, which necessarily satisfies the physical laws.

The PI-GPR is obtained by integrating the underlying physical laws
directly into the GP prior or the kernel, for example by differentiating
the kernel or by choosing a kernel that is the Green’s function of the
PDE.

Thus, the resulting models inherently satisfy the physical constraints
and thereby prevent the generation of physically inconsistent predic-
tions.

By employing these advanced surrogate models, users can perform
multi-objective optimization of TEGs for specific application scenarios
and obtain immediate feedback on generator performance metrics such
as electrical power output, which are directly linked to system-level
parameters (e.g., transmission interval) of autonomous wireless sensor
nodes. The system’s geometric envelope — primarily defined by x,
Ye, and an upper limit for zo — as well as environmental conditions
(T,mp> Thor» and v;,) can be parameterized according to the target
application. Within this framework, heat sink design variables (1N,
nN,, zc, and zg) can be tuned to maximize heat flux through the
heat sink. Simultaneously, the thermoelectric module parameters can
be adapted to ensure thermal impedance matching, maximize harvested
electrical power, and verify the open-circuit voltage requirements.
Alternatively, optimization can be formulated to achieve a specified
electrical power target while minimizing the overall system volume.
The model further enables determination of the minimum environmen-
tal conditions necessary to reach the required power output for a given
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design configuration. Finally, the framework supports the design of
TEHs with reduced carbon footprints by minimizing heat sink material
usage without incurring significant losses in conversion efficiency.
Depending on the design objectives, a generator with slightly reduced
electrical output may be preferable if it results in substantially lower
environmental impact during manufacturing and operation.
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