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 A B S T R A C T

It is well known that the widely used activity coefficient models NRTL and UNIQUAC are not unique: a 
given pair of activity coefficients can be represented by different pairs of interaction parameters. This strict 
pointwise non-uniqueness must not be confused with the practical non-uniqueness commonly encountered 
when fitting data sets, which refers to the existence of regions in parameter space that yield practically 
equivalent descriptions of the data. We show that strict multiplicity poses additional challenges for model 
parameterization and has direct consequences for the robustness of predictions. In this work, we present an 
in-depth analysis of the nature of the strict pointwise multiplicities and identify the regions in parameter space 
where they occur by addressing their root cause. We show that, although all solutions yield exactly the same 
results at the training point, they differ strongly in their predictive behavior, and that a single solution stands 
out which can be considered the desired one. Based on these insights, we develop a strategy to eliminate 
multiplicities by selecting this desired solution without restricting the range of activity coefficients the models 
can represent. Thus, a one-to-one mapping between activity coefficients and parameters is established, resulting 
in unique NRTL and UNIQUAC models, being otherwise identical to their parent models. Finally, we discuss 
how the unique models can be applied to parameter fitting and illustrate the resulting advantages.
1. Introduction

Activity coefficients quantify the non-ideality of liquid mixtures and 
form the basis for modeling vapor–liquid equilibria (VLE) and liquid–
liquid equilibria (LLE), which are essential for simulating processes 
such as distillation and extraction. Activity coefficients are obtained 
from models of the excess Gibbs energy, 𝐺𝐸 . The most common 𝐺𝐸 -
models are the NRTL model [1] and the UNIQUAC model [2]. These 
models contain adjustable parameters that describe pairwise inter-
actions between components; these parameters are usually fitted to 
experimental data for binary systems.

Fitting binary interaction parameters of 𝐺𝐸 -models to experimental 
data entails several difficulties. Besides common issues related to the 
strong correlations between parameters [3], and to the quality and 
consistency of experimental data [4,5], which strongly influence the 
quality of the resulting parameterizations, additional problems arise 
from multiplicities occurring in many 𝐺𝐸 -models. It has long been 
observed that when 𝐺𝐸 -models are fitted to datasets, there is often a 
wide region in parameter space around the optimum in which different 
parameter sets yield practically equivalent descriptions of the training 
data [6–8]. For commonly used two-parameter 𝐺𝐸 -models, this region 
typically has the shape of an ellipse, whose major axis is much larger 
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than its minor axis, indicating a strong correlation between the two 
parameters. We refer to this phenomenon as practical multiplicity.

While practical multiplicity can complicate parameter estimation 
and may have negative consequences for the application of the resulting 
models [7,9–11], practitioners have learned to handle it. A different 
situation arises for a second type of multiplicity that is still often disre-
garded. We refer to this phenomenon as strict multiplicity, which is the 
focus of the present work. In contrast to practical multiplicity, which 
refers to the fitting of datasets, strict multiplicity is defined at the level 
of individual data points: for a given pair of activity coefficients of a 
binary system at fixed composition, multiple pairs of binary interaction 
parameters may reproduce these activity coefficients exactly. This strict 
pointwise multiplicity has been described in various works [10–16]. 
Recently, the NRTL model was analyzed comprehensively with respect 
to strict multiplicity in [17], where it was shown that up to five distinct 
pairs of binary interaction parameters can correspond to a single pair 
of activity coefficients.

Strict pointwise multiplicity also affects practical multiplicity, as it 
may lead to several local minima surrounded by corresponding ellipses 
in parameter space. Since the present paper focuses exclusively on strict 
multiplicity, the adjective strict will be omitted hereafter for brevity.
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So far, an important question related to multiplicities has remained 
unanswered: which of the multiple solutions should be chosen? To 
answer this, we have first carried out a comprehensive analysis of the 
multiplicities of the NRTL and the UNIQUAC models, which enabled us 
to reveal the origins of their multiplicities. This study revealed that, for 
both models, there exists only a single desired solution branch and that 
all other solutions can be removed by a truncation of the parameter 
space – without any restriction of the range of activity coefficients 
the models can represent. Solutions from this branch also yield better 
predictions than those from the other branches. The new unique NRTL 
and UNIQUAC models that provide a one-to-one relation between 
parameter pairs and pairs of activity coefficients, are introduced and 
ready-to-use implementations are supplied. The one-to-one mapping 
refers to a situation in which only a single data point is considered. 
However, we show that it can also be used to improve fits to entire 
data sets. The idea is to apply the one-to-one mapping to a single 
data point and use the resulting parameters as a starting point for the 
conventional fit. In the application section, we show that the robustness 
of the solution selected by the one-to-one fit carries over to the results 
of the conventional fit when used as its initialization.

This paper is organized as follows: in Section 2, we define multi-
plicities in thermodynamic models and then analyze the multiplicities 
in the NRTL and UNIQUAC models. In Section 3, we discuss why 
these multiplicities should be removed and how this can be achieved. 
Section 4 presents an example in which the new approach is applied 
to fitting VLE data, demonstrating its advantages. Finally, Section 5 
concludes the paper and offers an outlook.

2. Analysis of multiplicities

2.1. Strict multiplicity of thermodynamic models

Consider a parameterized model 𝒇 with 
𝒇 (𝒙,𝜽) ↦ 𝒚 (1)

where 𝒙 ∈ 𝑿 is the input, 𝒚 ∈ 𝒀  is the output, and 𝜽 ∈ 𝜣 are the 
model parameters. Here, 𝑿 is the domain and 𝒀  is the range of 𝒇 . The 
model 𝒇 is a vector-valued function and describes a thermodynamic 
phenomenon, for example 𝒇 could be an activity coefficient model. 
Uniqueness means that for all 𝒙 and 𝒚 there exists a unique parameter 
vector 𝜽, such that 
𝒇 (𝒙,𝜽) = 𝒚. (2)

Non-uniqueness means that for some 𝒙 and 𝒚 there exist 𝑀 > 1
parameter vectors 𝜽𝑚, 𝑚 ∈ {1,… ,𝑀} satisfying Eq. (2). Formally, this 
can be expressed as: 
𝒇 (𝒙,𝜽1) = ⋯ = 𝒇 (𝒙,𝜽𝑀 ) = 𝒚, (3)

with 𝜽1 ≠ ⋯ ≠ 𝜽𝑀 . We call 𝑀 the number of multiplicities. Eq. (3) 
therefore means that for given 𝒙, 𝑀 different parameter vectors 𝜽𝑚 lead 
to exactly the same 𝒚.

2.2. Multiplicities in NRTL and UNIQUAC model

The approach used to study multiplicities in the NRTL and UNI-
QUAC models (which we refer to here, for simplicity, as activity 
coefficient models) differs from the approach used in our previous 
work [17]. In both cases, we study binary systems (components 1 
and 2) at fixed composition. In the present work, we determine the 
logarithmic activity coefficients ln 𝛾1 and ln 𝛾2 for a given set of binary 
interaction parameters 𝜏12 and 𝜏21. We then follow the logarithmic 
activity coefficients for varying interaction parameters and study the 
situation where it comes to multiplicities. In [17], we considered the 
inverse mapping by prescribing the logarithmic activity coefficients 
ln 𝛾1 and ln 𝛾2 and determining all feasible solutions for the binary 
interaction parameters 𝜏  and 𝜏 .
12 21

2 
2.2.1. NRTL model
The non-random two-liquid (NRTL) model for a binary mixture of 

components 𝑖 and 𝑗 is described as follows [1]:

ln 𝛾1 = 𝑥22

[

𝜏21

(

𝐺21
𝑥1 + 𝑥2𝐺21

)2
+

𝜏12𝐺12
(

𝑥2 + 𝑥1𝐺12
)2

]

(4)

ln 𝛾2 = 𝑥21

[

𝜏12

(

𝐺12
𝑥2 + 𝑥1𝐺12

)2
+

𝜏21𝐺21
(

𝑥1 + 𝑥2𝐺21
)2

]

(5)

𝐺𝑖𝑗 = exp
(

−𝛼𝜏𝑖𝑗
)

(6)

where 𝑥𝑖, 𝑖 = 1, 2 denotes the liquid mole fraction of component 𝑖
and 𝛾𝑖, 𝑖 = 1, 2 is the activity coefficient of component 𝑖. 𝛼 is the 
nonrandomness parameter and is prescribed here. Finally, 𝜏𝑖𝑗 ∈ R, 𝑖, 𝑗 ∈
{1, 2}, 𝑖 ≠ 𝑗 are the binary interaction parameters.

Throughout this work, 𝛼 is fixed to 0.3 and is not considered as a 
model parameter. The NRTL model can then be represented as follows: 

𝒇NRTL (𝒙, 𝝉) = ln 𝜸. (7)

Here, 𝒙 =
(

𝑥1, 1 − 𝑥1
)

, with 𝑥1 ∈ [0, 1], is the input of the function 
𝒇NRTL, and 𝝉 =

(

𝜏12, 𝜏21
)

∈ R2 is the parameter vector of function 
𝒇NRTL, while ln 𝜸 =

(

ln 𝛾1, ln 𝛾2
)

∈ R2 is the output of the function.
The upper row of Fig.  1 shows two plots of the (ln 𝛾1, ln 𝛾2

)

-space. 
Fig.  1a shows how multiplicities arise in the NRTL model for an 
equimolar mixture with 𝑥1 = 0.5. Twelve values of 𝜏21 are chosen 
from the interval [−10, 5], and 𝜏12 is then varied equidistantly within 
the same interval. For each pair of interaction parameters, the cor-
responding values of ln 𝛾1 and ln 𝛾2 are computed from Eq.  (7) and 
plotted, yielding the line plots in Fig.  1a. Loops appear, indicating 
multiple solutions: up to five parameter combinations lead to the 
same (ln 𝛾1, ln 𝛾2

)

-values. An overview is provided in Fig.  1b, where 
the feasible area, i.e. all possible ln 𝛾𝑖-values of the NRTL model, is 
plotted in the (ln 𝛾1, ln 𝛾2

)

-space. The multiplicity (number of solutions) 
is indicated by integers within the feasible area. There is a region in the 
(

ln 𝛾1, ln 𝛾2
)

-space with a unique solution for 𝜏12 and 𝜏21, but there are 
also regions with two, three, four, or five solutions, and a large region, 
where no solution exists. Pairs of ln 𝛾1 and ln 𝛾2 in that region cannot 
be represented by the NRTL model.

2.2.2. UNIQUAC model
The universal quasichemical (UNIQUAC) model for a binary mixture 

of components 𝑖 and 𝑗 is given as follows [2]:
ln 𝛾𝑖 = ln 𝛾comb

𝑖 + 𝑞𝑖 ln 𝛾 res𝑖 (8)

ln 𝛾comb
𝑖 = ln

𝜙𝑖
𝑥𝑖

+ 5𝑞𝑖 ln
𝜇𝑖
𝜙𝑖

+ 𝑙𝑖 −
𝜙𝑖
𝑥𝑖

(

𝑥1𝑙1 + 𝑥2𝑙2
)

(9)

ln 𝛾 res𝑖 = − ln
(

𝜇𝑖 + 𝜇𝑗𝜏𝑗𝑖
)

+ 𝜇𝑗

( 𝜏𝑗𝑖
𝜇𝑖 + 𝜇𝑗𝜏𝑗𝑖

−
𝜏𝑖𝑗

𝜇𝑗 + 𝜇𝑖𝜏𝑖𝑗

)

(10)

with 𝑖, 𝑗 = 1, 2, 𝑖 ≠ 𝑗. Here, 𝛾𝑖 denotes the activity coefficient of 
component 𝑖, and 𝛾comb

𝑖 , 𝛾 res𝑖  are the combinatorial and residual part of 
the activity coefficient of component 𝑖. Furthermore, 𝜙𝑖, 𝜇𝑖, 𝑙𝑖 are given 
as follows:
𝜙𝑖 =

𝑥𝑖𝑟𝑖
𝑥1𝑟1 + 𝑥2𝑟2

, 𝑖 = 1, 2 (11)

𝜇𝑖 =
𝑥𝑖𝑞𝑖

𝑥1𝑞1 + 𝑥2𝑞2
, 𝑖 = 1, 2 (12)

𝑙𝑖 = 5(𝑟𝑖 − 𝑞𝑖) − (𝑟𝑖 − 1), 𝑖 = 1, 2 (13)

where 𝑟𝑖 is the relative van der Waals volume of component 𝑖, and 𝑞𝑖
is the relative van der Waals surface of component 𝑖. The parameters 
𝜏𝑖𝑗 ∈ R, 𝑖, 𝑗 ∈ {1, 2}, 𝑖 ≠ 𝑗 are the binary interaction parameters.

In the present work, we consider only the residual part of the 
activity coefficient, ln 𝛾 res𝑖  given in Eq.  (10), because multiplicities arise 
solely from this part: 𝜏12 and 𝜏21 are the only parameters fitted, whereas 
the other model parameters, 𝑟  and 𝑞 , are component-specific and fixed 
𝑖 𝑖
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Fig. 1. Multiplicities of the NRTL and the UNIQUAC model for 𝑥1 = 0.5 and 𝜇1 = 0.5, (a) and (c) show line plots based on twelve fixed 𝜏21-values from the 
interval [−10, 5] (NRTL) or [−1, 500] (UNIQUAC); each line plot in (a), and (c) refers to one specific fixed 𝜏21-value, while the 𝜏12-value is varied equidistantly 
within the same interval; (b) and (d) show contour plots, the number of multiplicities are marked by integer values in the plots.
a priori. In Eq.  (10), 𝜇1 and 𝜇2 are transformed mole fractions (see Eq. 
(12)) for which the summation constraint holds. Thus, fixing 𝜇1 implies 
fixing 𝑥1.

The residual part of the UNIQUAC model can be represented as 
follows: 
𝒇UNIQUACres (𝝁, 𝝉) = ln 𝜸res. (14)

Here, 𝝁 =
(

𝜇1, 1 − 𝜇1
) is the input, and 𝝉 =

(

𝜏12, 𝜏21
)

∈ R2 is the param-
eter vector of the function 𝒇UNIQUACres , while ln 𝜸𝑟 =

(

ln 𝛾 res1 , ln 𝛾 res2
)

∈ R2

is the output of the function.
The lower row of Fig.  1 shows two plots of the (ln 𝛾 res1 , ln 𝛾 res2

)

-
space. Fig.  1c visualizes how multiplicities arise in the UNIQUACres
model for 𝜇1 = 0.5. Twelve values of 𝜏21 are chosen from the interval 
[−1, 500], and 𝜏12 is then varied equidistantly within the same interval. 
For each pair of interaction parameters, the corresponding values of 
ln 𝛾 res1  and ln 𝛾 res2  are calculated from Eq.  (14) and plotted, yielding the 
line plots in Fig.  1c. Overlapping loops appear, indicating the presence 
of multiplicities. An overview is provided in Fig.  1d, where the feasible 
area, i.e. all possible ln 𝛾 res𝑖 -values of the UNIQUACres model, is plotted 
in the (ln 𝛾 res1 , ln 𝛾 res2

)

-space. The multiplicity is indicated by integers. 
There are only two distinct regions: one with a unique solution and 
3 
one with three solutions. In contrast to the NRTL model, there is no 
region, where no solution exists, i.e. all pairs of ln 𝛾 res1  and ln 𝛾 res2  can be 
represented by the UNIQUACres model.

2.2.3. Analysis of activity coefficient data from the literature
In Fig.  1b, we show the results of the multiplicity analysis of the 

NRTL model in the (ln 𝛾1, ln 𝛾2
)

-space for the fixed composition 𝑥1 = 0.5. 
It is interesting to compare this with the distribution of experimental 
literature data on ln 𝛾1 and ln 𝛾2 obtained at 𝑥1 = 0.5. We selected all 
VLE data from the Dortmund Data Bank (DDB) [18] that can be readily 
analyzed using the extended Raoult’s law and then filtered the data for 
cases, where 𝑥1 = 0.5. The resulting 1 115 points are plotted in Fig.  2a, 
which also includes the information on the NRTL model from Fig.  1b 
to enable a comparison. Fig.  2a shows that most of the data lie in the 
region that can be described by the NRTL model. The figure also shows 
that only few data points lie in the region in which the NRTL model has 
a unique solution. Hence, multiple solutions are the rule rather than the 
exception in modeling experimental data with the NRTL model.

We carried out a similar analysis for the UNIQUAC model, which 
is, however, less straightforward than for the NRTL model. Using tab-
ulated values 𝑟 , 𝑞  from the DDB, we converted the experimental mole 
𝑖 𝑖
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Fig. 2. Comparison of experimental data on activity coefficients determined from VLE data from the Dortmund data bank to results of the multiplicity analysis 
of the NRTL model (left, 𝑥1 = 0.5) and the UNIQUAC model (right, 𝜇1 = 0.5 ± 0.005). For the NRTL model, the logarithmic activity coefficients are shown, for 
UNIQUAC, the logarithmic residual activity coefficients.
fractions 𝑥1 to 𝜇1, calculated the combinatorial parts of the UNIQUAC 
model (ln 𝛾𝑐1  and ln 𝛾𝑐2 ), and subtracted them from the experimental 
values of ln 𝛾1 and ln 𝛾2 to obtain the residual parts, ln 𝛾 res1  and ln 𝛾 res2 . A 
total of 1 510 data points with 𝜇1 = 0.5 ± 0.005 were retrieved from 
the DDB and are plotted in Fig.  2b. The figure shows that, for the 
UNIQUAC model, most of the data points fall within the area with a 
unique solution.

Additional results for 𝑥1, 𝜇1 ∈ {0.1, 0.2, 0.3, 0.4} are shown in the 
Supplementary Information A.1.

3. Removing the multiplicities in the NRTL and UNIQUAC models

In this section, we describe how to remove the multiplicities from 
the NRTL and UNIQUAC models, which enables us to identify unique 
𝜏𝑖𝑗 parameters. This is achieved by restricting the 

(

𝜏12, 𝜏21
)

-space; how-
ever, this does not limit the model’s capability to describe the full 
feasible area of the activity coefficient value space. We illustrate the 
idea behind this using the NRTL model.

The first question that arises is which of the multiple solutions to re-
move. We show in the following that there is only one solution that can 
be considered as the desired solution and should be kept. To explain the 
differences between the solutions, we first consider the ideal mixture, 
with 𝛾1 = 𝛾2 = 1. In the NRTL model, the interaction parameters are 
𝜏12 = 𝜏21 = 0 at this point. In the immediate neighborhood of the ideal 
mixture, we expect 𝜏12 and 𝜏21 to be continuous and differentiable. Let 
us analyze the NRTL model in this regard. In Fig.  1a, the (ln 𝛾1, ln 𝛾2

)

-
space is shown; the red line marks ln 𝛾1 = ln 𝛾2 and passes through 
the ideal mixture, where (ln 𝛾1, ln 𝛾2

)

= (0, 0). For each point on the 
red line, we determine all possible solutions for 𝜏𝑖𝑗 using the strategy 
described in [17]. We distinguish different parts of the solution, which 
we call branches, and have assigned colors to them in Fig.  3. We find 
that, in the immediate neighborhood of the ideal mixture, five solution 
branches exist. This is illustrated in Figs.  3b and c, which show 𝜏12
and 𝜏21, respectively, as functions of ln 𝛾1. As can be seen, the different 
solution branches are either zero at the ideal mixture or have a pole 
at this point, with the interaction parameter approaching infinity. We 
show in the Supplementary Information A.2 that the ideal mixture is 
also approached in the latter case.

Interestingly, only one of the five solution branches (the yellow 
one) satisfies the criterion of being continuous and differentiable for 
the ideal solution. Furthermore, the yellow branch exists for each 
point on the red line and has its origin in the area, where only one 
4 
solution exists. The black, blue and red solution branches have a pole 
at ln 𝛾1 = ln 𝛾2 = 0. Furthermore, with the gray and green branches, 
only a comparatively small region of negative activity coefficients can 
be described. All these properties are undesired for parameter fitting, 
making the yellow solution branch clearly the desired one. Interest-
ingly, the yellow branch is also the only one, for which the symmetry of 
the activity coefficients translates into a symmetry of the parameters.

A similar pattern was found for other values of 𝑥1 and for the 
UNIQUAC model: in all cases, only a single solution branch satisfies 
the criterion of being continuous and differentiable at the ideal mixture 
(for more information, see Supplementary Information A.3). We there-
fore propose selecting this branch and discarding the other solution 
branches.

To realize this idea, the desired solution must be traced throughout 
the entire space in which it exists. This is facilitated by the fact that 
there is a large region in the (ln 𝛾1, ln 𝛾2

)

-space in which only the 
desired solution exists. This region is illustrated in Fig.  4 both in the 
(

ln 𝛾1, ln 𝛾2
)

-space and in the (𝜏12, 𝜏21
)

-space. The latter is subdivided 
into four quadrants, Q1 to Q4. The desired solution is the unique 
solution in Q1, where both 𝜏12 and 𝜏21 are negative. Q1 is shown in 
black in Fig.  4a and the corresponding region in the (ln 𝛾1, ln 𝛾2

)

-space is 
marked by black scatter points in Fig.  4b. Starting from Q1, the desired 
solution branch can be traced into quadrants Q2 and Q3 by following 
horizontal and vertical lines in the (𝜏12, 𝜏21

)

-space in Fig.  4a.
Tracing lines of constant 𝜏𝑖𝑗 while varying 𝜏𝑗𝑖 yields curves in 

the (ln 𝛾1, ln 𝛾2
)

-space, as shown in Fig.  1a. Multiplicities arise from 
overlapping loops, which also lead to the fact that the region of the 
(

ln 𝛾1, ln 𝛾2
)

-space in which solutions exist is limited. A central question 
is how to detect the point on the curve where multiplicities begin to 
appear. This can be achieved using the Jacobian of the NRTL model, 
which is defined as 

𝑱NRTL(𝒙, 𝝉) =
⎛

⎜

⎜

⎝

𝜕 ln 𝛾1
𝜕𝜏12

(𝒙, 𝝉) 𝜕 ln 𝛾1
𝜕𝜏21

(𝒙, 𝝉)
𝜕 ln 𝛾2
𝜕𝜏12

(𝒙, 𝝉) 𝜕 ln 𝛾2
𝜕𝜏21

(𝒙, 𝝉)

⎞

⎟

⎟

⎠

. (15)

The Jacobian 𝑱NRTL at a given point (𝒙, 𝝉) provides information about 
the behavior of 𝒇NRTL near that point. The implicit function theo-
rem [19] states that if 𝒇NRTL (𝒙, 𝝉) is continuously differentiable in a 
neighborhood of a root (𝒙0, 𝝉0

) and the Jacobian matrix at this point 
is nonsingular (i.e. ||

|

𝑱NRTL
(

𝒙0, 𝝉0
)

|

|

|

≠ 0), then every solution 𝝉 in the 
neighborhood of (𝒙0, 𝝉0

) is locally unique. Hence, we can monitor the 
determinant of the Jacobian |𝑱NRTL 𝒙, 𝝉 | along a path starting in the 
|

|

( )|
|
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Fig. 3. Analysis of the solutions of the NRTL model for the case ln 𝛾1 = ln 𝛾2 and 𝑥1 = 0.5; (a) illustrates the studied case (red line); (b) and (c) show diagrams in 
which the parameters 𝜏12 and 𝜏21 are plotted as a function of ln 𝛾1. Different branches of the solution are labeled with different colors. Only the yellow solution 
branch is continuous and differentiable at the ideal mixture and originates in the area with only one solution. It is the desired solution branch. The others can 
be cut off without restricting the range of activity coefficients that can be described.
Fig. 4. Illustration of how the desired solution is traced. Panel (a): parameter space, divided into four quadrants Q1–Q4; panel (b): Mapping into the activity 
coefficient space for 𝑥1 = 0.5. Only the desired solution exists in the quadrant Q1. By following vertical or horizontal lines in the parameter space, this solution 
can be traced into the quadrants Q2 and Q3 (areas 2V and 2H). Starting in the ideal mixture, the desired solution can also be traced along the axes (3V and 3H) 
and into the quadrant Q4 (area 4), and, finally, back into the quadrants Q2 and Q3 (areas 5V, 5H, 6V, and 6H).
region of unique solutions and truncate the solution branch as soon as 
|

|

|

𝑱NRTL (𝒙, 𝝉)||
|

 becomes zero.
This is straightforward to apply, starting from quadrant Q1 and 

proceeding to the quadrants Q2 and Q3 in a first step. This yields the 
sections 2H and 2V in Fig.  4a. In a second step, the desired solution 
is traced along the lines 𝜏12 = 0 and 𝜏21 = 0, forming borders of the 
quadrant Q4 (marked as 3H and 3V) in Fig.  4a. Starting from there, the 
desired solution is traced into the quadrant Q4 following either vertical 
or horizontal lines, until the determinant criterion is violated, yielding 
the area 4 in Fig.  4a. In a third step, starting from 3H and 3V, horizontal 
and vertical lines can also be followed into the quadrants Q2 and Q3, 
yielding the areas 5H and 5V. Finally, in a last step, the direction of 
exploration can be changed once more by starting in the areas 5H and 
5V and tracing vertical and horizontal lines, yielding the areas 6V and 
6H, respectively. Here, it must be ensured that the regions 5H and 6V 
5 
do not overlap with region 2V, and that regions 5V and 6H do not 
overlap with region 2H in the (ln 𝛾1, ln 𝛾2

)

-space, see Fig.  4b. In this 
way, the entire space, in which the desired solution exists, is explored. 
Fig.  4b maps the different regions from Fig.  4a to the (ln 𝛾1, ln 𝛾2

)

-
space for 𝑥1 = 0.5. The comparison with the Figs.  1–3 show that the 
entire feasible domain in the (ln 𝛾1, ln 𝛾2

)

-space can be mapped by the 
desired solution, enabling the definition of a unique NRTL model. The 
boundaries of the regions determined as described above and illustrated 
in Fig.  4a (i.e. the lines where the Jacobian determinant is zero) are 
used for the truncation and were determined numerically in the present 
work.

We have explored the entire 𝑥1 range of the NRTL model, as 
described here for 𝑥1 = 0.5, using a fine discretization, and we provide 
the results for the desired solution in the form of a linear interpolator 
mapping from (𝑥 , ln 𝛾 , ln 𝛾

) to 𝝉.
1 1 2
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Fig. 5. Solutions of the NRTL model plotted in the (𝜏12, 𝜏21
)

-space found for each of the 13 data points given in Table  1. The data points are labeled by a color 
scale coding the value of 𝑥1. Star-markers indicate the solutions of the unique NRTL model, while circle-markers indicate further available solutions. Markers 
with an orange border refer to the data point 𝑥1 = 0.542. The number of solutions for each data point is given in Table  1.
We proceeded analogously for UNIQUAC, mapping (𝜇1, ln 𝛾 res1 ,
ln 𝛾 res2

) to (𝜏12, 𝜏21
)

. Details on removing the multiplicities in the 
UNIQUAC model are provided in the Supplementary Information A.4. 
Also, the results for UNIQUAC are provided in the SI in electronic form.

4. Applications

In this section, we discuss the adjustment of activity coefficient 
models with and without multiplicities to measured data in order to 
describe VLE data, using the NRTL model as an example. Our definition 
of multiplicities in Eq.  (3) refers to a single data point and requires 
that the different solutions describe this point exactly. However, when 
adjusting activity coefficient models to VLE data, we typically have 
not just a single data point but a series of data points. For the present 
discussion, we divide this set into two subsets: a training set, used for 
model parameterization, and a test set, used to assess the predictive 
quality. While it is common practice to use all available data for 
training, we make this split to enable a discussion of the performance 
differences between models (with and without multiplicities). It is 
evident that predictive quality depends not only on the model but also 
on the choice of the training and test sets. For NRTL and UNIQUAC, 
in principle, a single data point suffices for training; the remaining 
data points can then be used for testing. We apply this approach here 
because it conveniently isolates the effects of pointwise multiplicities. 
In this case, the multiplicity is strict and we can directly compare the 
performance on the test set of the binary interaction parameter pair 
obtained from the unique NRTL model, and to the other solutions.

In the present discussion, we use an isothermal VLE data set for 
the system ethanol (1) + n-heptane (2) at 393.15K taken from [20] 
as an example. The authors of [20] report 13 data points covering a 
composition range of 0.05 < 𝑥1 < 0.95, from which we determined the 
activity coefficients using the extended Raoult’s law, assuming ideality 
of the gas phase and neglecting the pressure dependence of the liquid 
phase chemical potential. The pure component vapor pressures were 
taken from the database DB-PURE40. The resulting data set is shown 
in Table  1. First, we determined the interaction parameters 𝜏12 and 
𝜏21 individually for each data point, considering also the multiplicities. 
The resulting parameters are illustrated in Fig.  5 in the (𝜏12, 𝜏21

)

-space, 
and the number of solutions for each data point is given in Table  1. 
In Fig.  5, the solutions from the unique NRTL model are highlighted 
6 
Table 1
Data on activity coefficients in the system 
ethanol (1) + n-heptane (2) at 393.15K deter-
mined from experimental VLE data from [20]. 
𝑁 sol indicates the number of solutions for the pa-
rameters of the NRTL model that can be obtained 
for each data point. 𝑥1 is the liquid phase mole 
fraction of component 1.
 𝑥1 ln 𝛾1 ln 𝛾2 𝑁 sol 
 0.028 1.7336 0.0122 1  
 0.182 1.1968 0.0760 2  
 0.289 0.8357 0.2194 4  
 0.367 0.7298 0.1741 4  
 0.448 0.5648 0.2924 4  
 0.542 0.4159 0.4562 4  
 0.608 0.3177 0.5981 4  
 0.672 0.2330 0.7712 4  
 0.721 0.1752 0.9145 4  
 0.781 0.1181 1.0887 2  
 0.837 0.0793 1.2666 2  
 0.92 0.0287 1.6214 1  
 0.94 0.0238 1.7207 1  

by star-shaped markers. It is evident that the unique-model solutions 
obtained for the different data points lie within a fairly small region of 
the (𝜏12, 𝜏21

)

-space, which facilitates finding a good compromise that 
represents all data points reasonably well. The unique solutions also 
clearly exhibit a line structure, which is caused by the dependence of 
the solutions on the mole fraction 𝑥1. The solutions from the other 
branches lie in different regions of the (𝜏12, 𝜏21

)

-space. Overall, four 
clusters of solutions can be distinguished, all of which exhibit a line 
structure, revealing the influence of 𝑥1 within each cluster. One of these 
clusters corresponds to the desired solutions that were selected for the 
unique version of NRTL; the others stem from other solution branches 
(see Fig.  3).

We study differences in predictions by selecting the data point at 
𝑥1 = 0.542 as the sole training point. The resulting parameters are 
marked in Fig.  5 by symbols with an orange outline. In addition to 
the solution from the unique NRTL model, three further solutions of 
the NRTL model exist for this data point. The resulting predictions for 
the activity coefficients are compared in Fig.  6a. All model variants fit 
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Table 2
Information on different representations of the data from Table  1 with the NRTL model. Upper part: model 
parameters 𝜏12 and 𝜏21 from a single data point 𝑥1 = 0.542; lower part: model parameters fitted to five data points 
in the interval 0.3 < 𝑥1 < 0.7. The initial values 𝜏 init12  and 𝜏 init21  were determined from different branches of the 
solution as explained in the text, compare also Fig.  5. Three different mean squared errors are reported: for the 
training set 𝑓 train, for the test set 𝑓 test , and for all data 𝑓 all. Italics indicate the solution of the unique NRTL model. 
The symbols relate the different solutions to the result shown in Fig.  6.
 𝜏 init12 𝜏 init21 𝜏12 𝜏21 𝑓 train 𝑓 test 𝑓 all Symbols  

Training set containing a single point
 – – 1.496 0.625 – 6.512⋅10−3 6.012⋅10−3 Solid bold line 
 – – 13.557 1.707 – 4.380 ⋅ 10−2 4.047 ⋅ 10−2 Solid line  
 – – 2.066 15.569 – 1.802 ⋅ 10−2 1.663 ⋅ 10−2 Dashed line  
 – – 10.578 10.325 – 6.763 ⋅ 10−1 6.243 ⋅ 10−1 Dotted line  

Training set containing five points
 1.531 0.603 1.572 0.611 1.179⋅10−3 8.653⋅10−3 5.479⋅10−3 Solid bold line 
 13.435 1.742 3.376 1.839 2.946 ⋅ 10−2 4.878 ⋅ 10−2 3.292 ⋅ 10−2 Solid line  
 2.132 16.148 2.375 16.148 1.043 ⋅ 10−2 2.686 ⋅ 10−2 1.800 ⋅ 10−2 Dashed line  
 10.477 10.851 2.375 16.148 1.043 ⋅ 10−2 2.686 ⋅ 10−2 1.800 ⋅ 10−2 Dotted line  
Fig. 6. Activity coefficients in the system ethanol (1) + n-hexane (2) at 393.15K. The symbols are the experimental data from Table  1 (circles: ln 𝛾1, squares: 
ln 𝛾2) filled symbols refer to the training data used for the fit, the lines are predictions of the NRTL model. Panel (a) shows results from a fit to the single data 
point 𝑥1 = 0.542, panel (b) shows corresponding results from a fit to all data from the interval 0.3 < 𝑥1 < 0.7. The different lines represent different solutions. The 
solid bold line is the desired solution that is found using the unique NRTL model, the solid non-bold, dashed and dotted lines correspond to other solutions of 
the unrestricted NRTL model, see Table  2.
the training data point exactly, but differ strongly in their predictions 
for the test data. The solution from the unique NRTL model yields by 
far the best predictions. Their quality is astonishingly good, given the 
fact that only a single data point was used for the training. A closer 
inspection of the predictions obtained from the other parameter sets 
(solid non-bold, dashed, and dotted curves) reveals that one or both 
activity coefficients attain extremely large values at infinite dilution. 
Consequently, these solutions predict a miscibility gap, which is not 
present in the studied system. The studied system exhibits a single 
homogeneous light-boiling azeotrope. This is further corroborated by 
the corresponding phase diagrams shown in Fig.  7a. Only the prediction 
based on the unique NRTL model correctly represents the VLE behavior 
with the homogeneous light-boiling azeotrope. The other solutions ei-
ther predict a heteroazeotrope or a rather uncommon combination of a 
homogeneous light-boiling azeotrope with a liquid–liquid–vapor (LLV) 
equilibrium in which the vapor composition lies outside the liquid–
liquid composition range (anomalous LLV). Only the solution selected 
for the unique NRTL model correctly predicts the phase behavior.
7 
We also note that the plot shown in Fig.  6a may suggest that 
the Gibbs–Duhem equation is violated for some predictions obtained 
from the undesired parameter sets, as the logarithms of the activity 
coefficients appear to approach zero with a non-zero slope. However, 
plotting the curves at higher resolution confirms that the Gibbs–Duhem 
equation is satisfied in all cases shown here. Nevertheless, this visual 
impression highlights that the undesired solutions yield unexpected and 
physically implausible behavior.

To quantify the predictive quality, we compute the mean squared 
error on the test set: 

𝑓 𝛼 = 1
𝑁𝛼

𝑁𝛼
∑

𝑛=1

2
∑

𝑖=1

(

ln 𝛾exp,𝑛𝑖 − ln 𝛾mod
𝑖 (𝑥exp,𝑛1 , 𝜏12, 𝜏21)

)2
, (16)

where 𝛼 ∈ {train, test, all} refers to either the training set, the test set, 
or the entire data set, and 𝑁𝛼 is the number of data points in the 
corresponding set; the indices exp and mod refer to experimental data 
and model results, respectively (here: NRTL). The numerical results are 
summarized in Table  2. The numerical results clearly underline the 
superiority of the results obtained with the unique NRTL model.
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Fig. 7. Phase diagram of the system ethanol (1) + n-hexane (2) at 393.15K. The circles are the experimental data from [20], filled circles indicate the training 
data. The lines represent predictions obtained with the NRTL model. Panel (a) shows results from a fit to the single data point 𝑥1 = 0.542, panel (b) shows 
corresponding results from a fit to all data from the interval 0.3 < 𝑥1 < 0.7. The different lines represent different solutions. The solid bold line is the desired 
solution that is found using the unique NRTL model, the solid non-bold, dashed, and dotted lines correspond to other solutions of the unrestricted NRTL model, 
see Table  2.
We now expand the training set to the five data points in the interval 
0.3 < 𝑥1 < 0.7, namely 𝑥1 ∈ {0.367, 0.448, 0.542, 0.608, 0.672}, which 
includes the point used as the sole training datum above. For each 
of these data points, we have the unique NRTL solution as well as 
three additional solutions. To initialize the regression model defined 
below, we compute, for each solution branch (unique plus the three 
additional), the mean of the corresponding 𝜏12- and 𝜏21-values across 
the five training data points. These initial values are listed in the lower 
half of Table  2. The regression task is defined as follows: 
min
𝜏12 ,𝜏21

𝑓 train, (17)

with 𝑓 train defined by Eq.  (16). The regression was carried out us-
ing ipopt using the unconstrained NRTL model in all cases. Starting 
from the four different initializations, three different solutions were 
obtained, see Table  2. The solution obtained with the initialization 
from the unique NRTL model was not found with any of the other 
initializations and is a solution of the unique model, which indicates 
that an initialization with a solution of the unique model is sufficient 
to stay on the desired solution branch. For two of the three remaining 
other starting values, the optimization converged to the same solution, 
see Table  2. The third solution is close to its starting values, an lies in 
a different region of the parameter space.

The resulting predictions of the activity coefficients from the three 
solutions are shown in Fig.  6b. All three reproduce the training data 
well but differ strongly in their predictions of the test data. The solution 
obtained from the unique NRTL model clearly outperforms the two 
alternatives. The deviations are similar to those observed in Fig.  6a, 
underlining that the findings for strict pointwise multiplicity carry 
over to multiplicities encountered in fits to data sets. Again, one of 
the alternative solutions yields very large limiting activity coefficients, 
and the plot may suggest a violation of the Gibbs–Duhem equation; 
however, closer inspection again confirms that it is satisfied.

The phase behavior predicted from the three solutions is shown in 
Fig.  7b. Only the parameter set selected in the unique NRTL model cor-
rectly predicts the VLE behavior with a single light-boiling azeotrope. 
In contrast, the two alternative parameter sets again predict spurious 
miscibility gaps. The resulting types of phase behavior are the same 
8 
as those shown in Fig.  7a. This demonstrates that strict pointwise 
multiplicity also manifests itself in fits to data sets.

The findings are underlined by the numerical results listed in the 
lower half of Table  2. In all three metrics 𝑓 f it , describing the quality 
of the representation of the data used for the fit, 𝑓 test , describing the 
quality of the predictions, and 𝑓 all, describing the overall quality, the 
unique NRTL model is clearly the best, with residuals that are up to 
an order of magnitude lower than those for the other models. This 
underlines the practical benefits from working with the unique NRTL 
model.

Applying the UNIQUAC model instead of the NRTL model to the 
same example is not interesting, as the activity coefficients from Table 
1 yield residual activity coefficients that lie in the region, in which also 
the unrestricted UNIQUAC model yields unique solutions.

5. Conclusion

In the present work, we discuss multiplicities of thermodynamic 
models, i.e., the fact that, for a given data point, several parameter 
pairs can yield exactly the same solution. Multiplicities are known to 
exist for widely used 𝐺𝐸 models such as NRTL and UNIQUAC and can 
cause problems when applying them to describe activity coefficient 
data. In this work, we conduct an in-depth analysis of multiplicities 
in the NRTL and UNIQUAC models, revealing their origins. Different 
solution branches exist and are classified according to their behavior 
near the ideal solution. We show that, for NRTL and UNIQUAC, there 
is only a single well-behaved solution branch and that the others 
can be discarded without restricting the range of activity coefficients 
describable by the models. In this way, unique versions of the NRTL 
and UNIQUAC models can be defined that retain the full applicability 
of the original models. Numerical versions of these unique models are 
provided that establish a one-to-one mapping between pairs of activity 
coefficients and parameter pairs.

Furthermore, we analyze a large set of activity coefficient data 
derived from experimental VLE data in the literature and find that 
the vast majority lie in the region where the NRTL model exhibits 
multiplicities. This is not the case for the UNIQUAC model, for which 
the region in which multiplicities occur is much smaller.
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The unique NRTL model is then applied to predicting activity co-
efficients in a case study, and the results are compared with those 
from the discarded alternative solutions of the NRTL model obtained 
from the same training data. The unique model consistently gives the 
best predictions for the unseen test data. This suggests that choosing 
the well-behaved solution branch improves the robustness of model 
predictions.

Furthermore, the results indicate that it is sufficient to use the 
numeric unique models for obtaining starting values for a subsequent 
conventional fit of data sets with the unconstrained model versions. 
The fit initialized in this way is expected to yield the solution from the 
desired branch. A suitable starting value can be obtained by selecting a 
single data point from the region of interest and using the unique model 
to map it to a unique parameter pair representing the desired solution. 
The tools for this are provided with the present work. Applying this 
procedure facilitates fitting by providing excellent starting values and 
robust results.

It can be assumed that multiplicities also exist in the group contribu-
tion versions of NRTL and UNIQUAC, namely the very popular UNIFAC 
model [21,22]. However, the fact that the interaction parameters of 
these models describe group interactions, could lead to a regularization 
favoring the selection of solutions from the well-behaved branch. The 
same could hold for parameterizations of NRTL and UNIQUAC carried 
out for a very large number of substances, as in recent works using 
machine-learning techniques [23,24]. Investigating whether such a 
regularization effect exists would be an interesting topic for future 
research. Another completely open issue is multiplicities in equation 
of state (EOS) models. We are not aware of any systematic studies on 
this topic for EOS, so it is currently unclear whether multiplicities exists 
for EOS. If they do, the present work provides a blueprint for tackling 
them.
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