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Abstract

It has been empirically verified that smoother intensity segn be expected
to produce shorter sequences when step-and-shoot caimathe method
of choice. This work studies the length of sequences oldayethe se-
quencing algorithm by Bortfeld and Boyer using a probatidiapproach.
The results of this work build a theoretical foundation toe up to now only
empirically validated fact that if smoothness of intensitgips is considered
during their calculation, the solutions can be expectedetabre easily ap-
plied.
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1 INTRODUCTION 1

1 Introduction

A treatment plan in intensity modulated radiotherapy treatt (IMRT) is applied
by blocking parts of the beam surface for predeterminedinikhis is realized
by multileaf collimators (MLCs). If the beam is switched aftile the leaves
configure a “shape” through which some radiation is emittieeln this is referred
to as “step-and-shoot” delivery. The collection of all shajand the time the beam
is switched on for a shape (its “monitor unit”) is referrecatothe “sequence” of a
given treatment plan.

It has been empirically verified that smoother maps can beatgd to produce
shorter sequences. However, the absolute statement tloatlsen maps always
result in sequences with fewer shapes is incorrect. Coexdenples exist where
a higher variation does not lead to an increase in the numhbshapes. There-
fore, any statement about the relationship between the tsrmess of a map and
the length of its sequence in static collimation can only lz&lenin terms of their
expected values when a probability distribution of thenstyy maps is assumed.
Thus, the appropriate mathematical equivalent stateroghetobserved phenom-
ena can be given by

Proposition 1.1
If the total variation of an intensity map increases, the hanof shapes required
to sequence it can be expected to increase as well.

The total variation of an intensity map is taken as the irevdosthe measure of
smoothness and given by

TV = Z Z (l’i,j - wm'_l)z s (1)

i=1 j=1

wherem is the number of rows in the map, ands the number of columnsz; ;
denotes the intensity with which beam(ét;) contributes to the dose. In this work,
we will study the number of shapes produced by the sequemgagithm written
by Bortfeld and Boyer [1] when a certain type of intensity nepequenced. These
special intensity maps are created using a specified piigtbmethod. Then, a
result similar to Proposition 1.1 for the case of sequencedyzed by the Bortfeld
algorithm is proven. In particular, we will show that by viny a parameter of
the probabilistic method used to produce the intensity niaghk, the expected
total variation and the expected number of shapes will asme In the discussion
we point to an obvious generalization of the probabilistietiod to create the
intensity maps which will not alter the results of the analysiVe then conclude
that the stated Proposition is true for a rather large clasgensity maps.

This work is, to our knowledge, the first attempt to constauttieoretical founda-
tion to the afore-mentioned empirical knowledge about émeléncy of correlation
between smoothness and sequences.
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The implications are not limited to the mathematical insigthe message that
smoothing maps is beneficial to the treatment is carriediaitlyl and explicitly
in many publications [2, 3, 4, 5, 6, 7, 8, 9]. This work supplsme theoretical
justification to these undertakings.

2 Random intensity maps

To construct a random intensity map, we let each beamletsitter; ; be arandom
variable with value depending on its left neighlkqr;_; and an added stochastic
term. To this end, let arandom varialfle ; € {—1,0,1} be distributed as follows.
p is a parameter between 0 and 1.

—1  with probability 2
Ajj=14 0 with probability p 2)
1 with probability 152

We will then let each beamlet intensity be givendyy; = x; ;_1 + c A, ;, where
c is a positive constant.RandomIntMap defined in Algorithm 2.1 formalizes
this procedure. To ensure non-negativity, := nc for every row:. Taking the

Algorithm 2.1 Method to create random intensity maps

Procedure: RandomIntMap

Input: Constantc, a stream of random variables, i,...,A,, , identically and
independently distributed with probability mass funct{@h

Output: Intensity mapx

1. forrowi=1tomdo
Letx; o :=nc
for columnj=1tondo
Let Tij = Tij-1+ CAZ'J'
5: next |
next i

expectation of the total variatidfiV’ (1), we have
m n m n
BV) = B(3 Y (g i) = Y D0 g — g
i=1 j=1 i=1 j=1
The expected value of the squared level jump is given by
E(ij—wij1) =E@ij1+chij—wij1)=E(cAi;)’ =P E(A}),

and the expected value affj is given by
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The expected total variation is then given by
E(TV) = mnc* (1 —p),

and is linear in the probability that the level jump is not@erThis parameter
q := 1 — p can be thought of as our “control” for the smoothness of thpswae
produce.

3 Number of shapesin Bortfeld sequences

The sequencing algorithm given by Bortfeld and Boyer [1] whaes first that re-

sulted in sequences with provably optimal beam-on timaktaitmber of monitor

units). The number of shapes resulting from an applicatiothie sequencer can
approximately be given by

NS(Bortfeld) * max SPG; = ,max Zmax 0,2 — ij—1),

i=1,....,m =
j=1

whereS PG; stands for the “sum of positive gradients” in rewT his is the number
of iterations the algorithm will perform, and in each itéoata shape with monitor
unit 1 is created. The actual number of shapes will be siidbts since different
iterations may produce the same shapes. However, thisysuwdikely if the in-
tensities are continuos variables and we neglect this éadhe remainder of this
work.
Next we determine the expected value of maximum sum of pesiffadients in
terms of¢ = 1 — p. Denote bySPG|,,) the maximum sum of positive gradients
overm rows of the intensity map:

SPG(m) = max SPG

=1,....m

Further denote by. the maximum intensity value ir: L := max; ; z;;. Note

that the maximum sum of positive gradients in one row is bednoy 7 := %

Then

E (NS(Bortfeld)) ~ E (SPG ) = > tPr(SPGp =t)
t=0

_Z < r(SPGyy < t) — Pr(SPG,, gt—1)>

n—1

Pr(SPGy < ZPr SPG ) < t)

t=0

|
—

n

A (Pr(SPGi < t))m,

t

Il
o
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whereS PG, is treated as a random variable.

Now we are interested in the rate of changeﬂ)(fSPG(m)) with respect tay :=
1—p. Ifit can be shown to be positive for @< ¢ < 1, then a positive relationship
between the variation and the length of Bortfeld sequenaegdibe established.
Let us first study the distribution &f PG;. That is, we would like to calculate

Jj=1

Pr(SPG, < t) =Pr (Z maX(O,xi,j — xm-_l) < t) .
ExpressingS PG; a little differently, we obtain

SPG; = ZX (wij > xij-1) (Tij — Tij-1)

j=1
n
=Y x(@iy > mij1) ey,
j=1
wherey (A) represents the characteristic function of evénirhus, we obtain

PI’(SPGZ' < t) =Pr (Z Aij X(:L'Z'J' > l’i,j—l) < \‘tJ) =: PI’(PZ‘ < 2?) ,
j=1

c

whereP; is the number of positive level jumps in rawandz := [ £].

Note that by (2), the random figu# is a binomial random variable with distribu-
tion parameter:{n, %) Thus,

Pr(SPG; <t)=Pr(P, <) :i: (z) <1;p>u <1—2Fp>"_“

u=0

Differentiating nowE (SPG,,)) with respect tq; gives

ole) = %fj}@m)) = —WTZ_;(Pr(SPGi < zt)>m_1 d(t,q),
where B
w02 ()G R T @ () )
N HIONCTIEEEY
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Let now

)
Then

2 n—1

c(q) = U ksl ; K; (Z) v <1Jlru>n>m_1'

(S0 () - =50 ()] o

Taking the termg1 + v)~! out of the summations, we get

ZHW“ZQ¥>Y3 |
(2 <Z> W T > (Z) v)] )

u=0
Simplifying once by taking out the in the denominator of the first fraction, we

obtain the following difference in the last bracket

(Zt:o ()t -1 2 () ”“) ©)

c(q)

Now note that

t n
Z <Z> (I+v)"— Z <Z> o,
u=0 u=t-+1
and A A
Zt: ) ot = 0 zt: )
u=0 u - Qv u=0 u '
This implies
clq) =

2(1—|—vm" 2(14v)™ 2 ZK;)( > )’”_1'
@W”“i@ﬂwﬁ”w”i@WﬂW>

u=t+1
And this finally simplifies to

0= 5 Z[(X_%( )o )m_l > (1) v“—l(v—U)].
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Now let us look at the terms involved:

(Z:O (Z) v“> " >0 (9)

3 (Z) v —u)<0  (10)

u=t+1
n—1 i m—1 p
thus >~ KZ (Z) v“) 3 (Z) vy — u)] <0 (11)
t=0 u=0 u=t+1

for all possible choices af andq. And, becaus&% < 0, we arrive at

(I40)™
the conclusion that(q) > 0.
In other words, the Bortfeld sequencing algorithm produssEguences in proba-
bly increasing lengths as the intensity maps from the rana@ihod become less
smooth.

4 Discussion

The main result from this work is that for the type of intepsihap created by
RandomIntM ap, the Bortfeld sequences increase with total variationidédhat
the crucial point in the argumentation was the fact tRa@hdom Int M ap produces
level jumps that are binomially distributed - just like aissrof coin flips to decide
whether the jump goes up or not. That is, the magnitude ofutmp§,c remains in
the calculations, but has less impact on the validity of dsailt.

Imagine a modified randomized method that creates level guaapording to (2)
but distributes the magnitudes of the jumps randomly. Itasyeto see, that if
the jumps are not too small, the variation (1) of the intgngeitaps increases. It
is also relatively easy to imagine that SPG will increase assalt of sufficient
variation introduced by differing level jump magnitudgs. In other words, the
main result that sequences will increase with increasingtian will hold even
for the generalized random intensity map creation.

This argument shows that Propsition 1.1 holds for a largesald intensity maps.
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