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Abstract

The present study is concerned with a numerical prediction and assessment of uncertainties in the macro-
scopic material properties of solid foams. The material properties are determined by means of a homogenization
analysis considering a large scale representative volume element. The microstructure for the representative vol-
ume element is determined randomly using a Voronoı̈ tesselation in Laguerre geometry with prescribed cell
size distribution. For assessment of the scatter in the effective material response, the homogenization scheme
is applied to subsets of the large scale representative volume element. By this means, an interrelation between
the local microstructural characteristics and the local mesoscopic material response is established. In a first
approach, the individual cells of the foam microstructure are employed as testing volume elements. As an alter-
native, a moving window technique is applied. The sets of homogenization results obtained by both approaches
are evaluated by stochastic methods. For the local effective properties, a distinct scatter is observed. The results
in both cases reveal that the local porosity is the most important influence parameter. For the microstructures
investigated, only weak local correlations of the effective stiffnesses with a rapid spatial decay of the correlation
is observed.
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1 Introduction

In the recent time, solid foams gain increasing importance as construction materials in many fields in modern
lightweight construction and other technological fields. Solid foams can be processed from a variety of base
materials including polymeric, metallic and even ceramic materials. Their main advantage in lightweight con-
struction is their rather low specific weight due to their high void volume fraction. For energy absorption systems,
their high compressibility at approximately constant resulting stresses is utilized. Furthermore, solid foams are
employed in thermal and acoustic insulation or heat exchanging applications. Compared to regular cellular struc-
tures such as honeycomb cores in sandwich construction, solid foams have the benefit that they can easily be
processed to any desired shape.

The main disadvantage of solid foams in structural application is their random, disordered microstructure.
The irregular microstructure may result in a distinct scatter and unpredictability of the macroscopic or “effective”
material properties. Especially for metallic and ceramic foams with large cell sizes, the cell size as the character-
istic microstructural length might be close to the order of magnitude of the smallest characteristic macroscopic
length. Examples are the core thickness in sandwich construction or the diameter of hollow columns in auto-
motive body structures, which might be filled with solid foams for an enhancement of their stiffness or crash
performance. In these cases, the numerical or experimental assessment of the structural performance requires the
knowledge of the scatter to be expected in the effective material response of the foamed materials.

In the industrial design process, the assessment of the structural response nowadays is mostly performed
by numerical methods. In this context, materials with distinct microstructure such as solid foams are preferrably
treated in terms of effective properties rather than using direct models of the respective microstructure, for reasons
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of numerical effiency. The macroscopic, effective properties can either be determined experimentally or be
predicted numerically in homogenization analyses. The latter approach is especially useful in the design and
optimization of microstructured materials in order to fit with any kind of prescribed requirements. For application
of algorithmic optimization procedures, numerical approaches are essential.

The homogenization analysis of foamed and other cellular microstructure has been subject of numerous stud-
ies, since the pioneering work of Gent and Thomas [10] appeared in 1963. Most of the early studies are based
on idealized periodic foam models such as Kelvin’s [20] tetrakaidecahedral cell model, Christensen’s [2] dodec-
ahedron or the cubic model employed by Gibson and Ashby [11] for parametric studies. Among these repetitive
single cell models, the Kelvin foam is the model involving the lowest surface-to-volume ratio, although it is
outperformed by Weaire and Phelan’s [25] multiple cell model. Christensen’s model is the only repetitive single
cell foam model satisfying the fivefold symmetry condition for isotropy. Using these foam models, a variety of
deterministic studies on the effective material properties of solid foams have been provided, among which only
the early analytical studies by Dement’ev and Tarakanov [4], Patel and Finnie [17] as well as by Warren and
Kraynik [23] should be mentioned here.

Analyses based on idealized periodic foam models in general yield good approximations of the mean effective
properties. Nevertheless, the scatter and the uncertainty of the effective material response cannot be accessed.
Experimental studies on metallic foams by Ramamurty and Paul [18] or Despois et al. [5] reveal significant
uncertainties in the effective properties of disordered large-cell foams. For the effective properties, total scatter
bands widths of more than half of the respective mean value may occur. Although the scatter decreases with
increasing specimen sizes due to self-averaging effects, numerical studies by Kanaun and Tkachenko [14], van
der Burg et al. [21] and Zhu et al. [26] indicate that sample sizes in the range of several hundreds of cells might
be required in order to obtain stable results.

To account for the uncertainty in the microstructural geometry and topology and thus the uncertainty in the
effective material response, different probabilistic approaches have been proposed in the literature. Three basic
groups of approaches can be identified. Among others, Cuitiño and Zheng [3] as well as Waren and Kraynik [24]
deal with uncertainties in the cell orientation of idealized single cell models using averaging techniques to elimi-
nate artificial anisotropies. In a similar manner, Fortes and Ashby [8] consider a single strut of an open cell foam
together with a probability distribution for its spatial orientation. The second group of approaches uses large
scale computational models for the random cellular microstructure, usually generated by a Voronoı̈ [22] process
in order to account not only for random cell orientaions but also for cell shape and size variations (e.g. van der
Burg et al. [21]). The third group of approaches is also based on the repeated analysis of medium scale “testing
volume elements” generated either by a Voronoı̈ [22] process or a perturbation of a regular cellular microstruc-
ture. In this context, either direct Monte-Carlo analyses or analyses based on pre-defined sets of the random
variables forming a discretization of their space have been used. Examples are the contributions by Gan et al. [9],
Schraad and Harlow [19], Zhu et al. [26] or the present authors (Beckmann and Hohe [1]). The results of the
testing volume element analyses are evaluated by stochastic methods.

In the present study, an alternative route is employed to obtain the stochastic information. In a first step, a
large scale, statistically representative volume element for the microstructure is considered. The computational
model for the microstructure is generated randomly using a Voronoı̈ [22] process in Laguerre geometry (Fan et
al. [6], Fazekas et al. [7]). The microstructural response of the representative volume element under a number of
reference strain states is analyzed numerically by means of the finite element method. Subsequently, the entire
representative volume element is divided into substructures. The local stress-strain response of the substructures
is determined by applying the homogenization equations to these subsets of the representative volume element.
The smallest feasable microstructure related substructures are the individual cells. Hence, they are employed
as testing volume elements. The homogenization results obtained thereon are evaluated by means of stochastic
methods. This approach generalises a previous study on scatter effects in two-dimensional model foams (Hard-
enacke and Hohe [13]) to three dimensional cellular solids. Recently, Mangipudi and Onck [16] have used a
similar procedure for determination of local stresses and strains in strain localization zones during the failure of
two-dimensional model foams.

As an alternative to the microstructure related definition of the testing volume elements, a space related
“moving window” technique is employed. This technique has the advantage, that all testing volume elements are
of a uniform size and shape with a unique spacing throughout the microstructure. Both approaches are applied
to an analysis of the scatter in the elastic stiffness components of a closed cell foam, using an aluminum foam as
an example. The results show a distinct scatter of the results on the lowest microstructural level, which decreases
with increasing size of the testing volume elements. The effective properties feature a strong correlation with
the local relative density. In consistence with previous studies, the local relative density proves to be the most
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important mirostructural variable causing scatter in the effective material properties. The cell size distribution has
an indirect effect on the uncertainty of the effective properties since on the level of the individual cells, the local
relative density is usually correlated with the local cell size. Compared to the multiple analysis of medium scale
testing volume elements, the local homogenization of substructures of a large scale, statistically representative
volume element has the advantage that all possible interactions between neighboring cells are included in a
natural manner. Furthermore, this type of approach enables the analysis of spatial correlations between the
effective properties of neighboring testing volume elements and their spatial decay which is not accessible in the
repeated analysis of medium scale volume elements.

2 Numerical analysis

2.1 Homogenization

Consider a bodyΩ consisting of a cellular material (Figure 1). LetΩ be bounded by an external boundary
∂Ω = ∂Ωu ∪ ∂Ωt with prescribed displacementsui = u0

i on ∂Ωu and prescribed tractionsti = σijnj = t0i on
∂Ωt. In addition, the bodyΩ may be loaded by distributed prescribed body forcesfi = f0

i . For reasons of
numerical efficiency in the analysis of its structural response, the bodyΩ has to be substituted with a similar
bodyΩ∗ with similar external boundaries∂Ωu∗ and∂Ωt∗ and similar prescribed boundary conditionsu∗i = u0∗

i ,
t∗i = t0∗i andf∗i = f0∗

i applied on the external boundaries and inside ofΩ∗. In contrast toΩ, the substitute body
Ω∗ consists of a quasi homogeneous, “effective” medium with yet unknown properties.

For the determination of the properties of the effective medium, a representative volume elementΩRVE for the
given microstructure ofΩ and a similar volume elementΩRVE∗ consisting of the effective medium are considered.
The effective material properties are determined such that the mechanical response of both volume elements,
ΩRVE andΩRVE∗ is equivalent on the intermediate mesoscopic level of structural hierarchy. For definition of the
mesoscopic equivalence, different approaches have been proposed in the literature. Within the present study, a
simple volume average definition is used, requiring that the volume averages

F̄ij =
1

V RVE

∫

ΩRVE

Fij dV =
1

V RVE

∫

ΩRVE∗

F ∗ij dV = F̄ ∗ij (1)

P̄ij =
1

V RVE

∫

ΩRVE

Pij dV =
1

V RVE

∫

ΩRVE∗

P ∗ij dV = P̄ ∗ij (2)

of the componentsFij = ui,j + δij of the deformation gradient and the componentsPij of the first Piola-Kichhoff
stress tensor have to be equal. Hence, the effective material law is determined by deforming the representative
volume elementΩRVE by a number of independent reference deformation states and computing the correspond-
ing local stresses. Subsequently, the corresponding effective deformationsF̄ij (= F̄ ∗ij) and effective stresses̄Pij

(= P̄ ∗ij) according to Equations (1) and (2). From the interrelations of the effective deformation and stress com-
ponentsF̄ ∗ij and P̄ ∗ij for the effective medium, the properties of the effective medium can be derived. As an
alternative to the effective deformation and first Piola-Kichhoff stress componentsF̄ ∗ij and P̄ ∗ij , any other pair
of strain and stress measures derived from them can be used to describe the material response of the effective
medium substituting the microstructure of the bodyΩ.

Within this procedure, the representative volume element has to be sufficiently large in order to account for
all possible microstructural features such as cells with different sizes and shapes and their possible interactions
in a statistically representative manner. On the other hand, the size of the representative volume element has to
be much smaller than the smallest characteristic lengthL of the macroscopic bodyΩ or the characteristic length,
over which significant stress or strain variations insideΩ might develop, whichever length is smaller. Hence, the
condition

L À l À dl (3)

for the size of the representative volume element has to be satisfied for an accurate determination of effective
material properties (Figure 1).

2.2 Computational foam model

For the homogenization analysis of solid foams, adequate computational models for the microstructure are re-
quired. Within the present study, the geometry and topology of the microstructure are generated randomly using a
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Voronöı [22] process in Laguerre geometry (Fan et al. [6], Fazekas et al. [7]) in a periodic enhancement. For this
purpose, a brick shaped representative volume elementΩRVE with dimensionsli with respect to the coordinate
axesxi is considered. Within the representative volume element,n randomly positioned nucleip are defined at
the (random) locationsxnuc(p)

i . Each nucleus is supplied with a surrounding sphere with a prescribed radiusr(p)

which is not permitted to intersect with the corresponding spheres belonging to any other nucleusq at x
nuc(q)
i

with q 6= p. The radiirnuc(p) are defined such that the sphere volumes obey a prescribed probability distribution
F(V nuc) of their volumesV nuc(p). In order to obtain a periodic computational model for the cellular microstruc-
ture, each freshly defined nucleus is copied to the neighborhood of the representative volume element at a spatial
position shifted by±li (or zero) so that a total of27n nuclei is defined withinΩRVE and its direct neighbor-
hood. In the case of an intersection of the surrounding sphere for a freshly defined nucleus atx

nuc(p)
i with the

spheres for previously defined nucleiq during their successive generation, the respective nucleus is deleted and
re-defined at an alternative random position. The process is repeated until alln nuclei withinΩRVE together with
the corresponding26n nuclei in its direct neighborhood are defined in a non-conflicting manner.

The Voron̈ı cellsΩc(p) belonging to the individual nucleip located at the spatial pointxnuc(p)
i are defined as

the sets of spatial pointsxi, which are closer to the respective nucleusp than to all other nucleiq. Hence,

Ωc(p) =
{

xi | xi ∈ R3, rL(xi, x
nuc(p)
i ) ≤ rL(xi, x

nuc(q)
i ), q 6= p

}
, p, q = 1, . . . , n (4)

where the distancerL(xi, x
nuc(p)
i ) in Laguerre geometry is related to the Euclidean distancerE(xi, x

nuc(p)
i ) by

rL(xi, x
nuc(p)
i ) =

(
(rE(xi, x

nuc(p)
i ))2 − (r(p))2

) 1
2

(5)

(Figure 2). In previous analyses by Fan et al. [6] and Fazekas et al. [7] as well as by the present authors (Hard-
enacke and Hohe [12], Beckmann and Hohe [1]), the Voronoı̈ process in Laguerre geometry defined by Equa-
tions (4) and (5) has been found to provide reliable and realistic computational foam models. Especially, it
outperforms the standard (Γ-) Voronöı process obtained from Equations (4) and (5) by reducing the sphere radii
r(p) to zero as well as theδ-Voronöı process in terms of the surface-to-volume ratio of the individual cells.

For the finite element analyses of the response of the microstructure, the cell walls of the computational foam
models are meshed with three-node tetrahedral finite shell elements. A standard, displacement based formulation
with six degrees of freedom per node is employed. A geometrically nonlinear formulation is employed in order
to account for large deflection and finite membrane strains in the case of local microstructural instabilities under
compressive loads. For simplicity, cell walls intersecting with the external surfaces of the representative volume
elementΩRVE are modelled entirely on either the positive or the negative external surface ofΩRVE. Hence,
non-plane (although piecewise parallel) external surfaces ofΩRVE are obtained.

The analyses are performed under displacement controlled boundary conditions. In this context, an interre-
lation between the displacementsui of the displacements on the external surfaces of the representative volume
element and the components̄F ∗ij of the effective deformation gradient can easily be derived by substituting the
componentsFij of the local deformation gradient forΩRVE in Equation (1) with their definition in terms of the
displacement gradient and transforming the volume integral into a surface integral using Green’s theorem. Hence,

1
V RVE

∫

∂ΩRVE

uinj dA = F̄ ∗ij − δij (6)

wherenj are the components of the outward normal unit vector on the external surfaces∂ΩRVE of the representa-
tive volume element. Considering homogeneously distributed reference deformation casesF̄ ∗ij on the mesoscopic
level, periodic boundary conditions are applied to corresponding surfaces∂ΩRVE(+) and∂ΩRVE(−) on opposite
sides of the representative volume element. Together with the bricklike shape of the representative volume ele-
ment, the boundary conditions

u
(+)
i − u

(−)
i

lj
= F̄ ∗ij − δij (7)

for the differences are obtained. The boundary conditions (7) are applied between the displacement components
u

(+)
i andu

(−)
i of all pairs of corresponding nodes on the external surfaces ofΩRVE. In addition, six further

boundary conditions have to be applied to constrain the translational and rotational rigid body motions of the
representative volume element.
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Examples for finite element models of the microstructure with different cell numbersn are presented in
Figure 3. Notice that although the isolated cell walls in the model with 64 cells have no visible connection
with the remainder of the microstructure, they are properly connected with the main model through the periodic
boundary conditions (7).

2.3 Local homogenization

2.3.1 Probabilistic analysis

The determination of the effective material response based on the procedure described in Sections 2.1 and 2.2
requires that the condition (3) for the size of the representative volume element is satisfied. Results provided by
Kanaun and Tkachenko [14], van der Burg et al. [21] and Zhu et al. [26] indicate, that the necessary number of
cells inΩRVE may be in the range of 100 and beyond in order to account for all possible microstructural effects
and thus to ensure thatΩRVE is statistically representative. On the other hand, especially for metallic foams,
characteristic cell sizes can be in the range of several millimeters. For closed-cell aluminum foams, e.g. Kolluri
et al. [15] report an average cell diameter of3.8mm. Thus, edge lengthsli in the range of15 to 18mm are
required for a cubic representative volume element containing between100 and200 individual cells. This size is
in the same order of magnitude of (or at least not significantly below) the smallest characteristic length for many
technical applications such as sandwich core or hollow beam thicknesses. Hence, the condition (3) is satisfied
for this case and thus, no well defined representative volume element in terms of this condition exists. Although,
representative volume elementsΩRVE for the respective microstructure satisfying the minimum size requirement
might be identified, the effective material properties determined on their analysis are related to mesoscopic length
scales beyond the respective minimum lengths of the macroscopic structure. Thus, the self-averaging effect for
the material cannot be exploited and the variability and uncertainty in the properties for a quasi homogeneous
effective medium have to be considered even on the macroscale (Figure 1). For their numerical characterization,
probabilistic homogenization schemes are required.

For determination of the scatter to be expected in the properties of the substitute, effective medium most avail-
able studies in literature employ small scale, statistically non representative “testing volume elements”ΩTVE,
satisfying the size conditionL ¿ l at least in an approximate manner. By generation of a population ofm testing
volume elementsΩTVE

(m) with different random microstructures and subsequent homogenization, a statistically
representative set of effective property data is obtained, which enables a stochastic assessment of the effective
material response either in terms of the basic stochastic parameters such as the expectation value, variance and
standard deviation

E(ȳ∗) =
m∑

k=1

y∗k p(ȳ∗k) (8)

V(ȳ∗) =
m∑

k=1

(E(ȳ∗)− ȳ∗k)2 p(ȳ∗k) (9)

S(ȳ∗) = (V(ȳ∗))1/2 (10)

wherep(ȳ∗k) is the individual probability for occurrence of the microstructure of the respective testing volume el-
ementΩTVE

(k) and thus for the occurrence of the effective propertyȳ∗ based thereon. Alternatively, the probability
and probability density distributions

F(ȳ∗(k)) =
k∑

i=1

p(ȳ∗i ) (11)

f(ȳ∗(k)) =
∂F(ȳ∗)

∂ȳ∗

∣∣∣∣
ȳ∗=ȳ∗(k)

(12)

can be considered directly, defining the accumulated probability that the random effective propertyȳ∗ has a value
of ȳ∗k or less and the corresponding probability density respectively.

2.3.2 Microstructure related homogenization

The repeated analysis of independent small scale testing volume elements involves the problem that the underly-
ing microstructures may not account for all possible interaction effects, especially rare ones. Furthermore, this

5



method is not capable for an analysis of the correlation between the effective properties at neighboring spatial
positions in the random field formed by the random effective propertyȳ∗. Therefore, a different approach is
proposed in the present study. Instead of a set of small scale non representative testing volume elements a large
scale, statistically representative volume elementΩRVE is considered, satisfying the minimum size requirement
for being statistically representative for the investigated cellular material. In order to obtain the varying material
propertiesp(ȳ∗k) on a lower length scale, the representative volume element is subdivided into sub-structures. For
cellular solids, the smallest feasible sub-structures are the individual cells. Hence, they are employed as testing
volume elementsΩTVE

(k) in the random homogenization analysis (Figure 4).
Using this concept, the random effective stress and strain components for an applied macroscopic deformation

state are determined by application of the homogenization equations (1) and (2) to the testing volume elements
ΩTVE

(k) . Hence, the components̄F ∗ij of the effective deformation gradient are obtained by

F̄ ∗ij(Ω
TVE
(k) ) =

1
V TVE

(k)

∫

∂ΩTVE
(k)

uinj dA + δij (13)

considering the cell wall midplanes as the boundaries∂ΩTVE
(k) of the testing volume elements. Considering the

finite element discretization of the cell walls, Equation (13) can be transformed to

F̄ ∗ij(Ω
TVE
(k) ) =

1
V TVE

(k)

eTVE
(k)∑
e=1

α
elm(e)
ij (14)

where

α
elm(e)
ij =

∫

Aelm(e)

uinj dA (15)

is the contribution of the individual elements. When using linear, displacement based triangular finite elements
as in the present study, Equation (15) can be rewritten as

α
elm(e)
ij =

1
3

(
u

(1)
i + u

(2)
i + u

(3)
i

)
nj Aelm(e) (16)

whereu
(p)
i are the nodal displacements at the three nodes of the elemente whereasAelm(e) denotes its area

(Figure 4). In a similar manner, the effective stressesP̄ ∗ij for the testing volume elementΩTVE
(k) are determined by

P̄ ∗ij(Ω
TVE
(k) ) =

1
V TVE

(k)

eTVE
(k)∑
e=1

β
elm(e)
ij (17)

where

β
elm(e)
ij =

∫

Aelm(e)

0∫

xloc
3 =−telm(e)

Pij dxloc
3 dA (18)

considering that the internal void volume of the cells is stress free. Notice that the integral in Equation (18)
is taken only for the lower half of the cell wall located within the testing volume elementΩTVE

(k) whereas the
upper half of the cell wall belongs to the neighboring cell. For the employed constant strain triangular elements,
Equation (18) can be simplified to

β
elm(e)
ij = Aelm(e)

0∫

xloc
3 =−telm(e)

Pij dxloc
3 (19)

where the remaining integral with respect to the local thickness directionxloc
3 is evaluated numerically using the

stress results at the integration points located through the thickness of the finite element.
Using Equations (14) to (19), the effective deformation and stress componentsF̄ ∗ij andP̄ ∗ij are easily obtained

from the nodal displacements of the cell wall finite elements and the local stresses - transformed into the global
coordinate system - at their integration points. Since the testing volume elementsΩTVE

(k) are embedded into
a statistically representative foam model, the homogenization results account for all possible microstructural
features - even rare ones - in a natural manner. The correlation between the effective properties at neighboring
spatial positions in the random effective medium are accessible without limitations.
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2.3.3 Moving window approach

When using the microstructure related homogenization procedure proposed in Section 2.3.2, care has to be taken
in the stochastic assessment since the volumesV TVE

(k) of the individual testing volume elementsΩTVE
(k) are not

equal. Hence, the individual probabilitiesp(ȳ∗) for occurrence of the homogenization resultȳ∗ in Equations (8)
to (12) is not uniform. This problem can be avoided by a definition of testing volume elementsΩTVE′ as fixed
subsets of the Euclidean space, irrespectively of the microstructure therein. Furthermore, a space related defi-
nition of the testing volume elements would be advantageous for an easier evaluation of the interrelation of the
homogenization results̄y∗ for neighboring testing volume elements.

For this purpose, a moving window technique is employed. The testing volume elementsΩTVE′ are spherical
elements with uniform radiusrTVE∗. The testing volume elementsΩTVE′ are defined on a spatially regular grid
with a similar spacing of∆l in all three spatial directionsxi according to Figure 5. Overlapping testing volume
elements are permitted, since this approach basically constitutes a technique for assigning material properties
to equally spaced points - here the sphere centers - considering the situation at these points and within a fixed
spatially neighborhood.

Due to the space related definition, the external boundaries of the testing volume elementsΩTVE′ are located
predominantly within the void interior of the cells. Hence, a definition of displacement fields on the testing vol-
ume element surfaces, as required in Equation (13), is problematic. To circumvent this problem, the effective
deformation and stress componentsF ∗ij(Ω

TVE′) andP ∗ij(Ω
TVE′) for the space related testing volume elements

are derived from the effective stress and deformation componentsF ∗ij(Ω
TVE) andP ∗ij(Ω

TVE) obtained in the
microstructure related approach defined in Section 2.3.2 assuming a uniform distribution ofF ∗ij(Ω

TVE) and
P ∗ij(Ω

TVE) through the respective microstructure related testing volume elementsΩTVE. Based on this assump-
tion, the effective deformation and stress components for the alternative testing volume elements are defined
by

F̄ ∗ij(Ω
TVE′) =

1
V TVE′

∫

ΩTVE′

F̄ ∗ij(Ω
TVE)w̃(rE) dV (20)

P̄ ∗ij(Ω
TVE′) =

1
V TVE′

∫

ΩTVE′

P̄ ∗ij(Ω
TVE)w̃(rE) dV (21)

where

w̃(rE) =
w(rE)

1
V TVE′

∫
ΩTVE′

w(rE) dV
(22)

is the normalized form of a weight functionw(rE) depending on the Euclidian distancerE of the respective
spatial point to the reference point of the respective testing volume elementΩTVE′ . By an appropriate choice of
the weight function in the assignment of the effective material properties to the reference point, the importance of
specific regions within the testing volume element - as e.g. the direct neighborhood of the reference point - can be
weighted higher than the importance of other regions. By choosingw(rE) = 1, all spatial positions withinΩTVE′

are provided with a uniform weight. Alternatively, the original effective propertiesF ∗ij(Ω
TVE) andP ∗ij(Ω

TVE)
at positions closer to the reference point in the center of the testing volume elementsΩTVE′ can be considered
to be more important by choosingw(rE) as a function decaying with increasing distancerE to the sphere center.
Within the present study either a uniform weight functionw(rE) = 1 or a decaying function of the Gaussian type

w(rE) =
1

s(2π)1/2
e
− 1

2

�
rE
s

�2

(23)

are employed, where the parameters is chosen such thatw(rTVE′) = 10−6.

3 Example

As an illustrative example, the probabilistic local homogenization procedures defined in Sections 2.3.2 and 2.3.3
are applied to an assessment in the material uncertainty of an elastic closed cell aluminum foam. The cell wall
material behavior is defined by a Young’s modulus ofE = 70 GPa and a Poisson’s ratio ofν = 0.3. The cell
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wall thicknesstcw is assumed to be uniform and is chosen in such a manner that the relative density of the
representative volume elementΩRVE is ρ/ρ0 = 0.08. In the analyses, a cubic representative volume element
ΩRVE with a uniform edge length oflRVE = 10 mm consisting of 256 cells is considered. Thus, the expectation
value of the cell size isE(V c) = 3.91mm3. Although this cell size is in the lower limit for standard aluminum
foams, similar results would be obtained for all other absolute cell sizes since no direct length dependence of
the considered properties occurs. The standard deviationS(V c) of the cell size is assumed to be40% of its
expectation value in order to obtain a distinctively disorderd microstructure.

The cell size distribution is assumed to be of the logarithmic normal type with the probability density distri-
bution

f(V nuc) =
1

V nucσ(2π)1/2
e
− 1

2

�
ln V nuc−µ

σ

�2

(24)

for the volumesV nuc of the spheres surrounding the individual nuclei in the Voronoı̈ process in Laguerre geom-
etry employed for generation of the computational foam model (Section 2.2). The position and shape parameters
µ andσ are chosen such that the resulting cell size distributionF(V c) features the pre-defined expectation value
and standard deviation.

The computational foam model is presented in Figure 3 (model with 256 cells). The finite element model
consists of 238936 elements and 116289 nodes involving 697734 degrees of freedom. Since models of this
size require a large numerical effort, an alternative approach is used, where a total of 16 representative volume
elements with a volume ofV RVE = 62.5mm3 consisting of 16 cells each are considered to form a 256 cell sample
for the stochastic evaluation. In addition, a set of 4 medium scale representative volume elements consisting of 64
cells each with a volume ofV RVE = 250 mm3 is analyzed. Since the numerical effort for the repeated analysis
of small scale models increases linearly with the number of models whereas it increases in a higher order manner
with the number of unknowns (depending on the type of numerical solution algorithm), the repeated analysis of
small scale models is numerically more efficient than a single analysis of a large scale model with the same total
number of cells and an equivalent mesh density.

The local material response of the testing volume elements is assessed in terms of the effective stiffness
components̄C∗ij according to




σ̄∗11
σ̄∗22
σ̄∗33
σ̄∗23
σ̄∗13
σ̄∗12




=




C̄∗11 C̄∗12 C̄∗13 C̄∗14 C̄∗15 C̄∗16
C̄∗22 C̄∗23 C̄∗24 C̄∗25 C̄∗26

C̄∗33 C̄∗34 C̄∗35 C̄∗36
C̄∗44 C̄∗45 C̄∗46

C̄∗55 C̄∗56
(sym.) C̄∗66







ε̄∗11
ε̄∗22
ε̄∗33
2ε̄∗23
2ε̄∗13
2ε̄∗12




(25)

defining an anisotropic linear elastic material. The analysis is performed in terms of the infinitesimal strain
tensorε̄∗ij defined as the symmetric part of the deformation gradientF̄ ∗ij and the Cauchy stress components

σ̄∗ij = P̄ ∗ikF̄ ∗jk/ det F̄
∗
. For determination of the local stiffness componentsC̄∗ij of the testing volume elements

ΩTVE
(k) , the representative volume elementΩRVE is loaded by six independent reference deformation states on the

macroscopic level, where all effective strain components except one are zero. As a result of the local homogeniza-
tion analysis according to Section 2.3, six pairs of local effective stress and strain statesσ̄∗ij andε̄∗ij are obtained
for each testing volume elementΩTVE

(k) . Substituting these local stress and strain states into Equation (25) yields

a system of 36 coupled linear equations for the 36 stiffness componentsC̄∗ij of the respective testing volume
element. In this system, 15 equations are surplus due to the symmetry of the effective elastic stiffness matrix.

4 Microstructure related assessment of material uncertainties

4.1 Raw data

In a first approach, the microstructure related local homogenization scheme defined in Section 2.3.2 is employed
for assessment of the uncertainties in the local material response of the model foam defined in Section 3. In
Figure 6, the distributions of the cell sizeV c and the relative densityρ/ρ0 are presented for the model with 256
cells. In this context, a non-uniform relative density of the individual cells is obtained, since the cell volume
varies whereas the cell wall thickness is uniform.
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The probability distributionF(V c) of the cell size is shown in Figure 6(a) whereas the discrete probability
distributionF(ρ/ρ0) of the relative density is plotted in Figure 6(b). Thereby, each data point represents the
density of a single cell. Due to the fact that there are only few large and small cells in the model, the amount of
available data in the upper and lower tails of the distributions is less dense. In cases where the tails are important,
it would be possible to generate an adequate number of representative volume elements with very small and large
cells respectively in order to increase the data in the tails systematically.

The discrete probability distributions are approximated by logarithmic normal distributions (24). The shape
and position parametersσ andµ of the continous distributions are determined such that the expectation value
E(y) and the varianceV(y) for the discrete distributions of the considered variabley and their continuous coun-
terparts are identical. The resulting continuous probability distributions and the corresponding probability density
distributions are also presented in Figures 6(a) and (b). The computed discrete distributions and their continuous
approximations are in an excellent agreement, indicating that the Voronoı̈ process in Laguerre geometry em-
ployed for generation of the computational foam model provides an excellent control of the cell size distribution
of the computational foam model.

The relation between the relative density and the cell volume is shown in Figure 6(c). The local relative
density varies betweenρ/ρ0 ≈ 0.05 and0.13. The cell volume ranges fromV c ≈ 1 to 12, where the cell volume
increases with decreasing relative densitiy. Thereby, the scatter band is rather narrow indicating a high correlation
between the relative density and the cell volume. The corresponding correlation coefficients

R(ȳ∗1 , ȳ∗2) =
E(ȳ∗1 ȳ∗2)− E(ȳ∗1) E(ȳ∗2)

(V(ȳ∗1) V(ȳ∗2))1/2
(26)

with ȳ∗1 = ρ/ρ0 and ȳ∗2 = V c are presented in Table 1. In all cases, the single analysis of a large scale repre-
sentative volume elementΩRVE with 256 cells as well as the analyses of sets of several medium or small scale
volume elements, correlation coefficients close toR(ρ/ρ0, V

c) = −1 are obtained, indicating a rather strong
inverse correlation of the cell volumeV c with the local relative densityρ/ρ0.

In Figure 7, the raw data for the effective normal, coupling and shear stiffness componentsC̄∗ij are plotted in
dependence on the local relative densityρ/ρ0. The first row of subfigures (Figures 7(a), (d) and (g)) is related
to the single analysis of the large scale representative volume elementΩRVE with 256 cells whereas the second
and third rows of subfigures are related to the analysis of 4 medium scale volume elements with 64 cells each
(Figures 7(b), (e) and (h)) and 16 small scale volume elements with 16 cells each (Figures 7(c), (f) and (i)) respec-
tively. The normal effective stiffness componentsC̄∗11, C̄∗22 andC̄∗33 are presented in the first line of subfigures
whereas the second and third lines of subfigures are related to the normal coupling stiffness componentsC̄∗23, C̄∗13
andC̄∗12 as well as to the effective shear stiffness componentsC̄∗44, C̄∗55 andC̄∗66 respectively.

In all three approaches, no distinct differences are observed between the results related to the individual spatial
directionsxi. The three normal stiffness componentsC̄∗11, C̄∗22 andC̄∗33 are found within a unique scatter band.
In a similar manner, unique scatter bands are obtained for the three shear stiffness componentsC̄∗44, C̄∗55 and
C̄∗66 as well as for the three normal coupling stiffness componentsC̄∗44, C̄∗55 andC̄∗66. Hence, as to be expected,
the computed response of the random foam microstructure is approximately isotropic, provided that a statistical
representative set of testing volume elementsΩTVE is considered. Except a few outliers, the local relative density
ρ/ρ0 proves to be the main influence parameter affecting the local effective stiffness of the cellular microstructure
under investigation.

A comparison of the effective stiffness components obtained by the single analysis of a large scale representa-
tive volume element with 256 cells and the repeated analyses of small and medium scale volume elements (16 x 16
cells and 4 x 64 cells) yields no distinct difference between the results based on the different approaches. Hence,
all statistical significant interaction effects are recaptured even with small scale volume elements. Nevertheless,
the range of the local relative density captured by the small scale volume elements with 16 cells (Figuress 7(c), (f)
and (i)) is slightly narrower than the corresponding range for the larger models due to the fact that the occurrence
of rather large or small cells is suppressed due to the limited number of cells in the individual volume elements.

4.2 Probabilistic assessment

The raw data bases for the stiffness components are evaluated statistically according to Sections 2.3.1 and 2.3.2.
In Figure 8, the probability distributionsF(C̄∗ij) and the corresponding probability density distributionsf(C̄∗ij)
are presented for the models with 256, 64 and 16 cells respectively. Due to the statistical isotropy of the foamed
material, the individual stiffness componentsC̄∗ij are evaluated in the groups of the normal stiffness coefficients
C̄∗nrm (C̄∗11, C̄∗22 and C̄∗33), the normal coupling stiffness coefficients̄C∗cpl (C̄∗23, C̄∗13 and C̄∗12) and the shear
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stiffness coefficients̄C∗shr (C̄∗44, C̄∗55 andC̄∗66). The results are based on the cell size distribution and the cor-
responding probability distribution of the relative density presented in Figures 6(a) and (b) with an expectation
value ofE(ρ/ρ0) ≈ 0.08 and a standard deviation ofS(ρ/ρ0) ≈ 0.013.

For the probability distributionsF(C̄∗ij), both, the discrete distributions computed directly by means of the
local homogenization scheme as well as continuous approximations in terms of a logarithmic normal distribu-
tion (24) are presented. As before, the coefficients of the logarithmic normal approximation of the discrete
probability distributions are determined such that the expectation value and the variance of the respective discrete
probability distribution and its approximation are identical. For the probability density distributionsf(C̄∗ij), only
the continuous approximations are presented since the determination of the probability density distribution as
the numerical derivative of the discrete probability distributions results in rather noisy functions which would be
meaningless without distinct smoothing.

As expected in the discussion on the raw data base (Figure 7), almost identical results are obtained whether
a single foam model with 256 cells is considered or whether the 256 cell raw data base is determined from the
multiple analysis of small and medium scale models (4 x 64 cells and 16 x 16 cells). In all three approaches for
generation of the raw data base, statistically identical results are obtained, where both, the mean values as well
as the statistical distributions of the respective local effective properties are equal. Obviously, already the set of
the smallest model containing 16 cells only provides an adequate representation of all possible microstructural
features leading to scatter in the effective material properties, at least in a statistically representative manner
considering all 16 foam models in the data set. Hence, the numerically more efficient multiple analysis of small
to medium scale volume elements may be employed for generation of the raw data base without loss in generality
for the statistical results.

For the local normal stiffness components, a median stiffness ofC̄∗med
nrm = 2.72GPa and a standard deviation

of S(C̄∗nrm) = 0.56GPa is obtained. The probability distributionF(C̄∗nrm) is distinctively asymmetric with
respect to its lower and upper tails. The scatter band between cumulative probabilities ofF(C̄∗nrm) = 0.5%
and99.5% containing the inner99% of the data ranges from̄C∗nrm = 2.03GPa and4.83GPa and thus from
C̄∗med

nrm − 1.23 S(C̄∗nrm) to C̄∗med
nrm + 3.79 S(C̄∗nrm). This results reveals that the probability distribution for the

normal stiffness features a distinct skewness and thus is essentially of a non Gaussian type. Therefore, a stochastic
assessment of the material uncertainty in terms of its expectation value and standard deviation alone might be
insufficient. Similar results are obtained for the probability distributions of the coupling and shear stiffness
coefficientsC̄∗cpl and C̄∗shr. Their median values arēC∗med

cpl = 1.20GPa and C̄∗med
shr = 0.76GPa respectively

with standard deviations ofS(C̄∗cpl) = 0.21GPa andS(C̄∗shr) = 0.19 GPa. The inner99% intervals are defined
by C̄∗cpl ∈ [0.89, 1.94]GPa andC̄∗shr ∈ [0.59, 1.59]GPa respectively. Due to the narrower scatter bands, higher
peaks are obtained for the probability density distributionsf(C̄∗cpl) and f(C̄∗shr) compared to the probability
density distributionf(C̄∗nrm) of the normal stiffness (Figures 8(d) to (f)).

The probability distributionsF(C̄∗ij) for the effective stiffness components are qualitatively similar to the
underlying probability distributionF(ρ/ρ0) of the relative density due to the strong correlation between effective
stiffness and relative density (Figure 7). For a quantitative assessment of the correlation between relative density
and local effective stiffness, the correlation coefficientsR(C̄∗ij , ρ/ρ0) are determined. The results are listed in
Table 2. For the normal stiffness, a rather strong correlation with the relative density is observed, indicated
by an average correlation coefficient ofR(C̄∗nrm, ρ/ρ0) ≈ 0.88. A similar result is obtained for the coupling
stiffness components. For the shear stiffness components, a slightly less distinct correlations with an average
of R(C̄∗shr, ρ/ρ0) ≈ 0.84 is obtained. Nevertheless, even this value is not significantly below the results for the
other stiffness components. The distinct correlation between local effective stiffness and relative density reveals
that a scatter in the local relative density caused by spatial variations in the microstructure might be the most
important parameter controlling the scatter in the effective material properties of solid foams.

5 Moving window analysis

5.1 Raw data

The microstructure related assessment of the local effective properties performed in Section 4 enables the estab-
lishment of a relation between the uncertainty in the microstructural geometry and topology of solid foams and
the uncertainty in the corresponding effective properties. Nervertheless, the microstructure related assessment
has the disadvantage that the individual data points in the raw data base are related to testing volume elements
ΩTVE with variable size and shape. To circumvent this problem, a moving window approach is proposed in Sec-
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tion 2.3.3. In the present section, this approach is applied to the example specified in Section 3. As a base for the
computations, the results obtained in Section 4 on the single analysis of the 256 cell foam model are employed.
Within this representative volume element, the testing volume elements (moving windows) are positioned on
a square grid of 10 x 10 x 10 equally spaced locations. Spherical testing volume elements with diameters of
rTVE′ = 1 mm and4mm are employed. In a competitive approach, the analyses based on the small testing vol-
ume elements are performed with a Gaussian weight function (22) and - alternatively - with a constant weight
functionw̄(rE) in Equations (20) and (21).

In a preliminary analysis, the distribution of the relative density for the testing volume elementsΩTVE is
studied since this quantity has been found to be the most important microstructural parameter in the microstruc-
ture related probabilistic homogenization (Section 4.2). The results for the probability and probability density
distributions are presented in Figure 9. Depending on the different definitions of the effective properties assigned
to the different testing volume element (or window) positions, different probability distributions are obtained for
the relative densityρ/ρ0. Whereas the median relative density is not affected by the definition of the effective
properties, an increasing size of the testing volume elements results in a steeper probability distributionsF(ρ/ρ0)
and thus probability density distributionsf(ρ/ρ0) with higher peak values. The width of the corresponding scat-
ter bands descreases with increasing testing volume element sizerTVE′ due to increasing self-averaging effects
with increasing averaging volume (Figure 9, Gaussian weight function withrTVE′ = 1 mm and4mm). For the
same reason, the use of a Gaussian instead of a constant weight functionw̄(rE) in the determination of the ef-
fective properties results in a steeper probability distributionF(ρ/ρ0) since the Gaussian function (22) supplies
spatial points far from the center of the testing volume element with small weights so that the contribution of
the ranges close to the testing volume element boundary becomes less significant than for a homogeneously dis-
tributed weight function. Thus the use of the Gaussian function reduces the effective averaging volume in the
determination of the effective properties for the respective testing volume element.

The corresponding raw data for the effective stiffness componentsC̄∗ij are presented in Figure 10. Similar as
in Figure 7 for the microstructure related approach, the first line of subfigures is related to the normal stiffness
components̄C∗11, C̄∗22 andC̄∗33 whereas the second and third lines are related to the normal coupling components
C̄∗23, C̄∗13 andC̄∗12 and the shear stiffness componentsC̄∗44, C̄∗55 andC̄∗66 respectively. The first column of subfig-
ures is related to the small testing volume elements with a constant weight functionw̄(rE) in Equations (20) and
(21) whereas the second and third rows are related to Gaussian weight functions in conjunction with small and
large testing volume elements (rTVE′ = 1 mm andrTVE′ = 4 mm) respectively. Except for a few outliers, the
effective stiffness components are again found to be strongly influenced by the local relative density. The core-
sponding correlation coefficientsR(C̄∗ij , ρ/ρ0) presented in Table 3 are similar than the correlation coefficients
obtained in the microstructure related assessment (Table 2). No significant effect of the testing volume element
size and the type of weigth function is observed for the correlation of effective stiffness and local relative density.

5.2 Probability distributions

The probability distributionsF(C̄∗ij) for the effective stiffness components are presented in Figue 11 together with
the corresponding probability density distributionsf(C̄∗ij). Similar as in the microstructure related assessment,
the individual normal, coupling and shear stiffness components related to the individual spatial directions are
analyzed in combined form due to the statistically isotropic material response on the macroscopic level. Again,
the discrete probability distributions are approaximated by continuous distributions of the logarithmic normal
type (24), providing a good estimate of the direct numerical results.

Compared to their counterparts based on the microstructure related approach (Figure 8(a)), the discrete proba-
bility distributionsF(C̄∗ij) for the effective normal, coupling and shear stiffness components based on the moving
window approach feature a smoother appearance, especially towards their lower tails. Their median values are
slightly larger than in the microstructure related assessment whereas their skewness and thus their assymmetry is
slightly reduced, although still present. Considering the small testing volume element size (rTVE′ = 1 mm)
with a constant weight function, a median normal stiffness ofC̄∗med

nrm = 2.88GPa and a99% scatter band
with C̄∗nrm ∈ [2.04, 4.30]GPa are obtained for the normal stiffness. Compared to the corresponding values of
C̄∗med

nrm = 2.72GPa andC̄∗nrm ∈ [2.03, 4.83]GPa for the microstructure related approach, the median is shifted
towards the center of the99% scatter band. The width of the99% scatter band is reduced by approximately19%.
For the coupling and shear stiffnesses with median values ofC̄∗med

cpl = 1.27GPa and C̄∗med
shr = 0.80GPa as

well as99% scatter bands defined bȳC∗cpl ∈ [0.90, 1.79]GPa andC̄∗shr ∈ [0.55, 1.31] GPa respectively, similar
effects are observed.

For the moving window approach with the two different considered testing volume element sizes and the
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two different definitions of the weight function̄w(rE) in Equations (20) and (21), the median values of the
probability distributions for the normal, coupling and shear stiffness components respectively are found to be
equal. On the other hand, the slopes of the respective probability distributionsF(C̄∗nrm), F(C̄∗cpl) andF(C̄∗shr)
and thus the peaks of the corresponding probability density distributionsf(C̄∗nrm), f(C̄∗cpl) andf(C̄∗shr) are found

to increase with increasing testing volume element sizerTVE′ (Figures 11(b), (e) and (c), (f) respectively). As
for the distribution of the relative density discussed in Section 5.1, the reason for this effect is the increasing
self averaging effect with increasing sample size. The use of a constant weight functionw̄(rE) instead of the
strongly inhomogeneous Gaussian function (22) results in an increase of the volume inside the testing volume
element which is supplied with a significant weigth. Thus, the effective volume for the averaging procedure in
Equations (20) and (21) increases. Consequently, steeper slopes are obtained in the probability distributions in
Figure 11(a) compared to Figure 11(b) based on the Gaussian weight function.

5.3 Autocorrelation

In addition to the advantage that all effective components are based on testing volume elements of equal size and
shape, the moving window approach has the advantage that the testing volume elements are located on a regular,
equally spaced grid, enabling a simple analysis of the correlation of the effective properties of neighboring testing
volume elements. The autocorrelation is asessed in terms of Moran’s IndexI. It is based on a neighborhood
matrixW with the components

ŵ(kl) =
{

1 if l is one of the 26 neighboring windows ofk;
0 otherwise.

(27)

defining the neighborhood of the testing volume elementΩTVE′
(k) . For simplicity, the neighborhood matrixW is

normalized row by row

w(kl) =
ŵ(kl)

n∑
l=1

ŵ(kl)

(28)

wheren is the total number of testing volume elementsΩTVE′
(k) . With (28), the local Moran’s Index is defined by

I(k)(C̄∗ij) =
(C̄∗(k)

ij − E(C̄∗ij))
n∑

l=1

w(kl)(C̄
∗(l)
ij − E(C̄∗ij))

1
n

n∑
l=1

(C̄∗(l)ij − E(C̄∗ij))2
(29)

whereC̄
∗(k)
ij is the effective stiffness component̄C∗ij for testing volume elementΩTVE′

(k) . Based on the local
Moran’s Index (29), the global Moran’s Index is defined by

I(C̄∗ij) =
1
n

n∑

k=1

I(k)(C̄∗ij) (30)

as the average of the local Moran’s IndicesI(k)(C̄∗ij) for the individual testing volume elementsΩTVE′
(k) .

The results for the local Moran’s IndicesI(k)(C̄∗11) of the effective normal stiffness componentC̄∗11 are
presented in Figure 12 concerning the analyses with a Gaussian weight function and testing volume element sizes
with rTVE′ = 1 mm and4mm. For information, the absolute value of the normal stiffnessC̄∗11 and the relative
densityρ/ρ0 for the respective cases are added. The individual subfigures are related to clipping planes through
the representative volume element parallel to thex1-x2-plane at differentx3-values.

For the smaller testing volume element size ofrTVE′ = 1 mm, a global Moran’s Index isI(C̄∗11) = 0.0619
whereasI(C̄∗11) = 0.1288 is obtained for the larger testing volume element size withrTVE′ = 4 mm. The larger
Moran’s Index in the latter case indicates a more distinct autocorrelation for the larger testing volume elements.
The increase in the autocorrelation with the testing volume element sizerTVE′ is caused by the fact that for
larger neighboring testing volume elements, the overlap volume covered by both volume elements increases.
Nevertheless, in both cases, the spatial autocorrelation of the effective stiffness components is weak copared to
known effects in other materials such as fiber reinforced composites with long fibers.

Considering the results of the local Moran’s IndexI(k)(C̄∗11), Figure 12 reveals that areas with both, a neg-
ative Moran’s Index as well as areas with a positive Moran’s Index are present. Hence, spatial autocorrelation
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apperently exists in some parts of the model foam. Comparing the results for the local Moran’s Index with the
results for the effective stiffness and the relative density at the respective spatial positions shows that in most
cases the Moran’s IndexI(k)(C̄∗11) is high if the corresponding effective stiffness componentC̄∗11 and the local
relative densityρ/ρ0 are low. Low local relative densities are in general related to larger cell sizes and thus larger
areas provided with the respective local homogenization result. Examples for such ranges in case of the small
testing volume element size withrTVE′ = 1 mm are the spatial positionsxi = (0.5, 7.5, 2.5), (3.5, 5.5, 4.5),
(3.5, 5.5, 5.5), (4.5, 5.5, 5.5), (5.5, 6.5, 5.5) and (4.5, 7.5, 8.5). In the analysis with the larger testing volume
element size (rTVE′ = 4mm), both, the global Moran’s Index and the spreading of the local Moran’s Indices
are higher. Hence, more distinct effects are obtained. As it can be observed in the fourth to sixth row of subfig-
ures in Figure 12, all cases where the local Moran’s Index exceedsI(k)(C̄∗11) = 1.5 the corresponding stiffness
componentC̄∗11 is lower than2.5GPa with a local relative density ofρ/ρ0 < 0.07.

In order to study the correlation length for the spatial correlation of the effective stiffness componentsC̄∗ij in
more detail, the correlation coefficientR(∆C̄∗ij , r) for the correlation of the difference in the effective stiffness of
two spatial points with their distance is considered. In Figures 13(a), (b) and (c), the results are presented for the
normal, coupling and shear stiffnessesC̄∗rnm, C̄∗cpl andC̄∗shr respectively. In all cases, the correlation coefficient

decreases rapidly with increasing distance. For distances ofrTVE′ & 1.5mm, which is the average cell radius
in the considered model foam, almost vanishing correlation coefficients are obtained. Evidently, in the present
cases, no distinct correlation between the effective properties of neighboring cells is present.

6 Comparison

In Section 5.2, a preliminary comparison of the results based on the microstructure related assessment and the
moving window approached revealed that both procedures to a large extent provide matching results. In order
to discuss the deviation between the two proposed methods in more detail, the differencesFmic(ȳ∗)−Fwin(ȳ∗)
between the probability distributionFmic(ȳ∗) obtained by the microstructure related approach for the effective
propertyȳ∗ and its counterpartFwin(ȳ∗) obtained by the moving window approach are determined. The results
for the local relative densityρ/ρ0 are presented in Figure 14 whereas Figures 15(a) to (c) are related to the
differences in the probability distributions for the effective normal, coupling and shear stiffness coefficientsC̄∗nrm,
C̄∗cpl andC̄∗shrm respectively. In all cases, the microstructure related results are based on the single analysis of
the large scale representative volume element with 256 cells whereas for the moving window approach testing
volume elementsΩTVE′ with radii of rTVE′ = 1 mm and4mm with a Gaussian weight function̄w(rE) as well
as testing volume elements withrTVE′ = 1 mm and a constant weight function are considered.

For the probability distributionsF(ρ/ρ0) of the local relative density, the differences between the microstruc-
ture related approach and the moving window approach with the three different testing volume element definitions
considered are qualitatively similar (Figure 14). For all three moving window definitions, the maximum differ-
ences to the microstructure related approach are observed for relative density in the range ofρ/ρ0 = 0.07 to
0.08. In the microstructure related approach, this relative density corresponds to cells with a cell size in the
range of the average cell size, considering the strong correlation of the local relative density with the cell size
(see Figure 6(c)). For the moving window approach, the local relative density is obtained as the average of the
local relative densities of the ranges within the respective window. Due to the low probability for finding two
or more cells with large size and thus low relative density as direct neighbors, the probability for occurrence of
small relative densities for individual windows decreases compared to the microstructure related approach. Con-
sequently, the cumulative probabilitiesFwin(ρ/ρ0) for small relative densitiesρ/ρ0 based on the moving window
approach are lower than in the microstructure related approach. If the local relative density comes into the range
of its overall average, the probability distributionFwin(ρ/ρ0) based on the moving window approach features
a steeper increase than its counterpartFmic(ρ/ρ0) based on the microstructure related approach. In the moving
window approach, the probability for obtaining medium relative densities for individual testing volume elements
is higher than in the microstructure related approach since medium relative densities are not only obtained for
cells with cell sizes close to the average cell size but may also be obtained for windows covering portions of large
cells (and thus small relative density) together with portions of small cells featuring a high local relative density.
As a consequence of the steeper increase of the cumulative probabilityFwin(ρ/ρ0) in the range of the overall
average of the relative density, the distinct drop in the differencesFmic(ρ/ρ0)−Fwin(ρ/ρ0) for ρ/ρ0 > 0.075
is obtained in Figure 14.

For the differencesFmic(C̄∗ij)−Fwin(C̄∗ij) in the probability distributions for the effective stiffness compo-
nents presented in Figure 14, the same trends as for the differences in the probability distributions of the local
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relative density are observed. This result reveals again that the probability distribution of the local relative density
to a large extent governs the scatter in the effective mechanical properties of solid foams.

7 Conclusions

The present study is concerned with the development of methods for the numerical prediction of the uncertainty
in the effective material properties of solid foams based on the known uncertainty in the microstructural consti-
tutive parameters. For the analysis of the scatter, a probabilistic homogenization procedure is proposed, where a
large number of small scale testing volume elements is considered instead of a large scale, statistically represen-
tative volume element as usually employed in classical deterministic homogenization procedures. In contrast to
representative volume elements, the individual testing volume elements themselves are not statistically represen-
tative for the microstructure of the considered microheterogeneous material. Nevertheless, the entire set of testing
volume elements has to be representative for the respective material in a statistical sense. The (local) effective
properties of the individual testing volume elements are determined by standard homogenization analyses of their
mechanical response. As a result, a raw data base for the effective properties is obtained, providing a statistically
representative set of effective material data. Evaluating the raw data base for the individual effective properties
by means of stochastic method yields the probability distributions for the effective properties.

In a competitive analysis, two different approaches are proposed for the definition of the testing volume el-
ements. In a microstructure related approach, the individual cells of a large scale computational foam model as
the smallest feasible microstructural elements are employed as testing volume elements. Deforming the entire
foam model by a number of independent reference deformation states results in a number of local stress and
strain states for the individual testing volume elements, which are used as input for the homogenization analy-
sis. Since the testing volume elements are embedded into a large scale, statistically representative microstructure,
they account for all possible interaction effects with the surrounding microstructure in a natural manner. As an al-
ternative, a spatial definition of the testing volume elements in terms of a moving window approach is employed,
where pre-defined spatial volumes form the testing volume elements, for which the effective material properties
are determined by a weighted averaging of the material properties determined for the ranges within the respec-
tive testing volume element obtained in the microstructure related approach. The computational foam model is
determined randomly by means of a Voronoı̈ process in Laguerre geometry. By a proper definition of the foam
model in terms of the probability distributions of the random variables defining the uncertain microstructure such
as the cell size distribution or the distribution of the local relative density etc., the probabilistic homogenization
procedure enables the establishment of the interrelation of the probability distributions of the random variabled
defining the microstructure and the probability distributions of its effective properties.

As an example, the proposed methods are applied to an analysis of the effective elastic properties of a closed
cell aluminum foam. It is found that the local relative density is the most important microstructural parameter
to control the scatter of the effective material response. As already observed in previous studies, the cell size
distribution is found to have only limited direct effects, nevertheless, strong indirect effects are present through
the strong correlation of the cell size with the local relative density since an increasing size of individual cells
in general correlates with a decreasing local relative density of the effective material. In the present example,
only a weak spatial autocorrelation of the effective properties for neighboring spatial positions is observed. Even
on the level of the individual pores as the smallest feasible testing volume elements, the effective material re-
sponse of neighboring microstructural elements is found to be almost independent from each other. Nevertheless,
this observation is restricted to the considered simple computational foam model and may not be generalized.
Especially for foams featuring clusters of small cells embedded into ranges consisting of larger cells, a more
distinct autocorrelation has to be expected. The methods proposed in the present study can easily be applied to
a probabilistic analysis of this effects as well as to further effects causing scatter in the effective properties such
as cell wall imperfections, damaged cell walls, non-homogeneous cell wall thickness etc. The proposed methods
provide a reliable tool for establishing the link between the probability for occurrence of all of these effects and
the resulting uncertainty in the effective material response.
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[7] Fazekas, A., Dendievel, R., Salvo, L., Bréchet, Y.:Effect of microstructural topology upon the stiffness and
strength of 2D cellular structures, Int. J. Mech. Sci.44 (2002) 2047-2066.

[8] Fortes, M.A., Ashby, M.F.:The effect of non-uniformity on the in-plane modulus of honeycombs, Acta Mater.
47 (1999) 3469-3473.

[9] Gan, Y.X., Chen, C., Shen, Y.P.:Three-dimensional modeling of the mechanical property of linearly elastic
open cell foams, Int. J. Solids Struct.42 (2005) 6628-6642.

[10] Gent, A.N., Thomas, A.G.:Mechanics of foamed elastic materials, Rubber Chem. Tech.36 (1963) 597-610.

[11] Gibson, L.J., Ashby, M.F.:Cellular Solids – Structure and Properties, Cambridge University Press, Cam-
bridge 1997.

[12] Hardenacke, V., Hohe, J.:Assessment of space division strategies for generation of adequate computational
models for solid foams, Int. J. Mech. Sci.52 (2010) 1772-1782.

[13] Hardenacke, V., Hohe, J.:Local probabilistic homogenization of two-dimensional model foams accounting
for micro structural disorder, Int. J. Solids Struct.46 (2009) 989-1006.

[14] Kanaun, S., Tkachenko, O.:Mechanical properties of open-cell foams: Simulations by Laguerre tesselation
procedure, Int. J. Frac.140(2006) 303-312.

[15] Kolluri, M., Karthikeyan, S., Ramamurty, U.:Effect of lateral constraint on the mechanical properties of a
closed-cell Al foam: I. Experiments, Met. Mat. Trans.38 A (2007) 2006-2013.

[16] Mangipudi, K.R., Onck, P.R.:Multicale modelling of damage and failure in two-dimensional metallic foams,
J. Mech. Phys. Solids59 (2011) 1437-1461.

[17] Patel, M.R., Finnie, I.:Structural features and mechanical properties of rigid cellular plastics, J. Mat.5
(1970) 909-932.

[18] Ramamurty, U., Paul, A.:Variability in mechanical properties of a metal foam, Acta Mat.52 (2004) 869-
876.

[19] Schraad, M.W., Harlow, F.H.:A stochastic constitutive model for disordered cellular materials: Finite-
strain uni-axial compression, Int. J. Solids Struct.43 (2006) 3542-3568.

[20] Thomson, W. (Lord Kelvin):On the division of space with minimum partitional area, Phil. Mag.24 (1887)
503-514.

[21] van der Burg, M.W.D., Shulmeister, V., van der Giessen, E., Marissen, R.:On the linear elastic properties
of regular and random open-cell foam models, J. Cell. Plastics33 (1997) 31-54.

15
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Figure 1: Concept of the representative volume element.

Figure 2: Voronöı tesselation in Laguerre geometry.

Figure 3: Computational foam models.
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Figure 4: Decomposition of the representative volume element.

Figure 5: Moving window.

Figure 6: Cell size and relative density distribution of the model with 256 cells.
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Figure 7: Microstructure related assessment – raw data.
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Figure 8: Microstructure related assessment – probability distributions.

Figure 9: Moving window analysis – relative density distributions.
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Figure 10: Moving window analysis – raw data.
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Figure 11: Moving window analysis – probability distributions.
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Figure 12: Moving window analysis – autocorrelation.
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Figure 13: Moving window analysis – correlation length.

Figure 14: Comparison – probability distributions of relative density.

Figure 15: Comparison – probability distribution of stiffness coefficients.
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Table 1: Correlation between relative density and cell volume.

1 x 256 cells 4 x 64 cells 16 x 16 cells

R(ρ/ρ0, V
c) −0.9133 −0.9380 −0.9459

Table 2: Microstructure related assessment - correlation with relative density.

1x 256 cells 4x 64 cells 16x 16 cells

R(C̄∗11, ρ/ρ0) 0.9064 0.9032 0.8694
R(C̄∗22, ρ/ρ0) 0.8996 0.8783 0.8529
R(C̄∗33, ρ/ρ0) 0.8958 0.8917 0.8490
R(C̄∗23, ρ/ρ0) 0.8738 0.8741 0.8923
R(C̄∗13, ρ/ρ0) 0.8927 0.9021 0.9063
R(C̄∗12, ρ/ρ0) 0.8764 0.8546 0.8982
R(C̄∗44, ρ/ρ0) 0.8451 0.8623 0.8312
R(C̄∗55, ρ/ρ0) 0.8542 0.7605 0.8715
R(C̄∗66, ρ/ρ0) 0.8218 0.8607 0.8456

Table 3: Moving window analysis - correlation with relative density.

rTVE′ = 1 mm rTVE′ = 1 mm (Gauss) rTVE′ = 4mm (Gauss)
R(C̄∗11, ρ/ρ0) 0.8971 0.8907 0.8959
R(C̄∗22, ρ/ρ0) 0.8862 0.8894 0.8952
R(C̄∗33, ρ/ρ0) 0.9026 0.8952 0.9131
R(C̄∗23, ρ/ρ0) 0.8457 0.8490 0.8600
R(C̄∗13, ρ/ρ0) 0.8674 0.8705 0.8809
R(C̄∗12, ρ/ρ0) 0.8674 0.8705 0.8809
R(C̄∗44, ρ/ρ0) 0.8372 0.8366 0.8499
R(C̄∗55, ρ/ρ0) 0.8674 0.8398 0.8876
R(C̄∗66, ρ/ρ0) 0.8374 0.8121 0.8417
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