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Abstract In this paper, an unconditionally stable algorithm for the numer-
ical integration and finite-element implementation of a class of pressure de-
pendent plasticity models with nonlinear isotropic and kinematic hardening is
presented. Existing algorithms are improved in the sense that the number of
equations to be solved iteratively is significantly reduced. This is achieved by
exploitation of the structure of Armstrong-Frederik-type kinematic hardening
laws. The consistent material tangent is derived analytically and compared to
the numerically computed tangent in order to validate the implementation.
The performance of the new algorithm is compared to an existing one that
does not consider the possibility of reducing the number of unknowns to be it-
erated. The algorithm is used to implement a time and temperature dependent
cast iron plasticity model, which is based on the pressure dependent Gurson
model, in the finite-element program ABAQUS. The implementation is ap-
plied to compute stresses and strains in a large-scale finite-element model of a
three cylinder engine block. This computation proofs the applicability of the
algorithm in industrial practice that is of interest in applied sciences.
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1 Introduction

The finite-element method is a powerful tool to compute stresses and (plas-
tic) strains in components and structures. To obtain reliable stress and strain
fields in finite-element simulations, the applied constitutive equations, in gen-
eral formulated in terms of evolution equations for the stresses and a set of
state variables, should be able to describe hardening properties as well as mi-
crostructural aspects with sufficient accuracy. For cyclically loaded porous ma-
terials, pressure dependent plasticity models with kinematic hardening were
developed [1][2][3][4]. Recently, a pressure dependent model including kine-
matic hardening was presented that is able to describe cyclic plasticity and
tension,/ compression asymmetry of cast iron materials [5][6].

Efficient algorithms for the numerical integration and finite-element im-
plementation of the constitutive equations are necessary, so that these models
can be applied in large-scale finite-element calculations. The algorithms should
comprise an unconditionally stable implicit integration scheme and an analyti-
cal expression for the consistent material tangent [7], required for the iterative
solution of the boundary value problem in the framework of the finite-element
method. Implicit integration schemes for pressure dependent plasticity models
can be found, e.g. in [8][9][10][11][12][13]. The integration results in a system
of nonlinear equations, which are solved iteratively, e.g. by Newton’s method,
to compute updated stresses and state variables.

Aravas [8] proposed an integration algorithm for a class of pressure depen-
dent plasticity models with isotropic hardening, where the number of equations
are reduced by introduction of two scalar variables. These variables represent
the amount of plastic flow in the hydrostatic and the deviatoric direction and
are, besides other state variables, the unknowns. Nonlinear kinematic hard-
ening in terms of the Armstrong-Frederik [14] law was included in Aravas’
algorithm by Miihlich and Brocks [11]. The backstress enters as additional
variable in the algorithm and must be updated iteratively. However, to in-
crease the efficiency it is necessary to reduce the number of equations as far
as possible. To do so, one often has to afford a certain amount of preliminary
work in order to find suitable analytical expressions, which then minimize the
computational costs. This was not done in the work of [13] and only partly in
[11]. In [11] the authors argued to solve the present system of nonlinear equa-
tions by static condensation in order to iterate only the amount of plastic flow
in the hydrostatic and the deviatoric flow direction. The condensed variables
should then be iterated within a second system if they evolute nonlinearly. In
[13] the authors suggest to solve one large system of nonlinear equations by it-
erating the tensorial quantity of the plastic strain and the kinematic hardening
law as well as other state dependent variables.

It is the aim of this paper to show how for the considered class of pressure
dependent plasticity models with kinematic hardening the integration algo-
rithm can be reduced. Therefore, the structure of Armstrong-Frederik-type
kinematic hardening laws is employed to reduce the number of equations in
a similar manner as feasible for (pressure independent) von Mises plasticity
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models, where a reduction to one single scalar primary variable is possible
[15][16][17]. Besides that the consistent material tangent is derived analyti-
cally in a general framework similar to the suggestion of [11] and compared to
numerically computed consistent material tangent for athermal cyclic loading.

The paper is structured as follows: First, the considered class of pressure
dependent plasticity models with kinematic hardening is outlined. Then, the
reduced integration scheme is described, before the consistent material tangent
is derived. The algorithm is applied to implement a pressure dependent model
for cast iron into the finite-element program ABAQUS/Standard [18] and to
compute stresses and strains in a large-scale finite-element model of a three
cylinder engine block. Finally, the results are discussed.

The following notion is used within this paper: Boldface Latin characters
denote tensors of second order, calligraphic characters tensors of forth order.
The following products are used: A: B = A;;B;;, A-B = A;;Bj;, A® B =
AijBkly A:B= Aijlekl; A:B= Aijleklmn- d(O)/dt is the material time
derivative of the quantity (e).

2 The considered class of pressure dependent plasticity models
with kinematic hardening

In this paper it is assumed that the elastic strains are small compared to unity,
so that the additive strain rate decomposition

is admissible [18][19]. d is the rate of the deformation tensor. d*, d'" and d'"
are its elastic, inelastic and thermal portions. The latter is

d'" = ath1 (2)

with the temperature dependent differential coefficient of thermal expansion
a'®. The Cauchy stress is

o=C*:¢€ (3)

with the elastic strain €. C* is the fourth order elasticity tensor
* * 2 *
C*=2GH+(K —3G>1®17 (4)

which, via the shear modulus G* and the bulk modulus K*, may depend on
a set of state variables h, (e.g. porosity), « = 1,...,np, and temperature 6. 1
is the second and I the fourth order unity tensor.

A general, pressure dependent yield function ¢ in stress space is considered
which is, besides o, a function of scalar state variables h, and a tensorial state
variable representing kinematic hardening, namely the backstress a:

¢ = (¢, p, ha), (5)
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i=\/38 8 and  p=—ulg] (o

are the von Mises equivalent and the hydrostatic portion of the relative stress
B=0—a. (7)

In eq. (6), (o)’ is the deviator of the second order tensor (e) and tr[(e)] denotes
its trace.

With ¢ < 0, the set of stress states is defined where the material behaves
elastically in the sense that d™ = 0. Otherwise, the inelastic portion of the
rate of deformation tensor is computed from the flow rule

= \\— = —n—-——-——1] = + —¢€,1.

where

Ais a multiplier corresponding to the amount of inelastic flow. For rate de-
pendent, viscoplastic material behavior (vp) the stresses are not bounded and
explicit expressions for the viscoplastic multiplier AP are obtained. In the
rate-independent plasticity theory (p) the stresses are restricted to lie on the
yield surface if inelastic flow occurs, so that the plastic multiplier NP is deter-
mined implicitly through ¢ = 0. In eq. (8), n is the deviatoric portion of the
direction of plastic flow

36
The two scalar variables introduced by Aravas [§],
. ; 09 . ;09
€p = —Aa—p and ¢, = Ag—q, (10)

are employed, representing the amount of plastic flow in the hydrostatic and
deviatoric direction, respectively. Elimination of the plastic multiplier in eq.

(10) results in
.09 . 00
“oq oy~
The backstress « is additively decomposed into i = 1,...,n, parts [20][21],
where each backstress follows the evolution equation of the general form

0. (11)

& =Ed™ - Eal (12)

The first term is the hardening term and the second term includes the recov-
ery. ki are temperature dependent parameters. k%, which are linear functions
of é, and €;, may depend on h, and additional temperature dependent pa-
rameters. The structure of the evolution equations is governed by Armstrong-
Frederik-type kinematic hardening laws. The rate of the scalar state variables
is governed by the evolution equations

i?,g = ﬁg(ép,éq,ha,ai). (13)
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3 Derivation of the reduced system of equations

A time interval [,t,tp41], At = tnp1—nt, is considered where all variables
at time ,t are known. A deformation driven context is assumed, where the
deformation gradient F,, 1 and the temperature 6,,,1 at time ¢, are given
and the update of the stresses 0,41 and the updates of the state variables
honyt and o) 11 are computed. In the following, the subscript n+1 is dropped
so that the quantities are evaluated at time ¢, if not indicated otherwise.

3.1 Numerical integration
The stress-update is computed by integration of eq. (1) that is, according to
[11], in a predictor corrector formalism
o=0" —C*: Ne™ (14)
with the trial stresses
a" =C*: (e + Ne — Aeh). (15)

Application of an implicit Backward-Euler integration scheme to eq. (2) and
(8) yields
Ae = ol (6, 0)1 (16)

and L
Ne™ = gAepl + Aeym. (17)
Insertion of eq. (17) in (14) results in
o=0" — K*A¢,1 — 2G* Aeyn. (18)
Integration of the kinematic hardening laws eq. (12) with an implicit Backward-
Euler scheme yields
na ki A€
1+ Atk 1+ Atkl

o' =& F A" — Atkial = (19)
Therein, Ae™ is a function of the deviatoric flow direction n. However, n itself
is defined by the relative stress 3 and its equivalent ¢ and thus one cannot solve
explicitly for a’. This means that eq. (5) still, via ¢(a), implicitly depends on
the actual value of . In the algorithm of [11] after static condensation of the
primary variables, the condensed out evolution equations of a’ must now be
iterated within a second system of equations. To overcome the necessity of a
second iteration, eq. (18) and (19) are used to define the deviatoric part of the
relative stress

B =B"—-[2G"+) ——— | Aeyn with
;1+Atk2 ?
Nao

~ 4
"tr "tr nO
=0 - D
o Z 1+ Atk
i=1 2
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Insertion of eq. (9) yields the tensor valued equation

2 2 it L ,
sng=n r r_<2G +21+Atkl>éeqnwnh

13 i i 38"
tr tr tr t
"= §ﬁ ,6 andnr—iqtr.

Due to the definition of n!™ and m their norm is equal. Therefore from eq.
(21)4, it can be concluded that, with the given collinearity, the deviatoric
portion of the trial flow direction and of the actual flow direction are identical.
This is a basic result, which is a consequence of the considered structure of
the nonlinear kinematic hardening law. As a consequence, eq. (21), reduces to
a scalar valued equation that is independent of the flow direction and thus of
the implicit dependency on a.

(21)

=¢"—[3G"+2) —1 ] Ae,. 22
=4 ( +2;1+Atk§ €a (22)

Furthermore, the hydrostatic portion of the relative stress is

ot * = .
p=p +<K + < Zl—i—Atk’)Aeleth

1 = &
tr - ¢ tr “7 .
P 3" la ; 1+ Atk

The resulting system of equations to be solved in the case of viscoplastic

loading is now found to be independent of av and can be formulated in terms
of the increments of plastic flow and further state variables.

Fl = (b = J)(Aep, Aeq, ha) = O,

¢ o¢

P4 ANe 22

Pag "9

§p = Ahg — hg(Aep, Negyha) =0

(23)

Iy = Ae =0, (24)

It can be solved using e.g. Newton’s Method, to compute the variations

ar, ory, o'

0Ae, 00ey Ohy

|| on'ory || .
| T | 086, 0l Ohg S (25)
o 95 0¢s 123 g
0Ne, 0Neq Ohg
and hence the updates
i+1

Ne, Ne, 1T 6,
Neg = | D¢y | + | 0D¢ |, (26)
ha ha 6h0¢
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where 7 is the iteration number in Newton’s method. The iterative scheme is
applied until eq. (24) is fulfilled within a given tolerance and the backstress is
updated. It is remarked that due to the dependence of C* on h,, o' and thus
all other trial values might change during the local iteration. Therefore, the
trial values must be updated explicitly after each iteration with the modified
trial direction. However, due to the definitions in eq. (21) the derived approach
is still valid.

3.2 Consistent material tangent

To obtain a quadratic rate of convergence when finding global equilibrium
using Newton’s Method, the consistent material tangent must be derived as
shown in [7]. Assuming that the elasticity tensor depends on the state variables
hq, the stress increment is

Ao =C*: (Le— Ae™ — Ae™) + AC*: € (27)
Total differentiation of eq. (27) yields
dAo = dC* : (Ae— Ne™ — Ne™) +C* 1 (dLe — dA€™) +dC* n€. (28)
Therein, the derivatives

ac*
dc* = S dh,,
Ohe

1 (29)
dAe™ = 34861+ dAen + Agydn

must be determined. The total derivative of the deviatoric flow direction is

on on on on Oo'"
dn = aAEP dAEp 3A dAEq (aha dotr : aha ) dh (30)
L On 00
dolr " dhe ¢

The total derivatives dAe,, dA¢, and dh, are obtained by total differentiation
of eq. (24). Total differentiation of eq. (24). yields

9 O s 0  Oo'"
45 = 3he, 90e, 29T\ By T B0 Ay ) e
(31)
8§B . (90'“ “dAe
datr ~ O e

Solving for dh, one obtains

_ dp 0 9 o'
dhe = —cCap <8A6p €p i, RN Y dAe ) . (32)
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Therein, the matrix c,p is found by inversion of

-1 _ % 6§ﬁ . 30‘”’

60 = Bha Do Oy (33)
The total derivative of eq. (24), and (24), is
8['7 8[‘1 8[’1' 81} 80-“"
I; = —dA AN : o
A= gRe, 400 T gae, 406 T <8ha T 9ot O, ) an )
or; oot
L —— dlhe=
9ot e 10E=0
with 4 = 1,2. Introducing eq. (32) into (34) and using the abbreviations
983 9¢s
v _ _ «q@_ _
TY = —cap Bhe,’ T CaB he, and
. (35)
TUtr . 0&s ) oo'"
o T " hatr T NE’
yields after rearranging
A11A12 dAEP _ B1 . dAe ith
A21A22 dAGq - BQ T dAe wi
o 61} 8FZ 81} .(90'” ep
T 0Ne,  \Ohy ot Oh, ) (36)
Ao — 8[’1' 61}_’_ 812 .80” Teq and
? 7 00e;,  \Oha 0o Ohg )
o 8FZ .60” 8[‘1 8FZ .80” Tn_tﬂ"
" dotr T ONe Oho 0ot " Oh, o«

The system of equations (36) can be solved for the total variation of the plastic
increments

dAe, =B : dAe, dAe, =B7:dAe with
Bi1Ag — BoAy BI _ ByA11 —BiAy

det[A] ’ det[A]
det[A] = A11A22 - A12A21.

B? = and (37)



Title Suppressed Due to Excessive Length 9

Inserting eq. (37) and (32) in (28) yields
dAo =(C* — Q1 + Q2+ Q3) : dAe  with

1
o, :c*:{31®Bp+n®Bq+Aeq

on on on Oo'"
- _ . €p P
((amf(aha e o, )Ta> o B

tr
( on +(6n N on :60' >T3q>®Bq—|—

0le; \Ohy  Oc'™  Oh, (38)
on Oot" N on N on o' T
dotr dNe \Oh, Ool™ " Oh, @ ’
0, - (gi : Aeel>  (TPBP + T9BY + T7),
oc* tr
0, = ((% : éfj) ® (TPBP + TYBY + TS ).
Hence the consistent material tangent £ is given explicitly
L=C"—09+ Qs+ Q3. (39)

Alternatively, the consistent tangent can be computed numerically with finite
differences [24]:

dAGi N Ei ' (40)
According to [25], the optimal pertubation factor F; is
E; = \/n max[|A¢;|, typ[Ae;]]sign[Ae;]. (41)

7 is the machine accuracy and typ[(e)] a typical value of the quantity (e). The
numerically computed consistent tangent is used in the next section to proof
the correctness of the implementation of the analytical tangent.

4 Application to a pressure dependent cast iron plasticity model

The algorithm described in the previous section is used to implement the
cast iron plasticity model presented in [5] into the finite-element program
ABAQUS/Standard [18]. The cast iron plasticity model employs the Gurson-
type yield function [26][27]

2
6= <Uq> + 2¢q1 f* cosh (2(]2;;) —(14g3f*?) =0. (42)

Y

Therein, ¢; = 1.5, g2 = 1 and q3 = ¢7 are proposed by Tvergaard [28] and
Tvergaard and Needleman [29] based on micromechanical studies. o, is the
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flow stress. The variable f* is the effective porosity that considers an accel-
erated damage in the material due to the coalescence of voids, if a critical
porosity fo is achieved:

/ _{fc+f<a(f—fc) else (43)

fu—fe ande:ql—\/Qf—%_ (44)

with Kk = ——
Ir—fc qs
f is the porosity induced by the graphite particles and fr the porosity at
failure. The evolution of the porosity is due to the growth (gr) of existing
voids and due to the nucleation (nuc) of new voids mainly at second phase
particles by decohesion of the particle-matrix interface, [30][31].

f = fgr + fnuc with

ng = (1 - f)tr[dzn] and fnuc = %Aep + %Btr[U]

(45)

In eq. (45)3, the nucleation can be strain and stress controlled. On the basis of
experimental observations, Chu and Needleman [32] formulated a statistical
nucleation law, where the coefficients A and B describe a normal distribution:

2
fs 1 (;,epeN>
A= exXp |—z | =—— ,
s V2T P13 sy

o 1 2
=X exp .- <_3tr[o] - UN) .
s3 V2w 2 s

In eq. (46) en, on are the mean values, s%, s% are the corresponding standard
deviations and f5;, ff; are the volume fractions of void-nucleating particles.

Assuming the equivalence of micro- and macroscopic inelastic work [8], the
equivalent inelastic strain rate in the matrix material is

(46)

oin B /6 . dzn
Env = m (47)

Isotropic hardening and rate dependent material behaviour is accounted for

in the yield function eq. (42) through the flow stress o, = &, (e}, €43), which

is a purely phenomenological extension of Gurson’s model. Chaboche [20][21]

assumes a power law relation between the flow stress and the inelastic strain

rate in the matrix material

1
K

oy =00+ Qoo(1l — exp[fbez}(/}]) + K(éf\’})ﬁ (48)

where K and n are temperature dependent material parameters describing
the viscous material behaviour, and ., and b are temperature dependent
parameters describing isotropic hardening. o is the initial yield stress.
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Based on the work of Armstrong & Frederik [14], Chaboche [20][21] pro-
posed an additive decomposition of the backstress tensor. Moreover, a static
recovery and temperature rate term is added to the Armstrong & Frederik
kinematic hardening law. In this work the total backstress is composed of two
backstresses

5 .
. 9 o R Yo B
o= ; ol with &' = 2C'd™ —q'é"a’ — Rla’ + — - —a'd, (49)
where ¢ is the equivalent inelastic strain rate
, 2 ,
e = gdm s d™. (50)

To account for cyclic hardening and softening properly, the functions

, , 2 .
7' =Yoo + (N0 = Yeo) expl—w! (]| with [|€] = y/Ze e and

/. 7 2 15 1
Y2 =72 4 (78 — 42 exp[—w?e ] with € ™ = \lgém (e

are introduced. C%, v, 7%, R and w' are temperature dependent material pa-
rameters. The structure of eq. (49) applies to the required structure presented
in section (3.1) with

(51)

o0t 1

06 C?
Arndt et al. [33] introduced the effective macroscopic backstress tensor a* =
(1 — f/fFr)c, which is also used in this work. The porosity f, the matrix flow
stress o, and the absolute value of the inelastic strain tensor ||€"|| are treated
as the state variables h, with o = 1,2, 3 of the model.

The elasticity tensor C* for the Gurson model is computed using the Mori-
Tanaka model (see Gross and Seelig [34]), which assumes spherical voids. Thus,
the effective bulk and shear modulus are

Kk (1o ) mie =6 (1 ) =)
1—a(l—f*) 1=p(1—f*)

with

0. (52)

. 2 . . . .
k] = gCZ and ks =~'¢" + R' —

3K and § = 6(K + 2G)
- 3K +4G - 5(3K +4G)
As proposed by Mahnken [35],

(0%

(54)

cosh(2)if |z| <z,

cosh(x)* = {

1
cosh(z.) + sinh(z.)(|z| — z.) + 3 cosh(z.)(|z| — z.)? else,

(55)
replaces the cosh(x) in eq. (42) to avoid an arithmetic overflow in the algo-
rithm, where the critical value z. = 30 is used.
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5 Investigation of the presented algorithm

5.1 Comparison of analytical and numerical consistent material tangent

A three-dimensional solid, 8-node linear brick element is used to validate the
analytically derived consistent tangent with the numerically computed tan-
gent. One finite-element with equal edge length is subjected to a uniaxial
thermomechanical loading cycle with fixed displacements in direction 2, while
the direction 1 and 3 are not constrained. Thus, a uniaxial stress state is ob-
tained. For the computations, temperature dependent material parameters of
the cast iron plasticity model are taken from [6] for three different cast iron
materials, namely EN GJS700, EN GJV450 and EN GJL250. For the descrip-
tion of EN GJS700 and EN GJV450, the strain controlled nucleation criteria
is used. For the description of EN GJL250, the stress controlled nucleation
criteria is applied. For EN GJS700 and EN GJV450 the material properties
are available between 20 and 500 °C. For EN GJL250 the material properties
were determined between 20 and 450 °C. The finite-element is heated up from
50 to 450 °C, respectively 400 °C. Afterwards it is cooled down to 50 °C and
the cycle is repeated. The applied temperature rate 0 can be taken from figure
1. Figure 2, 3 and 4 (a) show the computed stress temperature hysteresis for
the three materials and the experimentally measured values given in [6]. A
good agreement between simulation and experimental data is present.

Figure 2, 3 and 4 (b) show the 22-component of the analytically and nu-
merically computed consistent material tangent (DDSDDE) in Voigt notation
for the three different materials plotted over the respective increment. Ana-
lytically and numerically computed consistent material tangent coincide well
and is a measure for the quality of the derivation and correct implementation
of the algorithm.

5.2 Performance of the new algorithm

In order to compare the performance of the presented algorithm with existing
ones, one cubic finite-element with linear shape functions is subjected to three
uniaxial isothermal loading cycles with prescribed displacements. The maximal
strain amplitude is 0.2 % in both, tension and compression. A strain rate of
0.002 1/s is used. For the computation, the material parameters at 20 °C of
EN GJV450 presented in [6] are used. The nucleation of new pores is not
considered. The yield stress is 1 MPa and thus the yield criteria is violated in
almost every increment. A constant time increment of 0.01 seconds is used in
both computations. The uniaxial stress response versus time is shown in figure
5. The CPU time that is needed to solve the given boundary value problem
with the algorithmic formulation of [13] is about 75 % larger compared to the
time for the algorithmic formulation of this work.
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Fig. 1 Applied temperature time history
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Fig. 2 EN GJS700, (a) stress temperature hysteresis, (b) consistent material tangent

5.3 Finite-element model of a three cylinder engine block

The cast iron plasticity model is applied to compute stresses and plastic strains
in a three cylinder engine block provided by the Ford Motor Company using
the presented algorithm. The finite-element model of the block, where the
cast iron plasticity model is applied, consists of 340070 tetrahedron elements
(C3D10M) with hourglass control and 4 integration points per element. The
finite-element mesh of the engine is shown in figure 6. Three thermomechan-
ical loading cycles are considered. One loading cycle consists of an heating-
up period that takes 100 seconds until maximum temperature and a cooling
down period that takes 1000 seconds to reach room temperature. The tem-
perature field at maximum temperature is supplied by Ford Motor Company.
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Fig. 3 EN GJV450, (a) stress temperature hysteresis, (b) consistent material tangent
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Fig. 4 EN GJL250, (a) stress temperature hysteresis, (b) consistent material tangent

An overview of the accumulated plastic strain after the three cycles is given
in figure 7. The location of maximum accumulated plastic strain (red colour)
lies between the bore-holes for the valves, where thermal strains are severely
constraint. The application of the presented, rather sophisticated model to a
large scale finite element boundary value problem proofed that the presented
implementation is well set-up for industrial use that is of great interest for the
application oriented research.

6 Discussion and conclusion

In this work, an reduced algorithm for the numerical integration and finite-
element implementation of a class of pressure dependent plasticity with nonlin-
ear isotropic and kinematic hardening is proposed. The plasticity model uses
an Armstrong-Frederik-type kinematic hardening law [14]. It is shown that in
the algorithmic framework the direction of plastic flow is known in advance so
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—o— This work
—[13]
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Fig. 5 Computed uniaxial stress, this work and [13]

Fig. 6 Finite-element model of the engine

that it is not introduced as an unknown and the backstresses can be computed
explicitly. Similar arguments were exploited and applied in the case of pres-
sure independent (von Mises) plasticity models and a constant elastic stiffness
tensor [15][16][17].

The derivation of the integration algorithm and the consistent tangent
includes several algebraic manipulations, so that some effort is necessary to
derive the corresponding algorithmic expressions for a certain plasticity model.
Indeed, the implementations of the models with the canonical form integration
algorithms of e.g. [12][13] do not include such manipulations. Hence, a signif-
icantly larger number of unknowns are present resulting in larger systems of
equations to be solved. In order to test and validate new models, implemen-
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(a) (b)

Fig. 7 Accumulated plastic strain after the third cycle, (a) Overview, (b) Cut

tations based on the canonical form algorithms might be useful. However,
especially for large-scale finite-element models in the daily industrial practice,
where low computation times are required, this algorithm is the better choice.

While the presentation of the algorithm was restricted to Armstrong-Frederik-

type kinematic hardening laws, other hardening laws, as the models proposed
by Ohno-Wang [36][37] and Jiang [38][39] can be incorporated as well. These
models also use the norm of the backstress in the evolution equations. Within
the presented algorithm, the norm can be treated as a scalar state variable, so
that only one equation is added to the system of equations to be solved.

A sophisticated cast iron plasticity model was implemented with the pre-
sented algorithm into the finite-element program ABAQUS. It was applied
to a large-scale finite-element model of a three cylinder engine block. This
application proved the applicability of the algorithm for industrial use. In
[41][42][43][44] the presented deformation model was applied to compute stresses
and strains which are used as an input for a mechanism-based lifetime model.
The model is currently used in several companies within the design process.
Mainly under thermomechanical fatigue loading, the critical regions in the
components are detected and can be optimized before expensive and time
consuming bench and field tests are accomplished.
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