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Abstract

The use of functionalized membranes for the removal of contaminants from water is a
promising method. Given the expense and difficulty of designing efficient membranes, math-
ematical modeling and numerical simulation has an essential role to play in aiding the design
process of efficient membranes and informing membrane producers of optimal operational
conditions. A pore–scale model of the processes under consideration allows for an accurate
description of the contaminant capturing and membrane efficiency, which requires a precise
representation of the membrane geometry as this is fundamental to characterizing the flow
and adsorption correctly. In this report we focus on the generation of a virtual membrane
geometry to describe a real commercially available microfiltration membrane, and discuss
the validation of such a process. Once this is performed properly, numerical experiments
on the membrane efficiency to specific contaminants of interest will provide valuable infor-
mation and aid membrane producers in their generation of membranes, allowing efficient
membranes suitable for the specific purpose of interest to be designed.

1 Introduction

The increasing world population is resulting in ever growing demands on current supplies of
clean water. Although health organizations are devoting significant resources to improving
provisions, there are inadequate supplies of clean water in many parts of the world. Sufficient
supplies of safe water for drinking and cooking is vital to maintain health and prevent disease,
but it is estimated that about 1 billion people worldwide do not have access to a constantly safe
water supply [9, 14], and millions die each year due to waterborne infections [4] To achieve the
targets set by multiple health organizations, research into new and efficient methods of water
purification is essential [16, 4]. Purification of water is often achieved using filtration methods,
where a membrane is used to separate out impurities.

In this report we are specifically interested in the use of functionalized membranes for the re-
moval of contaminants from water. Such membranes could be used to purify water for human
consumption, but may also be used to remove pollutants from waste water to prevent con-
tamination and protect existing water supplies. The functionalization of a membrane involves
chemically altering the pore–wall of the membrane such that it adsorbs a certain type of particle.
This funtionalization can be achieved by either surface coating or surface grafting [13, 20]. Such
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a modification allows membranes with larger pores than in traditional filtration membranes to
be used, which reduces the pressure difference over the membrane required and consequently
reduces the operational energy consumption. However, designing efficient membranes is a long
and complex process, requiring a prototype to exist and extensive testing to be performed.
Mathematical modeling, along with numerical simulation, has the ability to significantly aid
the design process. Once a mathematical model has been validated, it may be used to virtually
test possible prototypes, or to optimize the experimental setup for a particular membrane.

In this report we consider a pore–scale mathematical model for the transport and reaction of
a contaminant within a fluid. A pore–scale representation allows for a more accurate descrip-
tion of the local flow, pressure and contaminant concentration than the upscaled equivalent,
although obtaining a solution of the system of equations is more computationally demanding.
Furthermore, it is not always possible to obtain an homogenized description of the processes
of interest, due to the assumptions made during the upscaling procedure being violated, or
simply not adequate enough to represent the phenomena under consideration [5]. However, for
a pore–scale model, obtaining an adequate representation of the geometric domain is a funda-
mental step, and the specific focus of this report. Ideally, as a starting point one would acquire
a resolved geometry directly from 3D imaging methods. However, in our case the resolution of
micro computerized tomography is not high enough to provide an accurate description of the
morphology of microfiltration membranes. In this case, one often needs to virtually generate
a membrane, using experimentally evaluated properties such as porosity and pore size distri-
bution, along with scanning electron microscopy (SEM) images of the membrane. Matching
the permeability of the resultant virtually generated membrane to the experimentally evaluated
quantity on the real membrane is one approach to validate the resultant geometry. Once a
representative virtual membrane has been generated, it may then be used to test the adsorption
of certain contaminants under different flow rates. Furthermore, manipulation of the virtual
geometry and a study of the effect this has on the contaminant transport can inform membrane
designers of changes they could make to their design to improve the membrane efficiency.

The remainder of this report is organized as follows. We first describe a mathematical model
describing contaminant transport and adsorption within a resolved membrane geometry in Sec-
tion 2. The flow of the fluid is described by the incompressible Navier–Stokes system of equa-
tions, while the transport of a contaminant is modeled by an advection–diffusion equation with
the adsorption at the pore–walls accounted for by a Robin boundary condition. We note that,
while we present the full model here, we present numerical results for the fluid flow only. In
Section 3 we present details of the membrane under consideration including experimentally eval-
uated characteristics. We then outline the process of virtual membrane generation in Section 4,
with the aim of quantitatively describing a commercially available microfiltration membrane.
Finally, we draw some conclusions in Section 5 and describe avenues for future work.

2 Mathematical model

In the following we denote our computational domain by Ω, an open subset of R3, and consider
a dead–end setup. We assume that our domain is fully saturated such that we can split Ω into
a fluid–only region, Ωf , and a solid region, Ωs, where Ω = Ωf ∪ Ωs. Denoting the external
boundary of Ω by ∂Ω, we denote the inflow and outflow portions of the boundary by ∂Ωin and
∂Ωout respectively. The solid portion of the external boundary is denoted by ∂Ωsolid, where
we assume that ∂Ωsolid ∪ ∂Ωinflow ∪ ∂Ωout = ∂Ω. A schematic of the computational domain is
illustrated in Figure 1. We denote the internal interface between the fluid and solid domains
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Figure 1: A schematic of the computational domain. The grey region indicates the solid portion
of the domain, Ωs, while the white region indicates the fluid portion, Ωf . The arrows show the
direction of flow, with the inflow and outflow portions of the boundary indicated by dashed
lines, while the solid portion of the boundary is represented by a solid line. A small portion
of the membrane geometry is magnified on the right hand side of the picture, to illustrate the
position of the fluid–solid interface boundary, on which we assume reactions occur.

in Ω by Γ = Ωf ∩ Ωs\∂Ω ∈ R2, which we assume can be split into P + 1, for P ≥ 0, different
types of distinct boundaries, so that

Γ =

P⋃
k=0

Γk, Γi ∩ Γj = ∅, i 6= j. (1)

where Γ0 is assumed to be non–reactive, and could be the empty set. Such a distinction allows
us to prescribe different types of boundary reactions, which could account for different material
properties, for example different types or levels of membrane functionalization.

We make the assumption that the volume of contaminant adsorbed at the pore–wall is small
enough that it does not alter the spatial position of the fluid–solid interface through the time
period of interest. Within the fluid domain, we may describe the flow by the steady–state
incompressible Navier-Stokes equations [3]:

ρv · ∇v = −∇p+ µ∇2v, ∇ · v = 0, x ∈ Ωf , (2)

where ρ > 0, µ > 0, v, p are the density, viscosity, velocity and pressure of the fluid respectively,
where we assume that ρ and µ are spatially and temporally constant. Suitable boundary
conditions on the inflow and outflow portions of the boundary are given by

v = Vinn, x ∈ ∂Ωin, (3)

p = Pout, ∇v · n = 0, x ∈ ∂Ωout, (4)

where n is the outward facing normal, Vin is the fluid velocity at the inlet and Pout is the
pressure at the outlet. Further boundary conditions need to be prescribed on Γ and ∂Ωsolid. If
the solid material does not generate fluid slip, then the boundary condition

v = 0, x ∈ Γ ∪ ∂Ωsolid, (5)

3



are suitable. However, in some cases, slip may be generated, for example during the function-
alization of the membrane or by altering the membrane wettability, in which case the above
boundary condition is no longer suitable [17]. Several possible boundary conditions to account
for such conditions are possible, but the most popular is the Navier–Maxwell slip which states
that the tangential velocity is proportional to the shear stress:

v · n = 0, v · t = λ∇v · t, (6)

where t is any unit tangent to the surface, such that t · n = 0, and λ is the slip length [19].

Denoting the concentration of the particle under consideration by c(x, t), measured in particle
number per unit volume, for x ∈ Ωf , t ≥ 0, by the conservation of mass, the spatio–temporal
distribution is described by the advection–diffusion–reaction equation:

∂c

∂t
+∇ · (vc) = ∇ · (D∇c) , x ∈ Ωf , t > 0. (7)

Here D is the effective diffusion coefficient, which we assume is constant. The Equation (7) is
accompanied by the initial conditions

c(x, 0) = C0(x), x ∈ Ω, (8)

where C0(x) is a known function. Boundary conditions on the inflow and outflow boundaries
are given by

c = Cin, x ∈ ∂Ωinflow,
∇c · n = 0, x ∈ ∂Ωoutflow,

t > 0 (9)

along with no flux of the particle in solution through the solid boundaries:

∇c · n = 0, x ∈ Γ0 ∪ ∂Ωsolid, t > 0. (10)

In order to account for reactions of the contaminant at the solid–fluid interface, i.e. the pore–
wall, by the conservation of mass the flux across the interface is equal to the increase in the
adsorbed concentration:

D∇c · n =
∂M

∂t
, x ∈ Γk, t > 0, (11)

where M(x, t) is the concentration of the adsorbed contaminant, measured in number per unit
area, for k ≥ 1. This boundary condition needs to be accompanied by an appropriate description
of the kinetics of adsorption [12]. Two of the most popular isotherms used to describe this are
the Henry and Langmuir isotherms, given by

∂M

∂t
= kads,kC − kdes,kM, x ∈ Γk, t > 0, (12)

and
∂M

∂t
= kads,kC

(
1− M

M∞,k

)
− kdes,kM, x ∈ Γk, t > 0, (13)

respectively. Here kads,k and kdes,k are the rate of adsorption and desorption respectively, and
M∞,k is the maximal possible surface concentration of adsorbed contaminant on the reactive
boundary type k ≥ 1. The Henry isotherm assumes the rate of adsorption is proportional to the
fluid concentration, independent on the number of particles already adsorbed, and thus is only
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(a) Top (b) Bottom

(c) Cross section

Figure 2: Scanning electron microscopy images of a commercially available microfiltration mem-
brane. Figures (a) and (b) illustrate the top and the bottom of the membrane respectively, while
(c) shows a cross sectional image revealing the internal structure.

a suitable description of adsorption when the quantity of adsorbed contaminant is small enough
not to affect the rate of adsorption. The Langmuir isotherm has the advantage over the Henry
isotherm in the fact that sites occupied by existing adsorbed particles are accounted for, and
so the isotherm predicts saturation as time progresses. Transition state theory and molecular
dynamic simulations may be used to determine the adsorption and desorption rates for a given
containment to the particular surface under consideration [8].

The details of the numerical implementation for the above system of equations is described in
detail in [10].

3 Experimental evaluation of the membrane

Experiments to determine the permeability and porosity of a commercially available Polyvinyli-
denedifluoride (PVDF) microfiltration membrane, with a cross sectional area of 11.3 cm2 were
performed. A nominal pore size of 0.22 µm is stated by the manufacturer of this membrane,
although no details on the methods used to obtain this number are available. Several methods

5



exist for estimating the average pore size, one of which is to test for the total retention of specific
microorganisms. However, due to the possible size variation in these organisms, this method
may give an inaccurate picture of the actual pore size of the membrane [15]. Figure 2 illustrates
SEM images of sections of the top and bottom surfaces of the membrane and the internal mor-
phology of the membrane. The membrane porosity, defined as the ratio between the volume of
the voids and the total volume occupied by the membrane, was determined according to the
gravimetric methods, as described in [18]. An average value of 60 ± 2 % was obtained, which
represents an average void volume fraction of the whole item. The thickness of the samples was
measured using a digital caliper on several points of the membrane, yielding a value of 110 µm.

Water flux measurements were conducted at room temperature using a dead–end configuration.
Pressure was varied in the range of 0.3 – 3 bar, with a constant nitrogen pressure maintained
for each experiment, in order to verify the validity of Darcy’s law:

v = −κ
µ
∇p, (14)

where κ is the medium permeability measured in units of length squared [6]. An average flux
of 19600 l/(m2 h) at 1 bar was obtained. Using a membrane thickness of 110 µm and a water
viscosity of 8.94 × 10−4 Pa s, the measured values of the membrane permeability equate to an
average permeability of 5.33× 10−15 m2, with measured values ranging 5.09 – 7.02× 10−15 m2.

4 Membrane Generation and permeability results

We aim to generate a virtual membrane that represents the real membrane as accurately as
possible. Due to the size of the pores, on the scale of hundreds of nanometers, in comparison to
the size of the total membrane, with a cross sectional area on the scale of centimeters squared,
numerical simulation on a fully resolved geometry of the whole membrane is computationally
infeasible. Consequently we perform numerical results on a smaller representative elementary
volume.

As discussed in the introduction, the membrane morphology is highly influential on the quan-
tity of contaminant adsorbed due to the dependence of the adsorption dynamics on the local
concentration of contaminant within the fluid, the local velocity field and the interplay of the ad-
sorption and desorption rates. As such, the geometry chosen for the simulation of contaminant
transport will have a significant effect on the evaluated membrane efficiency.

For the purposes of membrane generation, we make the assumption that the membrane is sym-
metric and isotropic. We note that, a comparison of Figures 2(a) and (b) indicate asymmetry
and possible anisotropy of the membrane, as the top and bottom images show different at-
tributes. However, without details of the nature of this asymmetry and possible anisotropy, we
proceed with this assumption.

In the absence of experimentally evaluated pore size distribution, we assume that the mean pore
size is equivalent to the state nominal pore size. Using this, a virtual membrane is generated in
GeoDict [2] in a similar manner as outlined in [7] with the aim of representing the membrane
morphology. The resultant structure, which we call Virtual Membrane 1 for identification
purposes, shows a porosity of 59.89% and a mean pore size of 0.22 µma and is illustrated in
Figure 3(b).

ameasured by the granulometry function in the PoroDict module within Geodict
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(a) 3D image of virtual membrane

(b) 2D image of virtual membrane (c) Real membrane SEM

Figure 3: Virtual membrane 1, with a mean pore size of 0.22 µm as evaluated by the granu-
lometry method within GeoDict, and a SEM image of a section of the top of the membrane at
a similar magnification.

In order to evaluate the permeability of the generated structure, we solve Equation (2) with
the boundary conditions given by Equations (3) – (5), where we use one inflow and one outflow
boundary. Molecular dynamics simulation illustrates that there is very minimal, if no, slip
generated on a PVDF surface without functionalization [8], and, as such, the use of no–slip
boundary conditions are suitable. This is performed in GeoDict [2].

Solving for the flow in the 3D geometry illustrated in Figure 3(a) gives a permeability of
4.97× 10−16 m2, an order of magnitude lower than that evaluated experimentally. Exami-
nation of Figure 3 indicates that a mean pore size of 0.22 µm, similar to the state nominal pore
size, is much smaller than the pore size of the membrane.

A visual examination of the SEM images in Figure 2 indicates a significantly larger average pore
size than 220 nanometers, for example by comparing the void space to the scale bar. Motivated
by this, we increase the mean pore size while keeping the porosity within the experimentally
measured range. Two virtual membranes, which we call Virtual Membrane 2 and Virtual Mem-
brane 3 for identification purposes, are generated, as illustrated in Figure 4 and 5 respectively.
Computing the fluid flow, the membranes give permeability measurements of 5.91 × 10−15 m2
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Table 1: Experimentally measured results on the real membrane, and those evaluated on the
three virtual membranes generated. Two separate methods for determining the pore size dis-
tribution, porosimetry and granulometry, for the virtual membranes within GeoDict [2] were
used.

Membrane
Mean pore size (µm) Porosity Permeability Tortuosity

Porosimetry Granulometry (%) (m2) factor

Real —– 58.4 – 62.2 5.09 – 7.02× 10−15 —

Virtual 1 0.18 0.22 59.9 4.97× 10−16 2.01

Virtual 2 0.58 0.71 60.0 5.91× 10−15 1.81

Virtual 3 0.59 0.74 59.8 5.43× 10−15 2.01

and 5.43× 10−15 m2 respectively, within the range measured on the real membrane experimen-
tally.

Results of the numerical evaluation of the pore size distribution of the three virtual membranes
are reproduced in Figure 6, using both granulometry and porosimetry methods within the
PoroDict module in GeoDict. The former method determines the pore size by fitting spheres
of different radii into the pores, whereas the latter method numerically evaluates the volume
of a non–wetting fluid adsorbed at the membrane surface, with the aim of reproducing similar
results to the experimental method with the same name [2]. Examination of Figure 6 clearly
illustrates that the second and third virtual membranes, although matching the experimentally
evaluated permeability, show larger average pore sizes than the nominal pore size stated by
the manufacturer. Although a clear disparity, comparing Figures 4(a) and (c), which are at
a similar magnification, suggests a mean pore size on the order of 0.7 µm is a more accurate
measurement as the morphologies and pore size distribution of the real and virtual membranes
look similar.

We note that all the virtual membranes generated exhibit a tortuosity factor within the expected
range. The measured tortuosity factor for microfiltration membranes are typically in the range
of 1.5 – 3 [11]. Using the DiffuDict package within GeoDict, the evaluated tortuosity factors of
the three virtual membranes are given, along with porosity, mean pore size and permeability,
in Table 1.

Figure 7 illustrates numerical results for the two membranes where a permeability match to
the experiments was achieved. Although both membranes show a similar permeability, the
pressure and velocity distributions are clearly different. The heterogeneity in these distributions
will affect the local concentration of contaminant and the quantity adsorbed at the fluid–solid
surface. This illustrates the importance of the virtual geometry correctly characterizing the
morphology of the real membrane, so that it is as representative as possible.

5 Conclusion

We have outlined a mathematical model for describing the transport and reaction of a contam-
inant at the pore–scale in a resolved geometry of a microfiltration membrane. Although our
specific interest here is in functionalized membranes for water filtration, our model is suitable
for describing the transport of any solute within a fluid, with reactions at an interface.
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(a)

(b)

(c)

Figure 4: A comparison of an SEM image of the real membrane and the second virtual mem-
brane, which shows a similar permeability to that evaluated experimentally, at similar mag-
nifications. Figure (a) illustrates an SEM image of a portion of the top of the membrane at
20,000 times magnification. Figure (b) shows a 3D visualization of the virtual membrane, and
Figure (c) shows a 2D cross–section.
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(a)
(b)

Figure 5: Images to illustrate the morphology of the third virtual membrane, which shows a
similar permeability to that evaluated experimentally. Figure (a) shows a 3D visualization of
the virtual membrane, and Figure (b) shows a 2D cross–section.

Using an experimentally evaluated porosity of a real commercially available microfiltration
membrane, we have generated three virtual membranes, two of which show a permeability
match to the real membrane. Furthermore, visual inspection illustrates a similar morphology
and the evaluated tortuosity factor lies within the expected range. Further validation of our
generated membranes could be achieved by a comparison of the pore size distribution, tortuosity
factor and bubble point to those evaluated on the real membrane.

Future work will involve simulating contaminant transport and reactions at the fluid–solid in-
terface, using Equations (7) – (13), with the diffusion, adsorption and desorption coefficients
obtained from molecular dynamic simulation. This will be achieved in a customized extension
of the filtEST software [1], and will enable us to numerically evaluate the efficiency of the mem-
brane for different types of contaminants, depending on the flow rate and inflow concentration.
Furthermore, we could investigate the effect of the surface concentration and positioning of the
functional groups, to see if this plays a significant role on the membrane efficiency. These in-
vestigations to evaluate the membrane efficiency for a particular pollutant will be of particular
interest to membrane designers.
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Figure 6: The pore size distribution of the three virtual membranes, evaluated in GeoDict [2],
using both a geometric method and a porosimetry method.
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