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.. small errors will accumulate and cause the computation to go off track." - Rolf
Landauer (1995, Is Quantum Mechanics Useful? in Philosophical Transactions)
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Abstract

Quantum computing holds the potential to address problems that are currently consid-
ered intractable for classical processors by leveraging quantum mechanical effects for
simulation, optimization, and chemistry. Despite recent technological progress, quantum
hardware remains in the noisy intermediate-scale regime, where coherence limits, gate im-
perfections, and readout errors restrict circuit depth and algorithmic reliability. Although
first demonstrations of small-scale Quantum Error Correction exist, logical processors
with low logical error rates are still distant. In the near term, even error-corrected qubits
are expected to operate with residual error, which means that improving calibration
and mitigating errors at the physical and circuit level will remain essential for obtaining
meaningful results. Established calibration routines and mitigation methods such as
Zero-Noise-Extrapolation (ZNE) are valuable, but need to be further improved and
more rigorously validated with respect to their underlying assumptions, stability and
quantitative benefits.

This thesis addresses error reduction techniques on transmon qubits through calibra-
tion, gate analysis, and circuit-level mitigation. First, a systematic comparison of two
single-qubit amplitude calibration techniques is carried out (cross-point and ping-pong
calibration), followed by an analysis of two implementations of a two-qubit gate, based
on the cross-resonance interaction. The results show that cross-point calibration offers
faster convergence, higher precision and a more favorable signal to noise ratio than
ping-pong calibration. Hamiltonian tomography confirms the validity of a reduced model
for the cross-resonance interaction, and algorithmic tests reveal that direct and echoed
CNOT gates offer complementary advantages depending on the application.

Second, the thesis develops and evaluates the method of Inverted-Circuit Zero-Noise-
Extrapolation (IC-ZNE). Its main idea consists of measuring the effective error strength
of a circuit through inverted circuits. This quantity is then used for extrapolation towards
zero noise rather than relying on simple, approximate noise scaling assumptions as in
standard ZNE. This approach constitutes a novel and original method. IC-ZNE consis-
tently produces results closer to ideal reference values than standard ZNE. The method
achieves up to 77% error reduction in observable error on the tested circuits compared
to standard ZNE and simple post processing filters can yield up to 39% reduction in
selected cases compared to standard ZNE. Further refinements introduce noise-adaptive
circuit scaling strategies that enhance mitigation outcomes without significant additional
cost. The performance of these techniques is examined across several circuits and in the
context of variational quantum algorithms. Applications to the Quantum Approximate
Optimization Algorithm and the Variational Quantum Eigensolver demonstrate that
these techniques extend the useful operating regime of current devices, although their
effectiveness decreases for very deep circuits or unfavorable variational ansatze.

Taken together, the calibration and mitigation techniques investigated and developed in
this thesis demonstrate practical routes toward enhancing the reliability of near-term
quantum processors. While they cannot replace full fault-tolerant quantum computation,
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Abstract

they offer useful and complementary capabilities that support progress toward scalable
quantum technologies.
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Zusammenfassung

Quantencomputer haben das Potenzial, Probleme zu 16sen, die fiir klassische Computer
als unzuganglich gelten, indem sie quantenmechanische Effekte beispielsweise fiir Simu-
lationen in der Chemie und fiir Optimierungen nutzen. Trotz jiingster technologischer
Fortschritte befindet sich die Quantenhardware weiterhin im ,,Noisy Intermediate Scale“-
Regime, in dem Kohérenzlimits, Gatterfehler und Auslesefehler die Schaltkreistiefe und
die Zuverlassigkeit von Algorithmen einschrénken. Obwohl erste Demonstrationen der
Quantenfehlerkorrektur in kleinem Mafistab vorliegen, sind logische Prozessoren mit
niedrigen logischen Fehlerraten noch in weiter Ferne. Kurzfristig wird daher selbst bei
fehlerkorrigierten (Qubits mit Restfehlern zu rechnen sein, sodass Verbesserungen in der
Kalibrierung und Fehlerminderung auf physikalischer und Schaltkreisebene weiterhin
entscheidend bleiben. Etablierte Kalibrationsverfahren und Fehlerreduktionsmethoden
wie die Zero-Noise-Extrapolation (ZNE) sind vielversprechend, ihre Annahmen, Stabilitét
und quantitativen Vorteile wurden jedoch auf aktueller Hardware noch nicht ausreichend
systematisch untersucht.

Diese Arbeit befasst sich mit Techniken zur Fehlerreduktion bei Transmon-Qubits durch
Kalibrierung, Gatteranalyse und Schaltkreismitigation. Zunéchst wird ein systematischer
Vergleich zweier Kalibrationstechniken fiir Ein-Qubit-Gatter (Cross-Point- und Ping-
Pong-Kalibrierung) durchgefiihrt, gefolgt von einer Analyse zweier Implementierungen
eines Zwei-Qubit-Gatters auf Basis der Cross-Resonance-Wechselwirkung. Die Ergebnisse
zeigen, dass die Cross-Point-Kalibrierung eine schnellere Konvergenz, hohere Prazision
und ein glinstigeres Signal-Rausch-Verhéltnis bietet. Die Hamilton-Tomographie bestétigt
die Validitéat eines reduzierten Modells fiir die Cross-Resonance-Wechselwirkung, und
algorithmische Tests zeigen, dass direkte und ,echoed“ CNOT-Implementierungen je
nach Anwendung komplementére Vorteile besitzen.

Anschlieend entwickelt und evaluiert die Dissertation die Inverted-Circuit Zero-Noise-
Extrapolation (IC-ZNE). Die Grundidee besteht darin, die effektive Fehlerstiarke eines
Schaltkreises mithilfe invertierte Schaltkreise zu messen. Diese Grofle wird anschlieSend
zur Extrapolation in Richtung Nullrauschen verwendet, anstatt sich wie bei der Standard-
ZNE auf einfache, approximative Annahmen zur Rauschskalierung zu stiitzen. Dieser
Ansatz stellt eine neuartige Methode dar und liefert durchweg Ergebnisse, die ndher am
idealen Referenzwert liegen als die Standard-ZNE. Die IC-ZNE erreicht auf den getesteten
Schaltkreisen eine Fehlerreduktion von bis zu 77% im Vergleich zur Standard-ZNE,
wahrend einfache Nachbearbeitungsfilter in ausgewéahlten Féllen eine Verbesserung von bis
zu 39% ermoglichen. Weitere Verfeinerungen fithren zu fehleradaptiven Skalierungsstrate-
gien, die die Mitigationsleistung ohne erheblichen Mehraufwand verbessern. Die Leis-
tungsfahigkeit dieser Methoden wird iiber verschiedene Schaltkreise hinweg und im
Kontext variationeller Quantenalgorithmen untersucht. Anwendungen auf den Quantum
Approximate Optimization Algorithm und den Variational Quantum Eigensolver zeigen,
dass diese Techniken den nutzbaren Bereich aktueller Gerate erweitern, ihre Wirksamkeit
jedoch bei sehr tiefen Schaltungen oder ungiinstigen variationellen Ansétzen abnimmt.



Zusammenfassung

Insgesamt zeigen die in dieser Arbeit untersuchten und entwickelten Kalibrations- und
Mitigationsmethoden praktische Wege zur Verbesserung der Zuverlassigkeit von Quan-
tenprozessoren der nahen Zukunft. Sie konnen zwar keine vollstandig fehlertolerante
Quantenberechnung ersetzen, bieten jedoch niitzliche und komplementare Fahigkeiten,
die den Fortschritt hin zu skalierbaren Quantentechnologien unterstiitzen.
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1 Quantum computing in the noisy
intermediate-scale era

Quantum computing was first proposed by Richard Feynman in 1982 [1]. He argued that
classical computers cannot efficiently simulate general quantum systems because the
associated Hilbert space grows exponentially with system size. According to Feynman,
a device that follows the laws of quantum mechanics could simulate a broad range of
quantum phenomena more efficiently. This includes electrons in atoms and molecules,
spin systems and chemical reactions. The field became much more active after the
introduction of Shor’s factoring algorithm in 1994 [2], which provided the first convincing
example of an exponential quantum advantage. Since then, many physical platforms
have been developed with the aim of building a scalable quantum computer.

In recent years the field has seen rapid progress, and several quantum computing
platforms have matured considerably. Each technology provides specific strengths
and faces individual challenges. Figure 1.1 illustrates this development by comparing
coherence times across leading platforms. Despite significant achievements such as early
indications of quantum utility [3] and the development of systems with hundreds of
qubits [4], the field is still far from the stage of fault tolerance through Quantum Error
Correction (QEC) [5-7]. A central criterion for assessing and comparing platforms is
their sensitivity to operational errors, which limits the achievable circuit depth and the
reliability of computations.

Current hardware approaches include solid-state platforms such as superconducting
qubits [9] and nitrogen vacancy centers in diamond [10,11] as well as atomic systems

® Superconducting T1 m  Semiconductor Ty A Iontraps Ty & Neutral atoms T; NV centers T,
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Figure 1.1: Coherence times T and Ty for a range of quantum computing platforms, based on data
compiled in Ref. [8]. The plot illustrates the substantial variation in achievable coherence times (energy-
relaxzation time Ty and dephasing time Ts) across technologies such as superconducting qubits, trapped
ions, neutral atoms, NV centres, and semiconductor spin qubits. These differences strongly influence the
attainable circuit depth and overall performance of each platform.
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Figure 1.2: (a) Comparison of qubit numbers and (b) two-qubit (entangling) gate errors for a range of
quantum computing platforms, using data from Ref. [8]. (a) The number of available qubits provides an
indication of scalability, while in (b) the entangling gate error is a key metric for algorithmic feasibility
and proximity to fault-tolerance thresholds. Together, these plots highlight the technological maturity and
limitations of each platform.

such as trapped ions [12] and neutral atoms [13]. Other solid-state approaches involve
semiconductor spin qubits in SiGe [14] and GaAs [15]. Among these technologies,
superconducting qubits have become the most widely used platform. They are based on
Josephson junctions [16] that are typically fabricated from aluminum or niobium. Several
implementations exist, for example flux qubits, phase qubits and charge qubits [17].

All quantum hardware platforms pursue the same central goals. These include increasing
coherence times (characterized by the relaxation time 7) and the dephasing time T5),
reducing gate errors with a focus on two-qubit gates, since they typically exhibit higher
error rates than single-qubit gates, and increasing the number of qubits to support more
complex algorithms. Longer coherence times allow deeper circuits and therefore more
complex computation. Lower gate errors reduce the accumulated noise in a quantum
circuit and can often be improved through more sophisticated control and calibration.
These developments across coherence, gate errors and qubit counts are summarized in
Figures 1.1 and 1.2 using data from Ref. [8]. Over the years researchers have achieved
significant progress in all of these aspects.

Superconducting qubits are widely used and accessible via well-established cloud tool-
chains. This thesis focuses on transmons [18], a charge-insensitive regime of the charge
qubit, as they combine fast, high-fidelity control with strong tooling support and device
availability. While these platforms allow for extensive calibration and mitigation studies,
coherence, gate errors and other noise sources still limit achievable circuit depth. This
motivates the techniques developed here.

Although quantum computing platforms have steadily improved over the years, their error
rates remain above fault-tolerance thresholds [19,20], and the qubit overhead required
for full fault-tolerant error correction is still beyond current practical capabilities [21,22],
even though, for example, IBM claims that error correction will be available by 2029 [23].
The first logical qubits will not be perfect either, so additional techniques will likely
remain relevant. We therefore remain in the Noisy Intermediate-Scale Quantum (NISQ)
era [24], where hardware noise continues to limit algorithmic performance. As a result,
some form of error mitigation will be essential for practical progress and for enabling
meaningful computations on today’s and future devices. One aspect of this effort involves
gate-calibration techniques [25-30], since precise calibration directly reduces operational
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errors and improves the reliability of computational results. Quantum Error Mitigation
(QEM) [31] complements these approaches by reducing the impact of noise without
requiring the large qubit counts demanded by full fault-tolerant error correction.

Quantum gate calibration covers a broad set of techniques that differ in their scope,
their underlying assumptions, and their level of hardware integration. On one side of
this spectrum are model-based calibration methods, which rely on Hamiltonian modeling
and optimal-control tools to determine suitable pulse parameters [26,32]. On the other
side are model-free or closed-loop calibration approaches [25,33]. These approaches
adjust pulse parameters based on direct measurements of the qubit response and do not
require an explicit model of the device. As quantum processors grow in size, the need for
automated and scalable calibration frameworks becomes more important [26,29,34]. Such
frameworks coordinate many interdependent calibration routines and aim to maintain
stable device performance over time.

In superconducting quantum processors, particularly in /BM’s quantum devices, a widely
used and well-established method is the ping-pong calibration technique [25]. This
method calibrates single-qubit rotation amplitudes by repeatedly applying specific gate
sequences, measuring the resulting qubit population, and adjusting the control amplitude
in small steps. The procedure is repeated until the deviation from the target rotation
becomes sufficiently small. Although the method is robust in practice, it often requires
several iterations to reach the desired accuracy. Recently, a new calibration technique
based on the cross-point protocol was introduced [35]. At the outset of this work, no
systematic comparison between these two approaches was available, and no analysis of
their respective strengths and weaknesses had been presented.

Complementary to calibration, which reduces error rates at the level of physical qubits,
and to error suppression techniques such as dynamical decoupling [36,37], QEM focuses
on reducing bias in measured observables by improving noisy results through (classical)
post-processing. Major approaches include inversion (probabilistic error cancellation
[38], PEC), projection (symmetry verification [39,40] and subspace expansion [41-43]),
purification (virtual distillation [44]), extrapolation (Zero-Noise Extrapolation [38,45,46],
ZNE), and noise tailoring (randomized compiling [47]). Each method trades bias for
variance and incurs sampling overhead, additional depth, or both. Since most mitigation
approaches assume relatively low noise levels, they only perform well when error rates
are moderate. If noise levels are too high, these mitigation techniques cease to function
reliably. ZNE is particularly widely used because it is hardware-agnostic, requires no
ancillas nor detailed noise models, integrates via simple circuit-level noise scaling (e.g.,
gate folding or pulse stretching), and offers a flexible cost—accuracy trade-off. It composes
well with readout error mitigation and other mitigation methods (e.g. Probabilistic Error
Amplification [3,48], PEA), making it useful on current quantum devices.

Despite the practical appeal of QEM, especially ZNE, several caveats remained insuffi-
ciently examined at the outset of this work. ZNE assumes a controllable, approximately
monotonic noise-scaling mechanism and sufficiently stationary noise during data col-
lection. These assumptions are rarely validated on current devices. Folding increases
effective circuit depth and can push coherence to be the limiting factor, yet principled
ways to curb overhead while preserving monotonic scaling (e.g., selective or local fold-
ing, schedule-aware folding) are not well characterized. The impact of non-Markovian,
coherent, or drift-dominated errors on extrapolation bias and variance is poorly under-
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stood, and combined strategies to re-Markovianize noise (randomized compiling, Pauli
twirling) alongside ZNE need systematic analysis. Finally, post-processing pipelines,
variance-aware weighting, outlier handling, and filtering for time-correlated runs, lack
standardized, validated methodology.

Structure of the thesis

The challenges and open questions described above are addressed in this thesis as follows.
Chapter 2 introduces the fundamental concepts on which this work is based. General
settings and notation are presented, followed by an overview of noise mechanisms in
quantum computing. The superconducting hardware used for the experimental evaluation
is briefly characterized. Relevant error-reduction strategies, including single-qubit gate
calibration, are described. Furthermore, a two-qubit gate is introduced, and two distinct
implementations of this gate are outlined. Mitigation techniques such as ZNE and
randomized compiling are discussed. Finally, two algorithms that serve as application
cases for these mitigation techniques are introduced.

An analysis and comparison of two single-qubit gate calibration methods is presented
in Chapter 3, together with an examination of the cross-resonance Hamiltonian and a
comparison of two implementations of the two-qubit gate.

The focus of Chapter 4 is the development of techniques for discrete ZNE, including a new
and original method: Inverted-Circuit Zero-Noise Extrapolation (IC-ZNE). The theory
for measuring the error strength of a circuit, its implementation, its scaling behavior,
and a comparison between standard ZNE and IC-ZNE are investigated and discussed.
Further refinements to improve extrapolation accuracy through adaptation to circuit
error rates and post-processing, also referred to as filtering techniques, are introduced
and analyzed.

In Chapter 5, applications of ZNE and IC-ZNE using variational quantum algorithms
are presented briefly and compared.

The thesis closes with conclusions and an outlook in Chapter 6. The Appendix A contains
supplementary technical material, including quantum hardware specifications, noise-
model descriptions, and detailed algorithmic implementations. A list of abbreviations,
symbol definitions, and figures is provided in Appendix B. Publications associated with
this thesis are listed in Appendix C.



2 Quantum noise, hardware control,
and error mitigation

Building on the general introduction to quantum computing platforms presented in
the previous chapter, this chapter focuses on the theoretical foundations relevant to
the operation and characterization of superconducting qubit systems. The aim is to
establish the formal framework and notation used throughout this work, providing
the basis for the description of noise processes, the calibration procedures discussed
in Chapter 3, and introduce state-of-the-art error-mitigation techniques which we will
further develop in Chapter 4. The emphasis is on concepts directly applicable to
transmon-based architectures, including their gate implementation, control mechanisms,
and error modeling. Finally, in Chapter 5, two representative algorithms are examined
to illustrate how error-mitigation methods can improve their performance.

This chapter is organized as follows. In Section 2.1, we first introduce the general
theoretical framework and notation used throughout this work. Section 2.2 provides a
concise overview of the main error sources in quantum computation and their mathemat-
ical descriptions. We then describe the experimental hardware employed in this work,
including its connectivity layout, calibration procedures for single-qubit gates, the imple-
mentation and Hamiltonian of the fundamental two-qubit gate in Section 2.3. Following
this, Section 2.4 outlines a well-established error-mitigation technique based on identity
insertions and presents randomized compiling as an additional approach to suppressing
the impact of noise. Finally, Section 2.5 introduces the theoretical background of two
variational algorithms that will be used later in this work.

2.1 General setting and notation

We consider a register of ¢ qubits with Hilbert space H = H5?. Each qubit is modeled
as a two-level subsystem with logical states |0) and |1). Unless stated otherwise, the
computational basis {|0), 1) }*7 is used.

States and operators. Pure quantum states are represented by vectors [¢) € H,
while mixed states are described by density matrices p, which are positive semidefinite
operators with unit trace. Observables correspond to Hermitian operators A, and their
ideal expectation values are computed as

(A)idear = (V[A[Y), (2.1)
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where

) = U10) (2.2)

and U is the targeted ideal circuit unitary. In practice, the implemented operation is
affected by noise and described by a quantum channel &, giving the measured noisy
expectation value

(4) = Tr{Ap), (2.3)

with

p = Eu(|0)(0]). (2.4)

Quantum operations. An ideal noiseless operation on ¢ qubits is represented by a
unitary operator U € U(27). A noisy implementation is modeled by a completely positive
trace-preserving (CPTP) map [16], also called a quantum channel,

E(p) =Y. EwpEj, (2.5)
k

where {E},} are Kraus operators satisfying 3, Ei Ej, = I [16,49]. For a unitary operation
U, the ideal channel is U(p) = UpUT. The deviation between £ and U represents the
error associated with that operation.

Quantum gates. Quantum computations are realized through a sequence of logical
operations called quantum gates. Any unitary operation on ¢ qubits can be decomposed
into single-qubit and controlled-NOT (CNOT) gates, forming a universal gate set. The
primary single-qubit gates used in this work are based on the Pauli matrices and the
Hadamard gate. Their matrix representations are given by

10 0 1 0 —i 1 0 1 (1 1
]:<o 1)’ X:<1 o)’ YZ(i 0)’ ZZ(O —1)’ H:2<1 —1)'

(2.6)
Two-qubit entangling operations are typically realized by the CNOT gate
1 000
oxot= [0 oo Y (2.7)
0010

The symbols used to represent quantum gates in circuit diagrams are shown in Figure 2.1.
These include the previously mentioned gates, as well as the measurement symbol. These
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Figure 2.1: Gate symbols in quantum computing. From left to right: 1, XY, Z, H, measurement, and
CNOT (q0 — q1). CNOT: a filled dot on gy (control) connected by a vertical line to & on q1 (target);
applies X to q1 if gqo = 1.

conventions are used for all circuit schematics throughout this work. For the CNOT (on
the right), the first qubit represents the control and the second the target.

Observables and measurements. Ideal projective measurements in the computational
basis are described by the projectors P; = |i)(i|. For a pure state |¥) the probability p;
to obtain the measurement outcome ¢ is

pi = (PP W) = | (i), (2.8)
For a mixed state p the probability is
pi = Tr[pP] = (i|pli). (2.9)

The expectation value of an observable A is estimated from the measurement statistics
of repeated circuit executions, with respect to the basis in which A is diagonal. Unless
explicitly stated otherwise, all expectation values in this work refer to measurements in
the computational Z basis, therefore to observables that are diagonal in this basis. If A
has the spectral decomposition A = Y, a; P;, then its expectation value is

(A) =3 api =3 ai(Py). (2.10)

%

If A is not diagonal in Z, we apply a basis change to A’s eigenbasis before performing a
Z-basis measurement. Pauli-X and Pauli-Y measurements are implemented by applying
the appropriate single-qubit rotations followed by a Z-basis measurement.

2.2 Noise and errors in quantum computation

Errors in quantum computing arise from imperfections in both the quantum hardware
and the associated classical control electronics. These imperfections manifest themselves
as unwanted interactions with the environment, crosstalk between qubits, control inac-
curacies, and measurement errors. Together, they lead to deviations between the ideal
and implemented quantum operations. Such effects are collectively described as noise,
modeled by quantum channels acting on the system state, except for measurement errors.

A central assumption in most quantum error models is the Markov approximation,
in which each noise process acts independently and does not depend on the system’s
past evolution [16]. Under this assumption, the system dynamics can be described by
a quantum operation, that is, a CPTP map (see Equation (2.5)). In contrast, non-
Markovian noise involves memory effects, where the environment retains information
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about previous system states. Such correlations can arise from slow parameter drift,
spectral crowding, or shared control lines.

The effect of noise and quantum operations on an open quantum system is described by a
quantum channel, a CPTP map that transforms the density matrix p, see Equation (2.5).
Under the Markov approximation and in the absence of crosstalk, the overall noisy
evolution &y for a circuit composed of sequential operations U = U, ---UyU; can be
decomposed into a product of independent quantum channels, &y = &y, o -0 &y, 0 &y, .
If the noise is also time-independent (without drift), the same channel &y, describes each
instance of a given gate U;. A key complication is crosstalk: when U; is intended as a
local operation (e.g., a one- or two-qubit gate), unwanted coupling can cause &, to affect
additional (neighboring) qubits. Moreover, if a circuit layer consists of multiple gates
acting simultaneously on different qubits, U; = U, ,,, - - - U; 2U; 1, then the decomposition
&y, = &y, ,, 0 0&y,,0&y,, is generally valid only in the absence of crosstalk. Otherwise,
the entire layer must be treated as a whole [50].

Errors can be broadly classified as coherent or incoherent [31]. Coherent errors are
systematic and unitary in nature, such as over-rotations, calibration drifts, or unwanted
phase accumulations. They correspond to small, consistent unitary deviations. Coherent
errors have been shown to accumulate faster than stochastic Pauli-type errors and can
therefore be converted into Pauli errors through suitable randomization techniques [31].
Incoherent errors arise from random processes such as energy relaxation or dephasing
and are typically modeled by non-unitary channels acting probabilistically on the system
state. In practice, both types coexist and contribute differently to experimental error
metrics.

The noise acting on qubits is often approximated by simple one-qubit quantum channels
that capture the dominant physical error processes. In this work, noise is mainly modeled
by the depolarizing channel, which represents random applications of the Pauli operators
X,Y and Z. It is a simple Markovian model that describes the replacement of the ideal
quantum state by a mixture of these three operations. The action of the depolarizing
channel on a density matrix p is given by

Eaeplp) = (L= p)p+ B(XpX +YpY + ZpZ), (2.11)

where p is the depolarizing probability. A generalized form of the depolarizing channel
for a quantum system of dimension d is given by

Eaep(p) =p 5+ (1 —D)p, (2.12)

where p denotes the state being considered, p the probability that the system is de-
polarized, d = 27 with ¢ the number of qubits, and I is the identity operator [16, p.
378]. With probability p, the state is replaced by the completely mixed state, %. This
model provides a symmetric approximation of stochastic errors and is frequently used to
describe gate imperfections in superconducting qubit systems.

Other types of noise such as bit-flip, phase-flip, amplitude damping, and phase damping
channels are often used to describe specific error mechanisms [16]. Amplitude damping
is associated with energy relaxation characterized by the time constant 7T, and phase
damping with dephasing characterized by the time constant T5. Although these channels
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are not directly used in the analysis presented here, they represent important physical
processes contributing to qubit decoherence.

In addition to gate-related noise, State-Preparation And Measurement (SPAM) errors
significantly affect experimental results [31]. Unlike gate errors, measurement errors
are not described by a quantum channel acting on the state, but instead by a classical
probabilistic model or a generalized measurement formalism. These errors are often
modeled by a classical confusion matrix A. This matrix maps the ideal outcome
probabilities pigea; to the observed ones through peisy = Apidear [51-53]. More formally,
readout errors can be described within the Positive Operator-Valued Measure (POVM)
formalism [16]. A POVM consists of measurement operators M; that satisfy M; > 0 and
> M; = 1. For a quantum state p the probability to observe outcome i is p; = Tr[pM;].
In the confusion matrix model, the POVM elements M; corresponding to noisy readout,
are assumed to be linear combinations of the ideal computational basis projectors
Pj = |7)(j|. That is, one writes M; = >_; A;); P;, which yields the same probability relation
Proisy = APideal. SPAM errors are typically characterized independently from gate errors
and corrected using measurement calibration or post-processing techniques [51,53-56].

2.3 Error reduction at the superconducting quantum
hardware and pulse level

Following the introduction of general settings, notation, and error channels, we turn to the
physical implementation of qubits. Early proposals and demonstrations in trapped-ion
systems (e.g., Cirac and Zoller [12]; Monroe and Wineland [57]) initiated a comprehensive
exploration of platforms, encompassing semiconductor spins, quantum dots, ultracold
atoms, nitrogen-vacancy centers, and photonic qubits [58]. In this work we focus on
superconducting transmission line shunted plasma oscillation (transmon) qubits [18],
realized as planar millimeter-scale circuits with Josephson junctions. Transmons are
weakly anharmonic artificial atoms that achieve charge-noise insensitivity while retaining
sufficient nonlinearity for selective control [18]. Their fabrication leverages thin-film
deposition, lithography, and junction oxidation processes common to semiconductor
manufacturing, enabling rapid design iteration [59,60]. Operating in the microwave
regime with frequencies of ~ 4 — 7 GHz benefits from mature control and readout
instrumentation. However, transmons require millikelvin environments (10-20 mK),
which imposes constraints on the wiring and thermal loads of dilution refrigerators.

The IBM Falcon (revision 5.11) chip used in this work is a fixed-frequency, supercon-
ducting transmon processor with heavy-hex connectivity [61]. This connectivity slightly
reduces qubit connectivity but also minimizes qubit frequency collisions and spectator
errors [62,63]. Each qubit is a capacitively shunted Josephson junction coupled to its
neighbors via bus resonators. Single-qubit control is performed with dedicated microwave
drive lines. Readout uses individual dispersively coupled resonators frequency-multiplexed
onto shared feedlines and amplified at base temperature (typically ~ 10 mK) using a
cryogenic low-noise amplifier. IBM’s heavy-hex layout limits each qubit connection to 1-3
nearest-neighbor connections, fewer than a square lattice, reducing frequency collisions
and long-range crosstalk [63]. Two-qubit entanglement gates are implemented with the
cross-resonance (CR) interaction on connected qubit pairs [64-66]. The architecture
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Figure 2.2: Architecture of the ibmq__ehningen device. The graph shows the connectivity (lines) between
the 27 transmon qubits (circles) on IBM’s Falcon r5.11 processor.

Figure 2.3: Additional gate symbols available on the ibmq_ehningen backend. From left to right: the
rotation gate Rz (@) with phase ¢, and the square-root-of-X gate SX.

of the ibmgq ehningen device is shown in Figure 2.2. The hardware contains 27 qubits
(circles) with their connections (lines). The native gates available and implemented in
this hardware are the identity, square-root-X (SX or v/X), X, controlled-X (CX or
CNOT), qubit reset operations, and the virtual Z-rotation (R,). The R, gate is not
implemented through a physical microwave pulse. Instead, it is realized by updating
the classical control frame, meaning that the phase reference for subsequent X and
Y rotations is shifted by the desired angle [67]. As a consequence, an R,(¢) gate has
ideally zero duration and contributes negligible extra error [67]. These gates form a
universal gate set for superconducting qubits and serve as the building blocks for all
compiled circuits on the ibmgq ehningen device. All error and gate data can be found in
Section A.1. The Rz and SX gate are described through

Rz(¢)=(€_i§ 942,), sx=vx-3(1 71 171): (2.13)

0 € 144

The symbols used to represent those quantum gates in circuit diagrams are shown in
Figure 2.3.

The following sections describe two amplitude calibration techniques for single-qubit
control [25,35] in Subsection 2.3.1. They also discuss the Hamiltonian formulation of
the CNOT gate for transmon qubits and introduce two pulse schemes: an echoed CR
scheme that yields an effective Z ® X interaction [64-66], and a direct CR scheme
that offers reduced execution time and in some cases lower error rates, discussed in
Subsection 2.3.2. Together, these tools form the foundation for minimizing operational
errors and advancing error mitigation and correction in scalable quantum architectures.

10
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2.3.1 Amplitude calibration techniques

Quantum gates are the fundamental building blocks of quantum algorithms. Achieving
low-error gate implementations is essential for reliable quantum computation [16]. Precise
control and calibration are crucial for mitigating errors that inherently challenge the
stability and fidelity of quantum operations. In superconducting transmon systems, gate
performance is limited by decoherence and control imperfections, making systematic
calibration and accurate Hamiltonian modeling essential [18,59,60]. Each qubit ¢; is
characterized by its transition frequency wy;, anharmonicity «;, and relaxation and
dephasing times 77 ;,75;. Control pulses acting on qubit 7 are parameterized by the
amplitude A;, duration 7;, and detuning A,;. Calibration procedures aim to determine
the optimal set A;, 7;, A; minimizing the average gate infidelity.

This section outlines the calibration hierarchy used to achieve high-fidelity single-qubit
control. We begin with a rough calibration to determine approximate qubit and pulse
parameters, followed by two fine amplitude calibration techniques: the ping-pong method,
which iteratively compensates amplitude-dependent rotation errors, and the cross-point
amplitude calibration, which employs an alternative ansatz for error compensation and
offers a more hardware-efficient protocol with reduced error rates. The performance of
these two fine amplitude calibration schemes is compared in Section 3.1.

2.3.1.1 Rough calibration

This section provides a brief overview of the rough amplitude calibration process used
in IBM superconducting qubit systems. This procedure yields a first approximation of
the parameters needed to operate quantum logic gates, specifically the qubit transition
frequency wg; and the approximate amplitude for a 7w-rotation (a Pauli-X gate). Small
deviations due to residual errors may remain. The first step in characterizing a transmon
qubit is to determine its transition frequency wy;, corresponding to the energy difference
between the ground state |0) and the first excited state |1). This is achieved through a
spectroscopy experiment. A microwave drive pulse with a Gaussian envelope is applied
to the qubit. The driving Hamiltonian in the frame rotating at the drive frequency wy is
given by [60]

Q
Hypive(t)/h = 5(](75)03; + Q(t)oy), (2.14)
where I(t) and () denote the dimensionless in-phase and quadrature envelope functions
of the microwave drive, o, the Pauli matrix X, and €2 is the Rabi frequency proportional
to the drive amplitude. In the rotating frame the qubit Hamiltonian is

1
Hqubit/h = §(UJ01 - wd)am (2-15)

so the spectroscopy response is maximized when the drive frequency wy, is resonant with
the qubit transition frequency wp;. The experiment involves sweeping the drive frequency
wg across a range encompassing the expected design frequency of the qubit. For each
frequency, the excited-state population P; is measured after applying the microwave
signal.

11
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The resulting spectrum typically exhibits a Lorentzian lineshape [59,60]

Amp ST
T (w—wn)?+ (%F)27

Pi(w) = Ao + (2.16)

where A, is the signal amplitude, I' the full width at half maximum of the resonance,
and A.g is a constant offset. A nonlinear least-squares fit of the measured data to
Equation (2.16) yields the rough transition frequency wp;. An example of such a
spectroscopy measurement is shown in Figure 2.4 (a). Since spectroscopy yields only a
rough estimate limited by line broadening, a follow-up Ramsey interferometry is usually
performed to fine-tune the transition frequency [59].

Once the resonance frequency wg; is known, the next step is to calibrate the amplitude of
the microwave pulse required to perform a m-rotation. This is accomplished by observing
Rabi oscillations. A resonant microwave pulse (wg = wpy) with a fixed duration and
a variable amplitude A is applied to the qubit initialized in |0). The excited-state
probability oscillates as a function of the pulse amplitude (or, equivalently, its pulse
duration)

AOSC

(Z)(A) = cos(27 franid + @) + B. (2.17)
Here Ay is the oscillation amplitude, fran; is the Rabi frequency, which defines the
oscillation period, ¢ is the phase offset, and B is a constant offset. The amplitude A,
that corresponds to a m-pulse is found at the maximum of the oscillation where (Z) is
minimal (see Figure 2.4 (b)). This occurs when the argument of the cosine is 7, giving

T—¢

A, = .
27TfRaLbi

(2.18)

Fitting the measured data to Equation (2.17) provides the parameters frap; and ¢,
allowing for the extraction of A,. This value serves as the initial, rough estimate for the
amplitude of an X-gate. An example of Rabi oscillations is shown in Figure 2.4 (b).

Beyond the rough frequency and amplitude calibration, several other characterizations
are essential for operating a transmon qubit. The Gaussian pulse is often modified to
further suppress leakage to the noncomputational |2) level due to the weak anharmonicity
of the transmon. This correction is achieved using the Derivative Removal by Adiabatic
Gate (DRAG) technique [68,69], which adds a quadrature component proportional to the
time derivative of the main pulse to reduce leakage and phase errors. Further calibrations
include state-discrimination calibration (to distinguish |0) and |1)), measurement of the
energy-relaxation time 77 [59], and determination of the coherence time 75 using, for
example, a Hahn-echo sequence [59]. Although not the primary focus of this work, these
measurements provide the essential characterization needed to assess device performance
and stability, forming the foundation for subsequent fine-calibration procedures like
error-amplification sequences for pulse duration and amplitude refinement.

12
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Figure 2.4: Example data from the rough calibration procedure. (a) Qubit spectroscopy showing a
Lorentzian response of the excited-state probability as a function of drive frequency. The vertical dashed
line marks the extracted qubit transition frequency woi. (b) Amplitude-sweep Rabi experiment showing
oscillations of the measured qubit expectation value (Z) as the drive amplitude is varied. The dotted
vertical lines represent a cosine fit used to determine the mw-pulse amplitude A,. The drive amplitude
and measured signal are given in arbitrary units, as they correspond to scaled control parameters that
depend on the specific hardware configuration and is shown here for illustration.

2.3.1.2 Ping-Pong Amplitude calibration for single-qubit control

Fine calibration is required to correct small coherent over- or under-rotations that remain
after the rough amplitude calibration (e.g., for the m-pulse). For small coherent rotation
errors 0, the gate infidelity scales quadratically as % [25]. Here, ¢ denotes the small gate
deviation of the implemented rotation angle from its ideal value, i.e., Oactual = Gidear + 0-
In the fine calibration procedure, the small over- or under-rotations of the qubit are first
amplified so that they can be measured and compensated. The method used is known
as ping-pong calibration, named after the characteristic oscillating pattern observed in
the measurement results. The basic idea is to apply the same gate repeatedly, forming
an error-amplifying sequence. If each gate has a small rotation error ¢ from the ideal
angle, applying the gate n times results in an accumulated error of n - §. By fitting this
amplified response, the correct drive amplitude can be determined with high precision.
The pulse amplitude is then updated accordingly. Increasing the number of repetitions
improves the sensitivity of the calibration but is ultimately limited by the coherence
time of the qubit and SPAM errors.

The pulse sequence for calibrating an X, or a X,/ pulse is X/ — (XW,W/Q)Q”, both
following the scheme of Ref. [25]. The initial rough amplitude estimate for the X,
pulse is taken as half of the X pulse amplitude with the same pulse duration and shape,
since the rotation angle scales approximately linearly with the drive amplitude.

The measured population of the excited state Fy(n) oscillates as a function of the
repetition number n. The data points are fitted to

Puy(n) = acos(Bn+ ¢o) + b, (2.19)

where n is the number of gate repetitions, a the oscillation amplitude, S the effective
rotation angle per gate repetition, ¢o a phase offset, and b an offset [70]. In contrast to
formulations that make the even—odd alternation arising from repeated 7/2 rotations
explicit through a factor of (—1)", as in Ref. [25], this approach incorporates such effects

13
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into the fitted parameters 8 and ¢y. This allows the same model to be used for both X,
and X/, pulses. The rotation angle error per gate is then given by

5= 8 — b, (2.20)

where 0y = 7 for the X, gate and 6y = /2 for the X/, gate. The pulse amplitude is
updated as

Aold 60
)

Note that on IBM hardware, the SX gate is implemented as a pure rotation Rx(7/2).
Alternative conventions such as v/—iX differ only by a global phase, which is irrelevant
for this calibration.

Apen = (2.21)

As the residual error becomes smaller, a larger number of repetitions is required to
achieve a meaningful update. The ping-pong calibration can therefore be repeated
iteratively until a predefined threshold ¢ is reached, enabling sub-percent precision in
gate amplitudes [25].

However, as emphasized in Ref. [25], this approach assumes that the dominant error
is a coherent, gate-local over- or under-rotation about the intended rotatation axis.
Detuning and axis misalignment, crosstalk, or slow drift can bias the inferred angle error.
Moreover, increasing the number of repetitions amplifies T} and 75 decay, which reduces
the oscillation contrast and can make the cosine fits less reliable or even ambiguous, for
example by producing weakly defined minima in the fit landscape. SPAM errors are only
partially mitigated via an offset parameter and can further distort the fit in this regime.

In addition, for weakly anharmonic qubits, repeated strong drives can induce leakage
to |2), especially if the DRAG correction is not well tuned. This breaks the effective
two-level cosine model and can cause leakage effects to be misinterpreted as amplitude
errors [68]. In practice, frequency and DRAG calibrations should therefore precede
ping-pong calibration, and the repetition range should be chosen to balance sensitivity
against decoherence and leakage [25,68].

In Figure 2.5 an exemplary calibration is shown. On the left, the rotations in a Bloch
sphere are shown for the first three points of the sequence. The measured population
plotted against the number of repetitions is shown on the right.

Overall, the ping-pong calibration provides a powerful way to amplify and correct small
coherent rotation errors, achieving sub-percent precision in gate amplitudes [25], but
it is sensitive to detuning, drift, SPAM-induced offsets, and leakage without proper
DRAG, which can all degrade the fidelity and interpretability of the fit [25,68]. In the
following section, we turn to a second calibration method that could overcome some of
the limitations of the ping-pong calibration method that we introduced in this section.

2.3.1.3 Cross-point amplitude calibration for single-qubit control
Like the ping-pong method, the cross-point amplitude calibration uses an error-amplifying

pulse sequence, but it replaces the trigonometric fitting function with a simpler zero-
crossing and linear-fit approach [35,71].
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Figure 2.5: Schematic of the amplitude-calibration (ping-pong) error-amplification protocol (adapted
from [25]). (a) Bloch-sphere depiction of the first three steps of the sequence. (b) Ground-state population
Py as a function of the number of gate repetitions n. A small initial offset 6 after the first gate is
coherently amplified under repetition, providing a sensitive indicator of amplitude miscalibration.

The cross-point calibration determines the pulse amplitude A that produces the target
rotation §(A) = 6y by executing two mirrored sequences and identifying the value at
which their measurement outcomes are equal, the so-called ’cross-point’. The symmetric
construction is expected to mitigate systematic effects such as SPAM errors or slow
readout drifts while maintaining first-order sensitivity to small coherent amplitude errors.

Let 0(A) denote the rotation angle induced by a single Gaussian-shaped pulse with
amplitude A on the qubit’s |0) <+ |1) transition. Near the correct amplitude 6, the
rotation can be written as §(A) = 6y + 0, where |0| < 1 represents a small coherent
over- or under-rotation error. Two mirrored error-amplifying sequences, S, (A4,n) and
S_(A,n), are constructed such that they respond with opposite sign to the same small
error. Here n is the number of gate repetitions. Each sequence consists of n identical
pulses with amplitude A (or opposite phase —A), followed by a single X/, pulse. This
final pulse converts the residual accumulated rotation into a measurable population
difference.

The repetition of identical pulses amplifies the coherent error approximately linearly with
n. After n applications, the total rotation error is close to n d. The measured population
Py can therefore be expanded to first order around the ideal operating point. For small
0 one obtains

Py s(A,n) & 5 % c(n) [0(A) — 6] + b, (2.22)

where ¢(n) > 0 is a proportionality factor that captures the sensitivity of the sequence to
a small rotation error and increases approximately linearly with the number of repetitions
n. The term b accounts for slowly varying offsets such as contributions from SPAM
errors or readout drift. The sign change reflects the mirroring of the two sequences.

The cross-point follows from the intersection condition
Py +(An) =Py _(An) = 0(A) =0, (2.23)

which defines the amplitude at which the target rotation 6y is realized. This zero-crossing
condition is, to first order, independent of the offset b, which makes the calibration
relatively robust against slow drifts and small SPAM asymmetries.
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In experiments, the amplitudes A are swept over a small symmetric range A € [Ag —
Ay, Ao+ Ay) around a rough estimate Ay, where A, is a deliberately applied amplitude
offset that allows the cross-point to be determined through linear fitting. The measured
data Py 4 (A,n) are then fitted to extract the intersection point A%, which corresponds
to the applied offset value at which both mirrored sequences yield equal populations.
The new calibrated amplitude is obtained as

Apew = Ao + A, (2.24)

Close to the solution, the change of the rotation angle can be linearized as 6(A) — 0y ~
B(A — A*), where (3 is a proportionality constant that quantifies the local sensitivity of
the rotation to the pulse amplitude. Substituting this into Eq. (2.22) gives the linear
model used for the experimental fit

Py (A n)~ay (A—A")+0b, with ay =2c¢(n)p. (2.25)

Equivalently, when expressed in terms of the scanned offset A 4, the fitting model becomes

Py+(Aa,n) = ax (Ag — A)) +0, (2.26)

where A% is the fitted cross-point on the A4 axis. This symmetric form ensures that the
two mirrored curves intersect at the offset corresponding to the correct amplitude.

As in the ping-pong calibration, the cross-point method can be applied to both the X
and X/, pulses. For the X -pulse calibration the pulse sequence is defined as

(X7r+A)n - X7r/2- (227)

The corresponding mirrored sequence replaces all X, pulses by phase-inverted pulses
—Xr1a, which are implemented experimentally through virtual Z gates (or Ryz(m)-
rotations) before and after the block of XA pulses. Similarly, for the X/, (or SX)
calibration the sequence

(Xrj2ra)" — Xa/2 (2.28)

is used, where the rough amplitude estimate for the X, pulses is taken as half the
amplitude of the calibrated X, pulse with identical duration and shape.

An example of the calibration process is illustrated in Figure 2.6. On the left, the
mirrored sequences are represented as Bloch-sphere trajectories, while the right panel
shows the measured excited-state population as a function of the applied amplitude
offset A4. The intersection of the two mirrored curves marks the correction value A%
for the initial amplitude Ay.

The cross-point calibration is a conceptually simple and experimentally efficient al-
ternative to trigonometric fitting—based methods such as the ping-pong calibration.
The expected advantages of this method are the partial cancellation of SPAM-related
offsets through the symmetric sequence construction, the linear relation between the
measured signal and small rotation errors, and the use of a straightforward linear or
zero-crossing fit instead of nonlinear regression. Unlike ping-pong calibration, where the
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Figure 2.6: Schematic of the amplitude-calibration (cross-point) error-amplification protocol. (a) Bloch-
sphere depiction of the mirrored error-amplifying sequences. (b) Expectation value (Z) (equivalently
the excited-state population Py = (1 —(Z))/2) as a function of the applied amplitude offset As. The
orange points indicate the negative sequence S_ and the green diamonds indicate the positive sequence
Si. The dash-dotted orange and dotted green lines indicate the linear fits. The intersection (vertical
dashed line) corresponds to the correction A% that yields the desired rotation.

amplitude is updated empirically until a ¢ threshold is reached, the optimal amplitude
for cross-point can be directly extracted from the experiment. Consequently, the method
is relatively robust against slow drifts and typically converges fast. However, the linear
approximation might limit its dynamic range. For large initial miscalibrations or in
the presence of strong decoherence, the mirrored responses may deviate from perfect
antisymmetry, which reduces the accuracy of the extracted cross-point. Determining
which method, cross-point or ping-pong, delivers better performance under realistic
experimental conditions is still unresolved and will be analyzed in Section 3.1.

2.3.2 The Controlled-Not gate and its associated Hamiltonian

Two-qubit gates create entanglement between qubits and are essential for implementing
quantum algorithms. In fixed-frequency superconducting transmon devices, such as
the IBM Fagle architecture used in this work, the CNOT gate is realized via the CR
gate. The CR gate uses a microwave drive applied to the control qubit at (or near)
the resonance frequency of the target qubit [72]. Through the fixed coupling between
neighboring qubits (typically mediated by a resonator), this drive induces an effective
conditional interaction on the target. The concept behind this gate implementation is
simple, as it requires the same type of electronic control as single-qubit gates.

The effective interaction generated by the CR drive is usually modeled by the reduced
Hamiltonian [65]

HCR = arx [®X—|—GIY [®Y+CLIZ}®Z+GZX Z®X—|—&Zy Z®Y—|—GZZ Z@Z, (229)

where X, Y, and Z are single-qubit Pauli matrices and I denotes the identity. Operators
of the form A ® B represent two-qubit Pauli operators, the first acting on the control,
and the second on the target qubit, and a,;, is the corresponding interaction strength.
The desired entangling interaction is Z ® X, the remaining terms represent single-qubit

17



2 Quantum noise, hardware control, and error mitigation

drives (I ® X, I ® Y, I ® Z) acting on the target qubit and residual couplings (Z ® Y,
Z ® Z) that arise from finite detuning, anharmonicity, and coupling. It is assumed
that the control qubit remains in its computational state, without resonant |0) <> |1)
transitions, due to the drive being off-resonant with the control’s transition frequency.

The idealized CR interaction is described by the Hamiltonian
HCR = CLZ)(Z & X, (230)

where Z and X are Pauli operators, the first acting on the control, and the second on the
target qubit, and a,, is the corresponding interaction strength. Under this interaction,
the target undergoes a rotation about X conditioned on the control’s Z state, yielding
the unitary

CR(¢) = e (#/DZ0X (2.31)

with the rotation angle ¢ set by the drive amplitude, phase, and duration [73].

Additional terms that appear in Equation (2.29) must be mitigated. A widely used
strategy is the echoed CR (ECR) gate [65], which divides the CR drive into two halves with
opposite sign and inserts a 7 pulse on the control to refocus errors. The decomposition,
that is locally equivalent to a CNOT is

CNOT = CR(—7/4)(X ® I) CR(x/4) Uy @ Us, (2.32)

where U; and U, are single-qubit unitary operations. A cancellation pulse on the target
qubit is added to suppress unwanted single-qubit drive terms, so that a;x and ary are
compensated, while the echoed structure strongly suppresses a;z and reduces sensitivity
to the static azz term.

A key calibration is the drive phase, which sets the orientation of the conditional target
drive in the X — Y plane. A relative phase ® between the Z ® Y and Z ® X components
induces a rotation in the Z ® Y-Z ® X subspace. This mixing can be expressed as

azx(P) = azxcos(®) + azysin(P), azy (P) = —azxsin(P) + azycos(P). (2.33)

By calibrating ®, such that azy(®) =~ 0, the interaction is aligned along Z ® X. If
instead the interaction is aligned along Z ® Y (e.g. ® = 90°), a local Z rotation on the
target maps ¥ — X.

The main advantages of this echoed construction are its robustness and insensitivity
to small calibration drifts. It is therefore well suited for large-scale experiments where
long-term stability is required. The disadvantages are that the echo increases the effective
gate length and introduces additional single-qubit operations, which limit the achievable
gate speed and expose the system more strongly to decoherence.

An alternative approach is the direct or echo-free CR gate [62]. In this scheme, a single
CR pulse implements the entangling operation without the use of intermediate inversion
pulses. The cancellation of parasitic terms is instead realized by active calibration
methods. A continuous microwave tone applied to the target qubit (a rotary drive) can
be used to cancel residual I ® X and I ® Y terms from the cross-resonance interaction,
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Figure 2.7: Comparison of a echoed and direct CNOT gate. Pulse-level implementation of (a) an
echoed CNOT (320 ns) between qubits 1 and 0 and (b) a direct CNOT (245.3 ns) between qubits 1 and 4
on ibmg_ehningen. The CR drive is applied on the control qubit’s channel (U1/U3), while single-qubit
operations and auziliary tones are applied on the drive channels (D0/D1/Dj). In the direct CNOT, the
additional pulse on the target qubit (CX_d4_u3) serves both as a cancellation tone to remove unwanted
terms and as a rotary drive to stabilize the target frame during the gate.

while also compensating for other coherent errors [62,73]. If tuned carefully, this allows
for a shorter and potentially higher-fidelity two-qubit gate.

The direct implementation reduces gate time and thus the exposure to decoherence.
However, it is significantly more sensitive to calibration errors and drift [62]. Moreover,
residual Z ® Z interactions and spectator effects are less effectively suppressed, and the
method tends to show a faster degradation of fidelity when the pulse duration is reduced
aggressively. The overhead of frequent recalibration could therefore be higher compared
to the echoed case.

The two different implementations of the CNOT gate are depicted in Figure 2.7 at
the pulse level with their respective pulse envelopes, i.e. the control signals sent to

19



2 Quantum noise, hardware control, and error mitigation

the qubits. Figure 2.7 (a) represents an echoed CNOT gate between qubits 1 and 0
on ibmgq__ehningen with a duration of 320 ns, and Figure 2.7 (b) a direct CNOT gate
between qubits 1 and 4 with a duration of 245.3 ns.

The structure of the pulse sequences [74] are as follows: The horizontal axis indicates
the pulse duration. Each row corresponds to a hardware channel, with the frequency of
the applied microwave pulse indicated. The drive channels (DO, D1, D4) carry signals
that directly manipulate the qubit states. The control channels (Ul and U3) use the
same physical lines, though they are used to represent pulses for multi-qubit interactions
(namely, the CR drive). They are also specially marked to distinguish them from
single-qubit drives. For the drive channels, the pulse frequency is set to the resonance
frequency of the addressed qubit (i.e., resonant single-qubit control), whereas for the
control channels, the control qubit is driven at the frequency of the target qubit (Ul:
qubit 1 is driven at the frequency of qubit 0; U3: qubit 1 is driven at the frequency of
qubit 4).

The colored shapes are GaussianSquare pulses, i.e. square pulse with Gaussian-shaped
rising and falling edges. The small black arrows denote calibrated pulse amplitude,
and circular arrows indicate virtual Z-rotations (phase or frame shifts). The labels
identify the applied pulses, with rotation angles in brackets (e.g. X (7/2) corresponds
to a rotation around the x-axis). Pulses may be positive (above the axis) or negative
(below the axis), corresponding to a 180° phase shift and thus driving the qubit in the
opposite direction. The lighter color refers to the real (in-phase) and the darker to the
imaginary (quadrature-phase) components of the waveform.

In the echoed CNOT (Figure 2.7 (a)), the CR drive is split into two halves of opposite
amplitudes with an intermediate 7m-pulse on the control qubit, which cancels unwanted
single-qubit terms. In contrast, the direct CNOT (Figure 2.7 (b)) employs a single
continuous CR pulse on the control qubit (U3). Simultaneously, an additional pulse
is applied to the target qubit (D4), labelled CX_d4_u3. This auxiliary drive acts as a
cancellation tone to compensate the unwanted I ® X and I ® Y rotations induced by
the CR interaction, while also functioning as a rotary drive that stabilizes the target
qubit’s frame throughout the gate. Together, these simultaneous drives implement the
entangling operation without the need for an echo sequence.

2.4 Algorithm- and software-level error mitigation
techniques

The high error rates of quantum gates in current Noisy Intermediate-Scale Quantum
(NISQ) devices [75] make error mitigation essential. In the long term, these errors are
expected to be addressed through Quantum Error Correction (QEC) [75,76]. However,
QEC requires a large overhead, often exceeding 1,000 physical qubits per logical qubit [77],
which remains impractical given the limited qubit counts of present-day hardware.

Quantum Error Mitigation (QEM) offers a near-term alternative by reducing the noise-
induced bias in measured expectation values without using full QEC. It combines repeated
circuit executions with classical post-processing to estimate noise-free observables, while
the noise level of individual circuit runs remains unchanged or may even be deliberately
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increased. These techniques complement ongoing hardware improvements such as
enhanced gate fidelities and reduced decoherence.

Several error-mitigation strategies requiring fewer resources than QEC have been pro-
posed. Among them, Zero-Noise Extrapolation (ZNE) estimates results in the limit of
vanishing noise [45,46, 75|, and measurement-error mitigation corrects readout errors
through calibration-matrix inversion [51,53]. Randomized compiling converts coherent
errors into stochastic Pauli errors [31,47]. Other approaches include probabilistic error
cancellation [38] and virtual distillation [44, 78].

These methods differ in their resource demands, assumptions about the noise model, and
achievable suppression levels. In this work, the focus is on ZNE and randomized compiling,
which are experimentally accessible on current superconducting-qubit platforms. The
following sections provide an overview of these techniques and their implementation:
Subsection 2.4.1 introduces ZNE with its folding schemes, and Subsection 2.4.2 describes
the randomized compiling protocol used in this work.

2.4.1 Zero-Noise Extrapolation

Zero-Noise Extrapolation [38,45] is an error-mitigation technique that estimates the ideal
expectation value of an observable A by deliberately increasing the noise in a quantum
circuit and extrapolating the measured results to the zero-noise limit. The central idea is
to evaluate the same circuit under several controlled noise-scaling conditions, described
by scaling factors \; > 1, which effectively amplify the strength of the native noise
processes while leaving the logical computation unchanged. For each scaling factor
Ai, the corresponding expectation value (A),, is measured, and these data points are
fitted with a function that models the dependence of (A), on A. Extrapolating this
function to the noiseless limit A — 0 yields an estimate of the ideal expectation value
(A)ideal = (A)r_0. ZNE protocols differ in how the noise is amplified (for example,
through gate folding [46,75] or pulse stretching [38,79]), in the number of noise-scaled
circuits that are executed, and in the choice of extrapolation function, such as linear,
polynomial, or exponential fits.

In this work, a noise-model agnostic approach for scaling the noise strength is used,
in which unitary operations U are replaced by U(UTU)" [46,75], corresponding to n
repetitions of the operation. The additional operation UTU does not modify the logical
action of the circuit, since UTU = I corresponds to the identity in the absence of noise.
The unitary folding techniques can be applied either locally or globally: in local folding,
individual gates (e.g., CNOT gates) are folded, whereas in global folding the entire
circuit U is repeated as a unitary block. While global folding amplifies all noise sources
uniformly, it can become impractical for circuits with high intrinsic noise levels, as the
accumulated errors increase rapidly with the circuit depth. The effects of these two
schemes are examined in Section 4.10.

Errors occurring in a noisy implementation of U, &y, are amplified by a factor

A=2n+1. (2.34)
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2 Quantum noise, hardware control, and error mitigation

Assuming a depolarizing noise channel A, with error probability p, which commutes with
all unitaries, the noisy implementations of U and U' can be written as

Ev =AM, U, (2.35)
Epr = A, U, (2.36

where U(p) = UpUT and UT(p) = UTpU denote the unitary quantum channels corre-
sponding to U and U, respectively. The depolarizing channel is defined as

Ap(p) = (1 —=p)p + pps;s (2.37)

where p, = 1/2% denotes the maximally mixed state of a g-qubit system and I is the
identity operator.

Under these assumptions, the noisy implementation of the folded sequence U(UTU)"
again results in a depolarizing error, now with a scaled error probability Ap to first order
in p [46,75]. This scaling arises from the fact that depolarizing noise commutes with
unitary operations, A, U = UAN, and A, UT = UTA,, which yields

Ev (En&r)" = AU (A UA U
AZH Y (Ui
— Al—(l—p)Q""’l Z/{ (238)

We thus recover the same structure as in Equation (2.35), but with the depolarizing
probability rescaled as p — 1 — (1 — p)*" ™! ~ A\p (A\p < 1), where A\ = 2n + 1. For other
error models, e.g. in the presence of coherent or gate-dependent errors, such a simple
scaling behavior does not necessarily hold. In particular, for coherent errors, the noise
channels &; and &+ may partially or completely cancel, such that &;+&y = I and no
effective noise amplification occurs. This effect will be discussed in Section 4.4.

With this folding-based method, only odd-valued amplification factors are possible,
that is A € 1,3,5,.... To achieve non-integer scaling factors, the insertion of identity
operations can be distributed randomly across the circuit [46,75]. In this case, for a target
amplification factor, each gate in the circuit, for example a CNOT gate, is independently
folded with a certain probability. For each gate n;, the local amplification factor becomes

The global, or effective, amplification factor is then given by the average over all gates,

1 N
== ; (2.40)

where N is the total number of gates in the circuit. By controlling the probability
that a given gate is folded, arbitrary effective scaling factors can be realized. For
example, folding 25% of all gates results in an average amplification factor of A = 1.5.
Averaging over many random folding realizations of the same circuit yields an overall
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2.4 Algorithm- and software-level error mitigation techniques

noise amplification equivalent to deterministic folding, while enabling continuous and
fractional values of A and leading to a more uniform distribution of noise across the circuit.
This stochastic approach is particularly useful for fine-grained noise-scaling experiments
and for smooth extrapolation in ZNE protocols, which will be used in Section 4.8.

Due to its simplicity and moderate sampling overhead, the ZNE method based on identity
insertions is frequently used to mitigate gate errors. We will now describe a common,
simple implementation. It will subsequently be referred to as standard ZNE (sZNE) in
Chapter 4. We focus on the two-qubit gate (CNOT) errors, which are the dominant
source of errors in the IBM superconducting device used in this work (i.e., one or two
orders of magnitude larger than single-qubit gate errors) [64,65,80-82]. We use noise
scaling factors A = 1 (the original circuit), A = 3 (every CNOT gate replaced by 3 CNOT
gates) and A =5 (5 CNOT gates) and measure the expectation value (A) for each value
of \.

Within the depolarizing noise model, we obtain
(A) = (1 = pM(Aidear + [1 = (1 = p)|(A)s, (2.41)

where (A), = Tr[Ap,] with p, as the completely mixed state and p the probability of
an error occurring. With the small noise approximation, using the first-order Taylor
expansion, we get

(A) 2 (1 = Ap){A)ideal + PA(A)-, (2.42)

for \p < 1.

Motivated by Equation (2.41) the measured data points of sZNE are fitted by an
exponential function

FON) = are™®* + as, (2.43)

which is expected to yield more accurate results than a linear fit [81]. The fit parameters
a; and ag are restricted to the interval [Apin, Amaz| given by the minimum and maximum
eigenvalue of A.

While Equation (2.41) is derived under the depolarizing noise model, in practice the
scaling of the error strength may differ, as will be discussed in Chapter 4.

2.4.2 Randomized Compiling

Randomized compiling [47] is a method in quantum computing that aims to mitigate the
influence of noise and operational errors which occur during the execution of quantum
gates. The essential idea is to insert random unitary operations, usually taken from
the Pauli group, which preserve the logical computation while averaging out systematic
error biases. By averaging over a large ensemble of randomized circuits, this approach
can increase the overall fidelity of a quantum computation while requiring only a small
amount of additional resources [48,83-87].

In the following we introduce the concept of Pauli twirling [47], where only Pauli gates
are inserted. The principle of Pauli twirling relies on the fact that the CNOT gate is a
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two-qubit entangling Clifford operation [88]. As a result, every Pauli operator is mapped
onto another Pauli operator when it is conjugated by a CNOT gate

CNOT P; CNOT = Pry), (2.44)

where P; with ¢ = 1,2, ..., 4% denotes multi-qubit Pauli operators, that is, tensor products
of the single-qubit Pauli operators I, X, Y or Z acting on each qubit, and 7 represents
the corresponding permutation. Since CNOTT = CNOT and P? =1, one can write

P; CNOT Py;) = CNOT. (2.45)

Applying two Pauli operators P; and Py ;) before and after a CNOT gate with a randomly
chosen index ¢ therefore preserves the logical action of the CNOT in the absence of noise.

In the presence of noise, the error channel A of a noisy CNOT gate Ecnor = A o CNOT
is transformed, on average, into a Pauli channel Ap of the form

44 449

Ap(p) = > piPipPi, pi >0, Y pi=1 (2.46)

i=1 i=1

In this expression, the Pauli operator P; is applied with probability p; and produces an
error whenever P; # 1.

Twirling can also be extended to neighboring qubits that are subject to crosstalk
effects [89,90], as discussed in Ref. [91]. Twirling randomizes the coherent interactions
between qubits, transforming them into stochastic, uncorrelated Pauli-type errors that do
not accumulate coherently throughout the circuit, thereby reducing crosstalk [92]. The
twirling process is shown in Figure 2.8. Applying the Pauli twirling gates P; and P,
before and after each CNOT gate is shown in the middle panel of Figure 2.8. Combining
these gates with adjacent single-qubit operations avoids an increase in circuit depth and
execution time (see Figure 2.8, right).

If the noisy CNOT gate originally suffers from a coherent error, meaning its error channel
A is unitary, Pauli twirling converts this error into an incoherent one. As mentioned in
Subsection 2.4.1, the scaling behaviour of the noise arising from repeated CNOT gates is
expected to be more predictable in this case.

o (@)
a { g —@
%

Figure 2.8: Illustration of the Pauli twirling process. On the left, a circuit with single-qubit gates (g;)
and a single CNOT gate is shown. In the middle, random Pauli gates (P;, Pr(;)) are inserted before
and after each CNOT gate, as well as on adjacent qubits that may experience crosstalk, without altering
the logical action of the circuit. On the right, consecutive single-qubit gates are merged into combined
gates (g;) to minimize the circuit depth.

Therefore, randomized compiling provides a practical and theoretically grounded approach
to suppressing coherent errors, effectively transforming them into stochastic noise that
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can be more easily characterized and mitigated. The Pauli twirling scheme described
here will be implemented in all experimental circuits presented in Chapter 4, unless
otherwise stated. Including it ensures that the measured noise behavior is dominated by
stochastic rather than coherent components. This enables a consistent analysis of the
error-mitigation techniques discussed in this work.

2.5 Variational quantum algorithms

Quantum algorithms promise exponential speedups over classical methods for tasks such
as integer factorization [2], the simulation of quantum systems [93] and the solution of
linear systems of equations [94]. However, the presence of noise, limited qubit numbers
and restricted connectivity continues to prevent practical implementations of these
algorithms on NISQ devices [95].

To make use of current quantum hardware, variational quantum algorithms (VQAs) have
become the most widely adopted approach. They are designed specifically to operate
within the constraints of NISQ systems by combining parametrized quantum circuits
with classical optimization. The quantum circuits prepare states with parameters that
are updated iteratively on a classical computer. This keeps the circuit depth shallow and
mitigates the effects of noise. VQAs therefore have the potential to provide a practical
pathway toward demonstrating quantum advantage with imperfect hardware.

In this section two prominently used VQAs are presented. These algorithms are applied
in Section 3.3 to compare two CNOT implementations and in Chapter 5 to evaluate the
improvements obtained through error mitigation techniques. The algorithms discussed
here are the Quantum Approximate Optimization Algorithm (QAOA) in Subsection 2.5.1
and the Variational Quantum Eigensolver (VQE) in Subsection 2.5.2.

2.5.1 Quantum Approximate Optimization Algorithm

The QAOA is a hybrid quantum-classical approach designed to approximate the optimal
solution of combinatorial optimization problems [96]. It combines a parameterized
quantum circuit with a classical optimization routine, creating an iterative feedback loop
between parameterized quantum state preparation and classical parameter adjustment.

The quantum circuit in QAOA is composed of three main components: state preparation,
the cost Hamiltonian (or phase separator), and the mixer Hamiltonian. The overall
structure and details of these components depend on the specific problem formulation
and the chosen ansatz.

State Preparation

The first step in the QAOA process is to prepare a reference state |¥g), which is
straightforward to implement on the quantum device. In the standard formulation,
|Wo) = |[4+)®™, which represents a uniform superposition over computational basis states.
For constrained or problem-tailored variants, |¥() may instead be chosen to lie within the
feasible subspace, for example by preparing the ground state of the chosen mixer [97,98].

Cost Hamiltonian (Phase Separator)
The cost function of the optimization problem is encoded into the cost Hamiltonian
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Figure 2.9: Structure of QAOA. Each qubit is initialized in the state |0) and prepared in the initial state
[@o). The cost and mizer unitaries Uc(y;) and Up(5;) are then applied p times. After measurement,
the resulting expectation value is evaluated on a classical computer to update the parameters ; and B;.
This hybrid optimization cycle is repeated until convergence or until a predefined stopping criterion is
reached.

H¢, also referred to as the phase separator. This operator applies phase shifts to the
quantum state according to the problem-specific cost function and depends on a tunable

parameter v. In the circuit representation, this operation is implemented as the unitary
Uc(yi) = e~"ifte.

Mixer Hamiltonian

The mixer Hamiltonian Hj; enables transitions between different computational basis
states, allowing the algorithm to explore the search space and satisfy problem constraints.
It introduces an additional tunable parameter, denoted 3. In the circuit representation,
it is denoted as Uy (3;) = e~ #iflm,

The parameters (v, 3) are optimized by a classical optimizer, which minimizes the
expectation value of the problem Hamiltonian. For a circuit with QAOA depth p,
the cost and mixer Hamiltonians are applied alternately p times, each with their own
pair of parameters (v;, 5;). The total number of variational parameters is therefore 2p,
forming the sequence 1, 31, ..., Vp, Bp. Larger values of p allow the QAOA circuit to
better approximate the optimal solution of the combinatorial problem, while smaller
depths provide coarser approximations with reduced circuit complexity [96].

The optimization process proceeds iteratively. In each iteration, the quantum circuit
prepares a parameterized quantum state |W(3,~)), and the corresponding expectation
value of the energy is computed as [71]

E(8,7) = (W(B,)H[¥(5,7)), (2.47)

where H is a Hamiltonian (usually H = Hg,i.e., the cost Hamiltonian). A classical
computer updates the parameters § and v to minimize Equation (2.47),

Ewin = min E(S3,7). (2.48)
By
Each such iteration of state preparation, measurement, and parameter update is referred
to as a run. The hybrid optimization cycle is repeated until convergence or until a

predefined stopping criterion is met. Figure 2.9 illustrates the general structure of the
QAOA algorithm.
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2.5.2 Variational Quantum Eigensolver

VQE is a hybrid quantum algorithm widely used for quantum-chemistry calculations
on a quantum computer to estimate molecular ground-state energies [99]. In VQE, a
parametrized quantum circuit prepares trial states on a quantum device, while a classical
optimizer updates the circuit parameters to minimize the measured energy expectation
value. Due to its variational structure, VQE can be implemented using relatively shallow
circuits when an appropriate ansatz is chosen. This makes VQE well-suited to near-term
quantum hardware [54].

For a given molecule, the electronic structure problem is mapped to an effective qubit
Hamiltonian via a fermion-to-qubit transformation, such as the Jordan-Wigner or Bravyi-
Kitaev mappings [100-102]. The Hamiltonian operator H is thus expressed as a weighted
sum of Pauli operators P;

H = Z hZP,, (249)

where the coefficients h; encode the information about the molecular system under
consideration.

The VQE algorithm minimizes the expectation value of the Hamiltonian with respect to
a parametrized quantum state. The energy function is

—

E(6) = (W (0|H|V(6)), (2.50)

where the trial state |U(6)) is generated by a parametrized unitary ansatz U(6) that acts
on an initial reference state |¥) [95]. The vector @ contains all variational parameters
of the ansatz. Typical ansatze include hardware-efficient layers or chemically motivated
unitary coupled-cluster [103-105]. Because each Pauli operator P; can be measured
independently on the quantum device, the total energy can be reconstructed by summing
the measured expectation values weighted by the corresponding coefficients h;. In practice,
commuting Pauli terms are often grouped to reduce the number of measurements, while
error mitigation techniques can be employed to improve the accuracy of the estimated
energy [54,79,106,107].

By evaluating the ground-state energy for different internuclear distances R, VQE can be
used to construct molecular potential energy curves, from which the equilibrium distance
Ry is obtained as the location of the energy minimum.

The algorithm proceeds in iterative steps. First the quantum device prepares the state
|W(6)). Second the expectation values of the Pauli operators P; are measured and used to

evaluate £/ (9) Third a classical optimizer updates the parameters 0 to reduce the energy.
The procedure is repeated until convergence. The workflow is shown in Figure 2.10.
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Figure 2.10: Structure of VQE. Each qubit is initialized in the state |0) and the trial state |V (6))
is prepared, starting with an ansatz and initial parameters 0y. Fxpectation values of Pauli terms are
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measured and combined to compute E(0) on a classical computer. A classical optimizer updates the

parameters . This hybrid optimization loop repeats until convergence or until a predefined stopping
criterion is met.

The Rayleigh—Ritz variational principle [108,109] provides the theoretical foundation
of the method. For any normalized state |U) expressed in the eigenbasis |U;) of the
Hamiltonian with eigenvalues b; one obtains

(VIHE) = > bil(Ti )" > b, (2.51)

where by, is the smallest eigenvalue of H. Therefore
E(0) > Ey, (2.52)

where Ej is the exact ground state energy. The estimated energy thus approaches the
true ground state energy from above in the noiseless and infinite-shot limit [99].
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analysis of quantum gates at the
pulse level

The performance of a quantum processor depends on how precisely its control pulses
implement the intended unitary operations. Small errors in amplitude, detuning, or
phase accumulate to cause gate infidelities, resulting in coherent over- or under-rotations,
undesired Stark shifts, or leakage out of the computational subspace. Therefore, achieving
reliable, high-fidelity gates requires continuous calibration and a clear mapping from
experimental control parameters to the effective qubit Hamiltonian.

This chapter validates, and compares pulse-level calibrations for transmon qubits, moving
from single-qubit to two-qubit operations and linking gate-level metrics to algorithmic
performance. First, we examine single-qubit amplitude calibration techniques using two
error-amplifying sequences in Section 3.1. We detail their sensitivity to state preparation
and measurement (SPAM) errors and fit instability, and demonstrate how robust fitting
and reduced shot counts can still yield stable results. We quantify the trade-offs between
the number of shots and the number of rounds for each method.

Next, we examine the echoed Controlled-NOT (CNOT) gate, a two-qubit gate that
enables entanglement and conditional logic operations, in Section 3.2. We examine
the general form of a two-qubit Hamiltonian in the Pauli basis, identify the relevant
interaction terms, and determine whether a reduced Hamiltonian model is sufficient. We
validate the accuracy of the model and identify the dominant relevant terms through a
combination of simulation and experimentation.

Finally, in Section 3.3 we compare two CNOT gate implementations. We characterize
performance trade-offs, such as gate time, error rates, and crosstalk. Then we evalu-

ate their effect on algorithmic output using the Quantum Approximate Optimization
Algorithm (QAOA) as a benchmark.

3.1 Comparison of ping-pong and cross-point amplitude
calibration for single-qubit gates

Part of the results in this chapter originated during the Qiskit Advocate Mentorship
Program (QAMP) and were later extended in collaboration with Naoki Kanazawa (IBM
Research—Japan).

In order to perform useful quantum computations, it is essential to use well-calibrated
control pulses that minimize systematic errors and maintain high gate fidelity. Small
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deviations in the drive amplitude lead to coherent over- or under-rotations, which accu-
mulate as algorithmic error or manifest themselves as instability in benchmarking results.
In Subsection 2.3.1, two amplitude-calibration techniques based on error-amplifying
pulse sequences were introduced: the ping-pong and cross-point methods. Both rely on
repeated gate application to amplify small coherent errors, but they differ in how the
calibration parameter is extracted from the measured data.

In this section, a comparison is made between the performance of two calibration methods
on single-qubit X and X/, gates. First, we present representative datasets for ping-
pong and cross-point calibration. Using these datasets, we demonstrate issues such as
poor data quality affecting the trigonometric fit and nonlinear terms affecting the linear
fit. These instances highlight the method’s sensitivity to fitting noise, initial parameter
guesses, and other errors. Subsequent experiments systematically vary the number of
measurement shots and the number of calibration rounds to quantify their effect on the
stability and accuracy of both approaches.

The data are fitted with the functions described in Subsection 2.3.1, see Equations (2.19)
and (2.26). Both calibration methods start from the same rough amplitude estimate.
For the ping—pong calibration, Python’s curve_fit function is applied with suitable
initial guesses and parameter bounds. For the cross—point calibration, an additional
Savitzky—Golay filter [110] is applied to smoothen the experimental data before performing
a linear fit. This preprocessing is justified since a local linear dependence is assumed in
the cross-point model, and the Savitzky—Golay filter acts as a one-dimensional smoothing
kernel. All experiments and analyses were implemented using the Qiskit Experiments
library [70], which was extended by the author and Naoki Kanazawa to incorporate the
cross-point calibration method.

Both calibration methods were evaluated on ibmq _ehningen using qubit 0 with 256 shots
per data point. For the cross—point calibration, 21 A4 steps were used in the range
[—0.03,0.03], while the ping—pong calibration used 14 gate repetitions. The cross—point
method therefore requires more distinct amplitude settings, but it may need fewer shots
per point to reach the same accuracy. This could result in similar total resource costs
for both approaches, which will be examined later. Figure 3.1 presents the results from
the first calibration round following the initial rough X,-pulse amplitude estimate.

Although both calibrations use 256 shots per data point, the ping-pong sequence, see
Figure 3.1 (a), produces an irregular oscillatory signal, which complicates a stable cosine
fit. This can arise from undersampling of the oscillation period or from systematic effects
such as SPAM offsets, residual detuning, and small deviations from a linear relationship
between pulse amplitude and rotation angle. These distortions modify the sinusoidal
shape and can cause the nonlinear fit to fail.

In contrast, the cross-point calibration, see Figure 3.1 (b), yields two monotonic, mirrored
responses whose intersection can be determined through a simple linear fit. As discussed
in Subsubsection 2.3.1.3, for small amplitude errors the signal can be linearized, which
justifies the local linear fit. However, when errors becomes large, the linear approximation
no longer holds and the full periodic dependence reappears, producing sinusoidal tails
at the edges of the sweep. To maintain the validity of the linear approximation, only
the data points within a limited region around A4 = 0 are included in the fit. This
region can be determined automatically by a statistical criterion such as a x? test or by
comparing the residuals of linear fits over variable windows.
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Figure 3.1: Ping-pong and cross-point calibration experiment for a X -pulse. (a) Ping-pong experiment.
The measured population (black circles) oscillates as a function of the number of gate repetitions n.
The expected sinusoidal dependence appears to be distorted, but the trigonometric fit (dotted gray line)
still converges to a consistent period that follows the data points. Some measurements deviate from the
expected trend, illustrating the sensitivity of this method to noise (SPAM offsets, and residual detuning).
(b) Cross-point experiment. The central region (near A = 0) shows two nearly linear, oppositely sloped
traces used to determine the cross-point A% (gray dashed line). At larger |A 4|, the traces regain a
periodic dependence as the accumulated rotation nf(A) approaches O(1) radians and wraps modulo 2.

Table 3.1: Fitting parameters for ping-pong and cross-point calibration according to the models in
Subsection 2.5.1, Equations (2.19) and (2.26) for the datasets shown in Figure 3.1.

. a B Yo b
ping-pong 0.301 3.040 -1.557 0.027
e a4 a— b A
cross-point 591 48 4 0.0314 -0.00213

Despite the less regular appearance of the ping-pong calibration data, both methods
result in nearly identical amplitude values, yielding Apew,», = 0.1986 for the ping-pong
calibration and A,ew . = 0.1983 for the cross-point calibration. The corresponding fit
parameters according to the models in Subsection 2.3.1 are summarized in Table 3.1. The
initial amplitude A4, obtained from the rough calibration, was used for both experiments,
and the updated amplitudes were calculated using Equations (2.21) and (2.24).

After having analyzed each calibration method with a single example, we now examine
their behavior through experiments performed with different numbers of measurement
shots. Figure 3.2 shows experiments with (a) 108, (b) 204, and (c) 300 shots per
calibration round, each consisting of 50 independent repetitions. Both calibration
methods were executed in two consecutive rounds: ping—pong (PP;, PP,) and cross—point
(CPy, CP,). In the first round, PP, and C'P; start from the amplitude obtained from the
rough calibration, while in the second round, PP, and CP, use the amplitude extracted
in the respective first round. For reference, the initial rough calibration results are
labeled as “Rough.” All experiments were carried out on the ibmgq ehningen backend.

We quantify the signal quality by the signal-to-noise ratio (SNR). The SNR is defined as
the absolute mean p of the data divided by its standard deviation o

snr = (3.1)

g
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Figure 3.2: Box plot of the extracted X -pulse amplitudes for different calibration methods: rough
(“Rough”), ping—pong (PPy, PPs), and cross—point (CPy, CP,). Panels (a—c) correspond to datasets
with 108, 204, and 300 shots per calibration round, respectively. Insets show the full distribution including
outliers. The ping—pong calibration exhibits a higher number and magnitude of outliers compared to the
cross—point calibration. The scatter plots below each box plot display the corresponding signal-to-noise
ratios (SNR) in dB. Increasing the number of shots reduces the number of outliers, while the SNR
values remain comparable across all experiments. The cross—point calibration consistently shows the
highest SNR, although when outliers are excluded, its within-round variability appears slightly larger
than ping-pong calibration. For higher shot counts, the rough calibration data becomes more stable and
shows reduced variance.

evaluated for 50 experiments. Table 3.2 shows p and 0. A large SNR indicates that
the average signal is well above the noise level, while a small SNR implies that random
fluctuations dominate. For comparison between datasets, the SNR is expressed in decibel

The results are summarized in Figure 3.2 and Table 3.2. For an explanation of how
box plots are composed, see Appendix A.3. As the number of measurement shots
increases, the rough calibration results become more stable and show reduced variation
(i.e., larger SNR). Cross—point calibration yields the lowest standard deviation among all
methods and shot numbers, indicating higher repeatability of the extracted amplitudes.
In contrast, the ping-pong calibration shows a larger variance and more pronounced
outliers, particularly at low shot numbers, consistent with the higher sensitivity of the
nonlinear trigonometric fit to noise and initial parameter guesses. Although increasing
the number of shots reduces the statistical fluctuations in the measured amplitude
values, this reduction is comparatively small. The remaining variations in the data are
dominated by effects that are not improved by additional repetitions, such as small
residual imperfections in the pulse amplitudes that remain. As a result, the SNR changes
only marginally when the number of measurement shots is increased, and the main
visible effect is a slight reduction in statistical outliers rather than a clear improvement
in SNR.

Cross-point calibration appears to be more precise and robust, with a higher SNR, lower
standard deviation, and fewer outliers. Ping-pong calibration, on the other hand, is more
sensitive to noise and initial guesses.
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Table 3.2: Mean and standard deviation of the X -pulse amplitudes extracted from the box plots in
Figure 3.2 with different numbers of measurement shots. Values are given as mean £ standard deviation.

Method 108 shots 204 shots 300 shots
Rough 0.1999 4+ 0.0011 0.19989 =+ 0.00079 0.20009 =+ 0.00060
PP 0.1987 4+ 0.0097 0.1988 + 0.0064 0.1982 + 0.0060
PP, 0.1977 + 0.0033 0.1991 + 0.0026 0.20 £+ 0.010
CP 0.19875 4 0.00037 0.19891 =+ 0.00030 0.19897 £ 0.00026
CP, 0.19895 £ 0.00027 0.19893 £ 0.00019 0.19898 £ 0.00014

SPAM primarily reduces contrast and introduces offsets in measured populations. This
increases variance and can bias fits. Ping-pong calibration, with its sinusoidal fit, is more
sensitive to SPAM-induced offsets or contrast changes and to local non-linearities, which
explains the larger variance and outliers at low shot numbers. Cross-point calibration,
with its intersection based fit, is less sensitive to global offsets or contrast and appears
more robust, reflected in higher SNR and lower standard deviation. However, the current
data do not separate SPAM from control or drive noise or drift. To estimate SPAM, a
measurement calibration should be added with a report of the assignment error, and
optionally a readout error mitigation should be applied.

To assess whether the observed distribution of extracted amplitudes is dominated by shot
noise, we analyze the scaling of the standard deviation ¢ with the number of shots N.
In the shot-noise limit, the standard deviation should follow ¢ oc 1/ VN, corresponding
to a variance o oc 1/N. Deviations from this scaling indicate additional, N-independent
noise sources (e.g., control amplitude fluctuations, drift, or fit instability). We therefore
fit the empirical variance to the model

0*(N) = — +0b, (3.3)

where a captures the shot-noise contribution and b represents a variance floor from
technical noise that does not improve with more shots. The fitted parameters are
summarized in Table 3.3. For the rough amplitude calibration ov/N is nearly constant
and the fitted floor b ~ 0, consistent with shot-noise limit behavior over all different shots.
For PP,, o+/N is similar across all N, b is slightly negative due to fit uncertainty. This
is broadly consistent with shot-noise-dominated behavior, though the non-monotonic
pattern suggests some technical noise. For PP, the mean is much larger at 300 shots
producing an unphysical negative a and a large positive floor. This indicates nonstationary
behavior (drift, fit failure, or outliers) at 300 shots. The simple a/N + b model does not
capture this regime. For C P, 0/ N increases modestly with /N and the fit yields a small
positive floor (b > 0; 46% of the variance at N = 300). This suggests a combination
of shot noise and an additional N-independent noise source (e.g., slow drift or control
amplitude fluctuations). For C'P,, 0/ N is roughly constant and b ~ 0, indicating
shot-noise-limited performance across the tested shot counts. Cross-point calibration
is the most repeatable, approaching the shot-noise limit and exhibiting the smallest
standard deviations. C'P; shows evidence of a small technical noise floor. Ping-pong
calibration is more sensitive to noise and fit stability. PP, displays a clear instability at
higher shots, consistent with the nonlinear fit’s sensitivity to initial parameter guesses or
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Table 3.3: Fit parameters a and b from the variance model 0*(N) = a/N +b for all calibration methods.
A wvalue of b = 0 indicates shot-noise-limited behavior, positive b implies an additional technical noise

floor.

Method o- VN a b

N =108 N = 204 N =300
Rough 0.0114 0.0113 0.0104 1.4-107% —-9.1078
PP 0.1008 0.0914 0.1039 1.0-1072 —3-1076
PP, 0.0343 0.0371 0.1730 —-1.2-1072 1.1-107*
CP 0.00385 0.00429 0.00450 1.2-107° 3.1-1078
CPh 0.00281 0.00271 0.00243 8.9-10°° —-9.107?

model mismatch. Excluding the PP, outliers at 300 shots or making the fit more robust
may cause its behavior to revert toward shot-noise-like scaling.

However, it should be noted that the cross-point calibration requires longer execution
times per round (/< 15— 17 s) than the ping-pong calibration (=~ 12 —14 s). However, the
cross-point method consistently produced smaller amplitude errors and lower variability
across repeated experiments. Mean relative amplitude errors were on the order of 1073
for cross-point and 1072 — 10~! for ping-pong, indicating higher precision and stability
for the cross-point approach. Both calibration schemes showed reduced errors in the
second round compared with the first. For reliable, high-precision amplitude calibration,
cross-point is the better choice under the current conditions.

In Figure 3.3, the calibration of the X, amplitude is shown for two different numbers
of shots, 100 and 4000, with ten experiments each. Both calibration methods start from
the same rough calibration data, and in this case the same rough data were also used for
all ten experiments to ensure better comparability. Similar to the X calibration, we
observe that with more shots the number of outliers decreases, which shows that a part
of the variability at low shot numbers comes from limited statistics and unstable fitting.
The width of the boxes is similar for both shot numbers. For both shot numbers, the
cross-point calibration starts with higher amplitudes in the first round and remains only
slightly higher than the ping-pong calibration in the second round. This indicates that
both methods converge to similar results when more data are available, but cross-point
tends to start from a slightly overestimated amplitude.

In summary, increasing the number of measurement shots reduces statistical noise and
the number of outliers for all calibration methods, which is consistent with the expected
shot-noise scaling. Cross-point calibration demonstrates the most stable and repeatable
performance, approaching the shot-noise limit with only a slight increase in noise. Ping-
pong calibration remains more sensitive to fit instabilities and outliers, especially at
low shot numbers. However, both methods yield consistent amplitudes when sufficient
statistics are collected. While the cross-point method requires more distinct amplitude
settings per calibration, the present data indicate that it achieves significantly lower
variance and a higher SNR with the same total number of shots. This suggests that
cross-point calibration could be performed with fewer shots per point for comparable
accuracy, resulting in similar or even reduced total resource cost.
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Figure 3.3: X,/ amplitude for different calibration methods and shot numbers with identical rough
values across experiments. Panel (a) shows 100 shots and panel (b) shows 4000 shots, each over 10
experiments. Rough is plotted as a single gray point since all values are the same. For PPy, PPy, CP,
and C Py, colored box plots summarize the distribution across experiments and jittered points indicate
individual runs. Increasing the number of shots markedly reduces the variability while central tendencies
remain consistent across methods.

After examining the influence of the number of shots on calibration precision, we will now
turn to the effect of repeated calibration rounds. Increasing the number of rounds enables
us to investigate the convergence behavior and long-term stability of the ping-pong and
cross-point methods.

In Figure 3.4 we assess the effect of increasing the number of calibration rounds on
the extracted X, pulse amplitudes. We fix the shot number to 256 and perform 12
independent repetitions per calibration method and round on ibmg ehningen. The data
includes the common rough calibration 'Rough’ and data for ping-pong (PP;-PP,), and
cross-point (C'P;-C'Py) calibration. Each calibration round uses the amplitude obtained
from the preceding round, starting from the rough calibration and updating the value
sequentially through all four rounds.

Two clear trends emerge in the multi-round calibration experiment. First, ping-pong
calibration exhibits an increasing number of outliers with each additional round. Several
data points reach the specified amplitude bounds [0, 0.4], indicating fitting failures or
optimizer constraints. The standard deviation increases from 0.0001 to 0.1 for PP,—P Py,
while it remains below 0.0001 for all cross-point rounds. This behavior is consistent with
the nonlinear trigonometric fit’s higher sensitivity to noise, initial parameter guesses,
and slow drift accumulated between rounds. Second, cross-point calibration achieves
its lowest variability at round two (C'P,). Further rounds do not improve precision and
slightly increase variability, suggesting diminishing returns once the intersection-based
estimate has converged. Overall, the cross-point protocol is more repeatable under these
conditions. Additional rounds primarily expose instability in the ping-pong protocol
rather than delivering increased accuracy. These results indicate that while additional
calibration rounds do not significantly improve accuracy, they can help identify the
stability limits of the respective fitting procedures.

The calibration experiments compared two amplitude-calibration techniques, ping-pong
and cross-point, which are both based on error-amplifying pulse sequences. While both
methods converge to consistent pulse amplitudes, the cross-point calibration shows lower
variance, higher signal-to-noise ratio, and increased robustness against fitting instabilities
and outliers. These improvements arise from the symmetric, linear intersection fit used in
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Figure 3.4: FExtracted X, pulse amplitudes over four calibration rounds for each method, including the
rough initial calibration. Ping-pong calibration shows greater variability and an increasing number of
outliers with the round index. These include solutions that saturate at the amplitude bounds [0, 0.4],
which are characteristic of fit or optimizer failures. Cross-point calibration yields the lowest variability
at round two (CPy), but additional rounds provide limited benefit and can slightly increase variability.
Under a fized shot budget, the cross-point protocol shows higher repeatability, whereas extra rounds
amplify instability in the ping-pong calibration.

cross-point calibration, which reduces sensitivity to SPAM offsets and initial parameter
guesses, whereas the nonlinear trigonometric fit in ping-pong calibration amplifies such
effects. An additional advantage of the cross-point method is that it provides a direct
estimate of the optimal pulse amplitude from the intersection of the fitted curves. In
contrast, the ping-pong calibration follows an empirical update rule and must typically
be repeated until the amplitude deviation falls below a chosen threshold, making it
practically more time-consuming. Under equal shot budgets, the cross-point protocol
achieves comparable or better precision with simpler data analysis and faster convergence.
It can therefore serve as an efficient alternative for the ping-pong calibration. Further
investigation is required to assess the quantitative impact of SPAM errors and to confirm
the observed trends on a broader dataset.

3.2 Experimental analysis of the two-qubit
cross-resonance Hamiltonian in transmon qubits

In quantum computing, the ability to implement controlled operations between qubits
is essential for executing quantum algorithms. One of the most important two-qubit
gates is the CNOT gate, which enables entanglement and conditional logic operations.
This section focuses on the experimental characterization of CNOT gates in IBM’s
superconducting quantum devices based on fixed-frequency transmon qubits. The
theoretical description of the underlying interaction is summarized in Subsection 2.3.2.
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IBM’s superconducting devices implement CNOT gates using the cross-resonance (CR)
interaction. This mechanism allows for an effective two-qubit coupling by applying a
resonant microwave drive to one qubit, the control qubit, at the transition frequency of
a neighboring qubit, the target qubit. The drive induces a controlled rotation on the
target qubit conditioned on the state of the control qubit. This approach avoids tunable
couplers and variable qubit frequencies and is compatible with scalable fixed-frequency
architectures.

The underlying dynamics of the CR interaction can be expressed in the Pauli basis.
Each term has the form P; = 0, ® oy, where 0,,0, € {I, X, Y, Z} are single-qubit Pauli
matrices, and [ is the identity. The first operator acts on the control qubit, and the
second on the target qubit. A full discussion of the effective CR Hamiltonian is given in
Subsection 2.3.2. Building on that, we now analyze the time evolution of a two-qubit
system under the action of the CR Hamiltonian H.

We initialize the system in either the |00) or |10) state and evolve it under the Hamiltonian
H for a time t. Since the goal is to isolate the action of the effective Hamiltonian on the
target qubit, it is sufficient to fix the target in |0) while varying the control state. The
corresponding time-evolved states are given by

1O (1)) = e7H|00), [TD (1)) = e~ H[10). (3.4)

In order to analyze the system dynamics, we measure the expectation values
(OO @) Plw® (1), for k= 0,1, (3.5)

where each term takes the form P, = o0, ® 0,. This allows us to reconstruct the
time-dependent action of the effective Hamiltonian.

The most general form of a two-qubit Hamiltonian in the Pauli basis is

ngn = Z Agp Oq & O, (36)
abe{I,X,Y,Z}

where each coefficient a,, denotes the interaction strength associated with the corre-
sponding Pauli term. In implementations of the CR gate, many of these terms are
strongly suppressed and do not contribute measurably to the observed dynamics. In
particular, terms which flip the state of the control qubit, such as X ® [ and Y ® I (or,
more generally, all terms where o, = X or Y'), are typically suppressed, since the control
qubit ideally remains in a computational basis state during the gate application. The
Z @ I term merely shifts the energy of the control qubit. Since the corresponding phase
factor is canceled due to the echo, it has no influence on the intended CNOT operation.

Under these assumptions, the effective Hamiltonian used in standard CR modeling
retains the six dominant terms listed in Equation (2.29), corresponding to single-qubit
rotations on the target (/ ® X,/ ® Y, I ® Z) and the conditional two-qubit interactions
(Z@X,ZQY,Z® Z) [65].

To validate whether the commonly used six-term Hamiltonian model [65] accurately
describes the hardware, we perform a Hamiltonian tomography on the ibmg ehningen
backend and extract coefficients for all 15 non-trivial two-qubit Pauli terms from device
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measurements. Backend parameters, including pulse durations, amplitudes, and single-
qubit correction terms (e.g., virtual Z-rotations), are first obtained. On ibmg_ehningen,
the calibrated CR duration for the CNOT between qubit 0 (control) and qubit 1 (target)
is approximately 128 ns. The calibrated CNOT gate consists of a sequence of pulses
with an echoed CR component and single-qubit rotations (see Subsection 2.3.2). In our
experiment, we omit the echo and potential single-qubit corrections to observe the pure
CR interaction. We vary the CR pulse duration from Ons to approximately 1.78 us in
equally spaced steps, while preparing the control qubit in either the ground (¢ = |0)) or
excited state (¢ = |1)).

Each configuration is executed with 32000 shots, and measurement error mitigation is
performed via full calibration matrix inversion [38] using 10000 calibration shots. To
access all 15 Pauli terms, single-qubit basis rotations are applied prior to measurement,
enabling tomography of the target state in all Pauli bases.

The experimental data are then fit to a simulated unitary evolution under a general
two-qubit Hamiltonian using a constrained nonlinear least-squares routine (curve_fit
in Python). The simulation generates expectation values for each Pauli term at each
CR duration, which are compared against the measured values. This fit yields the
effective Hamiltonian parameters a,;, directly from hardware data, enabling a quantitative
comparison between the experimentally realized interaction and the idealized CR model.

The experimental data together with the fitted expectation values for all 15 possible two-
qubit Pauli terms are shown in Figure 3.5. In the following, we describe the contributions
of each Pauli term and give a detailed discussion of their origin.

First of all, the Pauli expectation values I @ X, X @ X, XV, 73X, Y X, Y ®Y,
Z ® X do not show any dynamics and remain stable at zero throughout the experiment.
Secondly, the Pauli terms X ® I, X ® Z, Y ® [ or Y ® Z show small oscillations.
They have a negligible amplitude and are likely due to imperfections in the control
electronics or other small error influences (e.g. imperfect readout error mitigation). The
terms that show a significant oscillation are I ® Y, I® Z, Z® Y and Z ® Z. These
oscillations originate from a direct drive of the target qubit during the CR pulse. These
are exactly the expected oscillations when the target qubit rotates around the x-axis
(i.e., Hamiltonian / ® X and Z ® X components).

The Z ® I term remains stable at +1 when the control qubit is in state |1) and at —1
when the control qubit is in state |0), indicating that the control qubit itself is stable.
When the control qubit is in state |1), a small offset is observed, which is likely due
to imperfect measurement mitigation. This offset can also be observed in the other
subgraphs containing oscillatory terms.

Figure 3.6 shows the interaction strengths of the fit parameters of the full Hamiltonian
(gray). The difference between the full fit, with all Pauli terms, and the reduced fit, with
the six major terms used in the literature, is also plotted as green hatched bars (note the
different scale on the right-hand side). The biggest differences lie in the X ® X, Y @ X
and Z ® I terms. The X ® X and Y ® X terms are set to zero in the reduced fit, so
the Z ® I term must compensate for this difference. To assess the quality of the fit, we
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Figure 3.5: FExpectation values of all 15 two-qubit Pauli bases under CR gate evolution over varying
pulse duration. Ezperimental data shown for initial control states |0) and |1). Dotted lines represent a
single Hamiltonian model fit incorporating all Pauli terms.
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Figure 3.6: The gray bars represent the fitted coefficients for all 15 possible Pauli terms. The green
hatched bars indicate the change in the fitted coefficients when the fit is restricted to the six principal
terms IRX,IQY,I®Z, Z® X, ZQY, Z® Z, with all remaining coefficients constrained to zero
(note the different scale of the corresponding y-axis on the right-hand side). In the restricted fit, the
XX, Y®X, and Z® 1 terms show the largest deviations from their full-fit values. The corresponding
X2%-values for the full and reduced fits are approzimately equal (see inset), indicating that the reduced
Hamiltonian model describes the data with comparable accuracy despite having fewer parameters. This
supports the validity of modeling the Hamiltonian with only these siz dominant terms.

calculated the X? value

m L . 2
Y2 Z (aab,l adb/‘model) _ (37)

=1 aab)imodel

The difference between the full and reduced fit (AX?(full fit) = 4.167 and X?(reduced fit) =
4.143) is minimal, indicating that the reduced Hamiltonian model accurately describes
the data despite having fewer parameters. Therefore, the reduced model is also valid for
the device under investigation.

As described in Subsection 2.3.2, another CNOT schedule, known as the direct CNOT,
can be implemented (see Figure 2.7). In the subsequent sections, a comparative analysis
will be conducted on these pulse schemes, addressing their respective advantages and
disadvantages, as well as their applications in backends. This is due to the fact that not
every CNOT gate can be efficiently realized by a direct version, which will be explained
below.
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3.3 Comparison between the implementation of direct
and echoed CNOT gates

The results in this chapter have been partially published in:

Yanjun Ji, K. F. Koenig, Ilia Polian,
Optimizing quantum algorithms on bipotent architectures
Physical Review A 108, 022610 (2023).

Yanjun Ji, K. F. Koenig, Ilia Polian,

Improving the performance of digitized counterdiabatic quantum optimization via algorithm-
oriented qubit mapping

Physical Review A 110, 032421 (2024).

The current generation of quantum hardware and software is undergoing continuous
refinement. One development on the software and calibration level is the introduction of
an alternative implementation of the CNOT gate, the so-called direct CNOT. In contrast
to the conventional CNOT based on the echoed cross-resonance gate (Section 3.2), the
direct version achieves a shorter duration, which reduces decoherence-induced errors.
However, any miscalibration or residual Hamiltonian terms can contribute to coherent
errors that are less efficiently suppressed than in the echoed version. Here, we compare
both implementations, the direct and the echoed CNOT, first looking at the architecture,
then at the gate times and error probabilities, the characteristics of the qubits and finally
compare the two implementations of the CNOT gate within the context of the Quantum
Approximate Optimization Algorithm (QAOA) introduced in Subsection 2.5.1.

While the reduced gate time of the direct CNOT is expected to lower decoherence-
related errors, its practical realization introduces additional challenges, as outlined in
Subsection 2.3.2. The direct CNOT requires more extensive calibration than the echoed
variant, and is more sensitive to crosstalk, parameter drift, and frequency crowding.
The absence of the echo sequence further implies that certain Hamiltonian error terms
cannot be compensated as effectively as in the echoed case. Consequently, if these error
contributions exceed tolerable thresholds on a given backend, a direct CNOT cannot be
reliably implemented.

As a result, devices often employ a hybrid architecture, where some couplings are
executed as direct CNOTs and others as echoed CNOTs. This is the case, for example,
for ibmq__ehningen, illustrated in Figure 3.7. In this representation, direct CNOT gates
are marked as solid gray connections, echoed CNOT gates in blue with double lines, and
qubits are annotated according to which implementation is available: gray with dashed
outlines (only direct), blue with solid outlines (only echoed), and green with dash-dotted
outlines (both options). This data can be obtained from the backend by evaluating the
gate length of the CNOT gate and analyzing the corresponding pulse schedules (see
Figure 2.7).

Error rates and gate times for direct and echoed CNOT gates on the quantum device
ibmq__ehningen are shown in Figure 3.8 (a) and (b). CNOT pairs with a direct CNOT
implementation are depicted with blue bars and hatching, echoed CNOT gates in gray.
Two of the CNOT gate pairs ([15, 18], [18, 15]) are faulty, have a high error rate and are
depicted as white bars with a dashed outline. The analysis of the CNOT gates reveals

41



3 Calibration, optimization and analysis of quantum gates at the pulse level

Figure 3.7: Architecture of ibmq__ehningen indicating two different implementations of the CNOT gate.
The backend supports two types of CNOT gates: direct CNOTs (shown as thick lines) and echoed CNOTs
(shown as double lines). Qubits are depicted as circles, and lines between qubits indicate connections
where a CNOT gate can be applied. When only one type of CNOT gate can be applied, the qubit takes
the same color as that gate type: gray with a dashed outline for direct CNOTs, and blue with a solid
outline for echoed CNOTs. If both gate types are available, the qubit is shown in green with a dash—dot
outline. The architecture is considered hybrid because it contains two different implementations of the
CNOT gate.

significant performance differences between the two implementations. As illustrated in
Figure 3.8 (a), the direct CNOT gate exhibits a median error probability (dashed and
dash-dotted horizontal line) that is 1.3 times lower than that of the echoed CNOT gate,
which corresponds to a reduction in median error rate about 38%. The faulty CNOT
gates were excluded from the calculation of the median error probability, as they are
non-functional. Furthermore, the gate times, illustrated in Figure 3.8 (b), indicate that
the direct CNOT gate operates 1.4 times faster than its echoed counterpart, reflecting
a significant reduction in median gate time about 40%. In summary, direct CNOT
gates exhibit both lower error rates and shorter durations, which should enhance the
fidelity of a wide range of quantum computations by allowing deeper circuits before
decoherence dominates and enhance scalability. Even though the median metrics seem to
be improved for direct CNOT gates, homogeneities across couplers (like the faulty CNOT
gates) must be considered when mapping algorithms to hardware. While direct CNOT
gates are faster and less error-prone, the calibration instability and backend-dependence
mean that in practice the advantage might not be universal. This comparison provides
the foundation for assessing how the choice of CNOT implementation impacts QAOA
performance.

Since the advantages of direct CNO'T gates are partly offset by calibration complexity
and sensitivity to noise, it is important to also consider other qubit and gate parame-
ters. Beyond two-qubit performance, coherence times, single-qubit gate fidelities, and
readout errors determine the practical usefulness of different qubit categories. These
characteristics are summarized in Figure 3.9.

42



3.3 Comparison between the implementation of direct and echoed CNOT gates

(a)o.o4
> EE Direct CNOT
= I Echoed CNOT
g ffffff Echoed CNOT median error
‘5.0 o Direct CNOT median error
= U.UZLT]  jmmeee
o 3 Faulty
P
(0]
'_
(@)
=
O
0.00
(b) 800
HEl Direct CNOT
)
2 I Echoed CNOT
~—
E ffffff Echoed CNOT median time
= Direct CNOT median time
w400 gl
©
(@]
'_ = — — —
o
=
O
e e e e e e e e e e e e —
TONN AN MO ¥ OGN0 N N S N N SNSRI SR NRRYRNZBRTRRARANT SR
SO SN IO PR S S NN N 1 T IR S SN B R R RS SN N H RS
— = et A A A A A A A A A A A A A A A A A A NN NN NN ANANNANNANN

CT\IOT pairs [tar;_:]ét,.cé)ntrol]

Figure 3.8: Error rates and gate times of direct and echoed CNOT gates on ibmq__ehningen. (a) The
error probability of the CNOT gate is depicted for direct (blue hatched bars) and echoed (gray bars)
implementations. The median error rates are indicated by horizontal dash-dotted and dashed lines.
Notably, the median error rate of the direct CNOT gate is 1.3 times lower than that of the echoed CNOT
gate. The two bars outlined with dashed lines represent CNOT gates with a reported fault, exhibiting
an error rate of 1. (b) The gate times for the two different CNOT gate implementations are presented
similarly. The median gate time for the direct CNOT gate is 1.4 times shorter compared to that of the
echoed CNOT gate.

The coherence times of the 27 qubits are shown in Figure 3.9 (a) and (b). Qubits
connected to both CNOT types (hereafter referred to as Q-hybrid) exhibit higher median
values for both T} and T5 compared to qubits restricted to only echoed CNOTs (Q-echoed).

Single-qubit gate errors and readout errors are summarized in Figure 3.9 (c) and (d).
While the median single-qubit error rates are comparable across all three categories,
the median readout error is noticeably larger for Q-echoed. By contrast, Q-direct and
Q-hybrid qubits display better performance in this respect.

The enhanced coherence of Q-hybrid qubits may reflect a hardware allocation strategy,
where qubits supporting both CNOT types occupy more favorable positions on the
device. In contrast, the systematically higher readout errors of Q-echoed qubits suggest
additional hardware constraints, such as frequency crowding or less optimized readout
resonators. Qubits located at the edges of the chip may be subject to less favorable
conditions, such as poorer isolation and greater external interference. In contrast,
interior qubits could benefit from better control wiring and shielding. The positive
effects (e.g., reduced latency) and negative effects (e.g., crosstalk, increased routing
length, or frequency collisions) of these conditions could contribute to the enhanced
coherence of hybrid qubits. However, the absence of a clear and consistent advantage
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3 Calibration, optimization and analysis of quantum gates at the pulse level

across all parameters indicates that hardware-level single-qubit and two-qubit calibration
data alone is insufficient to determine which qubit category performs best in practice.
Consequently, benchmarking within the context of algorithm execution is necessary to
assess the effective usefulness of the different qubit combinations.

Here, QAOA is used as a representative variational algorithm, chosen because its
performance is strongly influenced by two-qubit gate quality and qubit coherence times.
To evaluate the two CNOT implementations and their combinations, we considered two
example problems: MaxCut and Portfolio Optimization (PortOpt). A short overview
of QAOA is provided in Subsection 2.5.1, while implementation details are given in
Appendix A.5.

In Max-Cut, the goal is to partition the vertices of a graph such that the number of edges
between partitions is maximized. In PortOpt, the objective is to select a portfolio of assets
that balances high expected return with minimal risk. QAOA addresses these problems
using a parameterized quantum circuit with alternating cost and mixer layers. The depth
of the circuit is determined by the parameter p, with higher p generally enabling better
approximations at the expense of longer circuits and greater susceptibility to noise.

We evaluate three performance metrics: the Approximation Ratio (AR), the Success
Probability (SP), and the circuit duration. AR quantifies how close the QAOA solution
is to the exact optimum after averaging over all samples (i.e. measurement shots), while
SP captures the probability of sampling the optimal solution. Shorter circuit duration is
beneficial because it reduces exposure to decoherence.

On ibmgq_ehningen, the maximum linear connectivity available for QAOA circuits was
limited to five qubits, which we used for all experiments. Each circuit was executed
50 000 times. The variational parameters of the QAOA circuit were optimized using
a simulator-based workflow (see Appendix A.5). Qubit combinations with the highest
predicted fidelity were selected using MAPOMATIC [111]. For echoed- and direct-CNOT
gate circuits, MAPOMATIC chooses the best highest-fidelity linear arrangement of qubits
that supports the required two-qubit interactions on all neighboring pairs. For circuits
with varied CNOT implementations, it restricts the search to qubits with below-average
single- and two-qubit error rates and chooses the arrangement with the shortest schedule
duration. This ensures that each CNOT type is evaluated under comparably optimal
hardware conditions.

The results are shown in Figure 3.10. Direct CNOT circuits consistently achieve shorter
duration, reflecting their intrinsically faster gate times. For PortOpt (see Figure 3.10 (a)),
direct and echoed gates yield comparable AR, with the hybrid circuit performing less
favorably. For MaxCut (see Figure 3.10 (b)), direct gates generally improve AR compared
to echoed, while the hybrid circuit also performs competitively. In terms of SP of MaxCut,
direct gates tend to outperform echoed ones, although the relative advantage depends on
the value of p. In PortOpt, the echoed variant for higher p outperforms the varied and
direct CNOTs. For Maxcut it can be beneficial to use the mixed approach with both
kinds of CNOT gates.

These findings suggest that the performance trade-offs between direct and echoed CNOTs
are problem-dependent: direct gates benefit from reduced gate times and errors, while
echoed gates may retain an advantage in calibration stability for certain circuit structures.
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Figure 3.9: Qubit characteristics of ibmq _ehningen. (a) Relazation time Ty and (b) dephasing time Ts.
(c) Single-qubit gate error and (d) readout error. Qubits are grouped by the type of CNOT connectivity:
Q-hybrid (green, cross-hatched) support both echoed and direct CNOTS, Q-echoed (blue) support only
echoed CNOTs, and Q-direct (gray, diagonally hatched) support only direct CNOTS. Hybrid qubits show
systematically higher median coherence times (Ty, To) than echoed, while direct and hybrid qubits achieve
lower readout error compared to echoed qubits.

Also the usage of both implementations can be beneficial, depending on the exact CNOT
fidelities, as well as single-qubit fidelities, T, T3 times and the readout fidelity.

3.4 Summary of calibration and gate analysis at the
pulse level

This chapter investigated the calibration and characterization of quantum gates at the
pulse level, spanning single-qubit amplitude calibration, Hamiltonian analysis of the
cross-resonance (CR) interaction, and the implementation of two-qubit CNOT gates. It
compares ping-pong and cross-point calibration in experiment, which to our knowledge
constitutes the first direct experimental comparison of these two implemented amplitude-
calibration techniques, validates the sufficiency of a reduced six-term CR model, and
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Figure 3.10: QAOA results with 5 qubits on ibmq__ehningen using direct, echoed, and mired CNOT
implementations. (a) Portfolio Optimization and (b) MaxCut. Shown are the AR, SP, and circuit
duration across different CNOT types. Direct gates achieve consistently shorter durations, and often
higher AR and SP, while echoed gates remain competitive in PortOpt. Mixzed implementations perform
comparably for MaxCut but worse for PortOpt. Qubit assignments and circuit details are provided in
Appendiz A.5.

evaluates how direct and echoed CNOT implementations, used individually or together,
affect algorithmic performance.

Cross-point amplitude calibration was found to be more precise and more robust than
ping-pong calibration. While both methods converge to similar pulse amplitudes when
sufficient statistics are available, cross-point calibration consistently exhibits smaller
variance, higher signal-to-noise ratio (SNR), and markedly fewer outliers. Across 108-300
measurement shots, cross—point calibration achieved standard deviations at the 10™* —
1073 level (e.g., 0.00026-0.00037), whereas ping-pong calibration showed substantially
broader distributions (& 1072 — 107!) and greater sensitivity to noise and fit instability,
particularly at low shot counts and in later calibration rounds. Analysis of the shot-count
dependence indicates that cross-point calibration approaches shot-noise-limited behavior
by the second calibration round, while ping-pong calibration exhibits nonstationary
behavior consistent with fit instability, drift, or outliers. Cross-point calibration converges
by the second round, with additional rounds providing little benefit, whereas ping-pong
calibration tends to accumulate errors. Although a cross-point round requires slightly
longer execution time (/~ 15 — 17 s versus ~ 12 — 14 s for ping—pong calibration), it
yields mean relative amplitude errors at the ~ 1073 level compared to 1072 — 10~}
for ping—pong calibration. Under equal shot budgets, cross-point calibration therefore
achieves superior precision and can be operated with fewer shots per calibration.

Hamiltonian tomography confirmed that a reduced six-term cross-resonance model (I ® X,
IQY, I®Z, Z®X,ZRY,Z® Z) describes the measured dynamics with accuracy
comparable to a full fifteen-term Pauli decomposition. The full and reduced fits yield
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nearly identical quality (X?(full fit) = 4.167, X*(reduced fit) = 4.143), indicating that
the simplified model captures the dominant interaction terms on the investigated device
and is sufficient for modeling and pulse-level design.

A comparison of direct and echoed CNOT implementations shows that direct CNOTs
achieve approximately 1.4-times shorter median gate durations and 1.3-times lower
median error rates than echoed CNOTs, at the cost of increased sensitivity to calibration
stability and crosstalk. Algorithm-level benchmarks using the Quantum Approximate
Optimization Algorithm demonstrate that the relative performance of direct and echoed
CNOT gates is problem-dependent: each implementation can yield improved results
depending on the circuit structure and depth, and hybrid use of both gate types can be
advantageous when accounting for two-qubit fidelities, coherence times, readout errors,
and qubit connectivity.

Overall, the results highlight that precise single-qubit calibration, validated Hamiltonian
modeling, and an informed choice of two-qubit gate implementations are essential for
achieving good algorithmic performance on present-day superconducting hardware. While
these techniques improve gate quality and can enhance algorithmic performance, residual
errors may persist and cannot be eliminated by calibration or by selecting particular gate
implementations alone. As a result, improved gate fidelities do not necessarily guarantee
unbiased expectation values or reliable circuit-level results. This observation motivates
the use of error mitigation techniques that operate at the level of circuit execution
rather than control calibration and aim to reduce the impact of remaining noise. In the
subsequent chapter, we therefore turn to Zero-Noise Extrapolation and the development
of extended mitigation strategies based on this approach.
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Extrapolation and further refined
error mitigation techniques

The results in this chapter have been partially published in:

K. F. Koenig, F. Reinecke, W. Hahn, T. Wellens,
Inverted-circuit zero-noise extrapolation for quantum-gate error mitigation
Physical Review A 110, 042625 (2024).

K. F. Koenig, F. Reinecke, T. Wellens,
Adaptive folding and noise filtering for robust quantum error mitigation
arXiv:2505.04463 (2025).

Zero-Noise Extrapolation (ZNE), as outlined in the theoretical chapter (Subsection 2.4.1),
is a widely used technique for mitigating quantum errors by extrapolating noisy results
obtained at various noise strengths to the zero-noise limit [38,46,75]. However, standard
ZNE (sZNE) is limited in accuracy due to assumptions about how noise scales and the
reliability of extrapolation methods. In particular, it assumes that repeating a gate
A-times amplifies its error by a factor of A\. As we will demonstrate in this section, and
as was mentioned in Subsection 2.4.1, this only holds under specific conditions, such as
for small errors commuting with the ideal gate. For instance, under small depolarizing
noise each gate independently adds a small error, so the total error probability scales
approximately linearly with A. By contrast, for coherent errors such as systematic
over-rotations, repeating the same gate can cause constructive or destructive interference
of errors, leading to non-linear scaling or even partial cancellation.

For ZNE to yield meaningful results, it is crucial to strike a balance: the extrapolation
must be precise enough to capture the actual error behavior, yet practical enough to be
implementable on current quantum hardware with limited resources and noise constraints.
Achieving this balance is key to ensuring both reliability and usability of error mitigation
in practice.

To address the limitations of sZNE, we introduce a set of refined error mitigation
strategies centered around the Inverted-Circuit Zero-Noise Extrapolation (IC-ZNE),
which we introduce in this chapter. Rather than assuming a particular scaling behavior,
we describe a direct method to quantify the error strength e of a quantum circuit U
executed on a noisy quantum device. We begin by formally defining the error strength
in Section 4.1, followed by techniques to measure it in Section 4.2.

Building on this foundation, we describe the structure of the IC-ZNE method in Sec-
tion 4.3, which enables a direct measurement of error amplification rather than mere
estimation. To make the later comparison meaningful, we first revisit the assumptions
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underlying sZNE in Section 4.4. We evaluate the presumed error scaling of sZNE based
on prior experiments and simulations employing various error models, highlighting where
these assumptions hold and where they break down. We also demonstrate how IC-ZNE
addresses some of the gaps left by sZNE, thereby extending the scope of general ZNE
methods. In Section 4.5, we present a comparative analysis of SZNE and IC-ZNE through
individual experiments on quantum hardware. Finally, in Section 4.6, we assess the
optimal performance of both IC-ZNE and sZNE under varying error strengths using a
simulator.

After having investigated how IC-ZNE can enrich the ZNE mitigation toolbox and
the situations in which it fills gaps left by established methods, we will examine how
IC-ZNE and sZNE can be further improved. In Section 4.7, we investigate the effect
of error randomization, implemented through Pauli twirling, on the performance of
sZNE and IC-ZNE, emphasizing its role in reducing bias and improving robustness.
Additionally, in Section 4.8, we introduce Adaptive Scaling Factors (ASF), which may
be applied as a standalone method for ZNE, reducing overhead relative to IC-ZNE.
ASF dynamically adjusts noise amplification to improve the stability and accuracy of
extrapolated results based on the measured or estimated error strength. We will compare
equally and exponentially spaced scaling factors, analyzing their respective advantages in
error mitigation, and assess the potential improvements in performance when comparing
sZNE and IC-ZNE.

So far, the techniques rely on extrapolating results through different complementary
methods. In Section 4.9, we investigate a post-processing technique called filtering, which
can be applied to all the methods introduced. The aim is to suppress statistical noise
and to improve extrapolation results by removing unwanted fluctuations in the data.
Section 4.10 examines the combination of global and local circuit folding with ASF, as
the interplay of these strategies can potentially have a greater impact than in other
settings. Previous studies have suggested that global folding can outperform local folding
under time-correlated noise. As ASF aims to adaptively adjust scaling factors, the effect
of different folding strategies can become more subtle. By comparing these strategies for
both ZNE and IC-ZNE, we aim to identify the most effective approach.

4.1 Definition of error strength

In the context of quantum error mitigation and specifically within the ZNE framework,
accurately quantifying the error strength e of an imperfect circuit execution is crucial
for effective extrapolation. We define the error strength in terms of the state fidelity
F between the ideally prepared pure state |¥) and the density matrix p produced by
executing the corresponding circuit on a noisy device, i.e.

e=1—F, (4.1)
where F' is given by
(W), p) = (¥]p|¥). (4.2)

Based on the definition of €, it is restricted to the interval [0, 1].

20



4.1 Definition of error strength

In a quantum computation, we aim to implement a unitary circuit U such that the ideal
final state is U|0) = |¥), assuming the system is initially prepared with all qubits in
state |0). In experimental settings, the implemented process is instead given by a noisy
quantum channel &y, leading to a potentially mixed final state

p = Eu(|0)(0]). (4.3)

To derive our definition of the fidelity, we turn to the concept of Uhlmann fidelity, which
is a quantity to compare quantum states. The Uhlmann fidelity [112] is defined between
two density matrices o and p

Fo(o.0) = (1 [Vonva]) (1.4

Here, for any positive semidefinite operator X (in particular p and o) with spectral
decomposition X = Y, z;|z;)(z;], we define vX = ¥; \/Z;|7;)(x;]. The Uhlmann fidelity
Fy captures the degree of similarity between the two density matrices and takes values
between 0 and 1. A value of Fy = 1 indicates that the two states are identical and thus
indistinguishable, while F; = 0 corresponds to orthogonal states that are maximally
distinguishable. When calculating the fidelity between a pure state ¥ and a noisy state
p, the corresponding expression of the Uhlmann fidelity simplifies to

F([W), p) = (V]p|¥), (4.5)

thus arriving at Equation (4.2). Intuitively, Equation (4.5) corresponds to the overlap
between the two states.

With this we can decompose p in terms of the fidelity and some additional noisy part o
p=(1=¢)|¥) V| + eo. (4.6)

From Equations (4.1) and (4.2), it follows that (V|o|¥) = 0. As an example, let us now
derive € and o for a concrete noise channel, namely the depolarizing noise channel Egep(p)
see Equation (2.12). For the depolarizing channel applied to a pure state |W)(¥|, we
obtain

1 (1) (¥]) = (1 p) )0 + p

with I = [U)(U] 4+ (I—|T)(¥])

— (1= )]+ ool + @ o

- lu —p) + Z] W) (W] + 2(]1 — W) ()

) P d—1
th 1— —=1—-p| —
wi p—i—d p< d )
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_ —p(dgl) (] +§(ﬂ— |\1/><\1/|). (47)

By comparing Equation (4.6) and Equation (4.7), o can be expressed in the case of
depolarizing noise as

o = (I [E)(P[)/(27 - 1), (4.8)

where ¢ is the number of qubits in the quantum circuit. Note that ¢ is independent of
¢ in this model. It depends only on the Hilbert-space dimension and |¥). The noise
strength of the depolarizing channel then results as € = p(1 — 2%1) In general, however,
the noise channel is, a priori, not known, such that both o and € in Equation (4.6) are
also unknown, as they depend on the unknown target state, |¥), and the unknown
depolarizing probability p.

Returning to the decomposition in Equation (4.6), the expectation value of an observable
A can generally be written as

(A) = (1 ) (Y] Al) +e Tr[Ao]. (4.9)

:<A>ideal

For € — 0 the expectation value converges to (A)igea- In a ZNE scheme, (A) is measured
for different values of e. However, different realizations of the noisy circuit lead to
different o’s. Therefore, two realizations with the same error strength ¢ might lead to
different values of (A). Nevertheless, fitting many data points obtained from different
realizations should produce smooth behavior

(A)(e) = (1 — €)(A)igear + € Tr[A 7 (€)], (4.10)
where 7 (€) corresponds to the average of o over all realizations with noise strength e.
With this definition established, we are now in a position to examine the measurement
and utilization of the error strength € in realistic quantum circuits. This precise char-

acterization is compulsory for the development of more reliable and adaptable error
mitigation strategies.

4.2 Measuring error strength

Having established the formal definition of the error strength, this section will proceed
to derive the methodology for its measurement.

To measure the error strength of a quantum circuit U, we execute U followed by its
inverse UT and measure the probability P, of all qubits returning to the initial state |0).
In the noiseless case, Py = |[(0|UTU|0)|> = |[{0]0)|?> = 1. However, in the noisy case,

Py =(0]p'|0) <1, where p" = (E1&0)(10)(0]), (4.11)
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with & and &+ representing the noise channels associated with U and U, respectively
(see Equation (2.5) for the definition of a quantum channel).

Substituting p’ into the definition of Py from Equation (4.11) and applying the definition
of the adjoint map with respect to the Hilbert-Schmidt inner product [16, p. 76], we
obtain

Py = (0[(éun&v) (0)(0D) |0}

= Tr[|0><0| (Eui&u) (10)(0])]
= Tr (€] (10)(0]) €v (0)(0])]
Ty ). (4.12)

with

p=ELi (10)(0]) . (4.13)

In the case of a depolarizing noise channel, which is both self-adjoint and commutes with
unitary operations, one can show that EITJT = &y and therefore p = p (see Appendix A.7).
In other words, applying either the operator &, or the adjoint channel of the noisy
implementation of the inverse circuit UT, E;rﬁ, to the initial state |0)(0| leads to identical
outputs. For non-depolarizing noise channels, however (such as dephasing, amplitude
damping or correlated noise), the two resulting states can differ, i.e. p # p. Nevertheless,
we will assume in the following that both channels &; and Sgﬁ degrade the fidelity in a
symmetric manner, justifying the approximation (¥|p|¥) =~ (¥V|p|¥) when estimating the
noise strength. This assumption can be further motivated by considering the operational
equivalence of forward and reverse noise in symmetric environments and will be justified
as we show in the following. It is possible to decompose every circuit into single-qubit
gates, denoted by S, and CNOT gates, denoted by C' [16, pp. 191-194]. Combined, they
can be used to implement an arbitrary unitary operation on the state space of n qubits.
For example, consider the circuit

U = S5C55,C1 Sy, (4.14)

where the indices indicate the order of gates in the circuit decomposition (i.e., S; is
the first single-qubit gate, C; the first CNOT, and so on). Since the CNOT gate is
self-adjoint, we have

Ut = 5T, 5iC, S5 (4.15)

To model realistic execution, we assume that single-qubit gates are essentially error-free
and that randomized compiling (see Subsection 2.4.2) is applied to the CNOTs. In
this setting, the noise affecting each CNOT can be represented as a replacement rule
C — ApC, where C denotes the ideal CNOT channel and Ap is a stochastic Pauli channel
arising from the randomized compiling procedure [47]. Applying this replacement to
every CNOT in the decomposition of U gives one noise block Ap, per CNOT. Thus,

5]/{ = SgApQCQSQAplclsl. (416)
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Similarly, for the inverse circuit,
Eyt = SiAp,C1SIAp,CoSi. (4.17)

Note that CNOT gates are self-adjoint and that the noise channels are not inverted when
constructing &+, since the physical implementation of C and CT = C is identical. Since
Pauli channels are self-adjoint, we obtain for

(C/‘[T]T - SgCgAPQSzclA’pl Sl- (418)

It is similar to Equation (4.16), with the exception that the noise channels are applied
prior to, rather than subsequent to, the ideal CNOT gates. Let us consider the Pauli
operators, which form a basis of Hermitian operators that do not all commute with the
CNOT gate. This commutation relationship leads to another Pauli operator, Prg; as
shown in Equation (2.44), so that

P,C = CPy). (4.19)

Therefore, &+ and EITJT may, in principle, differ for Pauli channels where p; # pr¢;) for at
least one ©. However, we expect that the effect on the fidelity will be negligible, since the
latter mainly originates from the Pauli terms proportional to the identity operator P;
(without error), which commutes with CNOT.

By explicitly decomposing circuits into single-qubit and CNOT gates with randomized
compiling noise models, we clarified how the noisy implementations of U, U', and their
adjoint channels differ in detail, but also why their effect on fidelities can be treated as
approximately symmetric, thereby justifying the approximation (¥ |p|W) = (¥|p|W).

In the effort to derive an expression for Fy in terms of the error strength, we decompose
p analogously to p in Equation (4.6)

p=(1—e)|v)W|+ea, (4.20)

where (10|d]1) = 0 and , as justified above, the error strength e is the same as for p in
Equation (4.6). Using Equations (4.6) and (4.20), we obtain

By =Tr[(1 = )[) (@] + ea)((1 = )[9) (¢ + €7))]
= (1= )*Te[|v) () (Y] + e(1 — o) (Te[[¥) (lo] + Te[|¢) (¥15]) + € Tr[od]
= (1 —€)* + € Tr[od], (4.21)

=:a

where we used that (|y) = 1, Tr[|¢>(¢|a} =0, and Tr[|¢>(@/)|6] = 0. The quantity a
is defined as the trace of the product of the operators ¢ and . The parameter a, is
generally unknown but expected to be small (as shown below). This corresponds to
scenarios where the purities of o and & are low, which is also anticipated in the presence
of predominantly incoherent errors.

If the gate errors are represented by Pauli channels, which can be implemented for
CNOT gates through randomized compiling (refer to Subsection 2.4.2), then ¢ and
o result from a combination of many states due to the many potential errors at each
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Figure 4.1: The noise strength €., as defined in Equation (4.23), is shown as a function of the
probability Py of measuring each qubit in state |0) for different values of a as indicated in the legend.
For low noise levels, the particular value of a does not significantly impact the value of the error strength.
For comparison, the black dash—dot-dot line represents the low noise approzimation in Equation (4.24).

gate. Consequently, o and & correspond to highly mixed states, i.e., Tr[o?] < 1 and
Tr[6%] < 1. Using the inequality 0 < Tr[(c — 7)?] = Tr[o?] + Tr[6?] — 2Tr[0], we obtain
the bound

a = Trlod] < ; (Tr[a2] + Tr[&2]) < 1. (4.22)

For a depolarizing error, for instance, we obtain ¢ = o, with o given by Equation (4.8)

above. This yields a = Tr[od] = 5.

Solving Equation (4.21) for the error strength e yields solutions expressed in terms of a
and Py, where P, denotes the probability of measuring all qubits in the |0) state. When
Py > a, the physical constraint 0 < e < 1 leads to a unique solution

_1—\/P0—a(1—P0)

4.23
1+a ( )

€a

The subscript emphasizes the functional dependence on a. The condition Fy > a
guarantees a real-valued solution by ensuring that the argument of the square root
remains non-negative.

A second mathematical solution exists for 1$, < Py < a, while no real solutions exist
when Py < £ This bifurcation arises from the quadratic nature of Equation (4.21).

However, only Equation (4.23) is physically valid, as it correctly approaches the noiseless
limit € — 0 when Py — 1. The alternative solution € = [1 + \/PO —a(l—P)]/(1+a)
violates this fundamental requirement and may yield unphysical values with € > 1. The
absence of solutions for Fy < . indicates that the measured probability lies outside
the compatible regime with the underlying model.
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4 IC-ZNE and further refined error mitigation techniques

The values of ¢, as a function of Fy, shown in Figure 4.1, converge in the low noise
regime to

1-F

€a — for Py — 1, (4.24)
independent of the value of a. Intuitively, the factor of two in the denominator arises from
the fact that the error associated with &y is doubled when adding &yy. It is important
to note that Equation (4.24) does not hold for coherent errors, where the assumption
a < 1 is violated. In such cases, we have confirmed that a o % for € — 0.

In case of incoherent errors, we account for deviations from the asymptotic behavior
described in Equation (4.24) by choosing the value of a as follows: a = 2%1 which is
slightly larger than the value obtained for depolarizing errors. If Py < 2%, we set a = Fy
to prevent situations where there is no solution or multiple solutions, as previously
mentioned. Finally, we arrive at the following estimate for the noise strength € based on

the measured probability P, of finding all ¢ qubits in the state |0):
1—y/P— 500
% PO > 2%
€= 27 (4.25)

1-F 1
1+Py PO S :

4.3 Structure of Inverted-Circuit Zero-Noise
Extrapolation

IC-ZNE builds on the concepts introduced in the preceding chapters. In summary,
IC-ZNE allows for the accurate determination of the scaling of error strength, which
deviates from the scaling assumption made in sZNE. This is achieved without requiring
any knowledge of the underlying noise or complex error characterization.

IC-ZNE differs structurally from sZNE (see Subsection 2.4.1) in several key aspects.
sZNE amplifies noise by repeating individual gates that scale the overall error strength,
relying on the assumption that errors increase linearly or in a predictable manner with
circuit depth. This assumption is only valid for specific types of noise, such as small,
stochastic, and commuting errors (e.g., depolarizing channels). In contrast, IC-ZNE
circumvents this assumption and measures the error strength directly by applying the
original quantum circuit followed by its inverse, such that the ideal unitary evolution
cancels while the noise aggregates. This approach allows for a more interpretable noise
amplification without depending on the gate-level scaling assumptions.

While IC-ZNE may introduce an implementation overhead due to the need for an
additional circuit, it offers improved robustness against various types of errors, particularly
when combined with error randomization techniques such as Pauli twirling. Measuring
the effective error strength transforms the impact of noise processes into a directly
measurable scalar quantity, which is guaranteed to vanish in the absence of noise. As a
result, extrapolation is performed on € rather than on an assumed error amplification
factor A\ that may fluctuate and not grow linearly. Consequently, IC-ZNE is more robust
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4.3 Structure of Inverted-Circuit Zero-Noise Extrapolation

to noise fluctuations. However, it should be noted that some noise contributions may not
be captured by the IC-ZNE method and are therefore not included in the extrapolation.
For instance, systematic over- or under-rotations that are applied identically by the
inverse circuit would ideally cancel out and thus remain undetected. While techniques
such as Pauli twirling can mitigate this effect, they are not always employed in practice.
Overall, the structural differences between IC-ZNE and ZNE reflect a shift from local,
assumption-driven noise scaling to a more holistic and model-independent approach to
error amplification and mitigation.
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Figure 4.2: Comparison of the Zero-Noise Extrapolation (ZNE) workflow (upper part) with the
Inverted-Circuit ZNE (IC-ZNE) approach (lower part). Standard ZNE is applied to a set of circuits U,
that are logically equivalent to U, but differ in their noise amplification factors. The IC-ZNE method
incorporates two additional steps: applying the inverse of the circuit and measuring the error strength,
denoted as €;. This process is executed for each amplification factor, yielding distinct error strength
measurements for all circuits. In practice, different strategies can be used to obtain scaled circuits U;,
such as applying amplification to the entire circuit (global folding), or, as in most of this work, selectively
to more error-prone gates, such as two-qubit gates (local folding).

A comparison between the sZNE workflow and the IC-ZNE approach is shown in
Figure 4.2. The ZNE procedure consists of three steps: noise scaling is first applied to
the circuit, the expectation value is then measured, and this process is repeated for all
amplification factors to enable an extrapolation to the noise-free limit. The IC-ZNE
workflow introduces two additional steps. After noise scaling, the inverse circuit is
applied to estimate the error strength ¢;. This measurement is carried out for each
amplification factor, yielding a distinct error strength for every circuit. A discussion of
the computational overhead is provided in Section 4.6.

Different strategies can be used to obtain noise scaling, such as global folding or local
folding (see Subsection 2.4.1). In the case of global folding, the amplified circuit is
given by U; = U(UTU)™, where n; € {0,741, ..,Mmaee} denotes the number of folding
repetitions. For local folding, only a subset of gates, typically CNOT gates, are folded.

o7



4 IC-ZNE and further refined error mitigation techniques

If U, represents such a gate, the corresponding amplified circuit is obtained by replacing
each occurrence of the gate U, in U with U,(UlU,.)". In IC-ZNE, after applying either
global or local folding, the inverse of the amplified circuit is appended in order to measure
the error strength e for each amplification factor n;. It is important that this error
strength measurement directly follows the execution of the folded circuit, since otherwise
time-dependent fluctuations could distort the result. Unless stated otherwise, all results
presented in this work employ local folding, with folding applied exclusively to CNOT
gates.

In summary, IC-ZNE offers a promising alternative to sZNE, especially due to its
robustness against different sources of error. By directly measuring the error strength e
using inverted circuits, rather than relying on assumptions about its scaling behavior,
IC-ZNE provides a more reliable framework for error mitigation in quantum computing.
The measured error strength can be used to examine assumptions made in ZNE (see
Subsection 2.4.1). In the following section, we therefore analyze the scaling behavior of
the measured error strength as a function of the noise scaling factor A. By comparing
() with the exponential scaling implied by sZNE, deviations from the assumed behavior
are identified for different circuits, noise models, and real quantum hardware.

4.4 Error scaling behavior in Zero-Noise Extrapolation

In the context of ZNE, it is assumed that errors scale exponentially (see Subsection 2.4.1).
However, this simple scaling behavior is predicated on the assumption that only depo-
larizing errors are present. Nevertheless, additional errors may emerge in real quantum
devices (see Section 2.2), potentially causing deviations from the anticipated scaling
behavior, since noise is not limited to depolarizing noise. This chapter examines dif-
ferent scaling behaviors in various contexts, including real backends, simulations with
depolarizing error models, and backend error models.

To demonstrate how the behavior diverges from the assumed scaling, we illustrate
the dependence of the normalized error strength €/¢y, obtained by inverted circuits,
as a function of the noise scaling factor A, in Figure 4.3. Here ¢, denotes the error
strength of the unscaled circuit (A = 1). The three test circuits used here are the Grover
circuit, Harrow-Hassidim-Lloyd (HHL) circuit, and Hadamard-Ladder (H-Ladder) circuit.
Detailed descriptions are provided in Appendix A.4.

The dependence of the expectation value (A) on the noise scaling factor A in sZNE is
commonly approximated by an exponential fit,

(A) = are”"* + as, (4.26)

(see also Subsection 2.4.1). The ideal, noise-free value corresponds to A = 0, giving
(A)ideal = a1 + ag. Substituting this into Equation (4.26) allows the expression to be
rewritten as

(A) = e (A)igeal + (1 - 67@2A) {(A)noisy (4.27)

where (A),oisy = a3 is the expectation value reached in the strong-noise limit A — oo.
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Figure 4.3: Scaled error strength €/eg as a function of the noise scaling factor \ for representative
runs of (a) Grover, (b) HHL, and (c¢) H-Ladder circuit. The error strength is normalized such that the
mean value (€)/eg = 1 for A\ = 1. Black diamonds show data obtained from the real quantum device
(ibmq__ehnignen). Simulated results are shown for a 1- and 2-qubit depolarizing noise model (orange
circles), a 2-qubit-only depolarizing model (green triangles), and the backend-specific noise model (blue
stars). The expected exponential scaling behavior assumed in sZNE is indicated by the corresponding
lines (dotted, dashed, dash-dotted, and dash-dot-dotted). Across all circuits, deviations from exponential
scaling are observed, particularly for the real hardware data, demonstrating the limitations of standard
noise models.

Equation (4.27) can be interpreted as stating that, at finite A, the effective quantum
state is a mixture of the ideal state pigear = |1)(¢| and the noisy state ppoisy Obtained in
the strong-noise limit

p(N) = e ) (W] + (1= ) puoisy- (4.28)

In the case of depolarizing noise, this reduces to poisy = p« (see Subsection 2.4.1).

Combining Equation (4.28) with the definitions of the fidelity and p in Equations (4.2)
and (4.6), one obtains the relation between the noise scaling factor A and the error
strength €

e= (1= Wlpnant0)) (1= 7). (4.20)
or, normalized to the error strength at A =1,

1— —asg\
c_-° (4.30)

€0 1—e

Equation (4.30) shows that the error strength € increases monotonically with the ampli-
fication factor A, starting from ¢ = 0 at A = 0 and saturating for large A at a maximum
value determined by the overlap (1|pnoisy|?). In other words, A controls how quickly
the state is driven from the ideal state towards the fully noisy limit, with as setting the
characteristic scale of this transition.

We analyze the scaled error strength €/¢y as a function of the noise scaling factor A
for representative runs of the Grover, HHL, and H-Ladder circuits. The complete
experiments will be discussed in the following section. The results, shown in Figure 4.3,
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4 IC-ZNE and further refined error mitigation techniques

Table 4.1: Initial error strengths €y and exponential decay rates as obtained by fitting Equation (4.26)
to Grover, HHL, and H-Ladder datasets under various noise models.

Grover HHL H-Ladder
€0 a9 (&) a9 €0 as
tbmq__ehningen 0.15 0.135 0.42 0.630 0.45 0.071
tbmgq__ehningen noise model 0.091 0.162 0.32 0.537 0.059 0.522
2-qubit depol. error 0.22 0.262 0.29 0.383 0.17 0.205
1-, 2-qubit depol. error 0.20 0.244 0.25 0.473 0.14 0.235

include data obtained on quantum hardware (ibmgq _ehningen), as well as simulations
using the backend’s full noise model, and two different depolarizing noise models. Both
depolarizing models are parameterized by an average gate infidelity of » = 0.02. The first
model includes single- and two-qubit depolarizing channels (1-, 2-qubit depol. error),
while the second applies depolarizing noise only to two-qubit gates (2-qubit depol. error).
These parameters are chosen to reflect typical noise levels of the IBM quantum hardware
used in this work. A detailed description of these models is provided in Appendices A.2
and A.1. The corresponding exponential decay rates as are obtained by fitting the
measured expectation values (A), with the ZNE model in Equation (4.26). The initial
error strength ¢y and resulting ay values are listed in Table 4.1.

The expected exponential scaling behavior matches well for the two-qubit depolarizing
error model (green triangles, dash-dotted line in Figure 4.3) and for the combined
one- and two-qubit depolarizing error model (orange circles, dashed line). In contrast,
the results from some of the remaining cases exhibit significant but partial deviations
from this idealized behavior. Deviations from the expected behavior are observed in:
the Grover circuit (run on ibmg_ehningen, see Figure 4.3 (a)), the H-Ladder circuit
(run on ibmgq__ehningen, see Figure 4.3 (c)), and the ibmgq_ehningen noise model (see
Figure 4.3 (c). These results show that the underlying assumptions do not accurately
reflect reality. Additionally, even with the backend-specific noise model, deviations
from the expected exponential scaling persist, particularly for the H-Ladder circuit.
Furthermore, the scaled error strength for the H-Ladder circuit data from the backend
exhibits the greatest deviation. One possible explanation is the presence of correlated
noise and idle-time decoherence among the utilized qubits. Another explanation could be
that, due to crosstalk effects similar to those reported in Ref. [91], the H-Ladder circuit
exhibits higher deviations. Although the specific qubits used in this work differ, similar
interactions may occur and could account for the increased deviations observed for the
H-Ladder circuit.

These discrepancies highlight that real device noise cannot be adequately described by
a simple depolarizing model or its associated exponential scaling. This reinforces the
need for error mitigation methods such as IC-ZNE that do not rely on oversimplified
assumptions but instead use empirically measured error strengths. Having established
that the ZNE assumptions about error scaling do not hold in general, we now turn to a
comparison of real backend data obtained with ZNE and IC-ZNE.
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4.5 Comparison of sZNE and IC-ZNE using real
backend data

Building on the theoretical introduction to IC-ZNE, we now compare sZNE and IC-ZNE
using experimental data collected on IBM’s quantum device ibmgq ehningen. As test
cases, we consider three quantum circuits: Grover’s algorithm, the HHL algorithm,
and the H-Ladder circuit. Detailed descriptions of their structures are provided in
Appendix A.4. While Grover and HHL represent full algorithms, H-Ladder is not an
algorithm but rather a parametrizable circuit that can be extended in depth.

Noise scaling factors A € {1,3,5} were applied to each circuit, and for each A, 16
randomly twirled versions of the original circuit were executed 625 times each, totaling
10,000 measurement repetitions per scaling factor. Twirling facilitates averaging over
coherent noise effects (see Subsection 2.4.2). In the case of IC-ZNE, each twirled circuit
was additionally measured to estimate the corresponding error strength e, requiring
another 625 repetitions per circuit.

The results are shown in Figures 4.4 to 4.6. In each figure, subfigure (a) shows the sZNE
approach, where the expectation values (A) are plotted for the chosen values of A and
extrapolated using an exponential fit. Subfigures (b) show the IC-ZNE results, where
the same expectation values are plotted as a function of the measured error strengths e,
and a first-order linear fit is used for extrapolation.

The spread of data points at fixed scaling factor is primarily due to variations intro-
duced by the choice of twirling gates, statistical fluctuations, and backend noise. For
the extrapolation, an exponential fit in A is used for sZNE, while a linear fit in € is
employed for IC-ZNE. The quoted uncertainties of the extrapolated zero-noise values
are calculated from the covariance matrix of the fit parameters, ensuring a consistent
statistical treatment across both methods.

Table 4.2: Comparison of extrapolated expectation values obtained with sZNE and IC-ZNFE for the three
benchmark circuits, shown in Figures 4.4 to 4.6, along with the corresponding ideal values. Reported
uncertainties correspond to one standard deviation.

<A>idea1 <A>sZNE <A>IC-ZNE
Grover 1.000 0.970 £ 0.021 0.994 =+ 0.009
HHL 0.625 0.594 =+ 0.025 0.633 £ 0.017
H-Ladder 0.500 0.459 + 0.017 0.510 £ 0.018

Across all three benchmarking circuits, IC-ZNE systematically yields extrapolated values
that are closer to the respective ideal results and, in most cases, reduces statistical
uncertainty compared to sZNE (see Table 4.2). For the Grover circuit, IC-ZNE nearly
reproduces the exact expectation value, demonstrating both improved accuracy, with an
81% reduction in deviation, and a more than twofold reduction in variance. The HHL
circuit, which involves a larger number of CNOT gates, exhibits stronger noise effects
overall. Nevertheless, IC-ZNE achieves a 75% improvement over sZNE. The confidence
interval of the IC-ZNE result already includes the exact value, whereas the sZNE interval
lies entirely below it. Hence, only IC-ZNE achieves statistical consistency with the ideal
outcome.
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Figure 4.4: sZNE (a) and IC-ZNE (b) for the Grover circuit executed on IBM’s quantum device
ibmq_ehningen. For each noise scaling factor A\ = 1 (green diamonds), A = 3 (blue triangles), and
A =5 (grey pentagons), we perform 16 different randomly twirled quantum circuits, each with 625 shots,
which gives 10,000 shots per scaling factor in total. The variation observed in the data points for the
different scaling factors can be explained by the use of different twirling gates, as well as by statistical
fluctuations and variations introduced by the backend used. The error bars (standard deviation) of the
extrapolated values at zero noise (A =0 or e = 0, respectively) are calculated from the covariance matriz
of the fit parameters provided by the curve fitting procedure. (a) In sZNE, the measured expectation
values (Agrover) are plotted versus the noise scaling factor A. An exponential fit leads to the extrapolated
value (Agrovery = 0.970 £ 0.0213, which is clearly smaller than the ideal value (AGrover)ideat = 1
(horizontal dotted line). (b) In IC-ZNE, the error strength € of each circuit is determined by the method
of inverted circuits (using 625 additional shots per circuit). The same expectation values (AGroper) a8
in (a) are now plotted as a function of € instead of A, resulting in a more precise extrapolated value of
(AGrover) = 0.994 + 0.009 obtained by a first-order linear fit.
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Figure 4.5: Same as Figure 4.4, but for the HHL circuit instead of the Grover circuit. Again, the
extrapolation using IC-ZNE (b) yields better agreement of the extrapolated value (Appr) = 0.594 +0.025
for sZNE and 0.633 &+ 0.017 for IC-ZNE with the exact value 5/8 = 0.625 than sZNE (a). Note that,
due to a larger number of CNOT gates, the measured values of the error strengths € are higher than in
case of the Grover circuit in Figure 4.4 (b).
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Figure 4.6: Same as Figure 4.4, but for the H-Ladder circuit instead of the Grover circuit. Again, the
extrapolation using IC-ZNE (b) yields better agreement of the extrapolated value (Argdder) = 0.459+0.017
for sZNE and 0.510 & 0.018 for IC-ZNE, with the exact value 0.5 than sZNE (a). The H-Ladder circuit
shows the strongest error increase at higher amplification factors (A = 3,5). See main text for discussion
of idle-time decoherence, leakage, and correlated noise.
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The H-Ladder circuit shows a higher error strength for the larger amplification factors
A = 3 and A = 5, although randomized compiling converts coherent gate errors into
effectively stochastic noise. This behavior can be explained by several effects that
are not removed by twirling. The H-Ladder circuit operates on eight qubits, and its
structure increases the number of idle qubits during gate execution and therefore enhances
decoherence due to finite T} and 75 times. These idle periods can be mitigated by inserting
identity operations in the form of dynamical decoupling sequences [36,113-115], which
help to suppress decoherence effects during idle times. In addition, leakage out of the
computational subspace and correlated noise between qubits can accumulate over the
course of the computation. Small residual correlations in the readout, which remain
even after readout-error mitigation, may further contribute to the observed error. These
mechanisms scale with the number of qubits and the total circuit duration and are
thus more pronounced for the H-Ladder circuit compared to the smaller Grover and
HHL circuits. Since IC-ZNE reduces the error by a similar fraction for all circuits, here
by 77%, the remaining noise appears to be largely stochastic, while the larger circuit
width of the H-Ladder leads to an overall higher error strength, when folding is applied.
Taken together, these results indicate that IC-ZNE provides a reliable reduction of
stochastic errors across different circuit types and remains effective even in the presence
of additional noise sources that are not fully captured by sZNE.

In summary, we observe that IC-ZNE not only provides extrapolated values closer
to the exact results but also reduces the statistical uncertainty in most cases. These
improvements stem from the fact that IC-ZNE measures the actual error strength of
each circuit instance, rather than assuming an ideal scaling behavior with )\, as sZNE
does. To gain a deeper understanding of this distinction, we now turn to a systematic
investigation of how both methods perform as a function of the underlying error strength.

4.6 Influence of error strength on the performance of
sZNE and IC-ZNE

Building on the previous results, we now analyze how the performance of sZNE and IC-
ZNE depends on the underlying gate error strength. To this end, we systematically vary
the noise level within a depolarizing noise model and examine the resulting extrapolation
behavior. All simulations are performed using a custom implementation in Qiskit [116].
Simulations were performed using a depolarizing noise model parameterized by the average
gate infidelity r, which is related to the depolarizing probability p by r = 22;1 p [117-119],
see Appendix A.2 for details. The single-qubit errors are set to one order of magnitude
smaller than the two-qubit errors (10%). The differences in single- and two-qubit errors
resemble those in IBM’s quantum hardware. The average gate infidelity r is varied
within the range 0.005 < p < 0.05. It is important to note that in this error model,
other gates such as I, RZ and Reset gates, as well as initialization and measurement
operations are assumed to be perfect, and decoherence processes acting on idle qubits are
neglected. The simulation is conducted for the Grover, HHL and H-Ladder circuits (see
Appendix A 4 for a description), utilizing 10 000 shots, amplification factors A € {1, 3,5}
and repeated M = 50 times to ensure statistical reliability. For comparison, we also
present the raw data obtained from the unscaled circuit without applying sZNE. It is
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4 IC-ZNE and further refined error mitigation techniques

important to note that randomized compiling is not utilized in these simulations, as it
does not affect a depolarizing channel.

Figures 4.7 to 4.9 show box plots (explanation see Appendix A.3) for the extrapolated
expectation values of the depolarizing error model explained above. The accompanying
plots at the bottom display the root-mean-square error (RMSE) relative to the ideal
value, defined as

1 M

RMSE = \J i Z(<A>z - <A>ideal>27 (4.31)

=1

where M is the number of runs (i = 1,2,..., M), (A); the i*" expectation value and (A)igeal
the ideal expectation value.

From Figures 4.7 and 4.8, it is evident that, both for the Grover and the HHL circuit,
and for all four error ranges, IC-ZNE demonstrates superior performance compared to
sZNE. The smallest RMSE is reached in all but one instance, which corresponds to HHL
with largest error rate.

For the Grover circuit (see Figure 4.7), IC-ZNE yields extrapolated values that are
systematically larger than the corresponding (Agrover) for the two highest error rates,
panels (c) and (d). In spite of this bias, IC-ZNE achieves RMSE values at least 1.6 times
lower than those of SZNE. As shown in Figure 4.7 (b), the improvement reaches a factor
of 3.2 when directly comparing RMSE values for 1% average gate infidelity. The bias
toward larger values is not fatal because the RMSE advantage shows robustness. This
means [C-ZNE is preferable even if the raw estimates appear strongly shifted.

For the HHL circuit, Figures 4.8 (a)—(c) indicate that sZNE produces results with larger
variability than IC-ZNE. At the lowest error rate shown in (a), IC-ZNE performs 2.5
times better, attributable to its reduced variations and outliers. In the case of average
gate infidelity reaching 5%, as depicted in Figure 4.8 (d), the extrapolated values for
both sZNE and IC-ZNE significantly diverge from the exact value represented by the
horizontal line. This observation highlights a fundamental limitation of ZNE techniques,
which cannot be relied upon to produce accurate results when the noise level in the
original circuit is excessively high. This is particularly evident in the increased number of
CNOT gates relative to the Grover circuit. The higher gate count makes the technique
less effective at large error rates, which can be accounted to a broader limitation of SZNE
as it scales poorly with depth and noise. Taken together, these findings suggest that
IC-ZNE is most valuable in regimes where noise is modest but non-negligible. These are
exactly the conditions that are encountered in present noisy intermediate-scale devices.

The result for the H-Ladder circuit with 2% average gate infidelity in Figure 4.9 (c)
indicate that IC-ZNE and sZNE exhibit comparable RMSE values. Notably, for average
gate infidelities of < 2%, the distribution of sZNE is broader than that of IC-ZNE. In
Figure 4.9 (a) and (b), IC-ZNE demonstrates a minimum improvement of 1.7 times in
terms of RMSE compared to sZNE. However, at higher error rates, the extrapolated
values diverge from the exact value represented by the horizontal dotted line, highlighting
the limitations of ZNE techniques under increased noise conditions. The advantage of
IC-ZNE is most evident at low error rates. However, once noise dominates, neither sSZNE
nor [C-ZNE performs better. This defines a practical boundary of the approach.
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4.6 Influence of error strength on the performance of sZNE and IC-ZNE
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Figure 4.7: Comparison of IC-ZNE, sZNE and unmitigated raw data (raw) for 50 simulation runs
of the Grover circuit using a single- and two-qubit depolarizing error model with different average gate
infidelities: (a) 0.5%, (b) 1%, (c) 2%, and (d) 5%. The error rate for single-qubit gates is set to
one-tenth of the CNOT error rate. A box plot has been employed to present the extrapolated values
(AGrover) for each method (raw, sZNE and IC-ZNE). The exact value (AGrover)ideal 1S represented by
a dashed horizontal line. The root-mean-square error (RMSE), which reflects the deviation from this

ideal value, is depicted in the accompanying plot below on a logarithmic scale. Notably, in all cases, the
IC-ZNE demonstrates the smallest RMSE.
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Figure 4.8: Analogous to Figure 4.7, but for the HHL circuit instead of the Grover circuit. For average
gate infidelities of < 2% ((a), (b), and (c)), the distribution for sZNE is broader compared to that of
IC-ZNE and IC-ZNE outperforms sZNE by at least a factor of 1.6 in terms of RMSE. However, at
higher error rates, the extrapolated values deviate significantly from the exact value indicated by the
horizontal line. This suggests that, due to the greater number of CNOT gates relative to the Grover
circuit, the errors in (d) are too substantial for all sZNE methods to function effectively.
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Figure 4.9: Same as Figure 4.7, but for the H-Ladder instead of the Grover circuit. For average
gate infidelities < 2%, the distribution for sZNE is broader than for IC-ZNE. IC-ZNE performs at a
minimum of 1.7 times (in terms of RMSE) better than sZNE in (a) and (b). For higher error rates ((c)
and (d)), the obtained extrapolated values differ from the exact value (horizontal dotted line).
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Figure 4.10: Simulation results for IC-ZNE with reduced circuit repetition numbers and different
average gate infidelities. Instead of 60000 measurement repetitions, only 30 000 repetitions (IC-ZNEs, )
were used. The smaller number of repetitions leads to a broader distribution, but the differences in
RMSE values are minor.

In summary, the analysis across various circuits, including the Grover, HHL and the H-
Ladder circuit, consistently demonstrates the superior performance of IC-ZNE compared
to sZNE, particularly at lower error rates. While both methods exhibit similar RMSE
values at higher error rates, IC-ZNE consistently outperforms sZNE, particularly in
scenarios with low noise. However, as error rates increase, the effectiveness of both
techniques diminishes, emphasizing a critical limitation: ZNE methods may not yield
reliable results in circuits with high noise levels due to the increased number of CNOT
gates. In such cases, the measured result is completely dominated by noise, leaving no
suitable information for ZNE. It must also be stated that these findings are obtained from
simulations with a depolarizing noise model. Real devices may show different performance
characteristics because hardware noise is often not fully captured by depolarizing models.
Nevertheless, the overall trends indicate that IC-ZNE has practical value in present-day
quantum computing experiments, in particular where noise is present but not completely
dominant.

Simulations with reduced number of circuit repetitions

Finally, we analyze the additional resources required by IC-ZNE in comparison to sZNE.
Since IC-ZNE needs extra circuits for determining the error strength, the overall resource
usage is about twice as high. In our experiments, 10000 measurement repetitions were
used for the unmitigated raw data, 30 000 for sZNE, and 60 000 for IC-ZNE. One could
also design experiments with equal overall resources by either doubling the number
of repetitions per circuit for sZNE or halving them for IC-ZNE. This would slightly
affect the statistical variance, but we expect that the advantage of IC-ZNE on real
quantum hardware would remain. The reason is that IC-ZNE, especially when combined
with randomized compiling, produces estimates with essentially negligible bias because
systematic deviations are suppressed by a more accurate determination of the noise
scaling.

This assumption is confirmed by the simulation results in Figure 4.10. Here IC-ZNE with
30000 repetitions (IC-ZNE, ), the same number as for sZNE, is compared to the usual
60 000 repetitions. While fewer repetitions increase the variance of statistical fluctuations,
the RMSE values remain almost unchanged.
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In conclusion, although IC-ZNE requires more complex circuits and a higher repetition
count, its ability to suppress systematic errors and deliver unbiased estimates justifies
the additional resources. The robustness observed even with reduced repetition numbers
underlines its practical relevance for current devices. These results, obtained on simulators
with depolarizing noise, motivate further research on how the combination of IC-ZNE
with randomized compiling can improve the mitigation of more complex noise in real
hardware experiments.

4.7 Influence of error randomization on
(Inverted-Circuit) Zero-Noise Extrapolation

In the preceding sections, we introduced sZNE and the IC-ZNE, with their methodological
foundations and presenting numerical simulations to assess their performance under
depolarizing noise with various strengths. However, on real quantum hardware the
errors are more complex and coherent errors can arise alongside incoherent ones. A
central assumption of real quantum hardware error mitigation is that randomization
techniques, such as Pauli twirling via single-qubit gate insertion (see Subsection 2.4.2),
convert coherent noise processes, including those affecting CNOT gates, into incoherent
Pauli channels. This transformation substantially improves the accuracy of extrapolation
schemes that assume incoherent, gate-independent noise.

However, the structure of IC-ZNE deviates from this framework by measuring directly the
error strength through an inverted circuit (see Section 4.3). As discussed in Section 4.2,
this approach implicitly assumes that the errors are effectively stochastic, such that
a = Trlog] < 1 (see Equation (4.22)). If this condition holds, randomization is
not strictly necessary, since the noise estimation circuits already capture the relevant
stochastic error strength. In contrast, for purely coherent noise the errors in U and
U could partially or even completely compensate each other, leading to a ~ 1 and an
underestimation of the actual noise level. In such cases, additional randomization, for
instance by applying randomized compiling, can be beneficial to ensure that the measured
error strength represents the true average behavior rather than coherent cancellation
effects. This chapter investigates the implications of applying randomized compiling to
IC-ZNE and seeks to clarify if twirling contributes to the efficacy of the IC-ZNE protocol.

We compare results from 50 independent extrapolation runs obtained on IBM quantum
hardware (ibmgq_ehningen), with and without randomized compiling. For each circuit,
noise scaling factors A € 1, 3,5 were applied, with 10 000 shots (measurement repetitions)
per scaling factor. For IC-ZNE, each circuit was additionally measured to calculate e
with an additional number of 10 000 repetitions per scaling factor. The fitting procedure
follows the approach described in Section 4.3. For IC-ZNE, a linear fit is applied, whereas
for sZNE an exponential fit is used. In the absence of twirling, the same circuit is
repeated 16 times, while with twirling 16 circuits are executed with randomly chosen
Pauli twirls, as described in Subsection 2.4.2. The circuits used and device properties
can be found in Appendices A.4 and A.1.

The analysis across the Grover, HHL, and H-Ladder circuits demonstrates consistent
trends in the performance of IC-ZNE compared to sZNE and unmitigated data (Fig-
ures 4.11 to 4.13). In all cases, IC-ZNE achieves lower RMSE and fewer outliers,
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Figure 4.11: Comparison of unmitigated raw data (Raw), sZNE and IC-ZNE for 50 runs of the
Grover circuit the IBM quantum system ibmq__ehningen without (a) and with (b) Pauli twirling. The
expectation values (Agrover) are shown in a box plot. The root-mean-square errors (RMSE) representing
the deviations from the ideal value (AGrover)ideal = 1 (indicated by the horizontal dashed line) are shown
in the plots below. The most precise result, characterized by the lowest RMSE and fewer statistical
outliers (open circles), is achieved with IC-ZNE and twirling.
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Figure 4.12: Similar to Figure 4.11, but for the HHL circuit instead of the Grover circuit. (a) Data
collected without twirling. The expectation values from both mitigation techniques do not show any
improvement compared to the unmitigated raw data. (b) With twirling, IC-ZNE enhances the results,
resulting in a root-mean-square error that is three times smaller than that of sZNE.
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Figure 4.13: Results for the H-Ladder circuit, comparing the performance with and without twirling.
(a) Data collected without twirling gates shows that the expectation values from sZNE do not significantly
improve compared to the unmitigated raw data. IC-ZNE exhibits a more substantial improvement but
leads to an overestimation of the expectation value, while producing fewer outliers than sZNE. (b) With
twirling, the interquartile range for IC-ZNE increases, yet it still delivers better results compared to the
scenario without twirling. sZNE demonstrates a reduction in outliers along with a slight performance
enhancement.
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4.8 Zero-Noise Extrapolation with Adaptive Scaling Factors

indicating more reliable and unbiased estimates. Twirling gates further enhance IC-ZNE
performance by reducing both the spread and bias of the extrapolated expectation values.
By contrast, sZNE benefits less from twirling. While the number of outliers decreases, the
median values may shift slightly, resulting in a minimal improvement in RMSE overall.
This limited improvement may come from a more fundamental issue with sZNE, namely
its assumption that error scales linearly with the number of identity insertions (e.g.,
three insertions should triple the error). Since this assumption does not hold in practice
(see Section 4.4), sZNE remains inaccurate even when coherent errors are converted into
Pauli errors by twirling. IC-ZNE, on the other hand, directly measures the effective
error strength and therefore continues to benefit from twirling, as previously unmeasured
coherent errors are transformed into Pauli errors and properly accounted for.

For example, in the Grover circuit (Figure 4.11), IC-ZNE provides the lowest RMSE both
with and without twirling, and the number of outliers is markedly smaller compared to
sZNE and raw data. Twirling further improves IC-ZNE by narrowing the distribution
and stabilizing the estimates. Similarly, in the HHL circuit (Figure 4.12), the inclusion
of twirling aligns the median of IC-ZNE with the exact expectation value, yielding an
RMSE three times lower than that of sZNE. The H-Ladder circuit (Figure 4.13) exhibits
comparable trends, with IC-ZNE consistently outperforming sZNE and mitigating outliers
effectively, even when circuit-specific sensitivities amplify certain error types, such as
crosstalk.

These observations highlight the robustness of IC-ZNE across different quantum circuits.
The method reliably suppresses systematic errors and produces unbiased estimates, and
its effectiveness is further enhanced when combined with randomized twirling. Overall,
IC-ZNE provides a practical and broadly applicable noise mitigation strategy, independent
of specific circuit architectures, while sZNE shows more limited and circuit-dependent
improvements.

Despite the robustness of IC-ZNE’s architecture-agnostic design, limited experimental
resources may prevent its use. In the following chapter, we introduce adaptive scaling

techniques that dynamically select feasible noise scales, offering an improvement over
sZNE schedules.

4.8 Zero-Noise Extrapolation with Adaptive Scaling
Factors

Even though IC-ZNE’s design provides good extrapolation results compared to sZNE,
there might be not enough resources to use it in experiments. The statistical variance
of the extrapolated zero-noise value grows rapidly with increasing noise amplification
[46] when using sZNE, limiting practical error mitigation. This effect is particularly
pronounced when using predefined scaling factors, which do not account for circuit-specific
noise characteristics.

To enhance the accuracy of ZNE, an optimized selection of noise scaling factors is
introduced. This approach refines existing methods [38,86,120] by identifying a more
effective spacing strategy that reduces the extrapolation error. Additionally, circuit-
specific noise characteristics are incorporated into the scaling factor selection process,
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4 IC-ZNE and further refined error mitigation techniques

ensuring that the chosen noise levels better reflect the actual error behavior of the system.
The methods used are heuristic and can be applied to any quantum algorithm that
aims to evaluate expectation values in a manner comparable to ZNE. We validate the
effectiveness of this refined approach through experimental results on superconducting
quantum hardware with different quantum circuits.

ASF provides a favorable trade-off: it can achieve error reductions at significantly lower
quantum cost. When sufficient quantum resources are available and high accuracy is
required, IC-ZNE remains the recommended choice. Under resource constraints, ASF
offers a practical alternative that can substantially improve sZNE with few resources.
Subsection 4.8.1 details how amplification factors should be selected based on the
magnitude of the baseline error strength €. As it potentially fluctuates, it should
therefore be measured more accurately. Subsection 4.8.2 demonstrates how ZNE can
be improved using this strategy. For reference, we also evaluate IC-ZNE combined with
ASF to benchmark potential gains.

4.8.1 Equally spaced scaling factors versus exponentially spaced
scaling factors

ZNE relies on executing a quantum circuit at artificially increased noise levels and then
extrapolating the results back to the zero-noise limit. This requires a systematic way of
scaling the noise in the circuit. As demonstrated in Subsection 2.4.1, such scaling can
be achieved by repeating gates, which naturally leads to error scalings restricted to odd
integer factors. In order to extend this approach to arbitrary scaling factors that deviate
from odd integers, we adopt an implementation inspired by Refs. [46,75,121]. A more
general expression than Equation (2.34) is

1 K 2 X
A=— Cn;+ 1) =14 — i 4.32
Nc;(n+) —i—Nc;n (4.32)

where N, denotes the number of CNOT gates in the original, unscaled circuit and n; is
the number of identity insertions associated with the i-th CNOT gate.

Equation (4.32) makes clear that A can only take values on a discrete grid with step size
2/N,, since the n;’s are integers. Therefore, not every scaling factor A’ can be realized
exactly. The finite number of CNOT gates imposes a restriction on the set of achievable
scaling factors.

To approximate a desired target value X', one must project it onto the closest realizable
value on this discrete grid. For this purpose, we employ a rounding procedure based on
the floor function. This yields

frene
A\ =
Ne

+1. (4.33)

The floor function corresponds to the total number of identity pairs (3; n;) that can be
inserted consistently with a target scaling factor A’. Division by . converts the total
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back to an average per CNOT gate, and the final addition of 41 restores the baseline
contribution of the original circuit. In this way, Equation (4.33) provides the realizable
scaling factor closest to \'.

For each circuit, there exist several possible permutations of identity insertions across
the N, gates. To describe this, it is convenient to define the number of as

n=""-=_5n,. (4.34)

Any choice of nonnegative integers {n;} satisfying Equation (4.34) is valid. To distribute
insertions as evenly as possible, we choose |n| or [n] + 1. Different distributions of these
values among the N, CNOT gates correspond to different valid circuit realizations. In
practice, the assignment of n; is chosen randomly for each run, and the final result is
obtained by averaging over the outcomes of multiple such realizations.

As an example, consider X' = 4.2 with N, = 3. According to Equation (4.33), the
closest realizable scaling factor is 13/3 ~ 4.33. In this case, the mean number of identity
insertions per CNOT is n = (A —1)/2 =5/3 ~ 1.67. Therefore, the possible choices for
(nq,n9,n3) are

(n1,m92,n3) € {(1,2,2),(2,1,2),(2,2,1)}. (4.35)

Each configuration leads to the same effective scaling factor A = 13/3, which is close to
the desired X' = 4.2. By averaging over such randomized distributions, one obtains an
unbiased estimate consistent with the intended noise scaling.

After having established the ability to select scaling factors beyond the constraints of
odd integer scaling, the subsequent focus shifts to a proper choice of these scaling factors.
In practice, ZNE requires evaluating the noisy circuit at several different scaling factors,
and the distribution of these values plays a crucial role, as shown in [122], and determines
the quality of the extrapolation. This holds not only in the presence of Markovian
noise, which is typically assumed, but also under non-Markovian noise. The latter arises
when a quantum system interacts with an environment whose correlation functions
decay on time scales comparable to, or longer than, those of the system itself [87,123].
Understanding and managing this spacing is therefore crucial, as it directly impacts both
the stability and accuracy of the extrapolation. The subsequent discussion will address
the implications of equally and exponentially spaced scaling factors.

We compare two noise-amplification schedules for ZNE. On the one hand, the linear
or standard spacing, employs uniformly spaced factors, e.g. A = {1,3,5}, see Subsec-
tion 2.4.1. On the other hand, the exponential schedule which arranges the amplification
factors according to a geometric progression. This gives smaller noise amplification
factors more statistical weight and larger ones less. This has two key effects. First, it
reduces the variance in the extrapolated expectation value compared to placing too much
weight on large amplification factors, because statistical uncertainty increases sharply for
larger amplification factors [121,122]. Second, exponential spacing helps to control bias
induced by circuit depth or high physical error rates. It does so by giving more influence
to points with small amplifications, where noise expansion is more reliable (lower-order
terms dominate). This reduces the likelihood that the assumptions of polynomial extrap-
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Figure 4.14: The figure illustrates the two different scaling approaches considered. The standard
equidistant scaling (s) and the exponential scaling (e). The latter is depicted with five scaling factors to
emphasize the variation in methods.
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Figure 4.15: Empirical investigation to ascertain the optimal &-values for the Grover, HHL, and two
random circuits. The experimental findings indicated that values ranging from 0.05 to 0.25 yielded the
lowest RMSE values for the aforementioned circuits.

olation will break down. [31,46]. However, there is a trade-off. While including larger
amplification factors and more amplification factors can, in principle, better approximate
the zero-noise limit, doing so tends to increase variance [122]. Furthermore, equidistant
nodes experience significant shot-noise amplification as the number of nodes increases.
In contrast, strategies such as exponential spacing yield lower bias for a given variance
and superior overall mitigation performance [122]. Thus, exponential spacing is generally
preferred when error rates are high. However, one must carefully balance and tune the
number of amplification factors to avoid excessive statistical uncertainty. An example
of the two different spacing is shown in Figure 4.14. The two spacing methods are
illustrated with three (s - standard spacing) and five (e - exponential spacing) scaling
factors to emphasize the variation between the methods.

The number and placement of amplification factors must be chosen with care, since they
directly determine the accuracy and reliability of the extrapolation. A suboptimal choice,
such as values clustered too closely together or not extending over a sufficiently wide
range, can introduce additional estimation error. To avoid this, we adopt exponential
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Figure 4.16: The scaling factors X\, are plotted as a function of the initial error strengths ey utilizing
exponential spacing (see Equation (4.38)). The black dotted line represents the mazimum scaling factor
Amaz, defining the upper limit of amplification achievable under the given conditions. The data points
are categorized and represented as follows: Ai-circles, Ao-squares, Az-diamonds. With 100 CNOT gates
the difference between the achievable and original amplification factors (A and ') is negligible.

spacing and define the maximal amplification factor A\, as

Ny = 2 (4.36)

€0

where €, is the initial error strength of the unscaled original circuit and £ is a dimensionless
tuning parameter that fixes how big the noise amplification is relative to the unscaled
circuit. In this way, £ = Anax€o gives an estimate of the maximum error strength
of the scaled circuits. This estimate is obtained by multiplying the error strength of
the original circuit by the maximum scaling factor. For ZNE to operate reliably, the
maximum error strength must remain well below 1. At the same time, £ should not
be set too small, since the extrapolation requires a sufficiently broad range of noise
strengths. To calibrate a practical value of &, we ran benchmarking circuits of Grover,
HHL, and two random circuits with £ € {0.05,0.15,0.25,0.50, 1.00, 1.50,2.50}. For each
¢ we performed 20 experiments and 10000 shots per experiment. The computed RMSE
values of ¢ are presented in Figure 4.15. They exhibit a common minimum in the interval
0.05 < ¢ <0.25. We fix £ = 1/8 = 0.125 for all subsequent experiments. This value lies
well inside the empirically optimal window and yields stable low RMSE values across all
benchmarked circuits.

The determination of €; is possible by either estimation of the error strength, which can
be calculated by summing over the CNOT gate errors

No
o.M = D €0is (4.37)
i=1
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provided by calibration values from the quantum device, or by direct measurement with
inverted circuits as described in Section 4.2. The bounds for the adaptive scaling factors
are Agr € [1, Anaz]- And the exponential target spacings can then be calculated by

Jj—1

N = () 7, (4.38)

where k is the total number of amplification factors. The correlation between ASF and
initial error strength ¢y is shown in Figure 4.16. It is evident that, as the initial error
rate diminishes, the range of scaling factors increases, signifying enhanced flexibility in
amplification strategies. The data presented corresponds to a configuration with three
amplification factors and a total of 100 CNOT gates and 0.01 < ¢y < 0.5, with the
methodology applicable to varying numbers of gates and nodes. The difference between
A and ) with the high number of CNOT gates is negligible due to rounding for this
large number of CNOT gates.
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Figure 4.17: Variation in error strength across multiple backend executions for the (a) Grover, (b)
HHL, and (c) H-Ladder circuits. Each point corresponds to the measured initial error strength e of
a single run. Grover exhibits the lowest average error € with occasional outliers, while HHL shows
a higher but comparably variable error rate. The H-Ladder circuit has the highest average error and
displays a two minima in the early runs before stabilizing after the 150th run. These results highlight
that error characteristics differ markedly between circuits and fluctuate over time, underscoring the need
to monitor backend stability when applying error mitigation.

Whether ZNE should use ASF also depends on the temporal stability of the physical
error rate ¢p. The analysis in Figure 4.17 provides valuable insight into this stability
across different algorithmic structures. Grover achieves the lowest average error strength
(€6 = 0.19) but with notable shot-to-shot fluctuations and sporadic outliers. HHL
operates at a significantly higher average error level (0.36) with similar variability. The
H-Ladder circuit shows the highest mean error strength (0.48) and, unlike the other
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Figure 4.18: Dependence of noise scaling factors on initial error strengths for the (a) Grover (10
CNOT gates), (b) HHL (18 CNOT gates), and (c¢) H-Ladder (7 CNOT gates) circuits. Each marker
corresponds to one of the realized scaling factors \i, Ao, A3 from Equation (4.33). For Grover and
HHL, the plots show the expected inverse relationship between the baseline error strength ey and the
attainable noise scaling factor, consistent with the definition of Amax n Equation (4.36). The available
scaling factors also reflect the number of CNOT gates: circuits with fewer entangling gates allow larger
amplification ranges. In contrast, the H-Ladder circuit exhibits a systematically higher ey, which restricts
Amax to values too small for generating finer-grained scaling. Consequently, only three distinct \ values
appear, independent of variations in €.

cases, two minima over the first ~ 150 runs, followed by stabilization. This pattern may
reflect temporal variations in backend calibration, the circuit’s sensitivity to specific
error channels, or chip heating.

Taken together, these results emphasize that error strengths are not only circuit dependent
but also temporally dynamic. Robust ZNE strategies therefore require continuous tracking
of €y to select amplification schedules that remain within the noise-tolerant regime while
still spanning a useful extrapolation range.

The dependence of the noise scaling factors on the initial error strength and the circuit
structure is shown in Figure 4.18. As predicted by Equation (4.36), larger baseline
error strengths correspond to smaller realizable scaling factors, thereby limiting the
amplification range available for extrapolation. This effect is visible in both Grover and
HHL, where ¢, fluctuates but still permits multiple A values. For the H-Ladder, however,
the elevated €y reduces M. so strongly that only three discrete amplification levels
are feasible. From an error mitigation perspective, this limitation directly affects the
resolution of the extrapolation: with fewer scaling points, bias reduction is weaker and
variance grows more pronounced. These results highlight that the choice of the circuit
not only influences ¢y but also constrains the amplification schedule available for ZNE,
underlining the need to adapt error mitigation strategies to algorithmic structure.

In the following chapter, we turn to two complementary methods for determining the
initial error strength, a key parameter that directly impacts the effectiveness of ZNE
with adaptive scaling factors.
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Table 4.3: Percentage reduction of RMSFE for Grover, HHL, and H-Ladder circuits with adaptive scaling
factors. ASF M refers to calibration data based scaling, ASF B to backend based scaling. Data is taken
from Figure 4.19. The error reduction is always calculated relative to the corresponding baseline method,
that is, for ZNE+ASF with respect to sZNE and for IC-ZNE+ASF with respect to IC-ZNE. Entries
containing a hyphen indicate that the method proved ineffective and resulted in suboptimal outcomes.

ZNE+ASF M  sZNE+ASF B IC-ZNE+ASF M IC-ZNE+ASF M
Grover 4.87 % - - -
HHL 3.37 % 12.60 % — —
H-Ladder - 23.64 % - -

4.8.2 Impact of circuit error estimation and the choice of scaling
factors

In the previous chapter, the advantages of ASF in quantum devices were examined,
with particular emphasis on the fluctuations of error strength. The scaling factors are
determined based on the error strength. This determination can be achieved through
two distinct methodologies. This section provides a comparison of the two approaches.
As described in Section 4.2, the initial error strength ¢y can be measured directly on the
backend at the beginning of each ZNE cycle using the unscaled circuit (A = 1). The
adaptive scaling factors obtained in this manner are referred to as ASF B, indicating
that they are backend based. Compared to sZNE, this method has minimal additional
resource requirement because it only needs one extra circuit to determine the initial
error strength of the unscaled circuit. This makes the method highly efficient in terms of
resource usage.

Alternatively, ¢y can be estimated using the backend calibration data provided.In this
case, the errors of all CNOT gates present in the circuit are summed. The scaling factors
obtained in this way are referred to as ASF M, indicating that they are model based.
This approach requires even fewer resources because no additional circuits need to be
executed. Instead, the calibration data supplied by the provider can be employed directly.

The results of 50 runs on IBM’s quantum device ibmgq _ehningen for each circuit are
summarized in Figure 4.19. The figure compares ZNE and IC-ZNE with ASF, where
the initial error strength is either derived from calibration data (ASF M) or measured
directly on the device (ASF B).

For the Grover algorithm (Figure 4.19 (a)), ASF M performs better than ASF B. This can
be attributed to the shallow circuit depth, the relatively small number of CNOT gates,
and the simple qubit connectivity. Under these conditions, calibration data provides
a reliable estimate of the actual device behavior, while direct measurements lead to a
broader distribution.

For the HHL algorithm (Figure 4.19 (c)), both methods yield comparable results, but
ASF B performs slightly better. In this case, backend calibration data become less
representative, whereas direct measurements capture the effective noise more accurately.
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Figure 4.19: Euxtrapolation results for Grover ((a),(b)), HHL ((c),(d)), and H-Ladder ((e),(f))
circuits using ZNE (left column) and IC-ZNE (right column) with ASF. The initial error strength is
either estimated from calibration data (ASEF M) or measured directly on the device (ASF B). Each
subfigure contains a graph of the extrapolated zero-noise expectation values and, below it, a graph of
the corresponding RMSE values. For the Grover algorithm (a), the estimated error strength (ASF
M) appears sufficient to enhance the extrapolation results. In contrast, the HHL (c¢) and H-Ladder
(e) circuits exhibit lower RMSE values when using measured error strengths (ASF B), which may be
attributed to the larger fluctuations and higher error-strength values observed in this setting. For IC-ZNE,
no clear improvement in RMSE values is visible when using either ASF M or ASF B.

For the H-Ladder circuit (Figure 4.19 (e)), ASF B clearly outperforms ASF M. The
circuit is substantially deeper and contains many entangling operations, which amplify
error propagation. Consequently, calibration data fails to reflect the effective error
strength, while direct measurements provide a more reliable estimate.

IC-ZNE combined with ASF does not show an improvement in these settings (Fig-
ure 4.19 (b), (d) and (f)). This can be explained by the fact that IC-ZNE explicitly
measures the error strength for every extrapolation step and can therefore compensate
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for varying error levels. However, it should be noted that the IC-ZNE RMSE values,
as shown in Figure 4.19, are lower than the sZNE RMSE values in most cases. The
percentage error reductions for all circuits and ASF methods are reported in Table 4.3,
where reductions are always calculated relative to the corresponding baseline method.
The highest reduction of 23.64 % is achieved for the H-Ladder circuit with sZNE and
ASF B.

Although IC-ZNE achieves the the highest accuracy across most algorithms (with the
exception of H-Ladder combined with ASF B), its associated cost must be considered.
ASF requires a maximum of one additional circuit execution per extrapolation. In
contrast, IC-ZNE introduces an overhead of a factor two since the error strength of
each circuit, the original and the scaled ones, is measured separately. ASF therefore
provides a favorable trade-off: it achieves noticeable error reductions at a significantly
lower quantum cost.

As illustrated in Figure 4.17, the initial error strength exhibits fluctuations across different
experimental runs, with some circuits showing stronger variability than others. This
variability suggests that selectively discarding particularly noisy data could enhance the
reliability of extrapolated zero-noise estimates, motivating the post-processing strategies
examined in the next chapter.

4.9 Filtering methods

Although error mitigation, and ZNE in particular, have been widely investigated, the
systematic use of classical filtering techniques has received comparatively little attention.
The following section demonstrates how filtering can improve ZNE and IC-ZNE by iden-
tifying and discarding measurements that contribute disproportionately to extrapolation
error. This idea is inspired by Ref. [3], where results deviating more than 2¢ from the
expected distribution are removed. While that work highlights the benefit of discard-
ing statistically extreme outcomes, its filtering strategy is based on a single-variable
threshold applied to expectation values only. In contrast, we extend this concept and
investigate filtering strategies that exploit additional structure available in ZNE and
IC-ZNE experiments. Specifically, we consider criteria based not only on observable
values but also on error strengths and correlations between quantities, enabling a more
fine-grained identification of unreliable data. The following subsections introduce these
approaches and analyze their impact on extrapolation performance.

The filtering methods examined in this work are

o ¢o-filtering,

global (ellipse) filtering,

local (ellipse) filtering,

» a combination of €y and local (ellipse) filtering.

In the following subchapters, we introduce the different methods, their theory, and their
methodological approach. In Subsection 4.9.6, we discuss the experimental outcomes of
the different post-processing methods.
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4.9.1 ¢y-filtering

The filter method primarily uses the measurement of error strength, which has not yet
been used as a filter criterion. As described in Section 4.8, the initial error strength
€o is measured for each circuit prior to noise amplification. This provides a baseline
value for the error strength, allowing systematically rejecting unreliable experiments.
Under normal ideal conditions, it is assumed that ep-values follow a Gaussian normal
distribution

1 (€0 — p)?
p(€o) = \/%GXP <_M> ; (4.39)

where p is the mean error and o the standard deviation.

An empirical analysis of the experimental data revealed the emergence of a secondary
Gaussian component in some cases. This behavior indicates that the overall distribution
may be composed of multiple Gaussian contributions, plausibly associated with distinct
sources of noise. Although, in principle, additional Gaussian components could arise
from further noise mechanisms, the data most often exhibit no more than two resolvable
contributions. From a theoretical standpoint, one would expect each independent noise
process to generate an additional Gaussian peak. However, overlaps between compo-
nents can obscure their individual contributions, thereby complicating unambiguous
identification. Importantly, the presence of a secondary Gaussian does not compromise
the robustness of the filtering procedure, as the analysis consistently excludes all values
outside the 20 interval of the primary Gaussian.

An example of the occurrence of a secondary Gaussian is shown in Figure 4.20 (a),
where the initial error strength ¢y from 50 independent ZNE runs of the Grover circuit is
analyzed. In the figure, a larger primary distribution (orange) and a smaller secondary
distribution (blue) are visible.

The second Gaussian distribution is identified using a Gaussian Mixture Model (GMM)
[124], a statistical model that represents a data distribution as a mixture of multiple
Gaussian components. The probability density function of a GMM with T" components
is defined as

T
p(x) = m - N(x|w,o?), (4.40)

t=1
where m, is the mixing coefficient of the t-th component (with 2,7, = 1), and

N (z|pe, 0?) is a Gaussian distribution (as in Equation (4.39)) with mean g, and variance
o?. The parameters py, T, 0; are estimated using the Expectation-Maximization (EM)
algorithm, which iteratively refines the assignment of data points to components by
maximizing the likelihood of the observed data. We employ the implementation provided
by the Scikit-learn Python library [125].

Outliers are removed if they satisfy the criterion

|60 — u1| > 207, (441)
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Figure 4.20: Comparison of ey-filtering and local filtering. (a) Filtering applied to the initial error
strength g of 50 experiments using the Grover circuit and a one-dimensional Gaussian Mizture Model
(GMM). The primary and secondary distributions are indicated by orange and blue, respectively, and
outliers are excluded based on a 201 threshold, which refers to the first Gaussian distribution. (b)
Local filtering applied to expectation values of the Grover circuit obtained in a single experimental Tun.
Each noise scaling factor, \;, is indicated with its corresponding marker and fitted Gaussian envelope
(parameters shown in the legend). Data points deviating by more than 20 from the mean are highlighted
in red and classified as outliers.

where ;7 and o7 denote the mean and standard deviation of the primary Gaussian
component. The 20 threshold is illustrated in Figure 4.20 (a) with vertical black dotted
lines. Details of the binning procedure are provided in Appendix A.8. Once identified via
Equation (4.41), entire runs corresponding to outliers are excluded from further analysis.
This two-step process ensures that only reliable data is used for extrapolation.

4.9.2 Local filtering

In scenarios where only a limited number of experiments are available, relying on a
single run can make robust statistical analysis difficult. In such cases, filtering techniques
that discard individual data points rather than entire experiments can be advantageous.
Local filtering uses a similar principle as ep-filtering but is applied within a single
experiment: here, each experiment consists of three amplification factors with 16 twirled
circuits each. By analyzing these twirled circuit outcomes, local filtering identifies and
removes anomalous points without discarding full experiments. In our setting, the use
of 16 twirling circuits per amplification factor provides enough samples to apply this
method while maintaining meaningful statistics. Increasing this number further would
reduce the measurement shots available per circuit and therefore increase statistical
noise. Consequently, local filtering can isolate unreliable results even within a single
experimental execution and enhance the robustness of the data analysis. Specifically,
any expectation values (A) fulfilling the condition

[(A) — pal > 204, (4.42)

where 114 and o4 refer to the mean and standard deviation, are neglected.

Local filtering does not use a GMM, as there are only 16 data points per A;, which is
a too small sample size to provide reliable results for a GMM. In Figure 4.20 (b), the
expectation values are shown for three different noise scaling factors \;, each indicated
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by a distinct marker. For every );, the distribution of data points is compared to a fitted
Gaussian (dashed curve) with mean and variance estimated from the corresponding
subset. For illustrative purposes, the prefactor from Equation (4.39) is omitted. Points
lying beyond 20 from the mean are highlighted in red, marking them as outliers. This
visualization illustrates how local filtering operates on each )\; independently, ensuring
that fluctuations are removed without affecting the remaining data.

4.9.3 Global filtering

Another filtering strategy is global filtering, in which the distribution of expectation
values (A) is evaluated for each noise scaling factor \; across several independent runs.
In our setup, this analysis is based on 50 runs, meaning that all expectation values
corresponding to a given \; are grouped together. As in local filtering, data points
outside the criterion in Equation (4.42) are excluded.

Under ideal conditions, one primary Gaussian distribution is expected for each scaling
factor A\;. This distribution captures the statistics of all twirled circuits associated with
each \; (here 50x16 circuits per scaling factor). As with ep-filtering, a secondary Gaussian
component may appear, therefore, a GMM is used for separation.

The key difference to local filtering is that outlier detection is based on statistics
aggregated across multiple runs rather than within a single run. Compared to ep-filtering,
global filtering rejects individual data points instead of entire runs. For ZNE, no
additional runs are needed to measure the error strength. Therefore, fewer hardware
resources are needed.

4.9.4 Local and global ellipse filtering

When filtering is applied to IC-ZNE, it must be considered that the expectation values
(A) and error strengths €y are two different measurements. Therefore, a two-dimensional
Gaussian distribution can be assumed, as these two values are correlated. Hence, an
ellipse is fitted to the values and used to filter outliers beyond the 20 bound. The
two-dimensional Gaussian is defined by

1

p(z,y) =
270,041/ 1 — P2, (4.43)
1 (v —a)® | (W —1y)®  2p(x = pa)(y — 1ty
exp | — + - )
-2, o2 o2 7.0,

where x and y are (A) and €. The correlation coefficient p, , can be calculated through
the covariance or the standard deviation with
Cov(X,Y -
Cor(z,y) = V(X Y)  _ Ouy = Pry- (4.44)
\/Var(X)\/Var(y) Tz0y

This method can also be applied to compute confidence ellipses for identifying and
excluding outlier data points. As shown in Figure 4.21 (a), a single Grover experiment
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Figure 4.21: (a) Local filtering based on confidence ellipses obtained from a two-dimensional Gaussian
distribution. Fach point represents a twirled circuit instance of a single Grover experiment for one
of three amplification factors (markers: diamonds, A\y = 1; triangles, Ao = 3; pentagons, A3 = 5).
Two-sigma confidence ellipses are shown as dashed contours, with outliers outside the ellipses highlighted
in red. (b) Global filtering applied across 50 Grover experiments, using the same marker conventions as

in (a)

with three amplification factors and 16 twirled circuits is depicted. Two-sigma confidence
ellipses for each amplification factor are indicated by dashed lines, with outliers beyond
the ellipses highlighted in red. Using this technique, individual data points can be
discarded, potentially improving the extrapolation result. However, as discussed in
Subsection 4.9.2; if too few data points remain, the reliability of the statistical estimates
may degrade.

For global filtering, multiple runs are analyzed jointly, as illustrated in Figure 4.21 (b).
Data points corresponding to the same amplification factors across different runs are
compared and excluded according to the same statistical criterion. The procedure for
calculating the ellipse parameters is described in detail in Appendix A.8.

A key advantage of the global ellipse filtering approach is that outliers can be identified
more robustly by leveraging statistics across many experiments, reducing the impact of
spurious fluctuations in individual runs. On the other hand, global filtering requires a
larger amount of data and may inadvertently remove valid points if systematic shifts
occur between runs, potentially biasing the extrapolation. For this purpose, local filtering
would be more suitable than global filtering.

4.9.5 Combined ¢;- and local (ellipse) filtering

Outliers may originate from both systematic sources, such as hardware instabilities or
calibration drifts, and statistical fluctuations inherent to the measurement process. To
mitigate the influence of both types of noise, we implement a two-level filtering strategy.
At the run level, entire runs with anomalously high initial error strengths €y are excluded
(see Subsection 4.9.1). At the intra-run level, local filtering (or local ellipse filtering in
case of IC-ZNE, see Subsections 4.9.2 and 4.9.4) identifies and removes outliers within
each amplification factor.
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This hierarchical approach separates fundamentally inconsistent runs from isolated
statistical deviations. €p-filtering thereby suppresses systematic errors, while local filtering
reduces the impact of random fluctuations on the extrapolation fits. By successively
eliminating both classes of artifacts, the method is supposed to increase the robustness
of the analysis and to ensure that the extrapolated trends reflect the underlying physical
behavior rather than noise.

4.9.6 Hardware evaluation of filtering methods

Having established the theoretical foundations in the previous chapters, we now turn to
the experimental validation. Our goal is to analyze hardware runs using the different
filtering techniques and identify the most effective ones. In particular, we compare sZNE,
ASF, IC-ZNE, and their combinations with different filtering techniques.

For each method or combination, we perform 50 experiments with three scaling factors and
16 twirling circuits per scaling factor. Each experiment consists of 10 000 measurement
shots. The circuits and ZNE methods are applied as described in the preceding sections.
For the ASF method, we employ the variant that yielded the best results in Section 4.8,
using €y measured either on hardware (ASF B) or from the model (ASF M).

To illustrate the impact of filtering, Figure 4.22 reports the percentage error reduction
for the Grover, HHL, and H-Ladder circuits when using the four filtering techniques in
combination with three ZNE methods. The percentage is calculated relative to results
without filtering.

For the Grover circuit, the most significant error reduction is obtained using ASF M and
eo-filtering (see Figure 4.22 (b)). This improvement can be attributed to the enhanced
error estimation and adaptive nature of the scaling factors, which may support a more
effective filtering process. In contrast, IC-ZNE yields the least favorable results, as
shown in Figure 4.22 (c¢). Since IC-ZNE already produces a robust error estimate during
execution, additional filtering offers little to no benefit for the extrapolated outcomes.
Global filtering can even worsen the results by up to 12.1%, as it fails to account for
the unique error distributions inherent to individual runs. A slight improvement for
IC-ZNE is observed with local ellipse filtering, which removes outliers originating from
single runs. The effectiveness of global, €y-, and €y+local-filtering methods suggests that
sources of error in the Grover circuit are occasional outliers rather than drifts, which
these methods suppress effectively. For IC-ZNE, when the underlying error measurement
is already reliable, additional filtering tends to provide limited to no benefit and may
distort the data distribution.

For the HHL circuit, the best error reduction of 39.1% is achieved with sZNE combined
with local filtering. The second most effective error reduction is observed for IC-ZNE
under global filtering. Interestingly, the combined filtering method performs worse for
sZNE despite the individual efficacy of local and ep-filtering, which leads a minimal
increase in error reduction of only 7.9%. Notably, unlike the Grover circuit, all filtering
methods except local filtering reduce the error for IC-ZNE. This contrast suggests that
HHL is not dominated by isolated outliers, but rather by a broader noise distribution (see
Figure 4.17). Local filtering is therefore most beneficial for sZNE because it eliminates
runs with poor performance. IC-ZNE’s error strength measurement can in this case
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be improved by filtering, which helps to stabilize the extrapolation against variability,
although IC-ZNE already takes this variability into account through the error strength
measurement.
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Figure 4.22: Error reduction for the Grover [(a)-(c)], HHL [(d)-(f)], and H-Ladder [(g)-(i)] circuits
using three error mitigation methods (sZNE, ASF, and IC-ZNE) under four different filtering strategies.
(a)-(c) Grover: (a) sZNE shows the most significant improvement with global filtering. (b) ASF achieves
the best error reduction using eo-filtering. (c¢) IC-ZNE yields only minor improvement, with local filtering
offering the best (though limited) effect. (d)-(f) HHL: (d) sZNE benefits most from local filtering. (e)
ASF shows mazimum error reduction with global filtering. (f) IC-ZNE improves significantly under global
filtering. (g)—(i) H-Ladder: (g) sZNE achieves the greatest error reduction through the combination of
o +local-filtering. (h) ASF improves only with global and ey-filtering. (i) IC-ZNE offers no enhancement
with any filtering strategy. QOwverall, sZNE and ASF gain the most from filtering across all circuits.
IC-ZNE remains comparatively weak and is only effective for the HHL circuit with global filtering. These
results indicate that IC-ZNE might already capture a substantial part of the relevant error behaviour
during execution, which may limit the extent to which filtering can further enhance the extrapolated
outcomes. The effectiveness of a filtering strategy therefore depends on the mitigation method used and
on the structure of the underlying circuit.

The H-Ladder circuit exhibits the best results with sZNE combined with ey+local filtering,
achieving an error reduction of 32.8%, shown in Figure 4.22 (g). Similar to the Grover
circuit, the filtering methods offer no improvement for IC-ZNE and in fact tend to worsen
the results. For the ASF runs, only ep-filtering results in a modest improvement of 7.5%.
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Figure 4.23: RMSE values for Grover (a)-(c), HHL (d)-(f), and H-Ladder (g)-(i) circuits under
various filtering techniques. Each subplot compares the performance of sZNE, ASF, and I1C-ZNFE when
combined with no filtering, local filtering, global filtering, eq-filtering, and combined eq+local filtering.
The RMSE value is calculated with respect to the ideal zero-noise result.

Although the H-Ladder circuit contains only 7 CNOT gates, the initial error strength is
high (see Figure 4.17). This may limit the effectiveness of ASF and filtering does not
provide a substantial improvement. For sZNE, filtering reduces the impact of occasional
outliers through ¢(-filtering and and mitigates drift effects through local filtering, so
their combination yields the strongest error reduction. Once again, IC-ZNE does not
benefit, which reinforces the idea that its error-strength-measurement-based extrapolation
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already captures most of the relevant error behavior. This leaves little scope for additional
filtering to improve the results.

In conclusion, no single filtering method consistently outperforms the others across
all circuits. Global filtering often provides an improvement, although its effectiveness
depends strongly on the circuit and the mitigation method. For IC-ZNE, filtering is
generally not beneficial and may even degrade performance, since the method already
incorporates a robust error-strength estimate.

A comparison of RMSE values for the different filtering methods, shown in Figure 4.23,
provides an additional perspective on their performance and allows a direct comparison
with IC-ZNE. In several cases, such as in subfigures (f), (g) and (h), filtering combined
with sZNE or ASF achieves lower RMSE values than IC-ZNE. In subfigure (f), global
filtering even improves IC-ZNE itself, which is the only instance where filtering benefits
this method. Despite these exceptions, IC-ZNE still yields the lowest RMSE values in
nearly all scenarios, indicating that its error-strength measurement generally captures
the dominant noise behaviour.

Across the circuits, global and ¢ filtering reduce RMSE most consistently for sZNE and
ASF, while local and ey+local filtering show more variable performance. The data do
not support the assumption that combining local and ¢, filtering systematically improves
the mitigation process, as this approach can also remove excessive data or distort the
distribution.

Notably, for the H-Ladder circuit, ASF B combined with ¢, filtering outperforms IC-
ZNE, showing that filtering strategies can exceed IC-ZNE performance when the circuit
structure and noise characteristics are favorable. Nevertheless, in most cases IC-ZNE
remains the most robust method in terms of RMSE. Filtering with sZNE or ASF therefore
represents a practical lower-cost alternative that can approach, and occasionally surpass,
the performance of IC-ZNE when full IC-ZNE runs are not feasible.

Table 4.4 shows the fraction of outliers discarded for each circuit, mitigation method,
and filtering strategy. Of all the approaches, the combination of ey-filtering and local
filtering is the most aggressive. This method eliminates the largest share of data, up
to 60.9% in the case of HHL with IC-ZNE and similarly high percentages across other
circuits. In contrast, global and local filtering alone are far more conservative, typically
discarding only a few percent of the data (usually below 5% for sZNE and ASF and
slightly higher for IC-ZNE). Notably, the extrapolated results often improve even when
large fractions of runs are removed, indicating that the filtering criteria identify runs
with substantially higher noise levels without degrading the quality of the remaining
data.

These filtering statistics provide additional insight into the behavior of current quantum
hardware. The fact that removing more than half of the data can still improve the result
suggests that a significant portion of runs is affected by transient or calibration-related
fluctuations rather than stable noise characteristics. Filtering therefore not only removes
inconsistent data but also highlights the more reliable measurement regime within the
device’s operation. At the same time, the results underline the importance of choosing
an appropriate filtering strategy: while global filtering benefits from increased statistical
robustness across many experiments, it relies on large data sets and may inadvertently
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discard valid data in the presence of systematic run-to-run shifts. In such cases, local
filtering approaches may offer a more suitable alternative.

Table 4.4: The percentage of outliers removed for each circuit (Grover, HHL, and H-Ladder) is shown
for different error mitigation methods (sZNE, ASF, and IC-ZNE). The results are reported for four
filtering strategies: global, local, and two strategies with ey-filtering: without and with additional local
filtering. Lower percentages indicate fewer discarded experiments, whereas higher percentages indicate a

higher number of outliers.

Circuit Method Filtering Outlier (%)

global 3.7

INE local 4.3

Grover 0 12
€p+local 44.5

global 4.7

local 4.3

ASF c 23
€o+local 40.8

global 9.4
local 11.5

IC-ZNE 0 m
€p+local 50.7

global 4.2

NE loecal éégl

0

HHL €p+local 59.7
global 6.4

local 4.3

ASF c 62
€o+local 63.7
global 13.4
local 10.9

IC-ZNE 0 56
€p+local 60.9

global 4.8

INE loecal 355

0

H-Ladder eo+local 59.2
global 4.5

local 4.0

ASF c 56
€o+local 57.7

global 13.5

local 10.2

IC-ZNE c 48
€p+local 53.4
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Having established the effectiveness of different filtering strategies, we will now examine
the influence of folding schemes. Since folding determines how noise is amplified, the
choice of folding scheme directly affects the performance of ZNE variants. In the following,
we compare global and local folding within adaptive and error-measurement-based settings
to assess their practical impact.

4.10 Analysis of folding schemes

Noise amplification in ZNE can be achieved using either global or local folding. As
discussed in Section 2.4, the chosen folding strategy can influence the mitigation perfor-
mance. To better comprehend the practical implications of these strategies, this section
presents a detailed analysis of their impact on the performance of ZNE and IC-ZNE
when combined with ASF.

(a) ZNE+ASF M (b) IC-ZNE+ASF M
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Figure 4.24: Comparison of local and global folding in ZNE and IC-ZNE with ASF M applied to
the Grover circuit. (a) ZNE+ASF M and (b) IC-ZNE+ASF M. The upper panels show bozx plots of
extrapolated (A Grover) from 30 simulation runs (sim-loc/glob) and corresponding hardware experiments
(phys-loc/glob). The horizontal dotted line resembles the ideal value (A Grover)ideat = 1. The lower panels
report the root-mean-square error (RMSE) of each method. Local folding achieves lower RMSE on
hardware, while global folding performs better in simulations.

A key motivation for restricting the comparison of global and local folding to the ASF
setting is that ASF already modifies the effective noise-scaling procedure. Since ASF
aims to adaptively adjust the amplification to match the noise characteristics of the
device, the interplay with different folding strategies becomes more subtle and potentially
more impactful than in other settings. Previous works [84,126] have shown, for example,
that global folding tends to perform better under time-correlated noise, suggesting that
the combination with ASF could further improve robustness. By testing both global
and local folding within ASF, we can directly assess whether adaptive scaling leverages
the strengths of one scheme over the other, and whether these observations extend to
IC-ZNE as well.

In ASF with global folding, we decompose

n =ny + na, (4.45)
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Figure 4.25: Comparison of local and global folding in ZNE and IC-ZNE with ASF M applied to the
HHL circuit. (a)—(b) show results for HHL without filtering, and (c)—(d) for HHL with ey-filtering.
The subfigure layout mirrors that of Figure 4.24. The horizontal dotted line resembles the ideal value
(AgHL)idear = 5/8 = 0.625. Without filtering, hardware runs exhibit high variability, with 1C-ZNE
producing many outliers (points in the box plots). Applying eo-filtering improves hardware performance,
and the combination of IC-ZNE with global folding yields the lowest RMSE.

where ny € Zs( and ny € [0,1). The integer part n; is realized through unitary folding
of the entire circuit, (UUT)™, which corresponds to a base scaling factor

A=2ns +1. (4.46)

The fractional part ny is implemented by local folding as described in Subsection 4.8.1.
The achievable fractional resolution is limited by the available CNOT gates. Therefore,
the realized fractional scaling may differ slightly from the requested value. This leads to
a small discrepancy between the desired scaling factor A and the implemented one ).

Each experiment is based on 30 runs, performed with Pauli twirling and ASF using ¢
from the noise model. The runs are carried out both on hardware and in simulation.
The simulations use a device-specific error model that is designed and provided by IBM,
designed to approximate the behaviour of the corresponding device. The parameters and
description of the error model can be found in Appendix A.1. For HHL runs, outliers
were excluded using ep-filtering (see Section 4.9) so that the analysis reflects stable trends
rather than being dominated by extreme data points. Five amplification factors are used
in the folding experiments. Although the number could be reduced for consistency with
prior sections, doing so would significantly alter the extrapolation behavior, particularly
for the HHL algorithm, and is therefore avoided. Each experiment uses 10 000 shots for
ZNE with ASF and 20000 shots for IC-ZNE with ASF, the latter requiring twice as
many measurements because of the additional circuit used to estimate the error strength.
As the confidence interval scales with 1/4/N, halving the number of shots increases
statistical uncertainty by approximately /2. Simulations, however, indicate that this
increased uncertainty has a negligible effect on the outcome (see Figure 3.2) and sampling
noise is not a dominant error source. The results for Grover and HHL are shown in
Figures 4.24 and 4.25, respectively.

For Grover’s algorithm, the simulation and hardware results align qualitatively. In
Figure 4.24 (a), expectation values cluster slightly below the ideal value, with global
folding performing better in the simulation than on the physical device. Local folding on
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hardware gives the lowest RMSE value and more stable outcomes, while global folding
introduces a broader distribution. With IC-ZNE in Figure 4.24 (b), the extrapolated
values lie closer to the ideal, and hardware runs achieve lower RMSE values than
simulations, although with wider distributions. The overall lowest RMSE is obtained for
IC-ZNE with ASF M on hardware using local folding.

For HHL, the discrepancies between simulation and hardware are more pronounced. In
Figure 4.25 (a), simulation underestimates the errors observed on the backend where
ZNE+ASF M achieves better RMSE values than IC-ZNE4ASF M (see Figure 4.25 (b)).
On hardware, local folding slightly better than global folding for both methods, although
both exhibit wide distributions and the difference is small. In Figure 4.25 (b), local
folding reduces the RMSE value but introduces more outliers. These observations suggest
that hardware behaviour is influenced by effects not captured by the simplified error
model, such as Two-Level Systems (TLS) [127,128], qubit crosstalk, non-Markovian
noise, or other correlated error sources. In this setting, filtering becomes advantageous.

After applying ep-filtering to the HHL results shown in Figures 4.25 (¢) and (d), the
hardware distributions improved significantly. In Figure 4.25 (c) for ZNE+ASF M, local
folding leads to the lowest RMSE value, whereas global folding on hardware shows the
largest variability. In simulation, no folding scheme appears more favorable than the
other. For IC-ZNE with filtering, shown in Figure 4.25 (d), the variability decreases
notably, and filtering significantly improves extrapolation quality. On hardware, global
folding achieves the lowest RMSE value, while in simulation local folding performs best.
This indicates that filtering interacts differently with each folding strategy and can, under
certain conditions, make global folding advantageous despite its larger gate overhead.

The discrepancies observed in Figures 4.24 and 4.25 (a) and (b) are likely due to physical
effects not fully represented in the hardware error model. As a result, simulations tend
to underestimate hardware noise, and hardware outcomes can deviate more strongly. For
Grover, noise correlations in the device may incidentally improve extrapolation stability,
resulting in lower hardware RMSE values than in simulation. For HHL, the deeper
circuit depth and higher number of CNOT gates makes the method more sensitive to
error amplification. In this example the excessive variability in data, can be reduced by
filtering but not fully removed.

Across Grover and HHL we do not identify a single preferred folding scheme. 1C-ZNE
(with ep-filtering) is the most robust configuration overall, as it improves extrapolation
for both circuits and often yields the lowest RMSE value. Comparing global and
local folding across algorithms and methods shows no consistent advantage of either
scheme. In the device-specific noise model, uniform amplification via global folding can
enhance extrapolation, consistent with more homogeneous or weakly correlated noise.
On hardware, however, the noise is more complex and often correlated, so global folding
can amplify these effects beyond what extrapolation can compensate. Local folding is
not inherently better in this regard, as it can similarly magnify circuit-dependent noise
mechanisms.
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4.11 Summary of Inverted-Circuit ZNE and mitigation
refinements

This chapter presented our findings in the further development and evaluation of error
mitigation techniques, with a focus on Zero-Noise Extrapolation (ZNE). The critical
question in ZNE is how the error strength can be controlled and scaled as accurately as
possible. With the introduction of the new Inverted-Circuit ZNE (IC-ZNE) technique, this
challenge is addressed based on a precise definition of the error strength €. This technique
allows the error strength to be measured directly on the device without significant
additional effort. Then, the extrapolation can be performed using the measured error
instead of an assumed error scaling factor, which is only approximately valid.

Across the investigated settings, IC-ZNE demonstrated the highest degree of robustness.
By avoiding explicit assumptions about noise scaling and instead using the measured
error strength, IC-ZNE achieved the lowest Root-Mean-Square Error (RMSE) values in
almost all experiments. In one case, the extrapolation error was reduced by more than
80% compared to standard ZNE. While IC-ZNE requires an additional circuit execution
to measure the error strength, effectively doubling the number of shots, this overhead
was compensated by the improved extrapolation accuracy.

Pauli twirling reduced coherent contributions and led to more stable behaviour, particu-
larly for IC-ZNE on hardware. Pauli twirling randomizes coherent errors by inserting
random Pauli gates that transform them into an effective stochastic (Pauli) noise channel
upon averaging. Standard ZNE benefited to a lesser extent, as twirling alone did not
eliminate its sensitivity to model mismatch.

As a further aspect, we investigated strategies for selecting and optimizing error scaling
factors. While circuit folding with fixed scaling factors of 1, 3, and 5 is used by default,
Adaptive Scaling Factors (ASF) allow the scaling to be tailored to the backend noise
strength, with the largest benefit observed for standard ZNE. Adaptive scaling selects
noise amplification factors based on an estimate of the initial circuit error strength ¢
and distributes the scales exponentially. Two variants were considered. ASF M uses
error estimates obtained from the noise model, while ASF B measures the error strength
on hardware. No clear preference between the two variants was observed across the
studied circuits. Both reduced variance and improved extrapolation stability when the
underlying error estimate was sufficiently accurate, achieving error reductions of up
to 24% at minimal additional cost. Their impact on IC-ZNE was limited, as IC-ZNE
already measures the quantities required for its extrapolation.

Filtering served as an additional tool to remove highly noisy runs or individual outliers.
Global filtering and ep-filtering most consistently reduced RMSE in standard ZNE and
ZNE combined with ASF. Local filtering and combined ey+local filtering were more
aggressive and occasionally removed a substantial fraction of the samples. However,
these methods could still improve the fit when noise fluctuations dominated. The highest
error reduction of 39% was observed for standard ZNE combined with local filtering for
the Harrow-Hassidim-Lloyd circuit. Filtering rarely improved IC-ZNE, consistent with
the method already capturing much of the relevant error behavior.

The comparison between global and local folding showed no universal preference. Sim-
ulations with device-level noise models indicated an advantage for global folding with
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the Grover circuit, consistent with more homogeneous or weakly correlated noise. On
hardware, where correlations and temporal variations are stronger, neither folding scheme
dominated consistently. Under certain conditions, such as the Harrow-Hassidim-Lloyd
circuit with filtering, global folding produced lower RMSE, but these cases remained
specific to individual circuits.

While the presented results demonstrate that refined ZNE-based methods can substan-
tially reduce bias and variance for individual circuits, they also highlight that mitigation
performance depends sensitively on stability and reproducibility across repeated execu-
tions. This aspect becomes particularly relevant for variational algorithms, which rely on
many circuit evaluations within an iterative optimization loop and can amplify residual
bias or fluctuations into degraded convergence behavior. In the following chapter, we
therefore study the application of error mitigation techniques in variational settings and
analyze how their performance influences optimization dynamics and solution quality.
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The results presented in this chapter were obtained in collaboration with Rinor Kelmendi
(Karlsruhe Institute of Technology, KIT) and Tobias Nauck (Fraunhofer Institute for
Applied Solid State Physics, IAF). The algorithms were implemented by Rinor Kelmendi
(GM-QAOA) and Tobias Nauck (VQE), while all error mitigation procedures, data
analysis, and interpretation were performed by the author.

In the previous chapters, we examined noise and how its impact can be mitigated
by Quantum Error Mitigation (QEM) techniques, using circuits with a single known
observable. Building on this foundation, we will now turn to near-term variational
algorithms. These algorithms require the solution to be determined through optimization
and can be implemented on Noisy Intermediate-Scale Quantum (NISQ) devices.

This chapter focuses on two important hybrid quantum-classical algorithms: the Quantum
Approximate Optimization Algorithm (QAOA) [96], already introduced in Section 2.5,
which is used for combinatorial optimization problems, and the Variational Quantum
Eigensolver (VQE) [99], which estimates molecular ground-state energies. These algo-
rithms provide valuable benchmarks for assessing performance, noise resilience, and
scalability of NISQ-era hardware.

To systematically assess the performance of these variational algorithms, we perform
simulations of both QAOA and VQE under ideal conditions and with controlled quantum
hardware noise models. We also investigate how ZNE and IC-ZNE improve the quality of
results and discuss how these insights can support the preparation of practical experiments
on real quantum devices.

This chapter is structured as follows. In Section 5.1, we investigate the Grover-mixer
QAOA (GM-QAOA) [98] and present simulation results across different circuit depths,
both in the noise-free setting and with noise mitigation using ZNE and IC-ZNE. In
Section 5.2, we examine VQE simulations for the dihydrogen (Hs) and potassium hydride
(K H) molecules and compare the effect of applying QEM either during the entire
optimization or only in the final evaluation step (inspired by Ref. [129]). For KH,
we additionally employ a scaled noise model to emulate realistic near-future hardware
performance. Finally, we analyze the double-minimum behavior observed for K H and
discuss whether it originates from molecular properties or from limitations of the ansatz
and optimizer.
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5.1 Error Mitigation for the Quantum Approximate
Optimization Algorithm

As a first application, the Grover-mixer QAOA (GM-QAOA) is applied to the Traveling
Salesman Problem (TSP) [130] as a benchmark for combinatorial optimization. Building
on the theoretical background presented in Subsection 2.5.1, this section examines
the impact of hardware noise and the effectiveness of error-mitigation methods on the
algorithm’s output quality.

The use case considered here is the TSP. Given a set of cities and pairwise distances,
the task is to find a closed tour that visits each city exactly once and has minimal
total length. As a classical baseline, we implement a dynamic programming algorithm
following the Held-Karp approach [131]. This method computes the optimal tour length
by recursively building up minimal costs for partial paths using the distance matrix,
and is used here to obtain reference solutions for small TSP instances. Since the TSP
instance was generated randomly, the cost of the optimal route C,,;, was not evaluated.
Therefore, comparisons are made relative to the noise-free GM-QAOA reference.

For the quantum approach, we encode a three-city TSP instance into four-qubits using a
problem-specific binary encoding in which each qubit represents a particular segment of
the tour. The state-preparation circuit generates a superposition over all valid candidate
assignments encoded in this basis. The cost Hamiltonian encodes the path lengths and
includes penalty terms that assign higher costs to invalid configurations, such as visiting
two cities at the same time step or revisiting the same city, so that these configurations
receive unfavorable cost values. As mixer we use a Grover-type reflection around the
prepared state [98], replacing the standard mixer of QAOA. This mixer amplifies low-cost
configurations within the encoded subspace. The expectation value (C) of the cost
Hamiltonian corresponds to the average tour cost of the output distribution, where
invalid configurations contribute with their assigned penalty values. By optimizing the
QAOA parameters to minimize (C'), probability is concentrated on bitstrings representing
the shortest valid tour. A detailed description can be found in Appendix A.5.

First, we analyze the optimal case to establish a noise-free reference, then we introduce a
hardware noise model (here FakeCairo, see Ref. [132] for device parameters) to examine
the resulting performance degradation. To counteract these effects, we apply ZNE
with Adaptive Scaling Factors measured on the backend noise model (ASF B) and
IC-ZNE+ASF B (following the procedure described in Section 4.8), and evaluate their
influence on the expectation values at different GM-QAOA depths p.

The optimization of the GM-QAOA parameters is performed using the COBYLA [133]
algorithm from the SciPy optimization library [134], which is a gradient-free method
suitable for noisy objective functions. The optimizer iteratively updates the parameters
£ and ~ until the change in the expectation value of the cost Hamiltonian falls below
its internal convergence threshold (approximately 107%), or until the internal iteration
limit (1000) is reached. In each optimization step, the quantum circuit is executed and
evaluated with 10000 measurement shots to estimate the expectation value (C). The
GM-QAOA depth is varied using p = 1,2, 3,4, and 5. The variational parameters /3 and
v are initialized as a uniform vector of ones and then optimized.

To ensure statistical robustness, 25 independent optimization runs were performed to
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Figure 5.1: Comparison of the mean expectation values and standard deviations over 25 optimization
runs for GM-QAOA with increasing depth p. Results are shown for the noise-free evaluation case (gray
hexagons), noisy GM-QAOA execution without error mitigation (orange stars), and with error mitigation
using ZNE+ASF B (blue diamonds) and IC-ZNE+ASF B (green triangles). Data points are connected
by lines and slightly offset for better visibility.

account for variations in noisy realizations. For the mitigation runs (ZNE and IC-ZNE),
we reuse the 5 and ~ values optimized on the noisy backend and do not re-optimize, which
reduces the computational overhead. The underlying assumption is that ZNE removes
the systematic bias introduced by noise: if the noise-optimized parameters $ and ~ are
sufficiently close to the ideal optimum and the circuit’s error rate is low enough for ZNE
to remain effective, the extrapolated expectation value approaches the noise-free value.
The noisy value is further from the noise-free one due to decoherence and readout bias,
and ZNE corrects this drift. This reuse of the noise-optimized parameters in combination
with ZNE corresponds to what we refer to as Final Point (FP) mitigation. FP mitigation
means applying the error-mitigation procedure only once at the final evaluation step,
using the parameters obtained from the noisy optimization without re-optimizing under
noise scaling.

ZNE+ASF B is implemented using a quadratic extrapolation fit, a method that is
selected because it is more stable than an exponential fit in this case and does not require
boundary constraints on the fit parameters. ASF B factors are automatically adapted by
the ¢g measurement for ZNE and IC-ZNE as described in Section 4.8. While the circuit-
level (see Section 4.8) benchmarks showed no clear benefit from using ASF together with
IC-ZNE, the QAOA results discussed below demonstrate that IC-ZNE+ASFE B provides
the highest accuracy. The number of CNOT gates increases with p and also depends on
the circuit-to-hardware mapping. It ranges from 59 for p = 1 to 271 for p = 5.

Figure 5.1 displays the mean and standard deviation of the expectation value (C') over
25 optimization runs. The corresponding numerical values are reported in Table A.3
in Appendix A.5. Local and global folding do not differ significantly, as discussed in
Section 4.10. Therefore only the local folding results are shown for clarity. Moreover,
standard ZNE and standard IC-ZNE (i.e., without Adaptive Scaling Factors) did not
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yield improvements in our tests (results not shown here), and ASF M even increased
deviations from the ideal results in both methods, which indicates that the calibration
data do not fully reflect the actual backend noise model. The results include the TSP
results evaluated under noise-free conditions (gray hexagons), with GM-QAOA and
simulated hardware noise but without error mitigation (orange stars), and with final
point error mitigation using ZNE+ASF B (blue diamonds) and IC-ZNE+ASF B (green
triangles). To improve visual clarity, the data points are connected by lines and slightly
shifted along the horizontal axis to avoid overlap.

The noise-free simulations show a low standard deviation, with an expectation value of
26.87 £6.79 at p = 1, which decreases slightly with increasing circuit depth, reaching
24.23 £ 7.6 at p = 5. The noisy implementation yields consistently higher expectation
values compared to the noise-free case. The deviation increases with GM-QAOA depth,
ranging from 72.38 + 5.86 at p = 1 to 115.23 + 5.68 at p = 5, while maintaining a
comparable variance. This reflects the accumulation of noise under repeated applications
of the mixer and cost Hamiltonian. The ZNE+ASF B results initially lie close to the
noise free values, at 31.76 + 14.83 at p = 1, and transition towards the noisy regime
as p increases (67.81 +59.49 at p = 5). Both, the expectation value and the standard
deviation, increase with circuit depth, which is consistent with the enhanced effective
noise. An exponential fitting model would be more appropriate (see Subsection 2.4.1),
but it was not usable here because several runs failed to converge to a stable fit.

In contrast, the mean values of IC-ZNE+ASF B remain closest to the noise-free values
across all depths. For p =4 at 20.45 4+ 23.26 and for p = 5 at 20.14 4 42.44, the mean
value even falls slightly below the noise-free reference. This suggests an overestimation of
the noise level, as also noted in Section 4.7, although the results remain comparable with
statistical fluctuations. For IC-ZNE+ASF B the standard deviation increases with circuit
depth and noise intensity. The improved performance of IC-ZNE+ASF B may result from
the explicit ¢y measurement of each scaled circuit, which can provide a more accurate
estimate of the underlying noise. While error rates for p > 3 are typically too large for
meaningful extrapolation and the amplified expectation values differ only marginally,
IC-ZNE+ASF B still yields unexpectedly good results, even for noise strengths as high
as € > 0.8. This indicates that the system has not yet collapsed to a completely mixed
state.

For small problem sizes such as this example, both ZNE+ASF B and IC-ZNE+ASF B
provide a clear benefit over the noisy baseline. However, it remains uncertain whether
these methods will continue to be effective for larger problem instances with more qubits
and deeper circuits, where the noise levels are substantially higher. This requires further
investigation. Experiments on real quantum hardware would provide additional insight
into the performance of both mitigation schemes. For ZNE the exponential fit should be
stabilized to ensure consistent behavior, since several runs were aborted due to fitting
failures. The influence of filtering procedures could also be examined in future work,
although this would require an automated integration into the optimization loop. While
QAOA benefits from ZNE4+ASF B and IC-ZNE+ASF B when expectation values are
evaluated, the methods cannot be applied when only bitstrings are used, which is the
case in many practical QAOA applications. These are important limitations.

In summary, our results show that both ZNE+ASF B and IC-ZNE+ASF B can partially
recover the noise-free expectation values for small TSP instances, with IC-ZNE providing
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consistently better accuracy at higher circuit depths. Despite not being part of the
optimization loop, FP mitigation improves the results, supporting the hypothesis that
the noise-optimized parameters lie close to the ideal ones. Thus, a single mitigation step
at the final evaluation often suffices in this setting. However, the growing variance at
large noise levels suggest that these techniques do not scale straightforwardly to larger
problems. Improved hardware fidelity will be required to extend these findings beyond
small benchmarks.

5.2 Error Mitigation for the Variational Quantum
Eigensolver

In this section, we investigate the performance of the Variational Quantum Eigensolvers
(VQE) when combined with quantum error mitigation techniques. Focusing on the
H; and K H molecules, we analyze how noise affects the accuracy of the computed
ground-state energies and assess to what extent sZNE and IC-ZNE can compensate
for these errors. Aside from that, we investigate whether mitigation must be applied
throughout the full optimization procedure or if it is sufficient to incorporate it only in
the final iteration. For the more noise-sensitive K H simulations, we use a noise model
with a tunable noise strength, where the original error rates are uniformly scaled down.
This allows us to place the system in a noise regime where ZNE still produces meaningful
extrapolations and reflects noise levels expected for future devices.

H, is often used for benchmarking in quantum chemistry calculations because it allows
direct comparison to exact solutions. As a result, it provides a clear way to assess
the strengths and weaknesses of quantum algorithms. K H was chosen because it is a
chemically relevant diatomic molecule with a more complex electronic structure than Hs,
presenting a greater challenge for VQE-type algorithms. This helps to illustrate how the
accuracy and resource requirements of VQE scale with problem complexity and electron
count.

We implement the VQE modules as described in Subsection 2.5.2 and Appendix A.6.
For our calculations we use the UCCSD method provided by Qiskit Nature [135] together
with PySCF [136] and SPSA [137] for classical parameter optimization. All simulations
are carried out with the STO-3G basis set [138-140]. All experiments use a total of 30 000
measurement shots, which are distributed across the three (sZNE) or five (IC-ZNE) noise
scaling factors, and measurement error mitigation is performed using Mthree [51]. The
maximum number of iterations in the SPSA optimizer is set to 750. A more detailed
description of the VQE implementation is provided in Appendix A.6.

For sSZNE, we apply the noise scaling factors A = [1,3,5]. A single untwirled circuit yields
one data point per scaling factor, limiting the sample size and, in turn, the confidence in
the extrapolated trend. As described in Section 5.1, we use a quadratic fit for VQE as
it is more stable than an exponential fit in this context and does not require boundary
constraints on the fit parameters. For IC-ZNE we use the ASF M method described in
Section 4.8. In the benchmarks presented in Section 4.8, which examined circuits and
not variational algorithms, ASF did not improve the performance of IC-ZNE. The VQE
results below, however, demonstrate that IC-ZNE+ASF M provides the highest accuracy.
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Figure 5.2: Distribution of 50 optimization runs per internuclear distance for the Hy molecule, used to
estimate the ground-state energy. The horizontal dashed line indicates the minimum energy obtained
from the analytical solution. Four methods are shown: the analytical reference (gray circles), sZNEpp
(green triangles), VQE without error mitigation (red crosses), and IC-ZNEgp (black hezagons). For
clarity, data points associated with the same method are connected by dashed lines, serving as a visual
guide. The lower graph shows the corresponding RMSE values with respect to the analytical reference.
IC-ZNEpp consistently yields the lowest RMSE across all bond lengths. A pronounced RMSE outlier is
observed at 1.34 A, most likely due to variability in the classical optimization procedure.

These two approaches yield the best results among the different methods we tested.
After adapting the circuits to the hardware we obtain between two and four CNOT
gates per circuit for Hy. For K H the number of CNOT gates lies between 183 and 217.
The qubits used are gy and ¢; for Hs, and qq, ¢1, ¢2, and g3 for K H. The simulations are
performed with the noise model of ibmq _ehningen as described in Appendix A.2. To
obtain physically meaningful VQE results for the K H molecule, we found it necessary to
rescale the hardware error model. In our simulations, reducing all errors to 10% of their
calibrated values was sufficient to achieve stable convergence and accurate observables,
while avoiding regimes in which ZNE becomes unstable.

As introduced conceptually in Section 5.1, we consider the Final Point (FP) mitigation.
A related final-step strategy was introduced by Belaloui et al. [141] for readout mitigation
using Twirled Readout Error Extinction [56]. After completing the optimization without
applying ZNE, the final parameters are reused for a single ZNE evaluation. Noise
scaling is applied only at the final measurement, and re-optimization is not performed
at each scaling factor. The main benefits are reduced quantum resource usage and
shorter wall-clock time. We denote FP variants with the subscript 'FP’ (e.g. sSZNEgp,
IC-ZNEgp).

Figure 5.2 shows the distribution of energies obtained from 50 independent VQE op-
timization runs for the Hy molecule at various internuclear distances, obtained using
simulations with the ibmq _ehningen noise model. The accompanying plot below depicts
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the corresponding Root-Mean-Square Error (RMSE) values relative to the analytical
reference. Across all bond lengths, the application of error-mitigation techniques im-
proves accuracy. In particular, IC-ZNEgp consistently yields the lowest RMSE values,
indicating a robust reduction of both bias and variance compared to unmitigated VQE
and sZNEgp. Although fluctuations are visible, the relative performance of the different
methods remains qualitatively similar over the full range of internuclear distances.

We restrict the subsequent analysis to both molecules at their equilibrium bond distances,
the chemically most relevant cases, to provide a clean comparison of mitigation methods.
For H, the distance is set to 0.735 A and for KH we use a distance of 2.24 A. The
corresponding ground-state energies are —1.1373 Hartree for Hy and —593.579 Hartree
for KH. Each experiment is executed 100 times. In the following, we benchmark FP
against the corresponding ZNE protocols that apply mitigation at every optimization
step, providing a direct comparison.

To assess whether FP preserves accuracy while reducing cost, we benchmark it first on the
Hy molecule (K H is discussed below). Figure 5.3 shows 100 independent optimization
runs obtained using simulations with the tbmq ehningen noise model. For each mitigation
method, we compare the version that applies ZNE at every optimization step with its
FP variant, which applies mitigation only at the final point.

For sZNE, the two approaches lead to almost indistinguishable outcomes (see Fig-
ure 5.3 (a)). The distributions of the estimated energies strongly overlap and the extracted
mean values and standard deviations are nearly identical (—1.1359 + 0.0066 Hartree
compared to —1.1358 £ 0.0059 Hartree, see Table 5.1). The RMSE values (definition see
Equation (4.31)) are also close to each other with 6.7mHartree and 6.1 mHartree for
sZNE and sZNEgp respectively. This suggests that the enhanced accuracy of sZNE is
already captured by applying the mitigation only at the end of the optimization.

A similar behaviour is observed for IC-ZNE combined with ASF M (see Figure 5.3 (b)).
Both the standard method and its final point variant yield energy estimates that lie closer
to the reference value than those obtained with sZNE with RMSE values of 1.8 mHartree
for IC-ZNE+ASF M and 1.9 mHartree for IC-ZNErp+ASF M. In addition, the standard
deviations are smaller with 1.7 mHartree and 1.6 mHartree.

Since FP mitigation performs only one final ZNE evaluation, it does not yield a significant
classical speedup compared to an optimization with many function evaluations, i.e., it
does not reduce the number of classical optimization steps or function evaluations (here,
750 with SPSA). However, the relevant cost on real quantum hardware is dominated
by the number of circuit executions, i.e., the total number of measurement shots. FP
mitigation avoids repeatedly evaluating the circuit at multiple noise scaling factors
throughout the optimization, and instead applies mitigation only once at the final
parameter point. As a result, FP mitigation greatly reduces the shot overhead compared
to ZNE or IC-ZNE at every step, even though the classical optimization runtime (number
of optimizer iterations) remains similar. In practice, this means that ZNEgp offers a
substantial reduction in quantum-hardware runtime compared to mitigation at every
optimization step, while maintaining comparable accuracy.

Figure 5.4 (a) and (b) show analogous trends for K'H with a scaled noise model, where
all error probabilities are uniformly scaled to 10% of their original values. The presence
of a secondary distribution can be seen with both mitigation methods and is most
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Figure 5.3: Distribution of 100 optimization runs for the Hy molecule to determine the ground-
state energy. The vertical dashed line indicates the analytical reference result. The red hatched region
marks the range of chemical accuracy, which corresponds to an energy error below 4.2kJ/mol or
1.6 x 1073 Hartree [142]. The final point method is shown in gray and the standard methods in green.
Gaussian fits are drawn for each dataset and the underlying histograms of the energy distributions are
shown in the corresponding colors. All simulations are performed with the noise model of ibmgq__ehningen.
(a) Results for sZNE and sZNErp. No significant differences between the two methods are visible. Their
means and standard deviations are also very similar, see Table 5.1. (b) Results for IC-ZNEpp +ASF
M and IC-ZNE+ASF M. Again no relevant differences are observed in the plots or in the statistical
parameters. Both IC-ZNE methods perform better than sZNE (note the different energy-axis scale), with
results closer to the exact energy of —1.1373 Hartree and with lower standard deviations.

These observations show that, for this variational algorithm, it is sufficient to apply the mitigation only
in the final iteration. This reduces runtime while preserving accuracy.
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Figure 5.4: Same as Figure 5.3, but for KH with 10% error using the noise model of ibmq__ehningen.
Chemical accuracy is not shown here because the corresponding interval would be too narrow to be visible.
A secondary distribution is visible in the data, and it is excluded by applying a filtering step. The overall
trends are similar to those observed for Hy. The final point method yields results comparable to the
standard approach, and IC-ZNE+ASF M again performs better than sZNE.
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Table 5.1: Summary of mean p, standard deviations o, and RMSE values (all reported in Hartree)
for all molecules and mitigation methods used. The error cases correspond to simulations in which the
underlying hardware error model is scaled to 10% or 5% of its nominal value. The final column reports
the mizture weights w1 and wq associated with the first and second Gaussian components of the GMM.
For Hs only a single Gaussian distribution is observed, while for KH two Gaussian components are
present.

Molecule Weights
(error) Method H1+07 RMSE o £ 02 Wy 10y
SZNE —1.1359+0.0066 0.0067 - -
I sZNEpp —1.1358 +0.0059 0.0061 - -
2

IC-ZNE+ASF M —1.1381+0.0017 0.0018 - -

IC-ZNEpp+ASF M —1.1383+0.0016 0.0019 - -

sZNE —593.516+0.029 0.064 —593.266+0.031 0.88,0.12
KH SZNEpp ~593.525+0.025 0.054 —593.278 £0.037 0.83,0.17
(10%)  IC-ZNE4+ASFM  —593.555+0.046 0.035 —593.304+0.041 0.75,0.26
IC-ZNEpp+ASF M —593.580+0.039 0.020 —593.339+0.066 0.81,0.19
VQE without ZNE —593.504+0.012 0.075 —593.258+0.025 0.78,0.22

([gf;f) SZNEpp —593.563+0.016 0.017 —593.298 £0.023 0.78,0.22
IC-ZNEpp+ASF M —593.572+0.024 0.014 —593.320+0.044 0.77,0.22
KH noise-free —593.579+£0.002 0.001 —593.308+0.017 0.62,0.38

likely caused by convergence to a local minimum of the VQE landscape. Given the
chosen ansatz and optimizer, it can be assumed that the VQE landscape contains several
stationary points.

To investigate whether this secondary distribution is influenced by mitigation or by
other effects, we performed one hundred additional simulations with a further reduced
error model of five percent (results in Table 5.1). A second distribution also appears in
noise-free runs and in VQE runs without mitigation. It therefore appears plausible that
the secondary distribution originates from limitations of the chosen ansatz, rather than
from the mitigation itself.

The analysis of the Gaussian Mixture Model (GMM, see Subsection 4.9.1) weights
shows that the noise-free data assign w; = 0.62 to the first component, while the noisy
data yield substantially higher values (e.g. w;(sZNEgp) = 0.78). This shift indicates
that noise redistributes the sampling statistics toward the first component, which may
effectively reduce the probability of the optimization becoming trapped in competing
local minima. Future work should examine whether alternative ansitze or optimizer
settings can prevent the optimization from becoming confined to such ansatz-limited
subspaces.

We apply the filtering ansatz of Section 4.9, to identify the secondary distribution using a
Gaussian mixture model and retain only the main distribution that contains the majority
of results. The RMSE values for sZNE with 6.4 mHartree and sZNEgp with 5.4 mHartree
are further away from the analytical reference than the RMSE values obtained with
IC-ZNE+ASF M which yields 3.5 mHartree and with IC-ZNEpp+ASFEF M which yields
2.0mHartree as shown in Table 5.1. Although the standard deviations are larger for
the IC-ZNE based variants, we see that for molecules that are more complex than Hs,
applying mitigation only in the final iteration remains feasible.
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As for Hy, the FP variants for K'H consist of one noisy VQE optimization and a single
final mitigated ZNE evaluation at fixed parameters. While this does not yield a major
classical speedup, FP avoids mitigation at every optimization step and therefore offers a
significant reduction in shot overhead on real quantum hardware, especially for IC-ZNE.

A systematic analysis over all bond distances is left for future research. The optimization
process almost always reaches the iteration limit, indicating further improvements
are possible. Alternative optimizer configurations or ansatze may also help to avoid
preventing convergence to restricted, ansatz-defined subspaces. A more robust procedure
for obtaining exponential fits for ZNE without strong constraints would also be desirable.

In summary, our results demonstrate that combining VQE with ZNE-based error mit-
igation remains effective even in challenging noisy settings and for molecular systems
beyond the simplest test cases. In particular, we find that applying the mitigation
only once at the final iteration is sufficient to achieve the same level of accuracy as
full per-iteration mitigation. This behaviour holds for both sZNE and IC-ZNE across
the investigated systems. The Final Point strategy therefore provides a practical and
resource-efficient alternative to standard ZNE protocols, enabling substantial reductions
in runtime without any measurable loss of precision. These findings underline that cost-
effective mitigation schemes can be incorporated into variational quantum algorithms and
will remain relevant for near-term devices as well as future noise-reduced architectures.

5.3 Summary of error mitigation for variational
algorithms

This chapter evaluated quantum error mitigation for variational algorithms using simula-
tions of the Quantum Approximate Optimization Algorithm (QAOA) for the solution of
a travelling salesman problem and the Variational Quantum Eigensolver (VQE) applied
to two different molecules. Standard ZNE and IC-ZNE were compared, the impact of
Adaptive Scaling Factors (ASF) was examined, and a resource-efficient Final Point (FP)
strategy was tested, in which mitigation is applied only once after noisy optimization.

For QAOA, ZNE reduced bias at shallow circuit depth but became increasingly ineffective
as circuit depth p grew. At p =1, ZNE+ASF B reduces the deviation from the noisy
baseline by approximately 56%. However, this improvement continuously decreases with
depth, finally dropping to approximately 41% at p = 5. Here, percentage reductions refer
to the fraction of the noise-induced bias removed relative to the unmitigated noisy QAOA
result at the same circuit depth. In contrast, IC-ZNE with backend-calibrated scaling
factors remained closest to the noise-free reference up to high circuit depths, although
with increased variance. Across the investigated depths, IC-ZNE+ASF B reduces the
deviation from the noisy baseline by approximately 61% at p = 1 and by 82.5% at
p = 5, demonstrating a substantially stronger suppression of noise-induced bias than
ZNE. These results indicate that IC-ZNE is well suited for near-term QAOA applications
while also highlighting limitations for deeper circuits.

For VQE, FP mitigation achieved the same accuracy as per-iteration mitigation while
substantially reducing shot overhead. ZNE improved the VQE results to a limited
extent, whereas IC-ZNE with scaling factors derived from the noise model yielded the
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lowest Root-Mean-Square Error (RMSE) and the smallest variance. For the Hy molecule,
IC-ZNE reduces the RMSE by 73.13% compared to sZNE, and the FP variant yields a
statistically comparable accuracy, with an RMSE that differs by only 5.56% from the
corresponding per-iteration IC-ZNE result (1.9 vs 1.8 mHartree). For the more complex
K H molecule at 10% scaled noise, IC-ZNE+ASF M with FP lowers the RMSE by about
63% relative to sZNE with FP, and at 5% noise the total RMSE reduction exceeds 80%
compared to unmitigated VQE. Although ASF provided limited benefits for the circuits
considered in Chapter 4, the combination of IC-ZNE with ASF M delivered the lowest
RMSE values in this setting. Additional filtering further improved the VQE outcomes.

These results collectively demonstrate that IC-ZNE is a reliable and precise error miti-
gation method for variational algorithms. By directly measuring the error strength e
on the device, IC-ZNE removes the need for approximate error-scaling assumptions and
consistently achieves the lowest RMSE across a wide range of settings. Despite a moder-
ate increase in shot cost, this overhead is compensated by a substantial improvement in
accuracy and stability, making IC-ZNE a particularly effective and reliable approach to
Zero-Noise Extrapolation in noisy quantum devices.

With these variational algorithm-level analysis completed, the following chapter places
the results of this work into a broader perspective, summarizing the main contributions
and outlining open challenges and directions for future research.
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This thesis addressed a central challenge of the Noisy Intermediate-Scale Quantum (NISQ)
era, namely how to reduce and manage errors on transmon-based quantum processors
in order to enable meaningful computations without full fault tolerance. The work
combined hardware-level calibration, gate-level performance analysis and circuit-level
error mitigation. New techniques for these purposes have been developed and validated
on IBM’s ibmgq_ehningen device as well as on simulators with different noise models.

The first part of the thesis concerned calibration of single qubit gates, as well as different
implementations of two qubit gates. Cross-point amplitude calibration was shown to
outperform the established ping-pong method across all relevant criteria. It provided
higher precision, higher signal-to-noise ratio and faster convergence while exhibiting
fewer fit instabilities. Repeated runs approached the shot-noise limit, and the direct
zero-crossing fit made the method more robust against drift and fit noise than ping-pong
calibration, which remained sensitive to initial guesses and fluctuations. For the two-qubit
gate, a Hamiltonian tomography of the cross-resonance interaction confirmed the validity
of a reduced six-term model that can be used for calibrating CNOT gates based on echoed
cross-ressonance gates. A comparison of this CNOT implementation with an alternative,
direct implementation showed that direct CNOTs are shorter and achieve lower median
error rates, although at the cost of higher calibration sensitivity and occasional outliers.
Echoed CNOTs remained more robust. Algorithmic benchmarks based on Quantum
Approximate Optimization Algorithm (QAOA) MaxCut and Portfolio Optimization
demonstrated that the relative advantage of each gate is problem-dependent, and that
hybrid strategies can be favorable.

The second part of the thesis introduced Inverted-Circuit Zero-Noise Extrapolation
(IC-ZNE). Its central idea is to measure the effective circuit error strength e by appending
the inverse circuit and then measuring the probability of recovering the initial state.
Subsequently, extrapolation is performed with respect to the actually measured error
strength € rather than on relying on simple, approximate noise scaling assumptions
as in standard ZNE. On hardware, IC-ZNE delivers extrapolated observables that
were consistently closer to ideal references than standard ZNE, with equal or smaller
uncertainty, across Grover, HHL. and H-Ladder circuits. On the tested circuits the
protocol achieved up to 77% error reduction. By measuring the effective noise of each
circuit instance directly, IC-ZNE becomes more robust to fluctuations in error strength.
Pauli twirling further improved both IC-ZNE and standard ZNE. Although IC-ZNE
requires extra circuits to measure the error strength, its advantage remains even when
the overall number of circuit executions (i.e., measurement shots) is kept equal to that
used for standard ZNE.

Further refinements made the mitigation more resource-aware. Adaptive Scaling Factors
(ASF) set the largest scaling factor proportional to the initial error strength and use
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exponential spacing. This improves the extrapolation result and reduces variance at
negligible cost, with the best choice depending on the circuit. Simple post-processing
filters based on the initial error strength and global or local outlier detection improved
the results on hardware, with gains up to 39% in selected cases. Global and ¢j-based
filtering worked reliably, while combining filters did not always help. The experimental
results on folding schemes demonstrated that there is no statistically significant difference
in performance between the two folding methods on hardware, suggesting that both
methods are equally effective.

Applications to representative variational quantum algorithms, which iteratively adjust
parameters to minimize a cost function, confirmed the practical value and limitations
of these techniques. In simulations, IC-ZNE combined with ASF remained closest to
the noise-free references for a variant of the QAOA, which seeks good solutions to
combinatorial optimization problems, applied to the traveling salesman problem up to
a high circuit depth, whereas standard ZNE with ASF improved shallow circuits but
its performance degraded as depth increased. Together, these results illustrate both
the potential and the limits of mitigation as circuits grow deeper. For the Variational
Quantum Eigensolver (VQE), a variational method used in quantum chemistry to
estimate molecular ground state energies, applied to the Hy and K H molecules, IC-ZNE
with ASF achieved the lowest deviation from the analytical result. A final-point variant,
where mitigation is applied only to the last energy evaluation, matched the accuracy of
per-iteration mitigation while reducing runtime. For K H, stable results required a scaled
noise model with a reduced amount of noise. Furthermore, a secondary distribution of
optimization outcomes was observed, corresponding to an additional minimum that did
not represent the true ground state. This secondary minimum was traced to the chosen
ansatz and optimizer rather than the mitigation method.

The analysis also revealed important limitations. IC-ZNE can underestimate purely
coherent errors, when applying the inverse of the circuit cancels those errors, and Pauli
twirling, although helpful, does not remove all coherent errors or crosstalk. Backend
noise can be non-Markovian and time-varying, and mitigation benefits depend strongly
on factors such as circuit structure, idle-time decoherence, and readout errors. If the
baseline error is too large, neither ZNE nor IC-ZNE is reliable. In VQE, the choice of
ansatz and optimizer can dominate performance and create secondary minima in the
optimization landscape that are unrelated to the mitigation scheme.

Overall, this thesis demonstrates that cross-point calibration, careful two-qubit gate
selection and IC-ZNE or ZNE extended by ASF, twirling and filtering form a practical
and effective toolbox for improving accuracy on present-day transmon hardware at
reasonable cost. These methods extend the useful regime of NISQ devices and provide
actionable pathways to lower-bias estimation in the absence of fault tolerance.

Outlook

The reduction of errors in quantum computing through a comparison of two calibration
techniques and the development of an improved version of ZNE was considerably advanced
in this thesis. The next steps involve deepening the theoretical understanding of IC-ZNE;,
and expanding experimental integration to demonstrate the practical advantages of
cross-point calibration, particularly regarding its translation into device performance.

106



6 Conclusion and Outlook

In calibration and control, cross-point calibration needs to be incorporated into the
fine-calibration loop and into automated implementations on hardware. A crucial task
is the empirical verification of whether cross-point calibration enhances single-qubit
benchmarking results. Investigating Stark-shift compensation and testing DRAG-based
pulse optimization represent additional avenues toward improved gate performance.
A further important aspect is the explicit assessment of the method’s robustness to
SPAM offsets. Moreover, the calibration process can be extended to two-qubit gates to
determine whether the observed improvements generalize to entangling operations.

In error mitigation, the combination of IC-ZNE with other techniques, such as probabilis-
tic error cancellation or probabilistic error amplification, promises potential performance
gains. Local folding remains the preferred strategy, while global folding is applicable pri-
marily when the error distribution is uniform and low. Global and ¢, filters benefit from
standardized, conservative thresholds and well-defined abort criteria to avoid unstable
extrapolations. It is also valuable to quantify how many measurement shots and twirling
circuits are required for statistically meaningful results for IC-ZNE, and to evaluate the
trade-off between sampling cost and achievable accuracy.

On the theoretical side, IC-ZNE merits further analysis under coherent and non-
Markovian noise models. Two empirically chosen factors (a, Equation (4.21) in Eq. 4.2
and &, Eq. 4.36 in Subsection 4.8.1) should be determined more rigorously and investi-
gated systematically. Developing a unified pipeline that integrates randomized compiling,
dynamical decoupling and IC-ZNE with reliable outlier control offers a promising di-
rection toward more robust circuit-level mitigation. In addition, a clearer rationale for
selecting ASF-M versus ASF-B modes, as well as for the various filtering techniques,
remains to be established.

In algorithmic applications, QAOA and VQE can be executed on hardware to assess the
impact of realistic noise on the final optimized parameters. For VQE, broader exploration
of ansédtze and extensions to molecular systems beyond Hy and K H becomes feasible as
gate fidelities improve.

A broader perspective involves replicating the presented methods on newer transmon
generations and on alternative hardware platforms, as well as conducting systematic
comparisons with other emerging mitigation strategies. The techniques developed in
this work also contribute to the path toward fault tolerance, for instance as pre-QEC
diagnostic tools or as post-selection and verification mechanisms for shallow logical
circuits.

The findings presented in this thesis make the calibration and mitigation techniques
a compelling candidate for improving the reliability of near-term quantum processors
across multiple platforms. In summary, precise single- and two-qubit control, error-aware
extrapolation and adaptive mitigation strategies such as ASF, filtering, local folding and
twirling offer a practical route to higher-quality results on current transmon devices.
While not a substitute for full fault-tolerant quantum computation, these methods remain
valuable and complementary tools on the way toward scalable quantum technologies.
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Appendix A

Experimental details, algorithmic
implementations, and theoretical
derivations

A.1 Error rates of the ibmq_ehningen quantum device

The used hardware in this work is one of IBM’s cloud devices ibmg ehningen. All
backend properties are taken as they are reported by IBM. Table A.1 presents the
single-qubit device properties and readout errors. Since the R.-gate is implemented in
software [67], it does not result in errors. The error rates for each CNOT gate possible
for each qubit pair are presented in Table A.2. Note that these error rates only partially
describe the noise occurring on the actual device. For example crosstalk effects are not
included, as discussed in Ref. [91].

A.2 Noise models for quantum hardware and
depolarizing noise

In this appendix, we describe the noise models used in our simulations. First, we
outline the backend noise model generated by Qiskit for the ibmq ehningen device,
which includes gate, readout, and decoherence errors based on hardware calibration data.
Second, we introduce a manually constructed depolarizing noise model used to isolate
the effect of gate-level depolarizing channels. Together, these models allow us to compare
hardware noise with a simplified and analytically tractable noise setting.

A.2.1 Quantum hardware Noise Model

Qiskit provides noise models that simulate the behaviour of the quantum hardware. These
models reproduce the characteristic errors of a specific device. A noise model consists
of error channels that are applied to qubits during gate execution and measurements.
For IBM quantum processors these channels are derived from calibration data of the
backend and are defined for each qubit and each gate.

Single qubit and two qubit gates are affected by quantum channel errors. Qiskit represents
these errors by Kraus operators, see Equation (2.5). The most relevant error types
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Table A.1: Table of the single-qubit device properties of ibmq __ehningen (as of August 18th, 2023). The
table displays the frequencies, T1 and T2, gate errors of rz-, sz-, and x-gates, as well as readout errors
for the all 27 qubits, as reported by IBM.

Qubit  Frequency T1 T2 RZ SX X Readout
GHz ns s error error error error
Q0 4.961 142.59275  95.47855 0 0.00018  0.00018 0.011
Q1 5.18191 181.00386  70.72969 0 0.00021  0.00021  0.0096
Q2 5.12694 95.06903 9.06901 0 0.0003  0.0003 0.009
Q3 5.26815 99.89562 28.579 0 0.00017  0.00017  0.0229
Q4 5.05357 159.58091  70.14323 0 0.00068  0.00068  0.0123
Q5 5.07116 104.48761 8.15402 0 0.00032  0.00032 0.024
Q6 4.89006 143.66941  122.05597 0 0.00035  0.00035 0.014
Q7 4.97776 123.99653  113.28929 0 0.00021  0.00021  0.0076
Q8 5.17419 84.87928  69.68872 0 0.00104  0.00104  0.0245
Q9 4.9925 112.5169  62.87694 0 0.00573  0.00573  0.0175
Q10 4.83511 191.01486  162.14782 0 0.00039  0.00039  0.0092
Q11 5.11944 92.86756  127.55782 0 0.00027  0.00027 0.017
Q12 4.72549 169.03301  238.81786 0 0.00015 0.00015  0.0117
Q13 4.92598 155.88103  225.73924 0 0.00022  0.00022 0.008
Q14 5.17671 94.24501  258.67336 0 0.00033  0.00033  0.0077
Q15 4.89299 93.54811  176.56123 0 0.00019  0.00019  0.0105
Q16 5.02214 194.67907  191.30807 0 0.00028  0.00028  0.0078
Q17 5.13566 146.76432  22.47776 0 0.00052  0.00052  0.0073
Q18 4.99642 130.38322  228.58117 0 0.00024  0.00024  0.0128
Q19 4.7841 172.28179  77.40924 0 0.00032  0.00032  0.0137
Q20 5.04235 204.49692  220.82418 0 0.00053  0.00053 0.025
Q21 4.93974 126.28787  202.81237 0 0.00026  0.00026  0.0076
Q22 4.72513 58.42632 34.32104 0 0.00025  0.00025  0.0131
Q23 4.80479 190.68715  238.40096 0 0.00043  0.00043  0.0084
Q24 5.07449 233.74912  337.44479 0 0.00015  0.00015  0.0075
Q25 4.95019 198.39525  439.17036 0 0.00018  0.00018  0.0076
Q26 5.15132 190.73366  24.68715 0 0.00015  0.00015  0.0079
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A.2 Noise models for quantum hardware and depolarizing noise

Table A.2: Table displaying the gate errors associated with the available two-qubit gate pairs for
ibmq__ehningen (as of August 18th, 2023).

CX Gate Pair Gate error CX Gate Pair Gate error
25 22 0.00565 1012 0.00849
22 25 0.00565 12 10 0.00849
20 19 0.00602 7 10 0.02103
19 20 0.00602 10 7 0.02103
14 16 0.00847 19 22 0.00993
16 14 0.00847 22 19 0.00993
18 17 0.00896 21 23 0.00961
17 18 0.00896 23 21 0.00961
14 11 0.00959 13 12 0.00629
11 14 0.00959 12 13 0.00629
12 15 0.00726 26 25 0.00684
15 12 0.00726 25 26 0.00684

8 5 0.0101 3 2 0.00358
5 8 0.0101 2 3 0.00358
10 0.01138 7 6 0.00595
01 0.01138 6 7 0.00595
1 2 0.00681 1619 0.00676
2 1 0.00681 19 16 0.00676
8 11 0.01272 18 21 0.00607
11 8 0.01272 21 18 0.00607
24 23 0.00885 4 7 0.00542
23 24 0.00885 7 4 0.00542
4 1 0.00655 14 13 0.00667
1 4 0.00655 13 14 0.00667
8 9 0.03875 24 25 0.00839
9 8 0.03875 25 24 0.00839
18 15 0.00544 35 0.00588
15 18 0.00544 5 3 0.00588
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are: depolarizing errors, coherent gate errors, readout errors and thermal relaxation
errors. The depolarizing noise channel is described with Equation (2.12). This models
random noise that acts independently of the quantum state. For CNOT gates a separate
depolarizing probability is extracted for each physical qubit pair. This probability is
usually 10-times larger than for single qubit gates. Gate errors are modeled by associating
noisy quantum channels, such as depolarizing or thermal-relaxation noise, with every
gate operation. In the simulations, each gate is represented as an ideal unitary composed
with its corresponding noise channel, effectively applying the error immediately after the
gate.

Each backend provides a readout assignment matrix A for every qubit. This matrix
describes the probability that a measured value is misidentified. For a single qubit it has
the form

~(P(O0) P(0]1)
A‘(P(l\m P<1\1>>’ (A1)

where P(a|b) denotes the probability of measuring a given that the ideal value was b.
These errors are applied directly at measurement. The readout error probabilities are
taken from real calibration data of the device.

Thermal noise is described by T} (energy relaxation time) and 75 (dephasing time). For
a gate with duration ¢ the simulator applies amplitude damping and phase damping
channels derived from these time constants v, = 1 — e~/T1 v, = 1 — e7¥/%2. Relaxation
errors are applied during the execution of each gate according to its duration. Longer
gates and especially two qubit gates contribute more strongly to these errors.

Backend noise models contain a stored snapshot of calibration data from a real device.
This includes gate error probabilities, single- and two-qubit depolarizing rates, read-
out assignment matrices, relaxation times 77 and 75, gate durations, and the device
connectivity and native gate set. Depolarizing channels are parameterized such that,
when applied to each gate, they reproduce the average error rates reported for the
corresponding hardware operations.

The simulator uses stored parameters to construct the backend noise model. During
the simulation each gate in the quantum circuit is followed by its corresponding noise
channel. Measurement operations apply the readout assignment errors and idle times
between gates accumulate thermal relaxation noise.

In this way backend based noise models approximate the behaviour of current supercon-
ducting quantum devices and allow an evaluation of algorithms under near experimental
conditions.

A.2.2 Depolarizing Noise Model

To account for gate imperfections, we simulated the circuits using depolarizing noise.
Independent depolarizing channels were applied to all single- and two-qubit gates, such
that each gate operation is followed by a corresponding depolarizing channel. The
depolarizing channel is defined in Equation (2.12). The average gate infidelity (or average
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A.3 Box plot definition

error rate) r with respect to the ideal gate is defined as [117-119]

291
-

r P, (A.2)

where ¢ is the number of qubits and p the probability that a depolarizing event occurs.For
a two-qubit gate, the depolarizing probability is therefore py, = 4/3r. To reflect typical
hardware ratios, we take 10% of this error probability for single-qubit gates, yielding
p1g = 2r - 0.1 = r/5. This defines the 1- and 2-qubit depolarizing noise model used in
this work. All other noise sources, such as measurement or thermal relaxation errors,
were set to zero. Setting the average gate infidelity to 0.02 (2%) results in single-qubit
and two-qubit depolarizing probabilities of py, = 0.4% and py, = 2.7%, respectively. For
the 2-qubit depolarizing noise model, the single-qubit errors were set to zero.

A.3 Box plot definition

From the values obtained in simulations and hardware runs, we construct box plots to
summarize the distribution of extrapolated expectation values. A box plot visualizes the
five-number summary consisting of the first quartile (Q1), the median, the third quartile
(Q3), and the whisker endpoints. The box extends from Q1 to Q3, with the central line
indicating the median; its height (here length)corresponds to the interquartile range
(IQR = Q3 - Q1). The whiskers reach the most extreme data points within 1.5 IQR from
the quartiles (i.e., down to Q1 - 1.5 IQR and up to Q3 + 1.5 IQR). Data points outside
these bounds are classified as outliers and plotted separately as circles. An example is
shown in Figure A.1.

A.4 Quantum algorithms and circuits implemented in
this work

In this chapter, the quantum algorithms and circuits investigated in this work are
presented. Specifically, we describe the Grover algorithm, the Harrow-Hassidim-Lloyd
(HHL) algorithm, the Hadamard-Ladder (H-Ladder) circuit, as well as two random
circuits. These circuits each serve a different purpose in order to gain insights into the
performance of the analyzed error mitigation techniques.

IQR
Ql1-15IQR Q3 +1.51QR
0o
IjJ
outlier
Q1 median Q3

Figure A.1: Box plot showing the median (central line), interquartile range (box), whiskers at Q1 - 1.5
IQR and Q8 + 1.5 IQR, and outliers (circles).
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A.4.1 Grover’s search algorithm

Grover’s search algorithm [143], in short Grover’s algorithm, accelerates the search for a
specific element within an unstructured set of elements with a quadratic speedup over
classical approaches.

Search problems can be arranged into two different categories, structured and unstruc-
tured. A structured search involves searching for a word in an alphabetically ordered list,
for example. This can easily be solved by a classical computer [144]. In an unstructured
search, however, there is no order within the data set. An element can be found using a
brute force approach: checking one element after another by using a linear search [144].
The worst-case time complexity is O(N), where N is the number of elements in the
data set. However, Grover’s algorithm has a time complexity of only O(\/N ). It can
significantly speed up a search.

Grover’s algorithm amplifies the probabilities of the amplitudes of the target states, while

suppressing those of the other states through repeated application of the oracle. The

latter marks the target states by flipping the sign of their amplitudes. Afterwards, the

diffusion operator is applied, inverting the amplitudes and further amplifying the marked
M

state. For a data set with M target states, number of oracle queries is R ~ 71/ %.

In this work, we consider the case where two states or binary strings are to be found
in a 3-qubit system, |101) and |011). This means that we have N = 8 possible states
and M = 2 target states. The corresponding observable we are looking for is A =
1101)(101| 4 [011)(011].

In the general case, we want to find the right binary string xo such that

)1 ifr =
f(x)—{() if x # xy. (A.3)

The individual steps required to obtain zy with Grover’s algorithm are described below.

1. Initialization:
Prepare the uniform superposition of all three qubits, by applying Hadamard gates
to [¥) = |000) : H®3]000),

1 N—

2. Grover Iterations:
Application R ~ 1.57-times (one iteration suffices):

(a) Apply oracle O
The oracle O flips the sign of the amplitudes for [101) and |011) to mark the
target states. The phase inversion can be written as

—|x) if x =101 or z = 011,

A5
|z)  otherwise. (A5)

Vo) = O|Vy) = {

xXviii



A.4 Quantum algorithms and circuits implemented in this work

Qo [0> E
q1 [0> E *
0>
meas 0 = \ /
[
oracle diffusion
operator

Figure A.2: Representation of the Grover circuit for evaluating the performance of Zero-Noise
Extrapolation (ZNE). It highlights the distinct phases of initialization, oracle execution, and diffusion
application.

meas

de

meas

Figure A.3: Representation of the Grover circuit. The circuit is designed to align with IBM’s quantum
device architecture through adaptation to the hardware, which necessitates one swap gate, which is
implemented using three CNOT gates.

(b) Apply diffusion operator D
The diffusion operator

D =2[Wy)(Vy| -1 (A.6)

reflects the amplitudes about the mean p (inversion about the mean), increas-
ing the probabilities of |101) and |011). The final state after diffusion is then
D|¥s) = %(|101> +1011)).

3. Measurement:
Measuring the state yields either [101) or [011) with probability p(011) = p(101) =

2
‘%‘ = 0.5, so that the total probability to measure one of the states is piora =
p1o1 + po11 = 1.

Following the explanation of the Grover algorithm, the circuit is shown in Figure A.2,
which illustrates the original gate set, including marked oracle and diffusion operators.
This representation also includes non-native gates that require conversion to comply with
IBM’s quantum device architecture during hardware adaption. Figure A.3 illustrates
the Grover circuit utilized in this work. It is specifically tailored to conform to IBM’s
quantum device architecture through adaptation to the hardware. The circuit diagram
incorporates one swap gate, necessitated by the constraints of the device architecture,
thereby augmenting the total count of CNOT gates from 8 to 10.
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A.4.2 Harrow-Hassidim-Lloyd algorithm

The Harrow-Hassidim-Lloyd (HHL) algorithm [94] is a quantum algorithm for numerically
solving a linear system of equations with an exponential speedup under certain conditions.
Classical methods scale as O(Nsklog(+)) [94],where x = ‘f{”” is the condition number,
where 9; are the eigenvalues of the matrix B, s is the sparsrfy of matrix B, and € is the
error tolerance. In contrast, the HHL algorithm achives (’)(””:’ log(N)) [94].

The algorithm solves BX = gﬂfor B € CN¥*N and a vector b € CN to find 7 € CV
encoding the solution Z = B™'b in a quantum state |z).

Consider the linear system defined by

B— (_11/3 _11/3>, F— (é) (A7)

The exact solution is & = (9/8,3/8), with the norm ||Z|| = @. The algorithmic steps
to compute the ideal expectation value (Apnr )iqeal is described below and an overview of
the different algorithmic steps is shown in Figure A.4. The registers are abbreviated as
follows: ancilla register (r,), clock register (r.) and input register (7).

1. Load data b

Perform transformation
10) = |B),y, Zb[ ) for b= (1,0)7. (A.8)

State preparation in this example is trivial since |b) = |0).

2. Quantum Phase Estimation
Apply Quantum Phase Estimation (QPE) [16] with U = e'P! to estimate eigenvalues
of B. Here, t = ?jf,

N—-1 )
= > € fuy)(uyl, (A.9)
=0

5, = 2 are eigenvalues of B and |u;) the eigenvectors. After QPE,

where 0y = 3 , 3

the state becomes
N-1 R
Z 6j|5j>|uj>7’bv (AlO)
§=0

where 3; = (u,|b) and |0;) encodes |d;).

3. Inversion of eigenvalues 3
Perform a controlled rotation on an ancilla qubit, conditioned on |d;)

C? C
i) 1= 210) + 1), (A1)
J

N—
Z Ire

J

where C' < min|d;| = 2. In this example C' = 1.
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Ancill Step 1 | Step 2 IStep3 | Step 4 ,  Step5

e oy ] - |
| | | |
Clock : I : :

j | | | | | + j j

register 0)®/ ! | H® ] QFT | ! e 4 H® |_:_|0)®J
| | | |
Input I v | I Tl |
7 L i. 1 L _i L

register 10) |b)i et ! ! e i{//\|.|x)

Figure A.4: Schematic of the HHL algorithm. The different steps are explained in the main text.
In step 2 the QPE is represented by a yellow box with the application of Hadamard gates to the clock
register, a controlled rotation and the quantum Fourier transform (QFT). In step 4 the inverese QPE is
represented by a blue box with the application of the inverse QFT, a controlled rotation and Hadamard
gates.

Figure A.5: Representation of the HHL circuit for evaluating the performance of Zero-Noise Extrap-
olation (ZNE). Only the last qubit (q7) is measured in case of HHL.The circuit is adapted to IBM’s
hardware layout, which requires three swap gates, each realised by a sequence of three CNOT gates.

a0 Gf EHX
? RHAe
-

S el

Figure A.6: H-Ladder circuit adapted to align with IBM’s device architecture.
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4. Inverse quantum phase estimation
Uncompute the QPE registers to

(1= S0} + S 11, (A12)

J

N-1
Z 6j‘0>r‘c
§=0

5. Measurement
Only the last qubit is measured, and the corresponding expectation value of the

observable

A = I 1@ I® |1)(1] (A.13)
i.e., the probability to measure the last qubit in state |1), yields the norm of ¥ as
follows:

1711 = 2 y/ At e (A1)

In our case, (Auur)ideal = (3|Z]])? = 5/8, in accordance with the correct solution
7 =(9/8,3/8) of the above linear system.

The four qubit circuit adapted to the hardware layout is presented in Figure A.5. It
contains 18 CNOT gates in total. The qubits are equivalent to those in Figure A.4: ¢;:
ancilla register, ¢, and gg:clock register, g7: input register.

A.4.3 Hadamard-Ladder Circuit

The Hadamard-Ladder (H-Ladder) circuit, originally introduced in [51] and later employed
in [91,145], serves as a compact yet insightful benchmark for investigating noise effects
in error mitigation techniques like Zero-Noise Extrapolation (ZNE).

This circuit prepares a uniform superposition state over all computational basis states,
making it particularly suitable for investigating various types of noise. The circuit can
exhibit strong sensitivity to coherent noise effects such as crosstalk and gate errors.
These features make the H-Ladder circuit a valuable tool for probing non-local error
mechanisms and their effect on ZNE.

Balancing between circuit depth and structural complexity, it is neither too shallow to
be trivial nor too deep to be dominated by decoherence effects. This makes it especially
well-suited for current noisy intermediate-scale quantum devices.

In this work, we consider the expectation value
(Apadder) = (11111111]pq[11111111), (A.15)

which corresponds to the probability of measuring all qubits in |1). For the ideal, noiseless
case, the expectation value is (Apaqder)ideal = 0.5.

The H-Ladder circuit adapted to the hardware layout and used in this work is shown in
Figure A.6.
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A.5 QAOA implementations and problem definitions

A.4.4 Random circuits

In addition to algorithm-specific circuits, we also consider two random quantum circuits
to further investigate the influence of noise and layout-dependent gate mapping on
error mitigation processes. Both random circuits consist of four qubits and follow a
similar structural template but differ in the number of entangling gates due to variations
introduced during the adaptation to the hardware layout. Both random circuits are
constructed such that each is followed by its exact inverse. Ideally, ensuring a return to
the initial state |0000).

The first circuit randy, comprises 31 CNOT gates, while the second rand; contains 37
CNOT gates. Each circuit was designed to have 16 CNOT gates before being adapted
to the hardware architecture. The discrepancy in the number of CNOT gates stems
from the use of different qubit layouts during this adaptation, specifically {q1, g4, g7, ¢}
for randy and {qs, q7, q1, 1 } for rand,. These layouts influence how the logical circuit is
mapped onto the physical hardware, affecting the gate count.

For both random circuits, we consider the expectation value
(Arandy.;) = (0000]p|0000), (A.16)

which corresponds to the probability of measuring all qubits in state |0). For the ideal,
noiseless case, the expectation value is (Arando,lﬁdeaz = 1.0 The hardware adapted circuits
are shown in Figure A.7 for rand, and in Figure A.8 for rand;.

A.5 Quantum Approximate Optimization Algorithm
implementations and problem definitions

This appendix provides the quantum circuit implementations and problem formulations
used for the QAOA studies in this work. The Maximum Cut and Portfolio Optimization
circuits follow the descriptions in Ref. [146]. The formulation of the Traveling Salesman
Problem is based on the method introduced in Ref. [147]. These implementations
are reproduced here for completeness and to maintain consistency with the original
approaches.

A.5.1 Portfolio Optimization

Portfolio Optimization (PortOpt) aims to select the optimal portfolio to maximize
expected returns while minimizing financial risk. The QAOA algorithm is a quantum
algorithm that can be used for this purpose [148-151]. The PortOpt problem is first
transformed into a quadratic unconstrained binary optimization (QUBO) [152] problem.
Given n available assets and a selection budget of B assets, the cost function C' can be
formulated in terms of quantum operators [146, 149

n—1

cz;i

1 j=i+1

(qaij + A) Z:7; — an ki Z:, (A.17)

i=1

DO | >
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Figure A.7: Random circuit adapted to hardware layout with 31 CNOT gates, based on layout
(91,94, q7,q6]. The circuit is followed by its inverse, ideally returning the system to the initial state

Rz X Rz /X Rz

o {EHEHEHTHE
Rz ~ Rz Ia Rz
oo {EHFHEHHE
o {EHAHEHHE o
HAHEHAHE

q7

as e 9—»—&—&—67»—0 . o

Figure A.8: Random circuit adapted to hardware layout with 37 CNOT gates, based on layout

(96,97, G4, q1]. The circuit is followed by its inverse, ideally returning the system to the initial state
|0000).
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A.5 QAOA implementations and problem definitions

Jdo e
ZZ (y) ZZ (y) ZZ (y)

a1
ZZ (y) ZZ (y)

g2

a
ZZ (y) ZZ (y) ZZ (y)

E}

ZZ (y) ZZ (y)

Rz Rx
ga o
5 0o w1 $2 ¢ 4

meas

FEEEE
3

Figure A.9: Representation of the portfolio optimization circuit for depth p = 1. The circuit is not
adapted to the hardware basis gates. The layouts used on ibmq__ehningen are [qi6,q14, 411, gs, Qo] for
echoed CNOT gates, g6, q7, 44, q1,q2] for direct CNOT gates and [q17, q18, g21, 423, G24] for varied CNOT
gates. The figure includes the controlled Z gate which is depicted by two filled dots connected by a line.
It also includes the swap gate which is shown by two symbols with the letter x that are connected by a
line. The swap gate is implemented through three CNOT gates. Other single qubit and standard gates
follow the usual quantum circuit notation.

with

A n
k; = B A2B—n)+ (1 —qQu—q>_ 0il, (A.18)
j=1

where A, ¢, 05, A and p; are the global scaling factor, risk preference, covariance matrix,
penalty factor, and expected return. Z;Z; and Z; are the ZZ interaction on qubits ¢, j
and Pauli Z operator acting on qubit .

We use the QAOA algorithm with a cost Hamiltonian H¢, built from ZZ terms, as well
as an X-mixer H ), which are applied in p alternating layers. We use COBYLA [133] to
optimize the QAOA parameters.

To assess the performance of QAOA for PortOpt we use the Approximation Ratio
(AR) and the Success Probability (SP). A higher value of AR or SP indicates better
performance. The post selected results that satisfy the budget constraint, which means
all feasible solutions, are used to evaluate the AR for n assets {z1, ..., 2, }. It is defined
in the following way

(21, ..y 2n) = C(215 -, Zn) /Copts (A.19)

where C(zy, ..., 2,) and Cyp denote the mean value obtained by QAOA and the optimal
value respectively [146]. The SP corresponds to the probability of obtaining the optimal
solution.

The circuit used in this work is shown in Figure A.9. It is presented in a form that is
not yet adapted to the backend. On the quantum device, it would be decomposed into
the basis gates of the backend. Three different layout implementations were applied
in the experiments on ibmq ehningen. These were used for the echoed CNOT gates
[q16, q14, Q11 Gs, Go], the direct CNOT gates [ge, q7, ¢4, ¢1, 2] and the varied CNOT gates
(17, 18, @21, G23, G24). The figure shows the controlled Z gate and the swap gate, where
the latter is composed of three CNOT gates. Each circuit evaluation is performed with
50000 measurement shots.
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A.5.2 Maximum Cut

Another application of QAOA is the determination of the maximum cut of a graph. The
goal is to divide the vertices of the graph into two sets such that the number of edges
between the two sets is maximized. This is known as the MaxCut problem [96, 153, 154].

The cost function C' an be expressed by quantum operators in the following form

C = ;Zﬂ — 7,7)), (A.20)

,L"j

where vertices ¢, j share an edge. AR and SP are defined similar as for PortOpt above.
For the MaxCut problem, we consider the complete graph which leads to the same
connectivity requirements as the PortOpt circuit. Each circuit evaluation uses 50 000
measurement shots and the experiments are carried out on five qubits.

The circuit corresponds to the one shown in Figure A.9 with the only difference that
no Ry gates are applied. The layouts used for the five qubit MaxCut experiments
on ibmq__ehningen were [qi6, 14, q11, Gs, @0 for echoed CNOT gates, [ge, q7, ¢4, ¢1, qo] for
varied CNOT gates, and [ge, q7, ¢4, q1, g2] for direct CNOT gates.

A.5.3 Traveling Salesman Problem

The Traveling Salesman Problem (TSP) aims to find the shortest tour with a given set
of cities, where each city is visited once. The QAOA algorithm can be used to solve this
problem with a quantum computer.

The total cost of a tour can be encoded into a cost function that acts on the computational
basis states

wazzzt%tHJrAZZzthr AZ(ZZ Zzt+zj-,z>

1 J>1

# 3T (T ), A

t >t

where z = {z;;} specifies a candidate tour, z;; € {0, 1} indicates whether city ¢ is visited
at time step ¢, w;; denotes the cost of traveling from city ¢ to city j, A > 0 is a penalty
coefficient, and 7 labels a time step that occurs after ¢. The first term represents the
travel cost between consecutive time steps. The second term provides an energy offset
that ensures valid tours are energetically favored over invalid configurations, while the
third term penalizes configurations in which more than one city is visited at the same
time step. The final term penalizes tours in which a city is visited more than once
at different time steps. By construction, valid tours minimize the cost function, while
violations of the routing constraints incur a penalty proportional to A.

The Grover-mixer (GM-QAOA) [98] approach constructs a unitary Ug that prepares a
uniform superposition over all valid tours

Us|0)g (A.22)

=7 T
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A.5 QAOA implementations and problem definitions

Table A.3: Mean and standard deviation (mean =+ std) over 25 optimization runs for GM-QAOA with
increasing depth p. The corresponding results are visualized in Figure 5.1.

P Noise-free GM-QAOA ZNE+ASF B IC-ZNE+ASF B
1 26.87+6.79 72.38 +5.86 31.76 +14.83 28.25+7.52
2 25.31+7.16 84.35 +6.47 37.52 +30.00 25.53 +9.26
3 24.63 £7.42 114.77+7.03 45.51 +44.76 24.64 +£14.08
4 24.31+7.58 109.40 +5.74 53.58 £52.76 20.45 +23.26
5 24.23 +7.60 115.23 +5.68 67.81+59.49 20.14 +42.44

where the sum runs over all permutations 7 of a valid tour and ¢ is the required number
of qubits. This unitary ensures that every computational basis state in the superposition
corresponds to one feasible tour. The implementation uses sequences of Hadamard, X
and CNOT gates to activate exactly one qubit per time step and guarantees that the
active qubits correspond to all permutations of the cities. The inverse unitary U g is
applied explicitly in the mixer construction. The mixer of GM-QAOA takes the form

Uni (Br)e PHIENEL (A.23)

where [, is a variational parameter and |F) is the equal superposition of all feasible states.
This mixer preserves the set of feasable tours and redistributes amplitudes within this
subspace. The implementation uses a layer of X gates on all qubits, a multi controlled
phase gate with angle proportional to £ and a second layer of X gates.

The phase separator for one layer is the same as described in Subsection 2.5.1. A
measurement in the computational basis produces a bitstring that represents one tour.
The expectation value of the cost is

(C) =>_C(2)p(2), (A.24)

where p(z) is the observed probability of outcome z. The variational parameters are
updated to minimize this expectation value. The final bitstring with the lowest total cost
to the shortest tour found by the quantum algorithm. In this work, only the expectation
value is evaluated.

The adapted circuit to the backend noise model of FakeCairo is shown in Figure A.10.
The circuit includes 69 CNOT gates for p = 1.

The backend noise model used in this work is the FakeCairo backend provided in the IBM
Qiskit Runtime package [116]. It is constructed from calibration data of the corresponding
device as described in Appendix A.1. The backend contains 27 qubits and its native
gate set is id, rz, sx, x, cx, reset. The qubit layout corresponds to the structure shown in
Figure 2.2. The complete backend data are available in Ref. [132].

For completeness, Table A.3 summarizes the numerical values corresponding to the
GM-QAOA results shown in Figure 5.1, reporting the mean and standard deviation over
25 optimization runs for each circuit depth p.
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Figure A.10: Representation of the TSP circuit. The circuit is adapted to the hardware layout of
FakeCairo. The circuit includes 69 CNOT gates for p = 1.
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A.6 VQE implementations and problem definitions

A.6 Variational Quantum Eigensolver implementations
and problem definitions

In the following, we outline the steps required to construct a quantum simulation of a
molecular system. Several approaches exist for electronic structure preparation, orbital
selection, fermion to qubit mappings, anséitze for variational circuits, and classical
optimization. We focus on one representative workflow and describe the specific methods
used in this work.

We formulate the electronic structure problem in the second quantized representation
[155,156], which provides a compact and symmetry preserving description of fermionic
operators. The molecular orbitals and the corresponding one and two electron integrals
are obtained with the Python based Simulations of Chemistry Framework (PySCF') [136].
These integrals enter the construction of the fermionic Hamiltonian.

Next we define an active space [157]. Core orbitals are treated at the mean field level
and kept frozen. High lying virtual orbitals can be removed if they do not contribute
significantly to the correlation energy. The active space then contains the selected
molecular orbitals and the electrons for which we include electron correlation. By
focusing on frontier orbitals and near degenerate states, we capture the essential static
correlation with far fewer degrees of freedom. This reduces the number of qubits and
the required circuit depth for execution on near term quantum devices. An active space
that is too small, however, may miss dynamic correlation contributions.

We then map the fermionic Hamiltonian to qubits. For this step we use the parity
mapping [158]. Since particle number and spin parity are known for the state of interest,
we can fix the corresponding symmetry sectors and remove the associated qubits. This
tapering procedure preserves the energy spectrum inside the chosen symmetry sector
and further reduces the circuit width.

For quantum state preparation, we choose a physically motivated ansatz. For molecular
systems, we use the Unitary Coupled Cluster Singles and Doubles (UCCSD) ansatz
[105,159]. The reference state is the Hartree Fock state, constructed by setting the
qubits corresponding to occupied spin orbitals to |1) and the others to |0). This reference
improves the stability of the optimization procedure and reflects the mean field structure
of the molecule. The UCCSD ansatz is chemically motivated and captures important
correlation effects in a size consistent manner [103-105].

For classical optimization we employ Simultaneous Perturbation Stochastic Approxi-
mation (SPSA) [137]. Each iteration requires only two energy evaluations independent
of the number of variational parameters, and the method is robust with respect to
device noise and shot fluctuations [160]. The gradient is estimated through random
perturbations applied in all directions at once, and the parameters are updated according
to this estimate. A callback records expectation values and parameter vectors during
the optimization.

The hardware adapted circuits for H, and K H with the implemented UCCSD ansatz
are shown in Figures A.11 and A.12. They were generated using standard reductions
such as core freezing, active-space selection, and parity mapping. The H, circuit uses 2
qubits and requires 4 CNOT gates, while the K H circuit uses 4 qubits and requires 158
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Figure A.11: Hardware-adapted VQE circuit for Hy. The circuit uses two qubits and contains four

CNOT gates after hardware adaption to the ibmq __ehningen coupling map. Only the logical qubits and
active circuit elements are shown.

CNOT gates. For KH the parametrized RZ rotations are displayed with their values
set to zero to simplify the visual representation.

A.7 Derivation of the adjoint quantum channel property

We want to show that & = ET+, where
gU = Apqu (A25)

with A,(A) = (1—p)A+ p%A [16] is the depolarizing noise channel, A an operator, p the
probability that a qubit is depolarized and d the dimension of the Hilbert space. The
channel corresponding to the unitary U acts on a density matrix p by [16]

Uy (p) = UpU, (A.26)
and the channel corresponding to U' accordingly by

Uyi(p) = U'pU. (A.27)

First, we show that AUy = Uy, meaning that the depolarizing channel commutes
with the unitary evolution.

Proof:

(UsAy) () = Us (1~ p)p + pTilp)

UtUt
(1—p)UpU' +p

= Tr(p]

Uy (p)=UpU't

UlLut
(1 f t
=(1—p) UpU" +p Te[pU'U]

p=Uy (p) I
I

= (1= pp+p TiUpU]]

\T—/

P

= Ap(ﬁ)
= Ap(Uu(p))
= (Aplhu) (p)- (A.28)
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A.7 Derivation of the adjoint quantum channel property

@

Figure A.12: Hardware-adapted VQFE circuit for KH. The circuit uses four qubits and contains 158
CNOT gates after adaption to the ibmq _ehningen device. The large number of entangling gates arises
from the increased molecular complezity and depth of the UCCSD ansatz.
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For the channel &, the adjoint channel €' is defined by
Tr[AE(B)] = Tr[£(A)B], (A.29)

for all linear operators A and B [16,49].

Next, we show that the depolarizing channel is self-adjoint (AL = A,). For arbitrary
operators A, B

Te[AA,(B)] = Te[A(1 — p)B + A@ITr[B]]

— (1 - p)Tr[AB] + §tr[A]tr[B], (A.30)

and similarly

Tr[A,(A)B] = Tr[(1 — p)AB + ]Z;ITI"[A]B]

= (1 - p)Te[AB] + gtr[A]tr[B], (A.32)

so that, using the definition of the adjoint channel in Equation (A.29), we find Al = A,,.

Now, we show that LI(T] = Uy, for arbitrary operators A, B

Tr[AUy+(B)] = Te[AUT BU|
= Tr[UAU'B]
with the cyclic property of trace
= Tr[Uy (A)B]. (A.34)

By referring to the definition A.29 of the adjoint channel, we get
Tr[AUy+(B)] = Tr[U+(A)B]. (A.35)
Comparing the two expressions, we conclude

Uy = U ;. (A.36)

And finally we show that Z/{(TJTAL = (AUy+)T, with

(A.37)
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A.8 Details of the data-filtering procedure

By the general property of adjoint channels

(ApUyi)T = US AL (A.38)
Since Al = A, and U[Tﬁ = Uy, we have

(AU = Uy A, (A.39)

In summary we have

(A28

o = My 2V U, P2 (AU = E (A.40)

Thus, we have shown & = ETy+ and therefore p = p for depolarizing noise channels.

A.8 Details of the data-filtering procedure

This section provides the mathematical background and derivations underlying the
data-filtering procedure, including the construction of histogram bins and confidence
ellipses used for identifying and removing outliers.

The number of bins is determined using the Freedman-Diaconis rule [161], which balances
sensitivity to data variation and robustness to outliers. The optimal bin width A is
calculated as

IQR

hZQW,

(A.41)
where IQR is the interquartile range and n is the number of data points. The corre-
sponding number of bins is then given by

Tmax — Lmin
p — max  “min

i, (A.42)

where xacand Ty, are the maximum and minimum values in the data set, respectively.

To identify and exclude outliers based on bivariate (2D) distributions, we compute
confidence ellipses that represent contours. The ellipses are derived from the empirical
mean and covariance of the data, assuming approximately Gaussian statistics. Given a
set of data points x;,y;, the procedure is as follows:

My
oy
2. Compute the covariance matrix

v _ < Var(z) Cov(x7y)>
Cov(z,y) Var(y)

1. Compute the sample mean vector

=
Il
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3. Eigenvalue decomposition of covariance matrix yields
o Eigenvalues 01, 02, which determine the squared axis lengths

« Eigenvectors v71, 03, which determine the ellipse orientation

4. Construct ellipse

é6) =i+ 599 A (gfﬁgg;) for 6 € [0, 27],

—

where A = (:;1) - diag(+/d1, v/02) is a transformation matrix composed of the
2

eigenvectors v1, v5 and the square roots of the eigenvalues. The factor 5.99 resembles
the confidence level 20.

Outliers are identified as points lying outside the desired confidence ellipse (e.g., beyond
the 20 contour). In our implementation, these ellipses are calculated per amplification
factor for each run (local filtering), and optionally across multiple runs (global filtering),
as described in Section 4.9.
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Glossary

B.1 Acronyms

Acronym
AR

ASF

ASF B

ASF M

COBYLA
CNOT
CP
CPTP
CR

CX
DRAG
ECR

EM

FP

GMM
GM-QAOA
H-Ladder
HHL
IC-ZNE
IQR
NISQ

NV

PEC
PEA
PortOpt
POVM
PP
PySCF
QAMP
QAOA

Full name

Approximation Ratio

Adaptive Scaling Factors

Adaptive Scaling Factors,

initial error strength measured on device

Adaptive Scaling Factors,

initial error strength derived from calibration data
Constrained Optimization BY Linear Approximations
Controlled-NOT (gate)

Cross-point (calibration)

Completely Positive Trace-Preserving (map)
Cross-Resonance (interaction/gate)

Controlled-X (CNOT gate)

Derivative Removal by Adiabatic Gate

Echoed Cross-Resonance (gate)
Expectation-Maximization (algorithm)

Final Point (mitigation)

Gaussian Mixture Model

Grover-Mixer Quantum Approximate Optimization Algorithm

Hadamard-Ladder (circuit)
Harrow-Hassidim-Lloyd (algorithm)
Inverted-Circuit Zero-Noise Extrapolation
Interquartile Range

Noisy Intermediate-Scale Quantum (era)
Nitrogen Vacancy (centre)

Probabilistic Error Cancellation

Probabilistic Error Amplification

Portfolio Optimization

Positive Operator-Valued Measure

Ping-Pong (calibration)

Python-based Simulations of Chemistry Framework
Qiskit Advocate Mentorship Program

Quantum Approximate Optimization Algorithm
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Acronym
QEC
QEM
QFT
QPE
QUBO
RMSE
SNR

SP
SPAM
SPSA
STO-3G

SX
sZNE
TLS
TSP
UCCSD
VQA
VQE
ZNE

Full name

Quantum Error Correction

Quantum Error Mitigation

Quantum Fourier Transform

Quantum Phase Estimation

Quadratic Unconstrained Binary Optimization
Root-Mean-Square Error

Signal-to-Noise Ratio

Success Probability

State Preparation And Measurement (error)
Simultaneous Perturbation Stochastic Approximation
Slater-Type Orbital approximated by a linear combination of 3
primitive Gaussian functions

Square-root-of-X gate

standard Zero-Noise Extrapolation

Two-Level Systems

Traveling Salesman Problem

Unitary Coupled Cluster Singles and Doubles
Variational Quantum Algorithm

Variational Quantum Eigensolver

Zero-Noise Extrapolation

B.2 List of symbols

Quantum States and Hilbert Spaces

q
d

H = Hy"

®
10),

V),

p
s

Number of qubits in the quantum register
Dimension of the Hilbert space, d = 24

Hilbert space of a g-qubit system

tensor (Kronecker) product

1)
W)

Logical basis states of a qubit
Pure quantum states

Density matrix of a quantum state
Maximally mixed state, p, = /24

Operators, Channels, and Measurements

A
(A4)

< A> ideal

U
Ut
E
Ey,
1,1
Tr

Observable (Hermitian operator)
Expectation value of observable A

Ideal (noise-free) expectation value

Ideal circuit unitary

Adjoint (inverse) of U

Quantum channel

Kraus operators of a quantum channel
Identity operator (dimension 2 x 2, 2 x 29)
Trace over the system Hilbert space
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B.2 List of symbols

Quantum Gates and Pauli Operators

X, Y, Z Pauli operators

03,0y,0,  Pauli matrices in Hamiltonian notation

H Hadamard gate

CNOT Controlled-NOT (controlled-X) gate

P; = |i)(i] Projector onto computational basis state i
P; Multi-qubit Pauli operator

Noise Models and Errors

p  Depolarizing probability

A, Depolarizing noise channel with probability p
Ty Energy relaxation time

T, Dephasing (coherence) time

7 Relaxation parameter, v, = 1 — e~ #/T1

74 Dephasing parameter, v, = 1 — e=/12

t  Gate duration / evolution time in noise models

Calibration, Hardware and Pulse-Level Parameters

Wo1
Wy
A = wy — wy

Ao
Anew
at
eideal
Hactual

> 9o TS >

Qubit transition frequency

Drive frequency

Drive detuning

Rabi frequency

Pulse amplitude

Pulse duration

In-phase and quadrature pulse envelopes

Transmon anharmonicity

Spectroscopy linewidth (Full Width Half Maximum, FWHM)
Rabi oscillation frequency

Phase offset

Pulse amplitude for a 7 rotation

Applied/scanned amplitude offset around a rough estimate Ag
(cross-point calibration)

Fitted cross-point offset on the A4 axis (intersection point);
used in Apew = Ap + A%

Rough initial amplitude estimate around which AA is scanned
Updated calibrated amplitude obtained from the cross-point estimate
Fit parameter cross-point calibration

Ideal rotation angle

Implemented rotation angle

Small coherent rotation error

Effective rotation angle per repetition (ping—pong fit)

Number of gate repetitions in calibration sequence

Offset parameter in calibration fit

oscillation amplitude

measured population

Number of measurement shots
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Cross-Resonance Gate

Her Effective cross-resonance Hamiltonian

Gab Coeflicients of the reduced CR Hamiltonian
) Cross-resonance rotation angle

P Relative CR drive phase

CR(p) Cross-resonance unitary operation
Error Mitigation and (Inverted-Circuit) Zero-Noise Extrapolation

A Noise scaling factor

Local noise scaling factor per gate

Maximum noise scaling factor

Expectation value at noise scale A

Expectation value of the maximally mixed state
State fidelity

&

“

*

Ty
>

f(A) Extrapolation fit function

r Average gate infidelity

€ Circuit error strength (1— fidelity)

€0 Initial (unscaled) circuit error strength

o Density matrix in p = (1 — €)|U) (V| + €0

o Operator obtained by adjoint-channel evolution of the noise density matrix o
a Overlap parameter, a = Tr[od]

Flocal, global  10cal, global gate folding

M Number of experimental runs

Ne Number of CNOT gates

n; Number of identity insertions

19 Dimensionless tuning parameter for adaptive scaling

Randomized Compiling

m  Pauli permutation induced by Clifford conjugation
Ap Stochastic Pauli channel
p;  Probability of Pauli error P;

Variational Quantum Algorithms (QAOA and VQE)

Problem Hamiltonian

Cost (phase-separator) Hamiltonian

Mixer Hamiltonian

QAOA phase-separator parameter

QAOA mixer parameter

QAOA circuit depth (context-dependent; distinct from depolarizing probability)
QAOA penalty factor

QAOA variational state

VQE energy expectation value

Coeflicients of Pauli terms in the VQE Hamiltonian
VQE eigenvalue

Vector of variational parameters

Internuclear distance

Equilibrium bond length

FEHEhY w2
=% =9
2

oD S

o

XXX Viii



B.2 List of symbols

Filtering and Statistical Analysis

1 Mean value of a data distribution

o standard deviation

o? variance

Py correlation coefficient

by Covariance matrix

01,09 Eigenvalues of covariance matrix

U1, U Eigenvectors of covariance matrix

Tmin, Tmax  Minimum and maximum data values in histograms
b Number of histogram bins

h Histogram bin width (Freedman—Diaconis rule)

Note: Some symbols (e.g. A, p, B) are used with different meanings in distinct contexts.
Their interpretation is always clear from the surrounding discussion and chapter context.

XXX1X



Appendix B

B.3

xl

1.1
1.2

2.1
2.2
2.3
24
2.5

2.6

2.7
2.8
2.9
2.10

3.1
3.2

3.3

3.4

3.5

3.6
3.7

3.8
3.9
3.10

4.1

4.2

List of figures

Coherence times of different qubit platforms . . . . . .. ... ... ...

Qubit numbers and entangling gate errors across platforms . . . . . . ..

Gate symbols in quantum computing. . . . . . . .. ..o
Architecture of the ibmq _ehningen device. . . . . . . . ... .. ... ..
Additional gate symbols of ibmq ehningen. . . . . . . . . ... ... ...
Example data from the rough calibration procedure . . . . . . . ... ..

Schematic of the amplitude-calibration (ping-pong) error-amplification
protocol . . ..o

Schematic of the amplitude-calibration (cross-point) error-amplification
protocol . . . ...

Comparison of direct vs echoed CNOT gate . . . ... ... . ... ...
Nlustration of the Pauli twirling process. . . . . . .. ... .. ... ...
Structure of QAOA . . . . . . . . ..
Structure of VQE . . . . . .o

Ping-pong and cross-point calibration experiment . . . . .. ... .. ..

Box plot of X, -pulse amplitude for different calibration methods and shot
nuUmMbers . . ... oL

X /2 amplitude for different calibration methods and shot numbers with
identical rough values across experiments. . . . . . ... ... ... ...

Extracted X, pulse amplitudes over four calibration rounds for each
method, including the rough initial calibration.. . . . . . . . .. .. ...

Expectation values of 15 two-qubit Pauli bases under CR gate evolution
over varying pulse duration . . . . . .. ...

Comparison of the fitting result for the CNOT gate . . . . . .. .. . ..

Architecture of ibmg _ehningen indicating two different implementations
of the CNOT gate. . . . . . . . . . . . .

Error rates and gate times of direct and echoed CNOT gates . . . . . . .
Properties of imbq_ehningen . . . . . . . .. ...

QAOA runs on imbq _ehningen . . . . . .. ... ...

Analysis of noise strength ¢, as a function of qubit measurement probability

Comparison of the Zero-Noise Extrapolation workflow with the Inverted-
Circuit ZNE approach . . . . . . . . ... ...



B.3 List of figures

4.3 Scaled error strength as a function of the noise scaling factor . . . . . . .

4.4 Comparison of a single run of sZNE and Inverted-Circuit ZNE for the
Grover circuit . . . . . . ..

4.5 Comparison of a single run of sZNE and IC-ZNE for the HHL circuit

62
62

4.6 Comparison of a single run of sZNE and IC-ZNE for the H-Ladder circuit 62

4.7 Comparison of IC-ZNE, sZNE and unmitigated raw data for 50 simulation
runs of the Grover circuit using a single- and two-qubit depolarizing error
model . . ..

4.8 Comparison of IC-ZNE, sZNE and unmitigated raw data for 50 simulation
runs of the HHL circuit using a single- and two-qubit depolarizing error
model . ...

4.9 Comparison of IC-ZNE, sZNE and unmitigated raw data for 50 simulation
runs of the H-Ladder circuit using a single- and two-qubit depolarizing
error model . . .. ...

4.10 Impact of number of circuit repetitions on IC-ZNE for different average
gate infidelities. . . . . . . . . . ..

4.11 Comparison of error mitigation techniques for Grover circuit on a IBM
quantum device: unmitigated data, sZNE, and IC-ZNE . . . . . . . . ..

4.12 Comparison of error mitigation techniques for HHL circuit on a IBM
quantum device: unmitigated data, sZNE, and IC-ZNE . . . . . . . . ..

4.13 Comparison of error mitigation techniques for H-Ladder circuit on a IBM
quantum device: unmitigated data, sZNE, and IC-ZNE . . . . . ... ..

4.14 Comparison of scaling approaches: standard equidistant scaling vs. expo-
nential scaling with multiple factors . . . . . . . ... ... ... ... ..

4.15 Empirical investigation of optimal &-values for Grover, HHL, and random
circuits based on RMSE . . . . . . ..o oo

4.16 Scaling factors A as a function of initial error strengths €, with exponential
SPACING . . . . . . o e e e e

4.17 Variation in error strength across multiple backend executions for the
Grover, HHL and H-Ladder circuits . . . . . . ... ... ... ... ...

4.18 Dependence of noise scaling factors on initial error strengths for the Grover,
HHL and H-Ladder circuits . . . . . . . . . . ... .. ... ... ....

4.19 Extrapolation results based on adaptive scaling factors for Grover, HHL,
and H-Ladder circuits using ZNE and IC-ZNE . . . . . ... ... .. ..

4.20 Comparison of ep-filtering and local filtering . . . . . . .. ... .. ...
4.21 Local and global ellipse filtering . . . . . . . . .. ... ... ... ....

4.22 Error reduction for the Grover, HHL, and H-Ladder circuits using three
error mitigation methods (sZNE, ASF, and IC-ZNE) under four different
filtering strategies . . . . . . . ..o

xli



Appendix B

xlii

4.23 Root Mean Square Error values for Grover, HHL, and H-Ladder circuits

under various filtering techniques . . . . . . . ... ..o 0L 85
4.24 Comparison of local and global folding in ZNE and IC-ZNE with ASF M
applied to the Grover circuit. . . . . . . . . ... ... ... 88
4.25 Comparison of local and global folding in ZNE and IC-ZNE with ASF M
applied to the HHL circuit. . . . . . . . . . . . ... ... .. ... ... 89
5.1 Comparison of GM-QAOA results obtained under ideal and noisy condi-
tions, with and without error-mitigation techniques. . . . . . . . . . . .. 95
5.2 Distribution of 50 optimization runs per internuclear distance for the Hy
molecule, used to estimate the ground-state energy. . . . . . . . .. . .. 98
5.3 Distribution of 100 optimization runs for the Hy molecule to determine
the ground-state energy. . . . . . .. ... Lo 100
5.4 Distribution of 100 optimization runs for the K H molecule to determine
the ground-state energy. . . . . . .. ... Lo 100
A1l Example box plot . . . . . . . ... xvii
A.2 Representation of the Grover circuit . . . . . . . .. . ... ... .. Xix
A.3 Representation of the Grover circuit aligned with ibm’s quantum device
architecture . . . . . . . . ... Xix
A.4 Representation of the HHL circuit . . . . . . .. .. ... ... ... ... xxi
A.5 Representation of the HHL circuit aligned with ibm’s quantum device
architecture . . . . . . . .. XXi
A.6 Representation of the H-Ladder circuit aligned with ibm’s quantum device
architecture . . . . . . . . .. xxi
A.7 Representation of the random circuit 1 aligned with ibm’s quantum device
architecture . . . . . . . . ... XXiv
A.8 Representation of the random circuit 2 aligned with ¢bm’s quantum device
architecture . . . . . . . . L XXiV
A.9 Representation of the portfolio optimization circuit . . . . . .. ... .. XXV
A.10 Representation of the TSP optimization circuit . . . . . ... ... .. xXxViii
A.11 Hardware-adapted VQE circuit for Hy . . . . . . ... .. .. ... ... XXX
A.12 Hardware-adapted VQE circuit for KH . . . . . . .. ... .. ... ... XxXXi



Appendix C
List of publications

Journal articles

Kathrin Friederike Koenig, Finn Reinecke, Thomas Wellens
Adaptive folding and noise filtering for robust quantum error mitigation,
arXiw:2505.04463, 2025

Kathrin Friederike Koenig, Finn Reinecke, Walter Hahn, Thomas Wellens
Inverted-circuit zero-noise extrapolation for quantum-gate error mitigation,
Physical Review A, 110.042625, 2024, doi: 10.1103/PhysRevA.110.042625

Yanjun Ji, Kathrin Friederike Koenig, Ilia Polian

Improving the Performance of Digitized Counterdiabatic Quantum Optimiza-
tion via Algorithm-Oriented Qubit Mapping,

Physical Review A, 110.032421, 2024, doi: 10.1103/PhysRevA.110.032421

Yanjun Ji, Kathrin Friederike Koenig, Ilia Polian
Optimizing quantum algorithms on bipotent architectures,
Physical Review A, 108.022610, 2023, doi: 10.1103/PhysRevA.108.022610

Andreas Ketterer, Kathrin Kénig, Thomas Wellens
Error Characterization, Mitigation, and Correction,

Quantum Technologies, edited by R. Neugebauer, Fraunhofer Verlag, Stuttgart, p. 332-
336, 2022, ISBN 978-3-8396-1850-9

Conference contributions

Kathrin Friederike Koenig, Finn Reinecke, Thomas Wellens

Inverted-circuit zero-noise extrapolation, IQST early-career-researchers retreat,
Giinzburg, Germany, May 22-24, 2024

Poster presentation

Kathrin Friederike Koenig, Finn Reinecke, Walter Hahn, Thomas Wellens
Inverted-circuit zero-noise extrapolation, 2024 APS March Meeting, Minneapolis,
USA, March 4-8, 2024

Oral presentation

Kathrin Friederike Koenig, Finn Reinecke, Thomas Wellens

Inverted-circuit zero-noise extrapolation for quantum error mitigation, /BM
Quandum Developer Forum, Tarrytown, USA, April 23-25, 2023

Invited oral presentation

xliii



Appendix C

Kathrin Friederike Koenig, Finn Reinecke, Thomas Wellens

New techniques to improve zero-noise extrapolation on superconducting
qubits, 26th Conference on Quantum Information Processing, Ghent, Belgium, February
4-10, 2023

Poster presentation

Kathrin Friederike Koenig, Finn Reinecke, Thomas Wellens

New techniques to improve zero-noise extrapolation on superconducting
qubits, 778. WE-Heraeus-Seminar: Coping with Errors in Scalable Quantum Computing
Systems, Bad Honnef, Germany, January 8-11, 2023

Poster presentation

Kathrin Friederike Koenig, Finn Reinecke, Thomas Wellens

Error Mitigation Techniques - Zero-Noise Extrapolation, KQCBW - Developer
Conference, Ehningen, Germany, October 20-21, 2022

Oral presentation

Kathrin Konig, Thomas Wellens

Error Mitigation - Handling noisy quantum hardware, DPG Meeting of the
Condensed Matter Section, Regensburg, Germany, September 4-9, 2022

Oral presentation

Kathrin Konig, Naoki Kanazawa, Shota Nakasuji

Analysis of calibration techniques for single-qubit gates on superconducting
quantum computer, DPG Meeting of the Condensed Matter Section, Regensburg,
Germany, September 4-9, 2022

Oral presentation

xliv



Acknowledgments

I would like to acknowledge the support of numerous individuals who have contributed
to this work, both professionally and personally.

First and foremost, I would like to express my sincere gratitude to Prof. Dr. Dr. Oliver
Ambacher, my supervisor, whose guidance and support made this PhD possible. I am also
very grateful to PD Dr. Thomas Wellens, my day-to-day supervisor and second examiner,
for his continuous support, insightful discussions, and valuable feedback throughout this
thesis.

I would like to thank Prof. Dr. Riidiger Quay for supporting my doctoral research at
the institute. I am further thankful to all members of the Quantum Information group
for the stimulating working environment and helpful discussions, as well as to my fellow
PhD students for sharing both the challenges and successes of doctoral research.

I also gratefully acknowledge the support and collaboration of my colleagues at IAF and
of collaborators involved in various projects.

On a personal level, I am deeply grateful to my family for their support and encouragement
throughout this journey. I am also thankful to my friends, especially Ina, Lukas, Sebi,
Mey, Patrick, and Conny, for their friendship and encouragement.

I would like to thank Tim, who has always been there for me and supported me in
the best possible way. Especially over the past year, you have taken on so much, and
I cannot express how grateful I am to have you by my side. Whether facing personal
tragedies or challenges at work, I could always rely on you.

I would also like to thank Dirk. Although you are no longer here to see this, you were
among those who always believed in me and supported me unconditionally. Even after
your sudden death, you have continued to support me in spirit, and I know you would
be extremely proud of what I have achieved here.

xlv



Quantum computing promises to address problems in simulation, optimization, and
chemistry, but current hardware operates in the noisy intermediate-scale (NISQ) regime
where coherence limits, gate imperfections, and readout errors restrict performance.
Improving calibration and mitigating errors therefore remain essential.

This thesis analyzes error reduction on superconducting transmon qubits through cali-
bration, gate analysis, and circuit-level mitigation. It compares single-qubit amplitude
calibration methods and analyzes two-qubit gates based on the cross-resonance inter-
action, identifying differences in precision, convergence, and performance. In addition,

it develops Inverted-Circuit Zero-Noise-Extrapolation (IC-ZNE) which measures effective
error strength using inverted circuits. Compared to standard ZNE, IC-ZNE achieves results
closer to ideal values and reduces observable errors. Overall, the presented methods im-
prove the reliability of near-term quantum processors.

ISBN 978-3-8396-2199-8

\

~ Fraunhofer “ m

VERLAG 9"783839"621998



	Declaration
	Abstract
	Zusammenfassung
	Contents
	1 Quantum computing in the noisy intermediate-scale era
	2 Quantum noise, hardware control, and error mitigation
	2.1 General setting and notation
	2.2 Noise and errors in quantum computation
	2.3 Error reduction at the superconducting quantum hardware and pulse level
	2.3.1 Amplitude calibration techniques
	2.3.2 The Controlled-Not gate and its associated Hamiltonian

	2.4 Algorithm- and software-level error mitigation techniques
	2.4.1 Zero-Noise Extrapolation
	2.4.2 Randomized Compiling

	2.5 Variational quantum algorithms
	2.5.1 Quantum Approximate Optimization Algorithm
	2.5.2 Variational Quantum Eigensolver


	3 Calibration, optimization and analysis of quantum gates at the pulse level
	3.1 Comparison of ping-pong and cross-point calibration for single-qubit gates
	3.2 Experimental analysis of the two-qubit CR Hamiltonian in transmon qubits
	3.3 Comparison between the implementation of direct and echoed CNOT gates
	3.4 Summary of calibration and gate analysis at the pulse level

	4 Inverted-Circuit Zero-Noise Extrapolation and further refined error mitigation techniques
	4.1 Definition of error strength
	4.2 Measuring error strength
	4.3 Structure of Inverted-Circuit Zero-Noise Extrapolation
	4.4 Error scaling behavior in Zero-Noise Extrapolation
	4.5 Comparison of sZNE and IC-ZNE using real backend data
	4.6 Influence of error strength on the performance of sZNE and IC-ZNE
	4.7 Influence of error randomization on (Inverted-Circuit) Zero-Noise Extrapolation
	4.8 Zero-Noise Extrapolation with Adaptive Scaling Factors
	4.8.1 Equally spaced scaling factors versus exponentially spaced scaling factors
	4.8.2 Impact of circuit error estimation and the choice of scaling factors

	4.9 Filtering methods
	4.9.1 0-filtering
	4.9.2 Local filtering
	4.9.3 Global filtering
	4.9.4 Local and global ellipse filtering
	4.9.5 Combined 0- and local (ellipse) filtering
	4.9.6 Hardware evaluation of filtering methods

	4.10 Analysis of folding schemes
	4.11 Summary of Inverted-Circuit ZNE and mitigation refinements

	5 Quantum error mitigation for variational algorithms
	5.1 Error Mitigation for the Quantum Approximate Optimization Algorithm
	5.2 Error Mitigation for the Variational Quantum Eigensolver
	5.3 Summary of error mitigation for variational algorithms

	6 Conclusion and Outlook
	Bibliography
	Appendix A Experimental details, algorithmic implementations, and  theoretical derivations
	A.1 Error rates of the ibmq_ehningen quantum device
	A.2 Noise models for quantum hardware and depolarizing noise
	A.2.1 Quantum hardware Noise Model
	A.2.2 Depolarizing Noise Model

	A.3 Box plot definition
	A.4 Quantum algorithms and circuits implemented in this work
	A.4.1 Grover's search algorithm
	A.4.2 Harrow-Hassidim-Lloyd algorithm
	A.4.3 Hadamard-Ladder Circuit
	A.4.4 Random circuits

	A.5 QAOA implementations and problem definitions
	A.5.1 Portfolio Optimization
	A.5.2 Maximum Cut
	A.5.3 Traveling Salesman Problem

	A.6 VQE implementations and problem definitions
	A.7 Derivation of the adjoint quantum channel property
	A.8 Details of the data-filtering procedure

	Appendix B Glossary
	B.1 Acronyms
	B.2 List of symbols
	B.3 List of figures

	Appendix C List of publications
	Acknowledgments



