
Vol.:(0123456789)

Welding in the World 
https://doi.org/10.1007/s40194-025-02080-9

RESEARCH PAPER

Multiaxial fatigue life calculation of welded joints made of ductile 
materials

Niklas Michael Bauer1   · Jörg Baumgartner1 

Received: 16 December 2024 / Accepted: 18 May 2025 
© The Author(s) 2025

Abstract
Welded joints made of ductile materials exhibit a significant reduction in fatigue life under non-proportional multiaxial load-
ing compared to proportional loading. Different methods to calculate multiaxial fatigue life are evaluated on a comprehensive 
database, which is created based on various fatigue tests showing ductile material behavior under uniaxial, proportional, and 
out-of-phase loading. This paper finds that well-known stress-based methods widely used in the literature to evaluate multi-
axial fatigue of welded joints cannot accurately calculate fatigue life under both proportional and non-proportional loading 
for welded ductile materials. Two new methods providing reliable and accurate fatigue life predictions with little scatter 
under both constant and variable amplitude loading are developed, analyzed in detail, and compared to existing approaches. 
The new methods include an interaction equation derived from the criteria proposed in codes and standards, as well as a 
machine learning approach based on artificial neural networks, both developed and optimized or trained based on the created 
database. Using interpretable machine learning, the neural networks are found to have learned similar correlations between 
multiaxial loading and fatigue life as those represented by the new interaction equation.

Keywords  Fatigue life prediction · Non-proportional loading · Welded joints · Machine learning · Explainable artificial 
intelligence

Abbreviations
� 	� Plane orientation, °
� 	� Phase shift, °
� 	� Stress component, MPa
�
⟂
 	� Stress normal to the weld, MPa

�∥ 	� Stress parallel to the weld, MPa
� 	� Shear stress, MPa
Δ 	� Range, -
fN 	� Ratio of predicted to experimental fatigue life, -
m 	� Slope of the S–N curve before the knee point, -
m∗ 	� Slope of the S–N curve after the knee point, -
n 	� Number of fatigue tests, -
ni∕j 	 Number of cycles for given load spectrum block, -
rref  	� Reference radius, mm

t 	� Plate thickness, mm
u 	� Cyclic degree of utilization, -
CV  	� Comparison value, -
Dspec 	� Specified Miner sum, -
E 	� Expected value
Kt,� 	� Notch stress concentration factor for normal 

stress, -
Kt,� 	� Notch stress concentration factor for shear stress, 

-
Ls 	� Spectrum length, -
N 	� Cycle number, -
RMSE 	� Root mean square error, -
SD 	� Empirical standard deviation, 

1  Introduction

In contrast to semi-ductile and brittle materials, ductile 
materials and welded joints made of ductile materials show 
a significant reduction in fatigue life under multiaxial non-
proportional loading compared to proportional loading [1, 
2]. Non-proportional loading is defined by a varying ratio 
between two applied stress components over time. However, 
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no comparative study of multiaxial assessment approaches 
explicitly focusing on ductile material behavior has been 
conducted for welded joints. In the absence of a uniform 
definition of when a welded joint can be considered ductile, 
this paper refers to ductile material behavior, defined as 
a fatigue life reduction under non-proportional compared 
to proportional loading. In order to evaluate and analyze 
approaches that have been applied to evaluate multiaxial 
fatigue of welded joints in the literature and to develop more 
reliable and accurate methods, both with respect to ductile 
material behavior, a comprehensive database is created. The 
database consists of all publicly available fatigue tests of 
welded joints which show a fatigue life reduction under out-
of-phase loading that the authors could find, including both 
constant and variable amplitude loading. A new method is 
derived from the approaches in the literature and optimized 
with respect to the created database. Furthermore, artificial 
neural networks are developed and trained on the fatigue 
data to predict fatigue life. Both the promising approaches 
from the literature and the newly developed methods are 
evaluated, analyzed in detail, and compared based on the 
fatigue data and an interpretable machine learning approach 
to identify and recommend methods reliably and accurately 
predicting fatigue life of welded specimens made of duc-
tile materials subjected to proportional and out-of-phase 
loading.

2 � Multiaxial fatigue criteria

Stress-based fatigue life assessment approaches for welded joints 
generally fall into four categories: equivalent stresses, interaction 
equations, critical plane approaches, and integral approaches:

–	 Equivalent stresses are defined as functions of all stress 
components, with the established ones being invariants 
which do not depend on the choice of the coordinate system.

–	 Critical plane approaches define an equivalent stress 
based on the coordinate plane for which the equivalent 
stress is highest.

–	 Interaction equations describe the relationship between 
different stress components and the fatigue life based 
on the cyclic degree of utilization of each stress com-
ponent. Because they are generally easy to use, codes 
and standards recommend criteria based on interaction 
equations for fatigue assessment under multiaxial load-
ing [3–5].

–	 Similar to the critical plane approaches, the integral 
approaches calculate an equivalent stress for each plane 
orientation. But instead of selecting the critical plane for 
the assessment, the equivalent stress is integrated over 
each plane orientation.

Table 1 provides an overview of the stress-based assess-
ment approaches that have been used for welded joints under 
multiaxial loading in the literature.

In order to correctly assess the fatigue life of welded joints 
made from ductile materials under general loading conditions, 
suitable approaches must consider the reduction in fatigue life 
due to non-proportional loading. However, both the equivalent 
stresses and the critical plane approaches based on equivalent 
stresses, such as the well-known Findley criterion, are in prin-
ciple not suited to assess ductile materials as they inherently 
predict higher fatigue life under out-of-phase loading because 
the equivalent stress is lower when the maxima of the stress 
components occur at different times, as illustrated in [21]. 
Furthermore, [1, 2] state that critical plane approaches are 
suitable for evaluating both brittle and semi-ductile materials, 
whereas ductile materials should be assessed with an inte-
gral of the shear stress over all coordinate planes to correctly 
incorporate the damage cause, which is done by the effective 
equivalent stress hypothesis (EESH). Other methods such as 
the criterion from the Eurocode 3 and the approach by Papa-
dopoulos do not distinguish between proportional and non-
proportional loading. Consequently, and with a focus on prac-
tical applicability for both constant and variable amplitude 
loading, i.e., without overly high complexity, dependence on 

Table 1   Overview of methods used to assess fatigue life of welded 
specimens under multiaxial loading

Fatigue life assessment approaches

Equivalent stresses
  Principal stress
  von Mises
  Tresca
  DNV [6]

Critical plane approaches
  Findley [7]
  Matake [8]
  Dang Van [9]
  McDiarmid [10]
  Modified Wöhler Curve Method [11]
  Carpinteri-Spagnoli [12]
  KoNoS [13]

Interaction equations
  Gough-Pollard (IIW-recommendations) [3]
  Eurocode 3 [4]
  FKM [5]

Integral approaches
  Papadopoulos [14]
  Effective equivalent stress hypothesis [15]
  Shear stress intensity hypothesis [16]
  Multiax-Invariant [17]

Others
  Stress space curve hypothesis [18–20]
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usually unknown material parameters, and an unclear assess-
ment of general stress-time-histories, the Gough-Pollard cri-
terion (GPC), the FKM criterion (FKMC), and the EESH are 
identified as promising approaches. All the interaction equa-
tions and the EESH, all of which are among the most popular 
criteria used in the literature, are evaluated in the following.

All criteria could be combined with a penalty factor, reduc-
ing the fatigue resistance or increasing the effective stress 
under non-proportional loading, as proposed by the DNV with 
a penalty factor of 1.1 [6] or implied by the GPC with the com-
parison value of 0.5 [3]. However, this approach leads to the 
problem that a constant penalty factor is applied even if one 
stress component becomes insignificant and the loading tends 
to become uniaxial, resulting in highly conservative evaluations 
as the influence of non-proportional loading tends toward zero. 
Hence, this requires a second criterion to assess whether both 
stress components are significant enough to apply the penalty 
factor, which is given by the IIW recommendations, or a penalty 
factor depending on the amplitudes of both stress components.

2.1 � Interaction equations

The fatigue assessment criteria proposed by the IIW [3], the 
Eurocode 3 [4], or the FKM-guideline [5] are derived from 
interaction equations which are based on the cyclic degree 
of utilization u for a given stress component �:

where Δ� denotes the applied stress range and Δ�R the endur-
able stress range derived from the respective resistance S–N 
curve at a given number of cycles N . All interaction equa-
tions represent a curve within two or three dimensions based 
on the respective stress components for a specific fatigue life. 
The IIW recommends the use of the ellipsoidal GPC

based on the utilization of the stress normal to the weld �
⟂
 , 

the shear stress � , and the stress parallel to the weld �∥ with 
a comparison value CV  equal to 1 for proportional loading 
and 0.5 if the loading is non-proportional, if the shear stress 
range is greater than 15% of the normal stress range or vice 
versa, and if the principal stress direction varies by 20° or 
more. A similar criterion is suggested by the Eurocode 3 
(ECC). However, no differentiation is made between pro-
portional and non-proportional loading and the stress com-
ponent parallel to the weld is neglected:

Finally, the FKM-guideline proposes one criterion based 
on the principal stress for proportional loading:

(1)u�(N) =
Δ�

Δ�R(N)

(2)u�
⟂

(N)2 + u�(N)
2 + u�∥ (N)

2 ≤ CV

(3)u�
⟂

(N)3 + u�(N)
5 ≤ 1.

and another one for non-proportional loading:

The fatigue life is calculated numerically for each criterion 
by converting the inequation to an equation which is solved 
with respect to N . Stresses parallel to the weld resulting from 
an obstruction of transverse contraction in the weld notch 
under stress normal to the weld are implicitly accounted for 
in the resistance S–N curves and do not need to be explicitly 
calculated; see [22] for a detailed explanation. All criteria 
describe a super elliptical (two stress components) or super 
ellipsoidal (three stress components) relationship between 
the stress components for a given fatigue life.

Variable amplitude loadings can be transformed to 
equivalent constant amplitude stress ranges according to 
the Palmgren–Miner rule as suggested by the IIW [3]:

with the slope of the reference S–N curve m and the stress 
ranges Δ� and corresponding number of cycles n of a spe-
cific stress range. The indices i and k refer to the values 
above the knee point of the S–N curve, while the indices j 
and l refer to those below the knee point for Δ�eq ≥ Δ�knee 
and vice versa in case of Δ𝜎eq < Δ𝜎knee . The specified Miner 
sum Dspec equals 0.5 assuming no high fluctuations of mean 
stresses [23].

2.2 � Effective equivalent stress hypothesis

The EESH [15] assumes that the shortened fatigue life 
under non-proportional loading results from dislocations 
caused by the interaction of shear stresses in different coor-
dinate plane orientations. Hence, a damage parameter F(�) 
is introduced as the integral of the shear stress � over all 
plane orientations � orthogonal to the surface for a given 
phase shift � between normal and shear stress. The damage 
parameter is calculated based on local stresses as follows:

with

for constant amplitude loading and

(4)

1

2

(
|||
u�

⟂

(N) + u�∥ (N)
|||
+

√(
u�

⟂

(N) − u�∥ (N)
)2

+ 4u�(N)
2

)

≤ 1

(5)u�
⟂

(N) + u�(N) + u�∥ (N) ≤ 1.

(6)

Δ�eq =
mk

���
� 1

Dspec

∙

∑�
ni ∙ Δ�

mk

i

�
+ Δ�

mk−ml

knee
∙
∑
(nj ∙ Δ�

ml

j
)

∑
ni +

∑
nj

(7)F(�) =
1

�∫
�

0

fp(�, �)d�

(8)fp(�, �) = �(�, �)
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for variable amplitude loading, where Ls denotes the spec-
trum length [24]. The effective equivalent stress is defined 
for proportional loading as a modification of the von Mises 
stress with the size factor fs:

The stress component parallel to the weld resulting from 
an obstruction of transverse contraction is again implicitly 
accounted for in the resistance S–N curves and does not 
need to be explicitly considered. Out-of-phase loading can 
be assessed using a non-proportionality factor which leads 
to the final formulation of the effective equivalent stress:

with

and the effective notch stress concentration factors for nor-
mal stress Kt,� and shear stress Kt,� , which could also be 
substituted by the normalized stress gradients. Finally, the 
effective equivalent stress is evaluated against the S–N curve 
for stress normal to the weld.

The size factor fs assumes equal slopes of the S–N curves 
for normal and shear stress. The introduction of a fatigue life 
dependent size factor as proposed in [25] allows for the con-
sideration of different slopes:

where the normal stress components are derived from the cor-
responding S–N curves at the cycle number N which is again 
derived from the shear stress S–N curve at the applied shear stress.

3 � Methodology

In order to evaluate and compare fatigue assessment 
approaches, a comprehensive database is created containing 
fatigue tests of welded joints under uniaxial, proportional, 

(9)fp(�, �) =
1

Ls

Ls∑

i=1

�i(�, �)

(10)�EESH(� = 0◦) =
√

�2
x
+ �2

y
− �x�y + f 2

s
∙ 3�2

xy

(11)fs =

√√√
√

�2
x
+ �2

y
− �x�y

3�2
xy

.

(12)�EESH(�) = �EESH(� = 0◦)
F(�)

F(� = 0◦)
∙
√
Sz

(13)S =
1 + Kt,�

1 + Kt,�

, z = 1 −

(
� − 90◦

90◦

)2

(14)

fs =

√√√
√�2

x

(
N
(
�xy

))
+ �2

y

(
N
(
�xy

))
− �x

(
N
(
�xy

))
�y
(
N
(
�xy

))

3�2
xy

and out-of-phase loading exhibiting ductile material behavior, 
including constant and variable amplitudes. Since all inter-
action equations for non-proportional loading are based on 
the general equation of a super ellipse considering the stress 
normal to the weld and the shear stress, a new super ellipse 
criterion (SEC) is developed by optimizing the parameter of 
the super ellipse equation with respect to the present database. 
Furthermore, artificial neural networks (NN) are developed 
and trained based on the present database to predict fatigue 
life. The interaction equations, including the GPC, the FKMC, 
the ECC, and the SEC, the EESH, and the NN are evaluated 
and compared by predicting fatigue life based on the cre-
ated database. All evaluations are based on nominal stresses. 
Finally, both the interaction equations and the NN are inter-
preted, analyzed, and evaluated with respect to the underlying 
relationship between fatigue life and applied stress.

3.1 � Database

The database consists of all fatigue tests of welded joints 
under out-of-phase loading due to stresses normal to the weld 
and shear stresses while showing ductile material behavior 
that the authors could find, plus the corresponding uniaxial 
and proportional fatigue tests. Non-proportional loads other 
than out-of-phase are not part of this paper because of the 
limited number of fatigue tests available in the literature. The 
stress component parallel to the weld is not applied in com-
bination with shear stresses and non-proportional loading in 
any of the known experiments and is therefore not further 
considered. Data is excluded if the required uniaxial refer-
ence S–N curves for normal and shear stresses could not be 
derived from the experiments due to insufficient fatigue tests 
or if the loading exhibits non-proportionality other than phase 
shifts. A few individual fatigue tests from the experiments 
by Wiebesiek [25] showing brittle material behavior at low 
load levels are also excluded. Thus, the database contains 437 
multiaxial fatigue tests, excluding runouts, from 14 test pro-
grams, which are outlined in Table 2 and Fig. 1.

Variable amplitude loading always refers to Gaussian 
distributions and the failure criteria were through-thickness 
cracking or fracture. Other publications containing fatigue 
test data of welded specimens under multiaxial loading are 
not relevant due to non-ductile material behavior [35–38], 
which is defined as increasing or equal fatigue life under 
non-proportional loading compared to proportional loading, 
insufficient data to derive all uniaxial S–N curves [39–42], 
multiaxial loading other than out-of-phase loading [43–50], 
or only normal stress components [51].

3.2 � Fatigue life calculation

All methods presented in this paper rely on the applied load 
and the respective uniaxial fatigue resistance S–N curves 
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for the stress normal to the weld and the shear stress. The 
bilinear S–N curves are statistically derived directly from 
the corresponding experiments, including the runouts, 
using the maximum likelihood method while minimizing 
the scatter in the direction of the fatigue life [52]. Clamp-
ing failure is interpreted as a runout. The knee point is 
assumed at 107 cycles for normal stress and 108 cycles for 
shear stress if no knee point can be identified, while the 
slope after the knee point is assumed to equal 22 accord-
ing to [3]. The S–N curve parameters are given in Table 8 
in Appendix 1. Variable amplitude loading is evaluated by 

deriving constant amplitude equivalents according to Eq. 
(6), which yields good results consistent with the evalu-
ation of constant amplitudes and ensures comparability. 
Since both the applied loads and the fatigue resistance are 
derived directly from the experiments, the chosen stress 
concept has no effect on the fatigue life calculated by the 
interaction equations.

Only the EESH is defined specifically for a local stress 
concept. Therefore, finite element models are generated and 
meshed according to [53] to derive the notch stress con-
centration factors Kt , which are presented in Table 3, for 
each specimen and each stress component. The fictitious 
notch radius is chosen based on the plate thickness with 
rref = 0.05mm for a plate thickness t < 5mm and rref = 1mm 
otherwise according to [24].

The EESH can be applied based on the original size fac-
tor (Eq. (11)) or the modified, fatigue life dependent size 
factor (Eq. (14)). The root term in Eq. (12) is introduced to 
account for the effect of the highly stressed material vol-
ume on the effective equivalent stress [31] and is only rec-
ommended for thick plates with low stress concentrations 
[54]. In order to determine when to apply the root term and 
the fatigue life dependent size factor, the EESH is evalu-
ated for each individual test program with and without both 
the root term and fatigue life dependent size factor based 
on the root mean square error. The root mean square error 
RMSE is calculated between the logarithmic predicted 
fatigue life Npred and experimental fatigue life Nexp , while 
being converted to a scalar value for better comprehension:

with n being the number of fatigue tests. While the RMSE 
on the basis of logarithmic values represents a difference 
between logarithmic values, the converted error describes a 
deviation factor with respect to scalar values. Runouts and 
variable amplitude loading are excluded. The best configura-
tion is selected for further fatigue life calculation.

(15)
RMSE = 10

�
∑n
i=1 (log(Nexp,i )−log(Npred,i))

2

n

Fig. 1   Specimens from the database (*specimens differ in sheet thick-
ness)

Table 3   Notch stress concentration factors (*stress concentration fac-
tors derived from a fictitious notch radius of 0.05 mm)

Primary author(s) K
t,� K

t,�

Eibl 13.72* 5.89*
Exel, Bolchoun, Wiebesiek 9.95* 4.03*
Bertini, Frendo 2.99 2.60
Razmjoo 5.59* 2.02*
Sonsino (tube-flange) 2.78 1.63
Sonsino (tube-tube) 1.00 1.00
Störzel 9.62* 4.21*
Winther 4.10* 2.28*
Witt 2.99 1.68



Welding in the World	

3.3 � Optimization of the interaction equations

The difference between all interaction equations for non-
proportional loading lies in the exponents m, n, and o , the 
comparison value CV  , and the stress components ( �

⟂
 , �∥ , 

and � ) considered:

The super ellipse criterion is developed by empirically 
optimizing the parameters based on the present database. 
Since the database does not contain stresses parallel to the 
weld, this stress component will not be considered further, 
reducing the ellipsoidal correlation to an elliptical correlation.

The reduction of the comparison value under non-pro-
portional loading, as proposed by the GPC, is equivalent to 
introducing a penalty factor applied to both stress compo-
nents. As described in Sect. 2, this leads to problems when 
assessing non-proportional loading with a dominant stress 
component. Accordingly, the IIW-recommendations give a 
percentage of 15% ( �

⟂
≤ 0.15 ⋅ � resp. � ≤ 0.15 ⋅ �

⟂
 ) under 

which the influence of non-proportionality can be neglected 
for the GPC. This leads to a sudden jump in the endurable 
degree of utilization that is not physically explainable or 
experimentally justified but necessary, because at least for 
pure uniaxial loading, a degree of utilization and thus a com-
parison value of 1 must be applied, since uniaxial loading 
cannot be non-proportional. In order to improve the assess-
ment and to achieve a consistent evaluation for stress com-
ponents tending towards zero without the described discon-
tinuity resulting from a variation of the comparison value, 
the following approach was used. For proportional loading, 
the exponents are assumed to be equal ( m = n = o ) and opti-
mized based on all proportionally loaded constant amplitude 
fatigue tests with a comparison value of CV = 1 . Non-pro-
portionality is considered by adjusting the exponents of both 
stress components, again assumed to be equal, while keeping 
a constant comparison value of CV = 1 . Thus, the reduc-
tion in fatigue life due to non-proportional loading increases 
as the utilizations of both stress components become more 
similar, while the effect of non-proportionality decreases 
with a ratio between shear stress and normal stress tending 
to zero or infinity until no fatigue life reduction is implied 
under uniaxial loading. Hence, this approach resolves the 
issue with a constant penalty factor as the changed exponents 
can be interpreted as a variable penalty factor depending on 
the ratio between normal and shear stress. The implications 
of varying the comparison value or the exponents of the 
super ellipse equation will be illustrated in Sect. 4.4. The 
exponents for non-proportional loading are derived similarly 
to those for proportional loading for all constant amplitude 
out-of-phase fatigue tests. Each optimization is performed 

(16)
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individually for each test program and then averaged to give 
equal weight to each test program. A test program is defined 
by all fatigue tests associated with the same uniaxial resist-
ance S–N curves for both stress components. Variable ampli-
tudes are not considered to avoid any effect from the trans-
formation to constant amplitude equivalents and runouts are 
not considered to reduce scatter. The optimization is based 
on the root mean square error according to Eq. (15).

3.4 � Neural networks

Deep NN are trained on constant amplitude fatigue tests 
including runouts to predict fatigue life for uniaxial, pro-
portional, and out-of-phase loading. The input variables 
are associated with either the applied load or the fatigue 
resistance of each stress component against uniaxial loading, 
which is characterized by the S–N curve parameters derived 
according to Sect. 3.2, and presented in Table 4. In the case 
of a proportional load, the phase shift becomes zero. All var-
iables related to fatigue resistance remain the same for each 
fatigue test within the same test program, even for uniaxial 
loading. However, the slopes after the knee point for normal 
and shear stress are highly correlated as they rarely deviate 
from 22, while being poorly statistically supported and less 
relevant for evaluating fatigue life in the high cycle fatigue 
regime. To facilitate and improve the training of the NN, the 
slope after the knee point based on shear stress is neglected 
as an input variable. The output variable is the fatigue life.

The NN are trained via supervised learning using mini-
batch gradient descent with a ReLU activation function. Due 
to the limited data and for comparison reasons, training and 
prediction are based on k-fold cross-validation with k different 
test programs and one neural network for each test program. 
This means that the fatigue life of each fatigue test within a 
test program is calculated by a specific neural network that 
has been trained on all data except the test program for which 

Table 4   Input variables for the neural networks

Symbol Description

Loading
Δ�

⟂
Normal stress range

△� Shear stress range
� Phase shift
Fatigue resistance
Δ�

⟂,knee Stress range at the knee point (normal stress)
N�

⟂
,knee Cycle number at the knee point (normal stress)

m�
⟂

Slope before the knee point (normal stress)
m

∗
�
⟂

Slope after the knee point (normal stress)
Δ�

knee
Stress range at the knee point (shear stress)

N�,knee Cycle number at the knee point (shear stress)
m� Slope before the knee point (shear stress)
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the fatigue life is being predicted. Hence, similarities between 
training and prediction data can be avoided.

Training a neural network is generally not a straightfor-
ward process, and the success depends heavily on the data 
used for training, the configuration of the neural network, and 
the training parameters. All presented input variables must be 
scaled to similar means and variances. This is achieved using 
batch normalization after transforming cycle numbers and 
stresses to logarithmic values. Different and random weight 
initializations are used to broaden the parameter search land-
scape, while local minima are avoided using mini-batches 
and gradient descent with momentum. The risk of overfit-
ting is addressed with dropout and regularization, while the 
NN performed better without dropout. The loss function is 
defined as the mean square error of the logarithmic predicted 
and experimental fatigue life plus the regularization term. 
Relevant parameters are presented in Table 5.

3.5 � Empirical analysis and interpretable machine 
learning

All interaction equations represent curves depending on 
the utilization of both stress components. These curves are 
plotted along with the actual utilizations calculated for each 
fatigue test under constant amplitude loading from the pre-
sent database, except the runouts, to analyze how well each 
curve represents the data. The utilizations are calculated for 
both stress components based on the applied loads and the 
fatigue resistances derived from the experimental uniaxial 
S–N curves at the experimental fatigue life. To reduce scat-
ter, all data points within a test set, which is defined as the 
same normal to shear stress ratio within a test program, are 
averaged within the plot. Since the SEC is optimized based 
on a subset of the data, a superior fit and higher prediction 
accuracy than any other interaction equation is implied.

To better understand, analyze, and compare the NN with 
other approaches and to derive possible effects and relation-
ships between the input variables and the fatigue life, the par-
tial dependence plot, a common interpretable machine learning 
approach, is applied. This is done for each neural network by 
calculating the predicted fatigue life over various combina-
tions of load-related input variables while keeping the fatigue 
resistance variables of the corresponding test program con-
stant. All predictions for a given combination of variables are 

then averaged to derive a partial dependence plot independent 
of the current test program. Correlations of input variables do 
not need to be considered due to the nature of the variables.

4 � Results

The EESH is evaluated and modified based on different 
configurations, as described in Sect. 3.2, and the best con-
figuration is derived for further assessment. The parameters 
from the optimization of the interaction equations are pre-
sented and the resulting SEC is introduced. All interaction 
equations outlined in Sect. 2.1 are evaluated together with 
the SEC, the modified EESH, and the newly developed NN. 
Both the interaction equations and the NN are further ana-
lyzed and compared in detail.

4.1 � Modification of the effective equivalent stress 
hypothesis

The fatigue life is calculated by the EESH for each test pro-
gram with and without the consideration of the root term from 
Eq. (12) and the fatigue life dependent modification of the size 
factor as described in Eq. (14). The corresponding converted 
root mean square errors from Eq. (15) are shown in Table 6 
for each test program. As the root term is proposed to account 
for a higher plate thickness, the thickness is listed as well.

Table 6 clearly shows how the fatigue life dependent size 
factor gives significantly lower prediction errors than the 
original formulation with and without consideration of the 
root term. The application of the root term generally shows 
lower prediction errors for thicker plates and higher prediction 
errors for thinner plates. Accordingly, the EESH is used for 
further calculations based on the fatigue life dependent size 
factor while the root term is applied for plates with t > 3mm.

4.2 � The super ellipse criterion

As described in Sect. 3.3, the exponents from the interac-
tion equations are optimized separately for each test pro-
gram to avoid any influence of the sample size of different 
test programs. All exponents for both fatigue tests under 
proportional and out-of-phase loading are listed in Table 7, 
and each exponent applies to both normal and shear stress 
utilization.

Accordingly, the SEC is defined as follows:

with c = 2.15 for proportional and c = 1.26 for non-propor-
tional loading. The individual exponents show moderate 
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Table 5   Training parameters for 
the neural networks

Parameters Value

Hidden layers 2
Nodes per layer 8
Mini-batch size 10
Momentum 0.5
Dropout 0.0
Regularization 0.5
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scatter under proportional loading and low scatter under 
out-of-phase loading. The differences in scatter are due to 
the nature of the elliptical equation, as the marginal effect on 
the curvature of the ellipse decreases with higher exponents. 
Accordingly, the lower scatter under out-of-phase loading, 
where exponents are close to one, is expected.

4.3 � Fatigue life calculation

Fatigue life Npred is predicted for all fatigue tests under 
multiaxial loading, including constant and variable ampli-
tudes and excluding runouts, and presented in Fig. 2 over the 
corresponding experimental fatigue life Nexp for each assess-
ment approach. Each phase shift is marked individually. The 
corresponding logarithmic prediction factors

are calculated for each fatigue tests along with the corre-
sponding expected value E , the empirical standard deviation 
SD , the root mean square error RMSE , and the number of 
predictions n , while both prediction factors and statistical 
measures are converted to scalar values for better under-
standing, similar to the RMSE presented in Eq. (15). Accord-
ingly, an expected value of one represents an accurate pre-
diction as the predicted fatigue life equals the experimental 
fatigue life. The standard deviation can be interpreted as a 
factor describing the scatter of the fatigue life prediction 
factors, with a low standard deviation corresponding to high 
precision. Similar to the standard deviation, the root mean 

(18)log(fN) = log

(
Npred

Nexp

)

square error represents a factor describing the deviation from 
the optimal prediction. The distribution of all fatigue life 
prediction factors is shown in Fig. 3 on a logarithmic scale 
together with the corresponding statistical measures.

The criteria proposed in codes and standards, including the 
ECC, the GPC, and the FKMC, all prove to be incapable of 
accurately predicting the fatigue life under both proportional 
and out-of-phase loading. Since the ECC does not distinguish 
between proportional and non-proportional loading, the overly 
high predictions under out-of-phase loading and the high scat-
ter are expected. However, the proportional fatigue tests also 
prove to be non-conservative on average. The FKMC is prone 
to conservative calculations for both proportional and out-of-
phase loading while maintaining a similar expected fatigue 
life prediction factor with a small standard deviation. While 
the GPC shows accurate calculations under proportional load-
ing, the comparison value of 0.5 for non-proportional loading 
results in conservative predictions, as stated in the IIW-rec-
ommendations. The SEC from this paper is the only interac-
tion equation that can accurately and precisely predict fatigue 
life under both proportional and out-of-phase loading with an 
expected fatigue life prediction factor close to one and the low-
est scatter. Assuming a normal distribution, the RMSE of 2.11 
means that approximately 68% of all predictions deviate from 
an optimal prediction by a factor of no more than 2.11. The 
EESH, modified according to Sect. 4.1, overpredicts fatigue 
life primarily for out-of-phase loading, while showing moder-
ate scatter. Finally, the NN show the best prediction quality 
with a mean prediction ratio very close to one and the smallest 
standard deviation and root mean square error of 1.90.

Table 6   Root mean square errors of fatigue life calculation by differ-
ent configurations of the EESH (sf(N): fatigue life dependent size fac-
tor, rt: root term)

Test program (plate 
thickness in mm)

Original  − rt  + sf(N)  − rt
 + sf(N)

01 (2.0) 7.68 3.47 3.36 1.80
02 (1.5) 3.87 2.49 2.79 2.95
03 (1.5) 4.55 2.30 3.21 1.88
04 (10.0) 7.39 9.94 2.03 2.30
05 (10.0) 2.81 2.77 1.55 1.63
06 (3.2) 3.06 3.32 1.86 2.63
07 (10.0) 2.29 1.93 2.05 3.21
08 (6.0) 2.80 2.80 2.71 2.71
09 (1.0) 5.48 2.94 2.31 2.43
10 (1.5) 2.67 2.48 1.81 2.13
11 (1.5) 3.59 2.04 2.50 1.52
12 (3.1) 1.82 2.59 1.44 1.96
13 (8.0) 2.39 2.67 2.21 3.04
14 (8.0) 2.91 1.79 2.45 1.80
Average 3.81 3.11 2.31 2.28

Table 7   Optimized exponents of a general interaction equation—
same results for � = 90◦ or 𝜑 > 0◦

Test program Proportional Out-of-phase

01 2.5 1.6
02 2.0 1.3
03 1.7 1.2
04 1.8 1.0
05 1.8 1.1
06 2.0 1.0
07 1.7 1.0
08 2.3 1.3
09 2.5 1.3
10 2.6 1.1
11 2.7 1.6
12 1.8 1.4
13 2.9 1.2
14 1.8 1.6
Average 2.15 1.26
Empirical standard devia-

tion
0.42 0.22
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Fig. 2   Fatigue life prediction of welded joints under multiaxial loading for different phase shifts (exemplary fatigue life prediction factors in 
grey)
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In order to exclude any possible effects due to the conver-
sion from variable amplitudes to constant amplitude equiva-
lents, the results from Fig. 2 and Fig. 3 are presented for con-
stant amplitude loading only in Appendix 2 in Figures 7 and 
8. Nevertheless, both evaluations show very similar results, 
confirming that the SEC and the NN, which perform equally 
well under constant amplitude loading, can predict fatigue 
life for both constant and variable amplitude loading accu-
rately and more precisely than the methods from the literature. 
Moreover, under constant amplitude loading, the scatter is sig-
nificantly reduced for all criteria, and the EESH shows only 
slightly non-conservative results for out-of-phase loading. An 
explicit differentiation between constant and variable ampli-
tudes and proportional and out-of-phase loading is presented 
for the SEC in Appendix 3 in Figures 9 and 10, showing that 
constant amplitude and proportional loads are evaluated better 
than variable amplitude and out-of-phase loads.

4.4 � Detailed analysis and comparison of interaction 
equations

Figure 4 shows the averaged degrees of utilizations of each 
test set under constant amplitude uniaxial and proportional 

loading (top) and out-of-phase loading (bottom) together 
with the curve from each interaction equation.

Test sets under out-of-phase loading exhibit significantly 
lower utilizations of both stress components, underlining 
the fatigue life reducing effect of non-proportional load-
ing, while showing comparable scatter. The findings from 
Figs. 2 and 3 can be explained by the fit between the degrees 
of utilization and the respective interaction equation curves. 
Accordingly, the ECC and the FKMC show significant 
deviations between the interaction equation curves and the 
data, while the GPC exhibits a good fit only for proportional 
loading. The actual correlations between the utilization of 
both stress components for each test set under uniaxial and 
proportional loading as well as non-proportional loading are 
well represented by the super ellipse derived from the SEC.

Since the adjusted comparison value implies a reduction 
in fatigue life even if one stress component is insignificant 
(see Sect. 3.3), resulting in an intercept of less than one, the 
IIW advises against correcting the comparison value in this 
scenario. The corresponding section is marked exemplary 
as a dash-dotted line. The curves from both the SEC and the 
FKMC illustrate the effect of reducing the exponents instead of 
the comparison value, showing an increasing curvature as the 

Fig. 3   Ratio of predicted fatigue 
life to experimental fatigue life 
under multiaxial loading calcu-
lated by different approaches
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exponents increase, while maintaining the necessary intercept 
of one for both utilizations. Accordingly, fatigue life under non-
proportional loading is evaluated similarly to proportional load-
ing when one stress component is insignificant and decreases 
continuously compared to proportional loading as both utiliza-
tions become more similar. In the absence of data from fatigue 
tests under multiaxial loading where the utilization of one stress 
component is closer to zero, all criteria can be evaluated only 
for similar utilizations. However, all curves must end in a utili-
zation of one with one stress component being zero.

Fatigue tests under out-of-phase loading are usually per-
formed with a phase shift of 90°, which is widely assumed 

to be the most damaging. The few fatigue tests with phase 
shifts less than 90° are not sufficient to derive a statement 
about the effect of different phase shifts on fatigue life. Nev-
ertheless, in accordance with [33], there are no obvious dif-
ferences between phase shifts of 90° and less.

4.5 � Interpretation of the neural networks

The NN are interpreted using an averaged partial depend-
ence plot as described in Sect. 3.5. While normal and shear 
stress are varied, the phase shift is set to zero. The partial 
dependence plot is shown in Fig. 5 on a logarithmic scale of 
fatigue life. Equal cycle numbers of different stress combina-
tions are highlighted via isolines. In contrast to the interac-
tion equations, different load levels do not show the exact 
same relationship between load and fatigue life for a given 
cycle number. Hence, Fig. 5 is not based on the utilization, 
but directly on the stress components.

The NN clearly learned super elliptical correlations between 
normal and shear stress under uniaxial and proportional load-
ing for any given cycle number. The isolines consistently 
resemble the curves derived from the interaction equations 
for different cycle numbers, showing no influence of different 
stress levels on the shape. A variation of stress components 
shows similar variations in logarithmic fatigue life for all stress 
levels, representing a linear relationship between logarithmic 
fatigue life and stress as in the S–N curves. Other effects or 
dependencies cannot be identified. The increase in fatigue life 
following an increase of any stress component, especially at 
high load levels, is caused by missing data in the region of a 
dominant stress component, as can be seen in Fig. 4.

Interpreting the NN with respect to out-of-phase loading 
is more complicated because the out-of-phase fatigue tests 
all show similar degrees of utilization. Hence, selected 
isolines from Fig. 5 are compared to the corresponding 
isolines based on a 90° phase shift and presented in Fig. 6 
for an area without large differences between both stress 
components. Smaller phase shifts are not considered due 
to insufficient data. To compare the NN with the interac-
tion equations with respect to both proportional loading 
and the effect of out-of-phase loading, the corresponding 
isolines from the SEC are shown for proportional and out-
of-phase loading, while the curves for proportional loading 
are based on the same uniaxial fatigue resistance as implied 
by the NN.

Figure 6 shows how similar the isolines from the NN 
are to those from the SEC, explaining the similar predic-
tion quality. The damaging effect of a phase shift of 90° is 
comparable in both models. Hence, the NN confirms the 
super elliptical relationship between stress components or 
utilizations for the given input variables, while other, more 
complex correlations could have been learned since the NN 
has a significantly higher number of degrees of freedom.

Fig. 4   Cyclic degrees of utilization and curves from interaction equa-
tions
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5 � Discussion and outlook

The fatigue life of welded joints made from ductile materials 
under both proportional and out-of-phase loading cannot be 
accurately assessed by any of the methods from the literature, 
although some approaches are well suited for a safe design 
of welded joints. However, both methods developed in this 
paper, the NN and the SEC, prove to reliably provide accu-
rate and precise fatigue life calculations for all fatigue tests 
in the database, including variable amplitudes. The extent 
of the created database allows a comprehensive evalua-
tion of fatigue assessment approaches and the derivation of 

correlations between loading variables and the fatigue life. 
The size and diversity of the present database prevent over-
fitting of the developed models to specific fatigue test char-
acteristics, which makes them robust and widely applicable.

A major advantage of the SEC is the ease of application. 
While providing better predictions, the SEC is easier to use 
and more consistent than existing approaches because of a 
uniform criterion with a comparison value of CV = 1 . By 
adjusting only the exponents under non-proportional loading, 
no pre-assessment of the degree of multiaxiality as required 
by the GPC is needed. And unlike the FKMC, proportional 
and non-proportional loading can be easily accounted for 
without relying on different criteria. The exponents of the 
SEC are assumed to be the same for normal and shear stress, 
as there is no indication from the data that the two stress 
components have significantly different effects. Alternatively 
to optimizing the exponents for non-proportional loading, 
any criterion that accurately evaluates proportional loading, 
such as the GPC, could have been modified by optimizing a 
penalty factor, which is equivalent to the comparison value 
for the GPC. Optimizing the comparison value in the same 
way as for the exponents of the SEC (see Sects. 3.3 and 4.2), 
while keeping constant exponents of 2.0, results in a compar-
ison value of CV = 0.68 (with an empirical standard devia-
tion of 0.11) for phase shifts of both � = 90◦ and 𝜑 > 0◦ . An 
optimization based on proportional loading gives a compari-
son value of CV = 1.03 (with an empirical standard deviation 
of 0.10), confirming the accuracy of the GPC for propor-
tional loading. The fatigue life assessment of both constant 
and variable amplitude in- and out-of-phase loading using 
the GPC with an optimized comparison value of CV = 0.68  
for out-of-phase loading is presented in Appendix 4. Since 
the data do not include fatigue tests with a dominant stress 
component, the results are of similar quality as from the SEC 
(compare with Fig. 4). However, the issue of assessing load 
scenarios with a dominant stress component is not solved.

The NN learned correlations similar to the interaction 
equations from the SEC for proportional and out-of-phase 
loading, indicating that there are no significantly superior 
relationships between the selected input variables. Since 
both the SEC and the NN already predict the fatigue life of 
all test sets well, with a prediction quality under out-of-phase 
loading close to that of proportional loading (see Appendix 
3), further potential dependencies do not appear to be crucial 
for the evaluation of proportional and out-of-phase loading. 
Accordingly, variables such as mean stress or R-value did 
not improve performance and are therefore not included.

Both the interaction equations and the NN are based 
on empirical correlations between loading conditions and 
fatigue life. The EESH is the only method capable of consid-
ering a reduction in fatigue life due to non-proportional load-
ing based on a physical understanding rather than empirical 
correlations. Although non-proportional loading other than 

Fig. 5   Partial dependence plot—averaged fatigue life prediction of 
neural networks under proportional loading

Fig. 6   Isolines of same fatigue life from partial dependence plot and 
interaction equations for different phase shifts
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out-of-phase loading cannot be assessed by the current defini-
tion, an extension to general stress-time histories is possible 
because the damage parameter F(�) is not tied to specific 
loading conditions. However, the method assumes that differ-
ent phase shifts have different effects on the fatigue life [32], 
which needs to be verified by further experiments.

Limited by the available data, all methods are evaluated 
under proportional and out-of-phase loading based on stresses 
normal to the weld and shear stresses with similar degrees of 
utilization. No statement can be made as to how the evaluated 
methods will perform under other circumstances. Accordingly, 
further fatigue tests under non-proportional loading other than 
phase shifts, loading where the utilization of one stress com-
ponent is dominant, and loading including stress parallel to 
the weld are required for a holistic evaluation. However, [22] 
already show that the stress parallel to the weld can be assessed 
in the same way as the other stress components under propor-
tional loading. A consideration of all three stress components 
extends the super ellipse criterion to the super ellipsoid crite-
rion. Non-proportional loading other than out-of-phase loading 
as well as various phase shifts lower than 90° will be subject 
of further investigations. However, phase shifts lower than 90° 
have not behaved significantly differently than 90° phase shifts 
in this study, although the available data for lower phase shifts 
is too limited to derive a conclusive statement. The transforma-
tion of variable amplitudes to constant amplitude equivalents 
according to the IIW-recommendations with a specified Miner 
sum of Dspec = 0.5 is not analyzed further but yields reasonable 
results that are consistent with the results from constant ampli-
tudes, although the scatter is increased, as shown in Appendices 
2 and 3. The effects of different welding processes or mate-
rial properties are also neglected, as the methods have proven 

successful for ductile welded joints made of steel, aluminum, 
and magnesium using arc or laser beam welding without show-
ing apparent differences. However, a uniform definition of when 
a welded joint is considered ductile, i.e., when non-proportional 
loading reduces fatigue life, is still needed.

6 � Conclusion

A comprehensive database of fatigue tests performed on 
welded joints demonstrating ductile material behavior under 
proportional and out-of-phase loading due to normal and 
shear stress, including constant and variable amplitudes, is 
created in order to evaluate multiaxial fatigue life calcula-
tion approaches for welded ductile materials. Known stress-
based approaches from the literature are found to be unable to 
accurately predict fatigue life based on the created database, 
and new approaches providing reliable and accurate predic-
tions are developed. These include the super ellipse criterion 
derived from the interaction equations proposed by codes and 
standards, as well as artificial neural networks, both devel-
oped and optimized based on the created database. A detailed 
analysis of the fatigue data, the interaction equations, and the 
neural networks reveals the correlations between multiaxial 
loading and fatigue life and finds the neural networks to have 
learned behavior similar to that represented by the super 
ellipse criterion. As the super ellipse criterion provides more 
accurate and precise calculations and is both more consist-
ent and easier to apply than existing approaches, allowing 
a consistent evaluation also when one stress component is 
dominant, inclusion in codes and standards, such as the IIW-
recommendations, is proposed.

Table 8   S–N curve parameters 
for uniaxial loading under 
constant amplitude loading – 
fixed knee point and slope after 
the knee point if the knee point 
could not be identified

Test program Normal stress Shear stress

N
knee Δ�

knee
m m* N

knee Δ�
knee

m m*

01 1e7 54.97 5.20 22.00 1e8 56.10 7.68 22.00
02 313,500 18.56 2.52 21.74 1,006,992 34.11 3.78 27.82
03 360,841 18.57 2.98 37.86 1,733,177 32.65 3.04 33.00
04 1e7 105.59 5.14 22.00 1e8 49.14 4.96 22.00
05 1e7 66.09 4.06 22.00 1e8 35.17 3.42 22.00
06 1e7 38.69 2.50 22.00 1e8 59.59 4.69 22.00
07 1e7 148.20 4.56 22.00 1e8 174.10 9.17 22.00
08 1e7 356.92 8.18 22.00 1e8 123.74 6.63 22.00
09 1e7 81.99 5.15 22.00 1e8 140.01 12.53 22.00
10 2,070,227 26.81 3.19 29.87 1e8 22.63 4.42 22.00
11 3,014,089 27.54 4.04 17.33 1e8 34.19 6.34 22.00
12 1e7 66.83 2.80 22.00 1e8 80.42 5.10 22.00
13 1e7 136.33 4.23 22.00 1e8 147.87 8.56 22.00
14 1e7 123.01 4.69 22.00 1e8 102.60 5.48 22.00

Appendix 1 Uniaxial S‑N curve parameters

Table 8.
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Fig. 7   Fatigue life prediction of welded joints under multiaxial loading for different phase shifts and constant amplitude loading (exemplary 
fatigue life prediction factors in grey)

Appendix 2 Multiaxial fatigue life assessment 
under constant amplitude loading

Figure 7.
Figure 8.
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Fig. 8   Ratio of predicted fatigue 
life to experimental fatigue 
life under constant amplitude 
multiaxial loading calculated by 
different approaches
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Fig. 9   Fatigue life prediction of welded joints under different loading conditions using the SEC (exemplary fatigue life prediction factors in grey)

Appendix 3 Multiaxial fatigue life 
assessment by the super ellipse criterion

Figure 9.
Figure 10.
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Appendix 4 Multiaxial fatigue life 
assessment by the Gough‑Pollard criterion 
based on an optimized comparison value

Figure 11.
Figure 12.

Fig. 10   Ratio of predicted 
fatigue life to experimental 
fatigue life calculated by the 
SEC under different loading 
conditions

Fig. 11   Fatigue life prediction of welded joints using the GPC with 
CV = 0.68 (exemplary fatigue life prediction factors in grey)

Fig. 12   Ratio of predicted fatigue life to experimental fatigue life cal-
culated by the GPC with CV = 0.68
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