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Abstract
The present study is concerned with a numerical determination of the effective mechanical properties of
hexagonal honeycombs with irregular random cell geometry. Based on a regular hexagonal model, a perturbation technique is employed for generation of randomized microstructures by repositioning of the cell wall
intersections within prescribed areas. Using a large number of numerical experiments, the entire set of testing volume elements is statistically representative for the random microstructure of the honeycomb material.
Subsequently, the effective mechanical properties of the microstructural model are determined by means of a
strain energy based homogenization procedure. Both the effective stiffness and the effective strength are examined. The stochastic information about the scatter in the effective properties is gained from repeated numerical
experiments on small scale testing volume elements for the microstructure. Compared to a single analysis of
a large scale, statistically representative volume element, the repeated analysis of small scale testing volume
elements proves to be rather efficient. Furthermore, the statistical distributions of the effective properties can be
determined in addition to their mean values.
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Introduction

Cellular materials such as solid foams gain increasing importance in modern lightweight construction. They are
mostly used as core materials in sandwich construction or as a filler material for stiffening of hollow structures
(Vinson [21]). Their main advantage for these purposes is their rather low specific weight combined with a reasonable stiffness and strength. Other advantage of cellular solids are their inherent good heat insulation properties
as well as their superior energy absorption capability due to their high compressibility and the fact that the macroscopic stress level during compression is in wide ranges almost constant (Gibson and Ashby [9]). Consequently,
cellular materials are standard materials for impact energy absorbing elements (Hanssen et al. [11]) or personal
protection systems such as safety helmets (Mills et al. [16]). Due to their different advantages, cellular material
might also be employed for multi-functional applications combining their advantages in different mechanical or
non-mechanical fields.
The main disadvantage of cellular materials is their random disordered microstructure (Blazy et al. [2], Ramamurty and Paul [18]). In many cases, the geometrical and topological disorder of the microstructural level
causes a distinct scatter of the “effective” material properties on the macroscopic level. In the numerical analysis
of macroscopic bodies consisting of cellular materials, the variability cannot be neglected if the characteristic
length of the disordered microstructure is not significantly smaller than the smallest characteristic length of the
component. If the effective properties are determined numerically by a homogenization of the microstructure, adequate probabilistic homogenization schemes are required which consider not only the mean effective properties
but also account for their variability.
In most early studies on the numerical analysis of the macroscopic behaviour of cellular solids published
after the pioneering study by Gent and Thomas [8], regular periodic foam models such as Kelvin’s tetrakaidecahedral cell model (Thomson [20], Warren and Kraynik [23]) or Christensen’s [4] pentagonal dodecahedron are
employed. Beside these three-dimensional cell models, honeycomb structures with hexagonal or other cell geometries are frequently employed as simplified two-dimensional model foams (e.g. Gibson et al. [10], Papka
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and Kyriakides [17]). In order to deal with the effect of disordered microstructures, a number of studies based
on computational foam models with random microstructure has been published in more recent time. Based on
the method for generation of the computational models, these studies can be divided into two groups. Whereas
Voronoı̈ [22] approaches employ the stochastic Voronoı̈ process for generation of the microstructure starting
from randomly positioned nuclei, perturbation techniques are based on a random perturbation of deterministic
reference models.
Voronoı̈-type approaches have been used, among others, by Chen et al. [3] for imperfect two-dimensional
model foams or by Huyse and Maes [14]. Both studies are based on a single analysis of a large scale, statistically
representative volume element. Hence, they are capable to the determination of the mean effective material
response whereas the material variability cannot be accessed. To avoid this problem, repeated analyses of small
scale, statistically non representative, testing volume elements have been used e.g. by Shulmeister et al. [19]
or Zhu et al. [24]. Perturbation techniques have been used, among others, by Daxner et al. [6] and by the
present author (Hohe and Becker [13]) using randomized regular microstructures. Alternatively to the mentioned
approaches, which are all based on random number generation, Fortes and Asby [7] proposed a direct probabilistic
approach considering the probability of orientation for individual cell walls. Similar models have been published
by Cuitiño and Zheng [5] as well as by Warren and Kraynik [23].
The present study is concerned with a numerical analysis of microstructural disorder effects on the effective
stiffness and strength of honeycomb structures which are considered as two-dimensional foam models. In an
extension of a previous approach (Hohe and Becker [13]), repeated numerical experiments on a large number of
small scale testing volume elements with uncertain microstructure are performed. A similar approach has independently been proposed by Kanit et al. [15]. The microstructures of the testing volume elements are generated
automatically by means of a perturbation technique where the cell wall intersections of a hexagonal reference
structure are randomly repositioned within prescribed areas. In contrast to the previous approach, the repositioning scheme assumes a Gaussian distribution for the perturbation instead of a direct Monte-Carlo strategy. The
results are evaluated in terms of the stochastic distributions of the effective stresses instead of a restriction to
the mean values of the effective properties and their standard deviations as the basic stochastic parameters. It
is observed that a stochastic assessment in terms of the basic stochastic moments alone – as performed previously – might be insufficient, since essentially non-Gaussian probability distributions and bimodal distributions
with secondary data populations may develop, especially under compressive macroscopic deformation.

2
2.1

Numerical analysis
Homogenization

Within the present study, the determination of the macroscopic material properties is performed numerically
utilizing a strain energy homogenization scheme for hyperelastic materials presented previously (Hohe and
Becker [12]). For completeness, an outline is given here. Therefore, consider a mechanical body Ω with a
characteristic dimension Y according to Figure 1 consisting of a cellular solid or any other microheterogeneous
material. The body is bounded by ∂Ω = ∂Ωu ∪ ∂Ωt where ∂Ωu denotes the part of the external boundary with
prescribed displacements whereas the components ti = σij nj of the traction vector are prescribed on ∂Ωt . As
usual, σij are the Cauchy stress components whereas nj are the components of the outward normal unit vector.
In addition to the surface tractions, the body Ω may be loaded by body forces fi .
For a more efficient analysis on the macroscopic level, the microheterogeneous body Ω has to be replaced by
a quasi-homogeneous substitute body Ω∗ with similar external size and shape, similar boundaries ∂Ωu∗ and ∂Ωt∗
and similar external loads ti =
ˆ t∗i and fi =
ˆ fi∗ . If the characteristic length of the microstructure is much smaller
than the characteristic length of the entire body
Y À y À dy

(1)

and if the microstructure does not explicitly depend on the macroscopic position within Ω, a representative volume
element ΩRVE for the microstructure and a similar quasi-homogeneous volume element ΩRVE∗ can be considered
for determination of the properties of the quasi-homogeneous substitute medium. The size of the representative
volume element ΩRVE has to be large enough in order to account for all variability effects on the microstructural
level (i.e. to be statistically representative) but small enough to satisfy Equation (1).
Using the concept of the representative volume element, the properties of the effective medium substituting
the real microstructure have to chosen such that the mechanical behaviour of ΩRVE and ΩRVE∗ is equivalent
on the mesoscopic (intermediate) level of the structural hierarchy. To define the mesoscopic equivalence of
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the mechanical behaviour, different conditions have been proposed in the literature. In the present study, the
mesoscopic mechanical equivalence is defined based on Hill’s lemma (Bishop and Hill [1]). Hence, the average
strain energy density in both volume elements has to be equal
Z
Z
1
1
w̄ = RVE
w dV = RVE
w∗ dV = w̄∗
(2)
V
V
ΩRVE

ΩRVE∗

provided that both elements are subject to a mesoscopically equivalent deformation. The mesoscopic equivalence
of a deformation of both volume elements is defined by the condition that the volume averages
Z
Z
1
1
(3)
Fij dV = RVE
Fij∗ dV = F̄ij∗
F̄ij = RVE
V
V
ΩRVE

ΩRVE∗

of the components
Fij = ui,j + δij

(4)

of the deformation gradient with the displacement components ui and the unit tensor δij have to be equal for
ΩRVE and ΩRVE∗ (Hohe and Becker [12]).
Application of the homogenization procedure defined by the equivalence conditions (2) and (3) requires the
identification of a representative volume element for the given microstructure, its deformation according to any
desired effective state of deformation F̄ij∗ = F̄ij on the mesoscopic level and the computation of the effective
strain energy density w̄∗ = w̄. Within the hyperelastic framework, the components P̄ij∗ of the effective first
Piola-Kirchhoff stress tensor can then be determined by the derivative
µ
¶
∂ w̄∗
∂ w̄
∆w̄
P̄ij∗ =
=
≈
(5)
∂ F̄ij∗
∂ F̄ij
∆F̄ij
on the mesoscopic level. From the components F̄ij∗ and P̄ij∗ of the effective deformation gradient and the effective
first Piola-Kirchhoff stress tensor, all other strain and stress measures used in continuum mechanics such as the
second Piola-Kirchhoff stress and the Green-Lagrange strain tensors
∗
τ̄ij

=

∗
γ̄ij

=

−1

∗
∗
P̄kj
F̄ik
¢
1¡ ∗ ∗
F̄ki F̄kj − δij
2

(6)
(7)

might be computed by means of their definitions on the mesoscopic level.
The computation of the effective average strain energy density w̄∗ for a prescribed effective deformation F̄ij∗
of the representative volume element requires the definition of appropriate boundary conditions for the volume
element ΩRVE in accordance with the kinematic equivalence condition (3). For this purpose, the microscopic deformation gradient components Fij in Equation (3) are substituted with the definition of the deformation gradient
in terms of the displacement gradient. Subsequently, the volume integral on the left hand side of Equation (3) is
replaced by a surface integral using Green’s theorem. As a result, the relation
Z
1
∗
F̄ij − δij = RVE
ui nj dA
(8)
V
∂ΩRVE

between the components F̄ij∗ of the effective deformation gradient and the microscopic displacement components ui on the external boundary of ΩRVE is obtained. Assuming brick-shaped representative volume elements
with edge lengths ljRVE and periodic boundary conditions, the surface integral in Equation (8) can be evaluated,
resulting in the boundary conditions
(+)

ui

(−)

− ui

ljRVE

+ δij = F̄ij∗

(9)
(+)

(−)

for the difference in the displacements ui and ui of corresponding spatial points on the external surface of
the representative volume element as a function of the prescribed components F̄ij∗ of the effective deformation
gradient (Hohe and Becker [12]).
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The boundary conditions (9) are valid for three dimensional Cauchy models of the representative volume
element ΩRVE . For beam and shell models of ΩRVE , appropriate boundary conditions in terms of the reference
surface displacements, rotations and possibly higher order deformation terms such as section warping etc. are
required. In the present study, a first-order beam model is employed (Section 2.3), where the kinematic variables
are the displacements of the longitudinal beam axis and the section rotations ϕi with respect to the coordinate
axes. For the displacements of beam axis, boundary conditions (9) can be applied in a similar manner. For the
rotational degrees of freedom, the additional boundary conditions
(+)

ϕi

(−)

− ϕi

=0

(10)
(+)

(−)

for the difference in the rotations ϕi and ϕi of corresponding spatial points on the external surface of the
representative volume element ensure the overall periodicity of the displacement field. The energetic equivalence
condition (2) and the resulting equation (5) for determination of the effective stress state P̄ij∗ corresponding to the
prescribed effective deformation F̄ij∗ are not affected by the choice of a shell or beam model for analysis of the
representative volume element.

2.2

Probabilistic evaluation

In many cases, the choice of an appropriate, statistically representative volume element ΩRVE according to Figure 1 is impossible, due to a violation of condition (1). This condition will not be satisfied, if the dimension y
of ΩRVE required for a statistically representative microstructure within ΩRVE is in the same order of magnitude
as the characteristic dimension Y of the entire body. An example for such a situation is the use of a typical
closed-cell metal foam with cell sizes in the range of several millimeters as a sandwich core with a thickness
typically in the range of 20 to 50 mm. Considering the microstructural variability of closed-cell metal foams as
reported e.g. by Ramamurty and Paul [18], the resulting number of cells through the core thickness is likely to be
insufficient to recapture all microstructural variability effects in an adequate manner in a volume element with a
characteristic dimension in the range of the core thickness or below. In this case, no well-defined deterministic
effective properties exist. In contrast to cases, where condition (1) is satisfied, variability effects are not cancelled
out by self-averaging of the material.
If no well-defined effective properties on the macroscopic level exist due to microstructural variability, a
stochastic analysis has to be performed instead of a standard deterministic stress-strain analysis. For this purpose, a stochastic characterization of the mesoscopic material response of the cellular material is required. In
order to gain the respective statistical information about the effective properties and their statistical distributions,
a stochastic enhancement of the deterministic homogenization approach described in Section 2.1 is proposed.
Instead of a single analysis of a large scale statistically representative volume element ΩRVE , a repeated homogenization analysis of small scale “testing volume elements” ΩTVE
(k) is performed. Although the individual testing
volume elements ΩTVE
are
not
statistically
representative,
it
is assumed that the entire set of testing volume
(k)
elements is statistically representative for the cellular material under consideration, provided that their number is
large enough and that their microstructures in total recapture all microstructural variability features in an adequate
manner.
Assuming that the cell size and shape are the most important stochastic variables on the microstructural level,
the microstructures of the individual testing volume elements are generated by a randomization of an underlying
regular cellular microstructure. For this purpose, a perturbation technique is employed. Based on a reference
testing volume element ΩTVE
with a regular periodic microstructure, randomized testing volume elements ΩTVE
ref
(k)
are generated by a random repositioning of all cell wall intersections i by finite shifts ∆x(i)j as shown in Figure 2.
The shift vector components ∆x(i)j are assumed to be distributed according to a Gaussian distribution with a
probability density function

f (∆x(i)j ) =

−

∆x2(i)j

1
2
e 2σ(∆x)
1/2
σ(∆x)(2π)

(11)

characterized by the standard deviation σ(∆x) in a unique manner. For each testing volume element generated in
the stochastic analysis, the shift vector components for all cell wall intersections are recomputed in accordance
with Equation (11) using a random number generator. The only exception are cell wall intersections on the
external surfaces of the underlying reference testing volume element ΩTVE
ref , where the same shift is applied to all
pairs of corresponding cell wall intersections in order to ensure periodicity of the perturbed microstructures.
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The homogenization results of the numerical experiments are evaluated by means of stochastic methods. For
this purpose, the effective properties ζ(k) (i.e. effective stress components at a specific effective deformation etc.)
as obtained in the homogenization analyses of the individual testing volume elements ΩTVE
are arranged in
(k)
ascending order. Assuming an equal probability for the occurrence of all analyzed microstructural cases, each
result ζ(k) is assigned with an individual probability
p(ζ(k) ) =

1
n

(12)

where n is the total number of numerical experiments. With the definition (12) of the individual probability, the
discrete probability distribution
k−1

X
1
F (ζ) ≈ F (ζ(k) ) = p(ζ(k) ) +
p(ζ(i) )
2
i=1

(13)

of the effective property ζ can easily be obtained. The corresponding probability density distribution f (ζ) follows
as the (numerical) partial derivative of F (ζ) with respect to its argument. In a simplified manner, the stochastic
assessment may also be performed in terms of the expectation value
E(ζ) =

n
X

ζ(k) p(ζ(k) )

(14)

k=1

and the variance
V (ζ) =

n
X
¡
¢2
ζ(k) − E(ζ) p(ζ(k) )

(15)

k=1

respectively as the basic stochastic moments. The standard deviation σ(ζ) is obtained as the square root of the
variance. If necessary, higher order stochastic moments may be considered as well.
By means of this evaluation of the numerical results, a relation between the structural variability (11) on
the microscopic level and the variability of the effective material response on the macroscopic level in terms
of the probability distribution (13) of the effective properties or the basic stochastic parameters E(ζ) and V (ζ)
according to Equations (14) and (15) is established.

2.3

Finite element analysis

The mechanical analysis of the testing volume elements ΩTVE
(k) is performed numerically using the finite element
method. For this purpose, the microstructures of the testing volume elements ΩTVE
(k) are meshed with Timoshenko
beam elements. In a 2-node formulation, a linear interpolation of all primary variables is used. To avoid numerical
difficulties in the case of large rotations and stiff longitudinal behaviour as it frequently occurs on the cell wall
level of foamed materials under compression, a hybrid element formulation is employed, where, in addition to
the displacements and rotations, the axial and shear forces are introduced as primary variables.
The material behaviour on the cell wall level is described by a compressible Ogden-type hyperelastic constitutive equation using the strain energy potential
w=

3
´
X
µ(m) ³¡ dev ¢α(m) ¡ dev ¢α(m) ¡ dev ¢α(m)
2
λ1
+ λ2
+ λ3
− 3 + κ (J − 1)
α
(m)
m=1

(16)

with
1

λdev
= J − 3 λn
n
where λn and J are the principal values of the deformation gradient and its determinant respectively whereas µm ,
αm and κ are material parameters.
The finite element model is loaded by prescribed displacement differences on all pairs of corresponding
nodes on the external surfaces of ΩTVE∗ according to Equation (8) and the desired values of the components F̄ij∗
of the macroscopic deformation gradient. To account adequately for the possibility of large rotations, the finite
element analysis is performed in terms of the geometrically nonlinear framework. The results of the numerical
experiments are evaluated as described in Sections 2.1 and 2.2.
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3
3.1

Results
Example

The probabilistic homogenization procedure for assessment of microstructural uncertainty effects presented in
Section 2 is applied to an analysis of the scatter in the effective stresses and strengths of hyperelastic honeycombs. As a base model in the perturbation approach for generation of the randomized testing volume elements,
a periodic regular hexagonal honeycomb structure is employed. The reference testing volume element ΩTVE
ref
consisted in a parallelogram-shaped volume element according to Figure 3 containing four complete hexagonal
cells (although three cells are subdivided by the external boundaries of the testing volume element). The reference microstructure features a unique cell wall length l0 and a unique cell wall angle of ϕ0 = 120◦ . In preceding
studies (Hohe and Becker [12], [13]), as well as in the work by other authors (see Gibson and Ashby [9], Papka
and Kyriakides [17]), it has been found that the leading buckling modes for regular hexagonal honeycombs - as
the reference microstructure according to Figure 3 - under compressive deformation are in general modes requiring the antimetric deformation of at least two adjacent hexagonal cells. Hence, the employed four cell model
defines the smallest feasible microstructure accounting for the leading compressive deformation modes. On the
other hand, testing volume elements with larger numbers of hexagonal cells would enable the development of
localization bands, where a compressive deformation would be localized into a band approximately two cells
in width. In this case, no well defined effective properties would exist, since the homogenization results would
become directly dependent of the volume element size.
All cell walls of the testing volume element are assumed to be of a constant thickness t with a unique value
for all call walls. The cell wall thickness is chosen such that a constant relative density ρ̄ = 0.05 is obtained
for all testing volume elements. The cell walls are assumed to consist of a compressible hyperelastic Ogdentype material according to Equation (16) with the moduli µ(1) = 500 MPa, µ(2) = −100 MPa, µ(3) = 0 and
κ = 600 MPa and the exponents α(1) = 2 and α(2) = −2 respectively. These parameters constitute a material
behaviour similar to the behaviour of some brittle amorphous thermoplastic materials such as higher stiffness
grades of polyamide at ambient to lower temperatures. In the initial elastic range, also PMMA might have
a similar stress strain response. Nevertheless, the present study is mainly concerned with numerical methods to
establish a link between the microstructural disorder of cellular solids with the uncertainty in the effective material
response, rather than with the behaviour of a particular material. Therefore, the mentioned parameters are to be
understood in the sense of a model material for providing an illustrative example for the proposed methods. The
resulting material curve under uniaxial tensile deformation is presented in Figure 4, giving the component τ11 of
the second Piola-Kirchhoff stress tensor as a function of the component γ11 of the Green-Lagrange strain tensor.
The mechanical response of the honeycomb material is investigated under uniaxial tensile and compressive
∗
∗
is the only nonor γ̄22
strain states, where the prescribed macroscopic Green-Lagrange strain component γ̄11
zero effective strain component. The prescribed effective strain component is varied from zero up to ±25%
effective strain. The corresponding effective deformation components F̄ij∗ for each strain state are computed
from Equation (7) together with the conditions that no rigid body rotations of the testing volume element are
∗
∗
and pure shear strain states
permitted. In addition to the uniaxial strain states, biaxial strain states with γ̄11
= γ̄22
∗
with γ̄12 as the only non-zero effective strain component are investigated.
Four different levels of microstructural disorder are considered in addition to the regular hexagonal reference
case. The degrees of disorder are characterized by the ratio σ(∆x)/l0 of the standard deviation of the shift vectors
∆x(i)j of the cell wall intersections to the nominal cell wall length l0 of the reference testing volume element
according to Figure 3. Four different degrees of disorder with σ(∆x)/l0 = 0.05, 0.1, 0.15 and 0.2 are
ΩTVE
ref
considered. Since a Gaussian normal distribution is assumed for the shift vector components ∆x(i)j , these values
require that 68% of the cell wall intersections are positioned within windows with edge lengths of 2 times 0.05l0 ,
0.1l0 , 0.15l0 and 0.2l0 around their respective positions in the perfectly regular reference case. A total of 95% of
the cell wall intersections will be found within windows with edge lengths of 2 times 0.1l0 , 0.2l0 , 0.3l0 and 0.4l0
around their reference positions. Hence, the largest degree of disorder with σ(∆x)/l0 = 0.2 is related to a rather
disordered microstructure, whereas only slight perturbations of the regular hexagonal microstructure are present
in the case of the lowest degree of disorder.

3.2

Convergence

A crucial point in the repeated analysis of small scale testing volume elements is the appropriate choice of a
sufficient number of testing volume elements in order to obtain a statistically representative set of data. Kanit
et al. [15] provided a rigorous study on the necessary number of testing volume elements for convergence of
6

the results for the mean effective properties. The present study concerned with the uncertainty of the effective
material response also requires convergence in terms of probability distributions for the effective properties and
thus in terms of their variance or standard deviation.
For estimation of the necessary number of numerical experiments, a study of convergence is performed,
where 1000 testing volume elements are generated and deformed in uniaxial compressive and tensile modes with
∗
γ̄11
= ±0.05 as the only non-zero effective strain components. By random re-ordering of the effective stress
results, five data sets are generated. In order to study the influence of the number of the testing volume elements,
∗
∗
) are determined for subsets of these
the expectation values E(τ̄ij
) and the corresponding standard deviation σ(τ̄ij
data sets, where only the first nTVE data are considered whereas all other data are discarded. The number nTVE
of considered data sets is varied from 2 up to 1000 as the total number of available data.
∗
The results for the effective stress component τ̄11
acting within the direction of the applied effective strain
∗
component γ̄11 are presented in Figure 5. The top two subfigures is related to the expectation values of the
effective stress under compressive and tensile deformation whereas the bottom two subfigures contain the results
for the corresponding standard deviation. In both cases, two different degrees of microstructural disorder with
∗
σ(∆x)/l0 = 0.05 and 0.15 are considered. For the mean effective stresses τ̄11
under both, compressive and
tensile deformation (Figures 5(a) and (b)), a rapid convergence of the numerical results is observed. In all cases,
stable results are obtained already for nTVE ≈ 300 to 400 testing volume elements. For 1000 testing volume
∗
elements, a nearly vanishing variability in the expectation value E(τ̄11
) for the effective stresses is obtained.
∗
For the standard deviation σ(τ̄11 ) of the effective stresses, a less rapid convergence is observed in Figures 5(c)
and (d). Here, in general, a number of nTVE ≈ 1000 numerical experiments is required for stability of the results.
An exception is the standard deviation of the effective stresses under compressive deformation considering the
lower degree of microstructural disorder (σ(∆x)/l0 = 0.05, Figure 5(c)). In this case, even the use of 1000
testing volume elements is insufficient for achieving a reasonably low variability of the results. The reason for
this effect is that in this case, a bimodal probability distribution develops (Section 3.5, Figures 9 and 10). Since the
fraction of data in its secondary data population is small, distinct steps are observed in the convergence functions
in Figure 5(a), since the value of the standard deviation strongly depends on the number of data from the two
different data populations considered. Based on the results of the convergence study, 1000 numerical experiments
are performed in all subsequent homogenization analyses. This number is assumed to provide stable results in all
unimodal cases, in the bimodal cases at least for the primary data populations and in an approximate manner for
the secondary data populations.

3.3

Cell size distribution

The random repositioning of the cell wall intersections for the individual testing volume elements ΩTVE
(k) from
TVE
their positions in the reference volume element Ωref results in the development of microstructures with different
individual cell shapes and cell sizes. The resulting cell size distribution F (A/A0 ) of the entire set of 1000 testing
volume elements is presented in Figure 6(a). The area A of the individual cells is normalized with their size A0
in case of the reference volume element ΩTVE
with a regular hexagonal microstructure according to Figure 3.
ref
As expected, the scatter in the normalized cell size A/A0 increases with increasing degree of microstructural
disorder, expressed in terms of the prescribed standard deviation σ(∆x)/l0 of the normalized shift vectors for
random re-positioning of the cell wall intersections. For the lowest degree of microstructural disorder with
σ(∆x)/l0 = 0.05, a slightly irregular microstructure with a limited scatter in the cell size is obtained. In this case,
all data are found between 81% and 129% of the reference cell size A0 . A scatter band ranging from A/A0 = 0.89
to A/A0 = 1.11 includes 95% of the total data. Increasing the prescribed standard variations σ(∆x)/l0 of the
random shift vectors results in increasingly disordered microstructures with increasing scatter band widths of the
cell size A/A0 . At the largest considered level of microstructural disorder with σ(∆x)/l0 = 0.2, the sizes of the
individual cells are found between 0.08A0 and 2.01A0 with an inner 95% scatter band ranging from 0.54A0 to
1.49A0 . Therefore, this case constitutes a highly disordered microstructure.
The corresponding probability density distributions f (A/A0 ) obtained as the partial derivatives ∂F/∂(A/A0 )
of the probability distributions F (A/A0 ) with respect to their argument are presented in Figure 6(b). Approximately symmetric shapes of the cell size probability density functions with respect to the reference case are
obtained. The shape is similar to the well-known Gaussian normal distribution. The slightly noisy appearance of
the probability density distributions is caused by the numerical evaluation of the derivative ∂F/∂(A/A0 ) of the
computed probability distributions F (A/A0 ) without subsequent smoothing of the data.
In order to investigate the dependence of the scatter in the cell size A/A0 on the applied degree σ(∆x)/l0 of
microstructural disorder in more detail, the standard deviation σ(A) of the cell size distribution is evaluated as a
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function of the prescribed standard deviation σ(∆x) of the shift vectors for random repositioning of the cell wall
intersections. The result is presented in Figure 7. As it can be observed, the cell size variability defined as the
standard deviation σ(A) of the cell size normalized with the corresponding expectation value E(A) of the cell
size depends approximately linearly on the degree σ(∆x)/l0 of microstructural disorder.
For a Gaussian distribution, the range E(ζ) ± 2σ(ζ) would cover the inner 95% of the data. In the case
of the lowest microstructural disorder (σ(∆x)/l0 = 0.05), the respective Gaussian scatter band in terms of the
standard deviation σ(A) would range from A/A0 = 0.89 to 1.11 which is exactly the range, where the inner 95%
of the data are found (see discussion on Figure 6(a) above). For the largest considered degree of microstructural
disorder, the corresponding range would range from A/A0 = 0.54 to 1.46 which is almost the range covering the
inner 95% of the numerical data for this case (0.54 to 1.49) in Figures 6(a) and (b). Hence, further evidence is
obtained that the resulting cell size distributions are approximately of the Gaussian type.

3.4

Effective stress-strain curves

After the investigation of the cell size distribution, the effect of the degree σ(∆x)/l0 of microstructural disorder
on the effective stress-strain response is investigated. For this purpose, a probabilistic homogenization analysis
according to Section 2 is performed under basic uniaxial, biaxial and shear deformation histories in the tensile
and the compressive ranges. In a first analysis, the effective stress-strain behaviour of the perturbed hexagonal
honeycomb structure under uniaxial tensile and compressive strain states is studied. For this purpose, the testing
∗
volume elements are subjected to prescribed effective strains γ̄11
which are varied from zero to levels of 0.25
and −0.25 respectively. All other effective strain components are set to zero. The considered effective strain
∗
are related to volume changes ∆V TVE /V TVE of the testing volume elements as listed in Table 1.
states γ̄11
A nonlinear relation between the two quantities is obtained, due to the nonlinear nature of the Green-Lagrange
∗
.
strain tensor γ̄ij
The effective stress results are presented in Figure 8. The first row of subfigures (Figures 8(a), (c) and (e)) is
related to the compressive load case whereas the second row consisting of Figures 8(b), (d) and (f) is related to
∗
within the macroscopic
the tensile case. In the top line of subfigures (Figures 8(a) and (b)), the effective stress τ̄11
loading direction is presented. The second line of subfigures with Figures 8(c) and (d) is related to the net stress
∗
perpendicular to the loading direction whereas the bottom Figures 8(e) and (f) are related to the effective
τ̄22
∗
. With σ(∆x)/l0 = 0.1 and 0.2, moderate and a high degrees of microstructural disorder are
shear stress τ̄12
∗
considered. In addition to the expectation value E(τ̄ij
) for the effective stresses, the scatter band is indicated by
∗
∗
E(τ̄ij ) ± σ(τ̄ij ). For comparison, results based on the perfectly regular reference testing volume element ΩTVE
ref
with σ(∆x)/l0 = 0 are also included.
∗
for the perfectly regular microstructure is found to depend
Under tensile deformation, the effective stress τ̄11
∗
(Figure 8(b)). In this case, the alignment of the cell
approximately linearly on the applied effective strain γ̄11
walls into the loading direction and the resulting increase in the stiffness compensates the decreasing characteristic of the assumed material behaviour on the microscopic level (Figure 4). For increasing degrees σ(∆x)/l0
of microstructural disorder, scatter bands with increasing widths develop due to the increasing uncertainty in the
∗
) of
geometry of the microstructure. In addition to the increasing scatter band widths, the expectation value E(τ̄11
the effective stress decreases with increasing degree of microstructural disorder. Hence, microstructural geometric uncertainties may not only result in increasing scatter of the effective stiffness of disordered microstructures
– compared to their regular ordered counterparts – but may also cause a decrease in the average stiffness.
∗
A qualitatively similar behaviour is observed for the effective net stress τ̄22
perpendicular to the tensile loading
direction x1 as it can be observed in Figure 8(d). Again, an increasing degree of microstructural disorder causes
the development of scatter bands with increasing widths and a decrease of the expectation value of the effective
∗
stresses. Nevertheless, the variability of the net stress τ̄22
is in general smaller than the variability of the stress
∗
τ̄11 acting longitudinally to the loading direction.
∗
∗
∗
For small effective strains γ̄11
, the two normal stress components τ̄11
and τ̄22
within and perpendicular to the
macroscopic loading direction are equal. As it has been noticed e.g. by Gibson and Ashby [9], regular hexagonal
honeycombs possess an effective Poisson’s ratio ν̄ ∗ = 1. Nevertheless, due to the cell wall alignment into the
loading direction during the deformation, the deformed microstructure even in the case of the regular reference
volume element ΩTVE
exhibit an increasing deviation from the regular hexagonal case. As a consequence, the
ref
stiffness perpendicular to the loading direction decreases due to geometry effects whereas the stiffness within
the loading direction increases. Hence, a deformation dependent (generalized) effective Poisson’s ratio ν̄ ∗ is
obtained.
∗
The effective shear stresses τ̄12
in case of a regular hexagonal microstructure under effective tensile load-
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ing condition vanish due to symmetry reasons (Figure 8(f)). In average, this effect is retained for disordered
microstructures. Nevertheless, due to the asymmetry of the microstructures of the individual testing volume el∗
ements ΩTVE
(k) , scatter bands with the possibility for development of non-vanishing effective shear stresses τ̄12
develop. As expected, the scatter band width increases with increasing degree σ(∆x)/l0 of microstructural disorder.
In the first row of subfigures in Figure 8, the results of a similar investigation with an applied effective normal
∗
strain γ̄11
in the compressive range are presented. In contrast to the cell wall alignment into the loading direction
under tensile strains, buckling of the cell walls out of the loading direction occurs under compressive effective
strains exceeding a sufficient level. This effect results in the well known kink and subsequent plateau formation
in the compressive response of foams, as it is observed in Figures 8(a) and (c) for the effective stress components
∗
∗
τ̄11
and τ̄22
within and perpendicular to the loading direction. Due to the deformation dependence of the generalized effective Poisson’s ratio ν̄ ∗ , increasing differences between the two effective normal stress components
∗
are observed with increasing levels −γ̄11
of the applied compressive strain. The effective Poisson’s ratio may
∗
even become negative at high levels −γ̄11
of the effective compressive strain if deformed microstructures with
re-entrant cell walls develop.
Non-zero degrees σ(∆x)/l0 of microstructural disorder result in the development of scatter bands character∗
∗
ized qualitatively by E(τ̄ij
) ± σ(τ̄ij
). For a Gaussian distribution of the data, these bands would cover 68% of the
total data. Nevertheless, since the present probability distributions are of a non Gaussian nature (see Section 3.5),
no such quantitative statement can be made here. Qualitatively, the width of the respective bands is observed
to increase with increasing microstructural disorder. Further to the development of scatter bands with increasing
widths, increasing degrees of microstructural disorder are observed to have distinct effects on the average or mean
effective stresses. In the initial phase of the compressive deformation, the kink in the effective stress-strain curves
is smoothed. Even for moderate levels of microstructural disorder the compressive stress level of the instability
point and the curvature of the stress-strain curve are decreased significantly. Due to the easier development of
local cell wall buckling for irregular microstructures, a much weaker initial material response is obtained for
∗
∗
perpendicular to the loading
within the loading direction in Figure 8(a) and the net stress τ̄22
both, the stress τ̄11
direction (Figure 8(b)).
∗
within the loading direction, a re-increase of the effective stiffness is observed at
For the stress component τ̄11
∗
where the average effective strains for the disordered microstructures reach
higher compressive strain levels −γ̄11
the stress level for their regular counterpart with σ(∆x)/l0 = 0 (Figure 8(a)). No such effect is observed for the
∗
in Figure 8(c). In this case, the average compressive stresses for the disordered
resulting effective net stress τ̄22
microstructures remain at lower levels than their counterparts for the regular case. The point of development of
∗
would cause the development of tensile net
a negative effective Poisson’s ratio, where compressive strains γ̄11
∗
∗
if the degree σ(∆x)/l0 of microstructural
stresses τ̄22 is shifted towards lower compressive stain levels −γ̄11
∗
under compression presented in Figure 8(e), similar
disorder is increased. For the effective shear strains γ̄12
results are obtained as for the tensile load case.

3.5

Effective stress probability distributions

In order to investigate the nature of the scatter bands in the effective stress components in more detail, the proba∗
bility distributions F (τ̄ij
) are computed for the two load cases considered in Figure 8. Under compressive applied
∗
strain, a strain level of γ̄11
= −0.05 is considered whereas the investigation in the tensile range is performed at
∗
two effective strain levels with γ̄11
= 0.05 and 0.15. According to Table 1, these strain levels correspond to
TVE
TVE
volumetric strains of ∆V
/V
= −0.0513, +0.0488 and +0.1402 respectively. The results for the probability distributions of the effective stress components are presented in Figure 9. The subfigures are arranged in
the same manner as for the stress-strain curves in Figure 8, i.e. the first row of subfigures contains the results
for the compressive uniaxial load case whereas the second row is directed to the results in the tensile case. The
∗
∗
∗
individual lines of subfigures are devoted to the three effective stress components τ̄11
, τ̄22
and τ̄12
respectively.
The corresponding probability density distributions are presented in Figure 10.
∗
∗
For the two tensile uniaxial strain states with γ̄11
= 0.05 and 0.15, the stress probability distributions F (τ̄11
)
for the stress within the loading direction and the corresponding probability density distributions are presented in
Figures 9(b) and 10(b) respectively. Again, the noisy appearance of the probability density distributions is caused
by the numerical determination of the derivatives of the discrete probability distributions without subsequent
smoothing of the data. With increasing degree σ(∆x)/l0 of microstructural disorder, increasingly asymmetric
probability distributions of the non Gaussian type are obtained. For the largest degree of disorder, a non vanishing
number of microstructures with almost vanishing stiffness are obtained, resulting in a steep initial increase of the
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∗
probability distribution F (τ̄11
) in the range of vanishing stresses (Figure 9(b)). This effect occurs especially for
∗
the lower effective strain state γ̄11
. At large effective strains, a less distinct effect is observed since in this case,
most of the cell walls which were initially orientated perpendicular to the loading direction and thus did not carry
any substantial load are re-orientated towards the loading direction and thus cause an increased stiffness of the
microstructure.
As already observed in the investigation on the effective stress-strain curves, increasing degrees of microstructural disorder do not only result in increasing scatter band widths for the effective stresses and thus stress prob∗
ability distributions F (τ̄11
) with decreasing slopes. In addition, the mean stresses and their median values at
∗
F (τ̄11 ) = 0.5 are found to decrease in the case of increasing microstructural disorder. This effect becomes even
∗
more distinct for the net stress τ̄22
as presented in Figures 9(d) and 10(d) respectively. Here, the upper tail of
∗
the probability distributions F (τ̄22 ) is almost identical for all degrees σ(∆x)/l0 of microstructural disorder considered. On the other hand, the slope of the probability distributions and thus the location of their lower tails
∗
distinctively decrease, if the microstructural disorder increases. The probability distributions F (τ̄12
) of the effec∗
∗
tive shear stresses in Figure 9(f) – in contrast to the normal stresses τ̄11 and τ̄22 – are approximately symmetric
with a zero median value.
For the stress probability distributions under effective compressive strains, a different behaviour is obtained.
∗
∗
∗
In case of the normal stresses τ̄11
and τ̄22
within and perpendicular to the direction of the applied strain γ̄11
∗
bimodal probability distributions develop. As it can be observed in Figure 9(a) for the stress component τ̄11
∗
within the loading direction, a secondary data population between τ̄11 = −0.061 MPa and −0.049 MPa develops
∗
in addition to the main data population between τ̄11
= −0.027 MPa and −0.012 MPa. The secondary data
population occurs for the lowest degree of microstructural disorder (σ(∆x)/l0 = 0.05). It consists of 1.9% of the
∗
presented in Figure 9(c). The
total data. A similar bimodal distribution is observed for the effective net stress τ̄22
development of the bimodal stress distributions is caused by the instability point for buckling of the cell walls on
the microstructural level. Whereas for the main data population, the cell walls are already buckled, the secondary
data population is related to testing volume elements ΩTVE
(k) with more regular microstructures which are still
in a pre-buckling stage at the prescribed effective strain level considered. For larger degrees of microstructural
disorder, the bimodal distributions are smoothed out.
With respect to the main data populations, similar effects as for the tensile strain states are observed. With in∗
) = 0.5 as well as the lower bound for
creasing degree of microstructural disorder, the median stress levels at F (τ̄ij
∗
∗
∗
distributions
the respective compressive stress components τ̄11 and τ̄22 decrease. For the effective shear stress τ̄12
and the corresponding probability density distributions presented in Figures 9(e) and 10(e) respectively, increasing microstructural disorder solely causes the development of approximately symmetric scatter band whereas the
median values remain unaffected.

3.6

Effective strength

Disorder effects on the effective strength can be distinctively different from disorder effects on the effective
stiffness. For the effective stiffness, the averages of the microscopic variables are the relevant quantities whereas
the effective strength in general is defined in terms of the maximum value of the mechanical quantity employed
in the respective local strength criterion. Therefore, the effect of the microstructural disorder on the effective
strength of perturbed honeycombs is investigated in more detail. As a strength criterion on the microscopic level,
a simple deterministic stress criterion is employed, requiring that the v. Mises equivalent stress σe computed from
the Cauchy stress components related to the actual configuration should not exceed a prescribed critical stress
value σ c . If a value of σ c = 50 MPa is reached anywhere in the microstructure, failure or at least non admissible
damage of the respective testing volume element is assumed. Using this definition, the respective macroscopic
c∗
stress state τ̄ij
reached at this instant defines a macroscopic load limit for the microstructure.
In Figure 11, the probability distributions F (τ̄ec∗ ) of the load limit are presented in terms of the effective
c∗
v. Mises stress computed from the effective second Piola-Kirchhoff stress components τ̄ij
. The corresponding
probability density distributions f (τ̄ec∗ ) are presented in Figure 12. In general, the probability density distributions feature a more noisy appearance than the probability densities of the effective stresses in Figure 10. This
effect is caused by the fact that the effective strength relies on a local criterion σe < σ c to be satisfied within the
respective testing volume element. Thus, the smoothing effect of the averaging procedure in the determination of
the effective stresses does not apply for the effective strength.
∗
∗
As load cases, uniaxial effective deformations in the x1 - and x2 -directions with γ̄11
or γ̄22
as the only non∗
∗
zero effective strain components are applied. Furthermore, biaxial effective strain states with γ̄22
= γ̄11
and pure
∗
shear strain states with γ̄12
as the only non-zero strain component are considered. The prescribed uniaxial and
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biaxial normal strain states are applied in both, the tensile and the compressive ranges.
Under uniaxial tensile deformation within both the x1 - and x2 -direction strong effects of the microstructural
disorder are observed (Figures 11(b) and (d)). Compared to the reference case of a perfectly regular hexagonal
microstructure, already a moderate degree σ(∆x)/l0 of microstructural disorder causes a decrease of the median
effective strength τ̄ec∗ by 25.6% and 24.0% for the x1 - and the x2 -direction respectively. For larger degrees of
microstructural disorder, the decrease in the effective strength reaches levels up to 79.5%. In addition, the shape
of the probability distribution F (τ̄ec∗ ) changes from a symmetric shape close to the Gaussian normal distribution
towards a distinctively asymmetric shape close the the shape on an exponential distribution. Notice that the
regular hexagonal microstructure is not isotropic with respect to its effective strength τ̄ec∗ , although it satisfies
Christensen’s [4] isotropy criterion in the undeformed configuration. Since the microstructure is already deformed
when reaching the assumed effective strength limit, the required three-fold symmetry required by this criterion is
no longer present so that the (initially) regular hexagonal honeycomb might become anisotropic.
Under biaxial tension, a qualitatively similar behaviour as under uniaxial tensile deformation is observed
(Figure 11(f)). Again, the effective stiffness τ̄ec∗ decreases significantly, as the degree σ(∆x)/l0 of disorder
increases from the reference case of a perfectly hexagonal honeycomb. Quantitatively, larger effective strengths
than in the uniaxial strain states are observed. Since the biaxial tensile deformation on the effective level is
related to a microstructural mode of deformation, which is dominated by longitudinal stretching of the cell walls,
the local stress limit is reached at higher nominal load levels than in the uniaxial load cases. In these cases, a
larger amount of cell wall bending with local stress peaks at the cell wall surfaces is involved in the underlying
microstructural mode of deformation. Thus, larger effective tensile stress carrying capacities are obtained under
biaxial deformation.
The pure shear deformation on the effective level can be regarded as a tensile deformation in one direction,
superimposed by a compressive deformation perpendicular to this direction in a coordinate system rotated by 45◦ .
Consequently, the effective shear deformation results in a large amount of cell wall bending on the microstructural
level. Thus, lower effective strengths τ̄ec∗ compared to the tensile load cases are obtained in Figure 11(f). Again,
increasing degrees of microstructural disorder result in a distinct decrease in the median effective strength.
Under uniaxial and biaxial compressive deformation, the scatter bands for the effective strength are found to
be much narrower and closer to each other than under tensile effective strains (Figures 11(a), (c) and (e)). The
proximity of the probability distributions in the compressive range is caused by the fact that the local strength
criterion is reached in the plateau region of the effective stress-strain curve, where variations in the effective
deformation cause only limited variations in the effective stress. As in the investigation on the effective stiffness, secondary data populations are observed in the effective strength for a moderate degree of microstructural
disorder with σ(∆x)/l0 = 0.05. The secondary data populations develop for both, uniaxial compressive deformation in the x1 - and x2 -directions as well as for biaxial compressive deformation. In all three cases, the effective
strength in the range of the secondary data populations is nearly three times the median strength for the respective
load case. The development of the observed secondary data populations and the resulting bi-modal strength distributions is caused by the development of stiff microstructures for part of the testing volume elements which still
remain stable under effective loads, where the majority of the microstructures is already in a post-buckled state.
This effect frequently occurs for moderately disordered microstructures. For larger degrees of microstructural
disorder, the bimodal nature of the strength distributions tends to vanish. Nevertheless, even though the distinct
bimodal behaviour is smoothed out, a reasonable number of data is still found in the upper tail, resulting in a
distinct unsymmetric appearance of the distribution functions.
In a final investigation, the dependence of the effective strength variability on the cell size variability is analyzed. In Figure 13, the standard deviations σ(τ̄ec∗ ) of the effective strengths normalized with their expectation
values E(τ̄ec∗ ) are plotted as functions of the standard deviation σ(A) of the cell size normalized with the mean
cell size E(A). In general, the strength variability σ(τ̄ec∗ )/E(τ̄ec∗ ) for the different load cases is found to increase with increasing cell size variability σ(A)/E(A) or degree of microstructural disorder. Nevertheless, for
the compressive load cases in Figure 13(a), higher strength variabilities are observed for the lowest cell size variability compared to the following larger cell size variability. The increased strength variability for small cell size
variabilities under compression is caused by the development of bimodal strength distributions in this range.

4

Conclusions

The present study is concerned with a numerical analysis of disorder effects in the effective stiffness and strength
of hexagonal honeycombs employed as simplified two-dimensional models for three-dimensional solid foams.
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For the analysis, a general strain energy based homogenization scheme is utilized. In a probabilistic enhancement,
the analysis of large-scale, statistically representative volume elements is substituted by the repeated analysis
of small-scale testing volume elements. The set of testing volume elements has to be generated such that the
entire set is statistically representative for the given microstructure. The results of the individual homogenization
analyses on the testing volume elements are evaluated by means of stochastic methods. The main advantage of
this approach is the fact that not only the mean effective properties but also the scatter in the macroscopic material
response of microheterogeneous materials can be characterized. Hence, the scheme can be utilized in all cases,
where - either due to the large characteristic length of the microstructure of a heterogeneous material or due to
the small characteristic length of the entire structure on the macroscopic level - no well-defined representative
volume element for the microheterogeneous material under consideration exists. In these cases, the scatter in
the effective material cannot be neglected. Furthermore, the present approach has the advantage of an increased
numerical efficiency compared to a single analysis of a large-scale volume element with the same total number of
cells. For the present scheme, the required numerical effort increases linearly with the number of cells whereas in
a single analysis of a large scale volume element, the numerical effort in general increases at least quadratically
with the number of degrees of freedom in the discretizing scheme employed for the numerical analysis.
The probabilistic homogenization scheme is applied to the example of a hyperelastic honeycomb structure.
The microstructure of the testing volume elements is determined randomly using a perturbation technique by
random repositioning of the cell wall intersections of a regular reference microstructure. The range, in which
repositioning of the cell walls is permitted, is employed as a qualitative measure for the microstructural irregularity. The results reveal again that the macroscopic response of solid foams is strongly governed by the underlying
microstructural modes of deformation. Whereas tensile deformation on the effective level results in an alignment
of the cell walls into the loading direction, bending deformation and buckling of cell walls are the dominant microstructural mechanisms under compressive deformation. Both mechanisms lead to a number of non-classical
effects such as a deformation dependent generalized Poisson’s ratio which may become even negative under compressive effective deformation. Further, reorientation of the cell walls during the deformation may result in an
anisotropy of the cellular solid in terms of its effective strength even for microstructures satisfying the three-fold
symmetry criterion for isotropy.
The degree of microstructural disorder is found to have strong effects on the material response on the effective
level of structural hierarchy. Especially, increasing microstructural disorder does not only cause scatter in the
effective material properties with increasing scatter band widths but also affects the median effective properties.
Increasingly disordered microstructures feature decreasing median stiffnesses. Even more distinct effects are
observed for the effective strength, since the effective strength relies on a local criterion on the microstructural
level rather than on average properties. In some cases, bimodal probability distributions are obtained for the
effective stresses and the effective strength. This effect occurs under compressive loading, especially in the
vicinity of the microstructural instability point where the plateau region of the effective stresses originates. At
a similar load level in this range, the cellular microstructure can be either in a pre- or postbuckling state. As a
result, two separate data populations for the effective properties are obtained.
The results obtained in the present study reveal that a characterization of cellular solids with disordered microstructures in terms of substitute models with regular microstructure will probably yield inadequate results,
since disorder effects might affect both, the scatter and the mean values. Therefore, a proper stochastic characterization is necessary. In this context, a characterization in terms of the basic stochastic moments such as statistical
mean and variance or standard deviation might be inaccurate due to the possible development of distinctively
asymmetric, non Gaussian distributions or more complex effects such as bimodal probability distributions even
if the underlying distributions of the microstructural constitutive parameters are of the Gaussian type.
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