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ABSTRACT 

Military Operations in Urban Terrain (MOUT) require the capability to perceive and to analyse the situation around a 
patrol in order to recognize potential threats. As in MOUT scenarios threats usually arise from humans one important 
task is the robust detection of humans. 

Detection of humans in MOUT by image processing systems can be very challenging, e.g., due to complex outdoor 
scenes where humans have a weak contrast against the background or are partially occluded. Porikli et al. introduced 
covariance descriptors and showed their usefulness for human detection in complex scenes. However, these descriptors 
do not lie on a vector space and so well-known machine learning techniques need to be adapted to train covariance 
descriptor classifiers. We present a novel approach based on manifold learning that simplifies the classification of 
covariance descriptors.  

In this paper, we apply this approach for detecting humans. We describe our human detection method and evaluate the 
detector on benchmark data sets generated from real-world image sequences captured during MOUT exercises.  

Keywords: covariance descriptor, human detection, Laplacian Eigenmaps, military operations in urban terrain, region 
covariance, supervised manifold learning 
 
 

1. INTRODUCTION 
 
During Military Operations in Urban Terrain (MOUT) patrols may be exposed to attacks. A permanent monitoring of the 
situation around the patrol’s vehicles is required in order to react appropriately to the given situation. An automatic 
sensor system may enhance the situational awareness of the driver, and warn him of a potential threat. An essential 
function of a visual threat warning system is to detect humans in images or in image sequences.  

In the literature several approaches to the detection of humans are presented that can be divided into direct and indirect 
methods. The indirect technique is often used for human detection in image sequences from non-moving cameras such as 
in [1]. This class of approaches performs background estimation (or segmentation techniques) first, and then subtracts 
the estimated background from the current image. Afterwards, the differences caused by moving objects are classified. 
The indirect method can be also used for an image sequence captured by a moving camera. In this case preprocessing 
methods such as image stabilization is necessary, which registers two consecutive images onto each other and extracts 
the differences that then can be classified [2,3,4,5]. The second group (direct techniques) classifies humans in one image 
using features such as skin color or shape descriptors (e.g. [6]). In [7] an excellent direct method for human detection is 
presented. The approach trains a support vector machine (SVM) classifier using densely sampled histogram of oriented 
gradients (HOG) which are motivated by Lowe’s popular SIFT approach [8]. In [9] another popular and efficient method 
is described using a wavelet-based AdaBoost cascade. In driver assistance applications there are additional robust 
methods such as the combined Shape-Texture-Based Pedestrian detection [10] or methods using implicit shape models 
[11,12]. 

Since in MOUT scenarios it is also necessary to detect non-moving humans we focus on a direct technique using region 
covariance. The idea of region covariance is to represent an image region by a covariance matrix of image features. This 
so-called covariance descriptor was introduced by Porikli et al. [13]. The descriptor proposes a natural way of fusing 
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multiple features which might be correlated, where diagonal entries of the covariance matrix represent the variance of 
each feature and the off-diagonal entries represent the correlations between the features.  

As pointed out in [13] there are several advantages of using covariance descriptors:  
• Support of scale invariant features/properties 
• Invariant to mean changes (e.g. invariant to identical shifting of color values) 
• Insensitive to noise 
• Efficient fusion of multiple features 
• Feature set may be easily extended or modified 

The authors obtained excellent results in several tracking tasks by using covariance descriptors [14], and in [13] it was 
shown that these descriptors are also efficient for object detections tasks. In [15] we evaluated the performance of the 
Covariance-Tracker for tracking people in crowds and compared the results to other tracking methods. This evaluation 
confirmed the suitability of using covariance descriptors. In [16] a human detection method using covariance descriptors 
and the boosting algorithm LogitBoost is described and also it is shown that the covariance descriptors can outperform 
HOG descriptors. Further evaluations of covariance descriptors which confirm this can be found in e.g. [17]. Recently 
there is an increasing number of detection methods using covariance descriptors.  

The convincing results in [16] encouraged us to concentrate on covariance descriptors for human detection. Using 
covariance matrices as object descriptors need to use Non-Euclidean metrics for classification since covariance matrices 
do not lie in a vector space. Thus, classical machine learning techniques need to be adapted to train covariance descriptor 
classifiers. However, the set of positive definite symmetric matrices can be formulated as Riemannian manifold (see 
Section 2) which then can be considered for classification.  

The main contribution of this paper is a supervised manifold learning method for feature extraction which can couple 
with simple classification techniques. Feature extraction may be considered as a special form of dimensionality 
reduction. The primary goal of feature extraction is here to get a simple description of the data, which usually results in 
better classification performance.  

The most common and well-established algorithm for dimensionality reduction is the principal component analysis 
(PCA) [18]. It finds a linear subspace that best represents a low-dimensional structure embedded in a high-dimensional 
space Թ௡. However, if the data structure is nonlinear, PCA will usually fail, for instance, PCA cannot discover a circle 
embedded in Թଷ. In order to overcome this problem, several nonlinear PCA algorithms have been proposed: gaussian 
process latent variable models (GP–LVM) [19], polynomial PCA [20], kernel PCA (generalization of the polynomial 
PCA) [21] as well as autoassociative methods such as five-layer autoassociative artifical neural network [22] to name 
but a few. 

A recent popular approach for nonlinear dimensionality reduction is manifold learning [23,24]. Manifold learning 
algorithms are based on the assumption that data lies on a (possibly nonlinear) manifold embedded in some high-
dimensional space. The goal of these algorithms is to recover the low-dimensional representation of such unknown 
nonlinear manifolds in such a way that the neighborhood structure of the manifold is retained. 

In computer vision there are many cases where the manifold assumption is given. For instance, an image can be viewed 
as a point in a high dimensional vector space whose dimensionality is given by the number of the image pixels. If the 
changes between images of a sequence are small then the images lie on or close to a manifold – also called image 
manifold. Here, manifold learning tries to find the underlying (latent) variables (camera’s point of view, direction of 
light, etc.) of the image sequence given only the high-dimensional pixel data. The number of the variables corresponds to 
the degree of freedom of the process illustrated by the sequence and to the intrinsic dimensionality of the manifold.  

The main advantage of manifold learning algorithms is that they preserve the local geometry of the original high-
dimensional data. Other advantages are convergence, globally optimal solutions as well as that only a few parameters 
need to be set. In general, the intrinsic dimensionality of the manifold needs to be known and the number of nearest 
neighbors has to be set. 

In the following section we describe the covariance descriptors and summarize their mathematical background. In 
Section 3, we give a conspectus of (unsupervised) manifold learning. We then describe our supervised manifold learning 
approach in Section 4 and show its usage in human detection in Section 5. The application is a covariance descriptor 
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based human (body part) detector for a MOUT threat warning system. In this paper we focus on the detection of human 
body parts. Further improvements can be achieved by approaches such as [11]. Also, we evaluated the detector on 
benchmark data sets generated from real-world image sequences captured during MOUT exercises. The results are 
summarized in Section 5.      

2. COVARIANCE DESCRIPTORS 
The idea of region covariance is to represent an image region by a covariance matrix of image features. The descriptor 
proposes a natural way of fusing multiple features which might be correlated, where diagonal entries of the covariance 
matrix represent the variance of each feature and the off-diagonal entries represent the correlations between the features. 
In other words, a covariance descriptor contains information about spatial and statistical properties of the image region as 
well as linear correlations between these properties. 

Covariance descriptor computation 
For instance, let ܴଵ an image region, first at each pixel inside ܴଵ features such as color, gradients, filter responses, etc. 
are computed. To this, a ݀-dimensional feature vector at each pixel inside ܴଵ is constructed. For human detection we use 
the x- and y-coordinates of pixels as well as gradient information. 

Let ሼ ௜݂ሽ௜ୀଵ…௡ be a set of feature vectors of the ܹ-width and ܪ-height rectangular ܴଵ and 

௜݂ ൌ ሺݔ, ,ݕ ,ݔ௫ሺܫ| ,|ሻݕ หܫ௬ሺݔ, ,ሻหݕ ,ݔ௫௫ሺܫ| ,|ሻݕ หܫ௬௬ሺݔ, ,ሻหݕ ඥܫ௫ଶሺݔ, ,ݔ௬ଶሺܫሻ൅ݕ ,ሻݕ arctan ൬|ூೣሺ௫,௬ሻ||ூ೤ሺ௫,௬ሻ|൰ሻ்     (1) 

a feature vector at the pixel with the coordinates ሺݔ, ,ݔ௫ሺܫ ሻ andݕ ,ሻݕ ,ݔ௬ሺܫ ,ሻݕ … the intensity derivates. The covariance 
matrix representing ܴଵ is then given by  

ோభݒ݋ܥ ൌ ܪ1ܹ ෍൫ ௜݂ െ ோభ൯ሺߤ ௜݂ െ ோభሻ்,ௐுߤ
௜ୀଵ       ሺ2ሻ 

where ߤோభ is the mean-vector of  ሼ ௜݂ሽ௜ୀଵ…௡ .  
More details about the covariance descriptor computation including an efficient method by using integral images can be 
found in [25]. 

Space of positive definite covariance matrices 
A covariance matrix contains information about statistical dispersions and linear relationships of random variables. Let ଵܺ, … , ܺ௡ be quadratic integrable random variables, with expected values ܧሺ ଵܺሻ, … , Eሺܺ௡ሻ  and  ݒ݋ܥ൫ ௜ܺ, ௝ܺ൯ ൌ ሾ ൫ܧ ௜ܺ  െ ሺܧ  ௜ܺሻ൯ ቀ ௝ܺ  െ ൫ܧ  ௝ܺ൯ቁ ሿ ,   ݅ ൌ 1 … ݊,   ݆ ൌ 1 … ݊,    (3) 

the pairwise covariances, the covariance matrix ∑ is then given by 

∑ = ൭ݒ݋ܥሺ ଵܺ, ଵܺሻ ڮ ሺݒ݋ܥ ଵܺ, ܺ௡ሻڭ ڰ ,ሺܺ௡ݒ݋ܥڭ ଵܺሻ ڮ ,ሺܺ௡ݒ݋ܥ ܺ௡ሻ൱.     (4) 

The set of positive definite covariance matrices (nonsingular covariance matrices) describes a Riemannian manifold and 
is denoted by ܵ݉ݕ௡ା. A Riemannian manifold or Riemannian space is a topological space that is only locally Euclidean: 
there is a tangent space at each element of the manifold (in our case at each covariance matrix). Hence, Euclidean 
geometry is not appropriate to compare covariance matrices. In past years functions like the trace or determinant of a 
covariance matrix have been used to measure the similarity. However, these measures are not suitable [26] and so  
Foerstner et al. [26] and Pennec et al. [27] deduced invariant Riemannian metrics. These metrics are equivalent, thus it is 
sufficient to concentrate on Pennec’s: ൏ ,ܡ ܢ ൐∑భ ൌ  are determined by a diffeomorphism ܢ and ܡ .are elements of the tangent space at ∑ଵ ܢ ,ܡ ଵିభమሻ,          (5) ∑ଵ is a covariance matrix and∑  ܢ ଵିଵ∑  ܡ  ሺ∑ଵିభమ݁ܿܽݎݐ
which maps elements of the tangent spaces into the manifold of covariance matrices. Associated to the Riemannian 
metric (5) it is defined by the exponential map 
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ሻ  =  ∑ଵభమ exp ሺ∑ଵିܡభሺ∑݌ݔ݁ భమ  ܡ  ∑ଵି భమሻ ∑ଵభమ. (6) 

The exponential map is global in ܵ݉ݕ௡ା and thus there is an inverse mapping (logarithmic map) which is uniquely 
defined everywhere: ݈݃݋∑భሺ∑ଶሻ = ∑ଵభమ log ሺ∑ଵି భమ  ∑ଶ   ∑ଵି భమሻ  ∑ଵభమ.  (7) 
 

It maps points of the manifold into tangent spaces. Now, by substituting Equation (7 ) into (5) we get the following 
equation for Pennec’s metric: ൏ ,ܡ ܢ ൐∑భ ൌ ଶሺ∑ଵି݃݋݈ ሺ݁ܿܽݎݐ  భమ  ∑ଶ  ∑ଵି భమሻሻ  ൌ  ൏ ,భ ሺ∑ଶ ሻ∑݃݋݈ భ ሺ∑ଶ ሻ∑݃݋݈ ൐∑భ . (8) 
 

The exp and log are the ordinary matrix exponential and logarithm operators. 

Covariance distance 
The distances between elements of one tangent space are defined by the Euclidean distance. The tangent space can be 
used to determine the geodesic distance between any two covariance matrices, if it is a tangent space at the position of 
one of either matrix. Under this condition the geodesic distance between two covariance matrices ∑ଵ and ∑ଶ is given by  ݀ሺ∑ଵ, ∑ଶሻ ൐  ൌ   ට൏ ,భ ሺ∑ଶ ሻ∑݃݋݈ భ ሺ∑ଶ ሻ∑݃݋݈ ൐∑భ .  (9) 

Empirical mean value 
For completeness, we also give a definition for the empirical mean value. There are several definitions of the (empirical) 
mean value for a set of measures of the same positive definite symmetric matrix [28]. One applicable mean is the so-
called Karcher or Fréchet mean which minimizes the sum of the squared distances between the matrices. According to 
[28,29,30] this mean exists and is even unique in  ܵ݉ݕ௡ା, as this manifold has a non-positive curvature [31]. 

Often of interest is an empirical mean value which can be determined by a gradient descent algorithm [28]. To this, 
matrices are mapped into the tangent space first, where then the Euclidean mean is calculated. Eventually, the mean 
value of the covariance matrices is given by mapping back the Euclidean mean. Let ∑ଵ … ∑௡ be a set of ݊ measures of 
the positive definite symmetric matrix ∑ഥ௧, then the new mean ∑ഥ௧ାଵ of this set is given by ∑ഥ௧ାଵ ൌ exp∑ഥ೟ ቀଵ௡ ∑ log∑ഥ೟௡௜ୀଵ ሺ∑௜ሻቁ.  (10) 

An important point for this algorithm is to determine a good starting point. If there is no ∑ഥ௧, in general, an element of ∑ଵ … ∑௡ can be selected randomly as starting point.  

If required, the matrices may be weighted differently, for instance, by their distances to the mean value [14].  

3. MANIFOLD LEARNING 
This section begins with one formal description of the manifold learning problem. To this, we first recall some 
definitions from topology: 

Definition 1 
A homeomorphism is continuous function whose inverse is also a continuous function. 

Definition 2 
A ݀-dimensional manifold ܯ is a set that is locally homeomorphic to Թௗ: for each ݉ א   an open neighborhood ܯ
around ݉ – below it is called ܰ௠ – and a homeomorphism  ݄ ׷ ܰ௠ ՜ Թௗ exists. 

Manifold learning problem 
For a given data set ሼܠଵ, … , ௡ሽܠ א Թ஽ lying on a ݀-dimensional manifold ܯ that can be described by a single 
homeomorphism ݄ ׷ ܯ ՜ Թௗ (or diffeomorphism in the differentiable case), find ሼܡଵ, … , ௡ሽܡ א Թௗ such that                ܡ௜ ൌ ݄ሺܠ௜ሻ,    ݅ ൌ 1, … , ݊. 
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Due to the excellent preserving of local geometry of high-dimensional data manifold learning algorithms have become 
very popular for nonlinear dimensionality reduction. Manifold learning algorithms are based on the assumption that data 
lies on a (possibly nonlinear) manifold embedded in some high-dimensional space. The objective of these algorithms is 
to recover the low-dimensional representation of such unknown nonlinear manifolds in such a way that the geometry of 
the input data is preserved. 

The algorithms can be divided in two groups: local and global. Global approaches such as Isomap [32] attempt to 
preserve the global structure of the data while local approaches such as LLE [33,34] or Laplacian Eigenmaps [35,36] 
focus on preserving the local geometry of data. The principal advantage of the global approaches is that they tend to give 
a more faithful representation of the global structure. However, they have difficulty to recover high curvature manifolds 
or ones that are not convex. Local approaches rather preserves local than global structures of the data and thus may give 
more suitable results on a broader range of manifolds: also for high curvature and nonconvex manifolds.  

Hereafter, we summarize the local approach Laplacian Eigenmaps. The first step of the algorithm is a symmetric nearest-
neighbor search: Find for each input data point ܠ௜ the ݇-nearest-neighbors or neighbors that have a smaller distance 
(norm of the input data space) to ܠ௜ than ߳ ൐ 0, where it is  ܠ௜ א ௝ܠ  ೕ ifܠܰ א   .೔ܠܰ
Then, in second step, a symmetric weighted adjacency matrix ܅ ൌ ሺݓ௜௝ሻ is computed by the isotropic Gaussian kernel 
(heat kernel): 

௜௝ݓ ൌ ൝exp ൬െ ௗమ൫ܠ೔,ܠೕ൯ଶఙమ ൰ , ௝ܠ ݂݅  א ,೔ ,0ܠܰ ,݁ݏ݅ݓݎ݄݁ݐ݋   (11) 

with scale parameter ߪ (width of the heat kernel) and ݀൫ܠ௜,  .௝൯ is the norm of the input data spaceܠ

The third step is to find a low-dimensional representation  ܇ ൌ ሺܡଵ, … , ܆ ௡ሻ for the ݊ input data pointsܡ ൌ ሺܠଵ, … ,  ௡ሻ inܠ
such a way that similar input data points, given through the vertices of the weighted adjacency matrix, are represented by ܡ௜ that are close to each other and input data points with a large dissimilarity by low-dimensional points that are far away 
from each other. To this, the following objective function is minimized: ∑ ∑ ௜,௝௝ݓ ||௜ ௜ܡ െ ௝||ଶܡ ൌ  ሽ, (12)்܇ۺ܇ሼ݁ܿܽݎݐ

where ۺ is the graph Laplacian for the graph of  ܅ (in general, if ܅ is not connected, the third step has to be repeated 
for each of its connected subgraph). In addition, let ۲ ൌ ൫݀௜௝൯ a diagonal matrix with diagonal elements ݀௜௜ ൌ∑ ೔ ൌܠேא௜௝௝ݓ ሺ܅૚௡ሻ௜ , then the graph Laplacian is defined as follows:  ۺ ൌ ۲ െ  (13)    .܅

To prevent a collapse onto a subspace of fewer than ݀ dimensions as well as fix the scale it is constrained that  ܂܇۲܇ ൌ۷ௗ, where ۷ௗ is the ݀ ൈ ݀ identity matrix. In addition to it, this constraint takes vertices of  ܅ into account that have a 
high degree more than low degree vertices. 

Thus, the problem of minimizing the objective function (12) is equal to solve the generalized eigenequation  ܞۺ ൌ  (14)   ,ܞ۲ߣ

(the relationship between the Equation (12) and (14) follows from the Rayleigh-Ritz theorem [37]) or finding the 
eigenvalues and eigenvectors of the normalized graph Laplacian ۺே that is defined by ۺே ൌ ۲ିభమ۲ିۺభమ .         (15) 

The smallest eigenvalue ߣ଴ of  ۺே is zero and the corresponding constant eigenvector  ܞ૙ is ۲భమሺ1,1, … ,1ሻ். The best ݀-
dimensional embedding ܇ is given by leaving out the constant eigenvector  ܞ૙  and using the next ݀ eigenvectors ܇ ൌ ሺܡଵ, … , ௡ሻܡ ൌ ሺܞଵ, … ,  ௗሻ்,     (16)ܞ

corresponding to the eigenvalues ߣଵ ൑ ڮ ൑  .ௗߣ

More details about graph Laplacian can be found in [38] and [39]. 
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4. APPLICATION TO HUMAN DETECTION 
In this Section, we adapt Laplacian Eigenmaps to a supervised method for feature extraction and present its usage in 
human detection. Supervised manifold learning distinguishes from the unsupervised algorithms in the projection of the 
data by considering class information: the objective of supervised manifold learning is projecting data points of the same 
class close to each other while projecting data points of different classes far away from each other by simultaneously 
considering of the intrinsic geometry as far as possible in order to efficiently extract features for classification.  

In this paper, we present a supervised manifold learning approach for feature extraction by using covariance matrices as 
object descriptors. We assume that covariance descriptors that represent image regions of human body parts lie on or 
close to (possibly nonlinear) manifolds embedded in the space of all of positive definite symmetric matrices. Then the 
presented approach learns the geometry of a set of covariance descriptors. 

Training stage 
First we describe the training stage of our approach. Let ۱ ൌ ሼ۱ଵ, … , ۱௡ሽ   the training set containing ݊ covariance 
descriptors of human body parts (positive samples) as well as negative samples, and ݈ ൌ ሼ݈ଵ, … , ݈௡ሽ their corresponding 
class labels, where  ݈௜ ൌ ܿ, ܿ ൌ 1, … ,   .ݏ݁ݏݏ݈ܽܿ ݂݋ ݎܾ݁݉ݑ݊ ݈ܽݐ݋ݐ

The first step is finding for each ۱௜ א ۱ their ݇-nearest-neighbors in the input data space, where it is ۱௜ א ۱ܰೕ if  ۱௝  :۱ܰ೔. To this, we use a dissimilarity distance between the covariance descriptors which is defined as followsא

,൫۱௜ݏݏ݅ܦ ۱௝൯ ൌ ቐ 1 െ exp ቀെ݀ଶ൫۱௜, ۱௝൯ቁ ,   ݂݅  ݈௜ ൌ ௝݈,exp ቀ݀ଶ൫۱௜, ۱௝൯ቁ ,  (17)            ,݁ݏ݅ݓݎ݄݁ݐ݋      

where ݀൫۱௜, ۱௝൯ denotes the geodesic distance between  ۱௜ and  ۱௝ (see Equation (9)). 

Then the symmetric weighted adjacency matrix ܅ ൌ ሺݓ௜௝ሻ  is computed: 

௜௝ݓ ൌ ൝exp ൬െ ஽௜௦௦మ൫۱೔,۱ೕ൯ଶఙమ ൰ ,  ݂݅ ۱௝ א ۱ܰ೔ ,0, ,݁ݏ݅ݓݎ݄݁ݐ݋              (18) 

where ߪ is the width of the heat kernel: in this work, it was sufficient to set it to one.  

The next step is to learn the low-dimensional representation of the weighted adjacency matrix (Equation (18)). 
Therefore, first the normalized graph Laplacian is computed: ۺே ൌ ۲ିభమ۲ିۺభమ ,  (19) 

where ۺ is the unnormalized graph Laplacian as defined by Equation (15). Now let ݀ the intrinsic dimensionality of the 
training data set (the intrinsic dimensionality of the manifold need to be known or need to be estimated). The ݀-
dimensional embedding is given by the ݀ eigenvectors ܞଵ, … ,  ௗ corresponding to the ݀ smallest eigenvalues of theܞ
normalized graph Laplacian ۺே, where constant eigenvectors (eigenvectors corresponding to eigenvalues 0) are ignored: ܇ ൌ ሺܡଵ, … , ௡ሻܡ ൌ ሺܞଵ, … ,  ௗሻ் .  (20)ܞ

The result of the training stage is the low-dimensional representation of the training data set geometry. 

Recognition (testing) stage  ۱ ൌ ሼ۱ଵ, … , ۱௡ሽ  and their class information  ݈ ൌ ሼ݈ଵ, … , ݈௡ሽ  (݈௜ ൌ ܿ, ܿ ൌ 1, … ,  are given and (ݏ݁ݏݏ݈ܽܿ ݂݋ ݎܾ݁݉ݑ݊ ݈ܽݐ݋ݐ
after training we also know the corresponding low-dimensional coordinates ܇ ൌ ሺܡଵ, … ,  ௡ሻ of the covarianceܡ
descriptors. Let ۲ ൌ ሼ۲ଵ, … , ۲௠ሽ the testing set containing several covariance descriptors of different human body parts 
as well as negative samples. Then the low-dimensional coordinates of the testing data need to be computed, but in 
general, the nonlinear mapping between input data (covariance descriptors) and the learned low-dimensional points is not 
given. 

Manifold learning approaches assume that there is a single homeomorphism between the input data lying on a manifold 
and the corresponding low-dimensional representation (see Section 3). In general, this homeomorphism is not estimated 
explicitly by manifold learning algorithms. Thus, in order to able projecting unlabeled (novel) covariance descriptors the 
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mapping – between the descriptors and their corresponding learned low-dimensional points – needs to be estimated. 
Therefore, we use Generalized Radial Basis Functions (GRBF) interpolation framework [40,41] which we briefly 
summarize. 

The objective is to learn the function  ݄GRBF from the low-dimensional space to the input data space. Then the 
corresponding low-dimensional coordinates of a new covariance descriptor can be calculated by the inverse function ݄GRBFିଵ  . The reason for learning mappings from the manifold to the input data space is, for instance, that no prohibitively 
large number of input data points is needed.  

Assume we have  ݊  ܿ ൈ ܿ  covariance descriptors that are represented by ܦ-dimensional (ܦ ൌ ܿሺܿ ൅ 1ሻ/2ሻ vectors ۱෠ ൌ ሼ ̂܋௜  א Թ஽,    ݅ ൌ 1, … , ݊ ሽ  and their corresponding  low-dimensional points ܇ ൌ ሼܡ௜ א Թௗ,    ݅ ൌ 1, … , ݊ ሽ as well as 
that the positive definiteness of the input data is given at any time. Then for each  ܡ௜ א interpolants   ݂௞  ܇ ׷  Թௗ ՜ ܴ   from Թௗ to every dimension ݇ ሺ݇ ൌ 1, … ,   .dimensional input data vector are estimated-ܦ ሻ of the correspondingܦ

Suitable interpolants that satisfy the interpolation condition  ܿ̂௝௞ ൌ ݂௞ (ܡ௜ሻ,     j ൌ 1, … ,  (21)   ܦ

are of the form  ݂௞ሺܡሻ =  ݌௞ሺܡሻ ൅ ∑ ܡ|௜௞߶ሺݓ െ ୧|ሻ௡೟௜ୀଵܜ ,  (22) 

where ܡ א | ,௜௞ are real coefficientsݓ  ,܇ · | is the norm on Թௗ, ܜ୧ are ݊௧ centers (e.g. important data points of the 
manifold) and  ߶ሺ·ሻ a real-valued basis function. We use the following Gaussian basis function: ߶ሺ|ܡ െ ୧|ሻܜ ൌ ߶ሺݑሻ ൌ ߚ    ,ఉ௨మି݌ݔ݁ ൐ ሻܡ௞ሺ݌   :ሻ is a linear polynomial with coefficients ܽ௞ܡ௞ሺ݌  (23)       .0 ൌ ሾ1   ்ܡ ሿ  · ܽ௞.      (24) 

All interpolants of the form as given by Equation (22) can be combined to form a mapping  ݄GBRF  from  Թௗ ՜  Թ஽: ݄GRBFሺܡሻ ൌ ۰ · ߰ሺܡሻ,  (25) 

where the matrix ۰ represents the coefficients for ܦ different nonlinear mappings, each from Թௗ ՜  ܴ, and  ߰ሺܡሻ 
involves the basis functions as well as the linear polynomial: ߰ሺܡሻ ൌ ሺ ߶ሺ|ܡ െ ,ଵ|ሻܜ … , ߶൫หܡ െ ,௡೟ห൯ܜ 1,  ሻ். (26) ்ܡ 

The low-dimensional coordinates כܡ of a novel covariance descriptor (vector) ̂כ܋ can then be recovered from ̂כ܋ ൌ כ܋̂|௬݉݅݊݃ݎܽ െ ۰ · ߰ሺܡሻ|.      (27) 

More information, especially mathematical details of obtaining the solution for ۰ and Equation (27) can be found, for 
instance, in [40,41].  

We use this GRBF interpolation framework for recovering low-dimensional coordinates of novel covariance descriptors. 
Now, we need to recover the low-dimensional coordinates of the testing data set ۲ ൌ ሼ۲ଵ, … , ۲௠ሽ. To this, the ݇GRBF-
nearest-neighbors ۱ܑ א ۱ ൌ ሼ۱ଵ, … , ۱௡ሽ   for each descriptor in ۲ are computed in the Riemannian manifold  ܵ݉ݕ௡ା by 
using the Riemannian metric as defined through Equation (9). Then for each ۲ܑ א ۲  the mapping ݄GRBFିଵ  between its 
neighbors and the corresponding low-dimensional coordinates is estimated. Eventually, each ۲ܑ  is projected by its 
corresponding mapping. After then a classifier is applied in order to classify the projected test data. In this work we use 
the simple kNN-classifier [42] for classify the body parts. 

In the next Chapter we show the performance of this approach for human detection by using a MOUT benchmark and 
also compare it with the approach of classifying the covariance descriptors by directly application on the descriptors 
without supervised manifold as feature extractor. 
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The second confusion matrix (see Table 2) shows the result of using supervised manifold learning as feature extractor. 
 

Table 2. Classification result by using both supervised manifold learning and (Euclidean) kNN-classifier. 

 
Actual 

Head-shoulder Torso Lower body Negative 
samples 

Predicted  

Head-shoulder 50 0 0 2 

Torso 0 50 1 0 

Lower body 0 0 49 4 

Negative samples 0 0 0 44 
 

6. CONCLUSION  
We presented a supervised manifold learning method and showed its performance and potential for human body parts 
detection on a FIR-MOUT data set using covariance matrices as object descriptors. It was shown that using supervised 
manifold learning approach for feature extraction may increase classification accuracy. 
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