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Abstract: The transmitter induced cyclostationarity in OFDM systems by means of a cyclic prefix has recently
been investigated for blind channel estimation. This approach is based on a suitable exploitation of the autocor-
relation matrix of the received signal. Since the estimated channel impul se response is ambiguous (up to a scal-
ing constant), an additional ambiguity of the autocorrelation matrix is tolerable. Based on this observation, we
propose a novel low complexity algorithm for the estimation of the autocorrelation matrix which requires only
addition/subtraction operations within each iteration - no multiplications/divisions are necessary. Subsequently,
thislow complexity algorithm is applied to OFDM systems for blind channel identification.
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1 Introduction

Blind channel estimation, i.e. determining the channel
impulse response without the necessity of reference
sequences, has recently been widely investigated in
communications and signal processing. An important
reason for the growing interest in thisfield of research
originates from the fact, that the transmission of train-
ing sequences decreases the communications through-
put for the case of time varying channel impulse
response [1].

In order to blindly estimate the channel impulse
response, transmitter induced cyclostationarity can be
applied, as proposed in [1]. The drawback of this
approach is the increase of the system’s complexity
since e.g. repetition coding has to be introduced in the
transmitter. Fortunately, for OFDM systems the neces-
sary cyclostationarity is already provided by the cyclic
prefix. This property was first investigated for blind
channel estimation in OFDM systemsin [3].

In order to estimate the channel impulse response, the
autocorrelation matrix of the received signal has to be
determined. However, the channel impulse response
can only be estimated to within a scaling ambiguity
(which is inherent to al blind methods). Hence, an
additional scaling ambiguity of the autocorrelation
matrix is acceptable. Based on this observation we
first propose a novel low complexity algorithm for the
estimation of the autocorrelation matrix which
requires only addition/subtraction operations within an
iteration. Subsequently, we apply this algorithm to
OFDM systemsfor blind channel estimation.

This paper is structured as follows. in section 2 we
briefly discuss the estimation of the autocorrelation
function (and hence the autocorrelation matrix) and
introduce a simplified mathematical description of the
estimation problem which is used throughout the
paper. The proposed agorithm is developed with
regard to the estimation of the channel autocorrelation
function® in section 3. The blind channel estimation
approach for OFDM systems is described section 4
and the proposed algorithm is adapted in subsection
4.1. In section 5 selected simulation results are pre-
sented and the concluding remarks are given in section
6.

1.1 Notationsand Assumptions

Throughout the text, the following is assumed:

the channel impulse response is time invariant, con-
sists of p coefficients and is equal to the length of the
cyclic prefix; the transmitted signal is white, complex
Gaussian, stationary, independent identically distrib-
uted (i.i.d.), persistently exciting and has zero mean;
transmitter and receiver are perfectly synchronized;
channel noise is white complex Gaussian, stationary
and has zero mean.

Most notations are standard: E{...} isthe mathemati-
cal expectation. The transponse, complex conjugate

1. Since the channel impulse response may be consid-
ered an energy signal, in the following we apply the
term "autocorrelation’ in connection with the channel
correlation function



and the Hermitian operator are denoted by
)0 GO, respectively. (...),(...)" denote
the real and imaginary part of acomplex signal.

2 Estimation of the Autocorrelation
Function

The baseband model of a communication system con-
sidered in this section is shown in fig.1.
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Fig.1 Baseband transmission model.

The output signal y, is defined as follows

p-1
Y = ZT:Ohr D(k—r+nk' (1)
Where h =[hy,...,h,_4] denotes the channel

impulse response, x, is the transmitted signal and n,

denotes the additive noise process.

With x, = [Xy, ..., X_p+1] Werewrite (1) asfollows
Yi = h DX +ng . 2

The autocorrelation function (ACF) of the output sig-

nal is defined by an ensemble averaging [4]

ryy(T) = E{yk EVQ(—I}
)
= E{h X X _, [} +E{n 0,_3

The ACF of the channel impulse response can approx-
imately be obtained from (3)

~ 1

Th(T) = = [ty (T) . (4)
Where o} = E{|x{3 .
In order to simplify the subsequent descriptions, we
introduce the following variables

. T . T .
€= [Xejx'%l . n=[xxd L y=[hjhT. (5
Furthermore, wehave n = E [k whereE is

E = {Opxn 'per] (6)

IPXP OPXP
and | denotes the identity matrix.
By taking into account that the ACF in (3) is only
determined by the processes x, .. we

express (3) asfollows
ry(1)= YLE{(§ +E (E) QE+E CE)"} (=" (1) /' @
+E{n, [ht}_3

-an_p+]_1

Where Z(1) denotes the masking matrix given by
s =20 %l s =071 (g
0pxp S(1) 0 O else

The formulation in (7) points up that r, (1) can also

be estimated from
ryy(1)= 2 YCE{E & +E (B)" (= (1) ¥ ©
+E{n' [t _g

or
(0= 2YE{E (E (E+E B)"} B () "
+E{j ", ¢
respectively, where n', and n", denote the real and
imaginary part of n, .
If (9) is considered, we obtain the following estimator

€]

, (10)

~ 2 N-1
ryy(T) = N Dzk ) oylk B« (11)

Where y', denotes thereal part of y, .

The estimator in (11) provides maximum-likelihood
estimates (which are asymptotically unbiased and
hence efficient) [5]. This estimator is, of course, sub-
optimal. Even in the absence of noise the estimate of
the ACF is not unbiased, since the sample number N
is usually smaller than infinity. In addition, if (11) is
applied for the estimation of the ACF of the channel
impulse response, the resulting error increases with
decreasing E¢/ N, 2. Nevertheless, the simple structure
of this estimator is well suited for practical implemen-
tation.

3 Low Complexity Algorithm for the
Estimation of the Autocorreation Func-
tion
In this section, the low complexity algorithm for the
estimation of the autocorrelation function of the chan-
nel impulse response is devel oped. In particular, in the
following it will be shown that a sufficient approxima-
tion of (9) is provided by
Thn(T) = K CE{sign[y'y] B/t -

Where the scalar signum function is defined by

, 1 Y

sign[y'y] ok

and K denotes a scaling constant.

2. Symbol energy-to-noise density ratio.



In order to develop the algorithm, we consider the fol -
lowing expression

v(t) = E{signlyJ -4 12)
In particular, we have v(0) = E{|y,} sincetheimag-
inary part y*, contains no information of the sign of
the real part y', . Furthermore, if y', is Gaussian, the
following useful relation holds®

2 2% + 2 62/ h||?
E{lyTt = Inl DJ - - . :
Where o2 = E{|x,|3 and o = E{|n}%} .
Since (12) is somewhat difficult to handle, initially
oﬁ. = 0 isassumed. Furthermore, (cf. (9)) we express
(12) asfollows

v(1)= yOA (B (1) ' +y LA (B (B (1) ¥
=y PE ()G
Where the 2p x 2p matrix P isgivenby P, ; = 1 and
the 2px2p matrix A describes the stochastic pro-
cesses appearing in (12)

(13)

(14)

(15

Note, that the following termsin (14)

YRAE (Y vy E EZ ()
describe the real and imaginary part of v(t), respec-
tively.

Under the assumption that |h| <, A is full rank.
Hence, we apply eigenvalue decomposition and obtain

A =Qmm". (16)
Where A = diag(Ag, ..., Ay, 4) IS the eigenvalue
matrix and Q is the eigenvector matrix with the unit
norm eigenvectors q; associated with the eigenvalues
A; . With this framework, (12) is given by

V()= yQOA " PE (1) /. (17)
In this context, we consider the properties of the
(unfortunately highly nonlinear) processes appearing
in (15). Due to the induced nonlinearity, it is a rather
difficult task to determine the eigenvalues exactly.
Therefore, we investigate the structure of the matrix
A more closdly:
The denominator in (15) is adot product selecting the
subspace spanned by y. Hence, we assume that there
exists an eigenvector q, with the following property

ly Cog| » [y Oy, 10[1,2p-1] . (18)
Furthermore, q, is associated with the smallest eigen-

3. The proof will not be shown in this paper.

value of A. Based on these assumptions, v(t) is
approximately given by

V(1) = Ao Iy Tl (g (P E' (1) " (19)
Where (cf. (13))
2 0%
v(0) = B O =xo Ty mgf* . (20)

The eigenvalue A\, can be approximated by comparing
the both sides of (20)

L1 1 1
A= [—— ==,
* 2o il T K
From (19) it is possible to estimate the autocorrelation

function of the channel impulse response (up to a scal-
ing ambiguity) and we obtain the following esti mator®

~ K <N
Tin() = GO5_signlyd (Y.

Where the constant K isgivenin (21).
Up to this point, the influence of additive noise pro-
cesses was not taken into account. In order to briefly
discuss the properties of the proposed estimator in the
presence of noise, we consider v(0) for the case

Yk = YHE&+nN) +ng.
After some calculations we abtain

(21)

(22)
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Where n', denotes the rea part of the white additive
NOi Se process.

Provided o2 > o2, the denominator in (23) has a simi-
lar function as in the absence of noise. In this case the
most significant eigenvector q, with the property (18)
can be found, as well (see fig.5 c,d). In comparison to
the algorithm in (11), a small additional error appears
due to the induced correlations by the (noisy) denomi-
nator. On the other hand, the error term due to the
(weighted) noise autocorreation is expected to be
smaller, since for this case the denominator in (23) has
an attenuating influence.

4. A suitable scaling can be obtained from v(0). Thisis-
sueis, however, beyond the scope of this paper.



4 Blind Channel Estimation for OFDM
Systems

The OFDM system considered in this section in shown
infig.2.
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Fig.2 OFDM base-band model.

The modulation on B subcarriers is performed by an
inverse discrete Fourier transform (IDFT) in the trans-
mitter. In order to combat the inter-symbol interfer-
ences (1S1), acyclic prefix (which is a copy of the last
p samples) is used. Hence, the total symbol length is
T = (B+p)Tg, Where T4 isthe sampling period.

At the receiver, the cyclic prefix is removed and the
received signal is demodulated by the discrete Fourier
transform (DFT).

Since the transmitted signal is cyclostationary, the
algorithm proposed in [1] can be applied for blind
channel estimation [3]. In the following, this approach
will briefly be described with respect to the developed
algorithm in the previous section.

The structure of the transmitted and received frame is
shown in fig.3. x(k) is the cyclic prefix which is a
copy of xg(k) . xp(k) denotes the vector consisting of
p samples preceding x(k) °.
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Fig.3 Transmitted (a) and received (b) frame.

The received subvectors y(k) and yg(k) correspond
to the transmitted subvectors x(k) and xg(k) , respec-
tively.

With the filtering matrices

5. For reasons of notational simplicity, the same index k
is used at the transmitter and at the receiver.

hy O .. 0 0 hy_, hy
F=|M Ol |0 0 h ol o
hp_y wer e ho 0 0 0

yc(k) and yg(k) can be expressed asfollows
Ye(K) = F (k) + G kg(k — 1) + nc(k) (25)
ys(k) = F IXg(k) + G DXp(k) + ng(k)
Where nc(k) and ng(k) are the corresponding noise
subvectors and xg(k —1) denotes the subvector corre-

sponding to the previous frame.
If the following assumptions are fulfilled

E{xc(k) xp(K} = E{xs(k—1) IS (K)}
E{xs(k—1) Dkp(K} = E{nc(k) thg(K)}
E{xc(k) X§(K} =0 ;0
the correlation between y.(k) and yg(k) is
E{yc(k) sk} =0 xFF" . (27)
It can be easily verified that the first column and the
first row of F CF" contain the scaled channel impulse
response, respectively.
hCh Chy  ho ChO, ... ho Ch,_y

FrEt = | hbbthy ° e

1
o

0, (26)

(28)
hq) D-]p—l o o o

A further (and somewhat surprising) result is, that
under the assumptions in (26), uncorrelated white
noise causes no additional estimation error.

Since (27) offers a closed-form solution, the channel
impulse response can be identified straight forwardly
by estimating the first row or the first column of F CF"
(or both, respectively). If only the first column is esti-
mated, we obtain

C
N o2
after replacing the ensemble averaging by time aver-
aging. The (unknown) constant C is[2]

C = 1/h0},.
The algorithm in (29) provides a smple way of esti-
mating the channel impulse response by exploiting the
cyclostationarity of the OFDM signal. Moreover, the
complexity in each iteration is relatively small: 4 [p
multiplications and 4 [p additions (regarding the addi-
tion to the previous result).

h =

N-1 T
Dzi o yqo ys(i) (29)



Since the structure of (29) is similar to the proposed
algorithm in section 3, a further complexity reduction
seems possible. However, the problem’s formulation
in (27) isslightly different. Therefore, in the next sub-
section we briefly discuss an alternative description of
(27) which verifies the above suggestion.

4.1 Low Complexity Algorithm
In order to show, that the low complexity algorithm
developed in section 3 can aso be applied to OFDM
systems for blind channel estimation, we consider the
following expression in absence of noise

g(T) = E{ ylk, 0 [yl:l( m+p+r} . (30)
According to the descriptions in section 3, we define
the following variables

q = T
k = [Xm Xk—tmep-1 oo Xko1, me 1l

¢ = [df.jdy]’
Having regarded the fact that the result in (30) is only
determined by the processes x, ., (see fig.3), we
express (30) asfollows

g(1) = yE{¢} E'() "

sy E(Y ETE O
Where y and E are defined as in section 2.
Similarly, the masking matrix =(t) isdefined by

=y = |T@ Opegl 1 o ELi=Li=T1
= [opxpT(r)}’ (™) 5 o else

With these definitions, a first simplification of (29) is
possible and we obtain the following algorithm (cf.

(11)

(31)

(32)

. (33)

. 2C N-1 .
N o2 DziZOYi,o[y;U)-
Since only the real part of y; 4 istaken into account®,
the complexity of (34) is reduced to 2 (p multiplica-
tions and 2 Cp additions in each iteration. A further
reduction of complexity is possible, if the algorithm
described in section 3 is applied.
Since the structure of the following expression

[k:[h O ')
r—-l Elc]D[E (D +yE IYEﬁ

is similar to (14), similar conclusions as in section 3
can be drawn and we obtain the following algorithm7

(34)

=n (E' (E' (1) O

6. Alternatively, theimaginary part can be considered.

N-1
w=EF D sonly,d B50)
Where K is given in (21). The complexity of (35)
reduced to 2 [p addition operations in each iteration
(if the same complexity per addition and subtraction is
assumed), since yq(i) is only added/subtracted to/
from the result of the previous iteration. The decision
whether an addition or a subtraction is necessary
depends on the signum of the real part of the received
sample y, , (corresponding to the first sample of

ye() ).

(35)

5 Simulations

In this section, some simulation results are presented
illustrating the performance of the proposed algo-
rithms. In the simulation setup we considered an
OFDM system with 256 subcarriers. The symbols
were modulated by the IDFT belong to a 256-QAM
constellation. The length of the cyclic prefix and the
length of the channel impulse response were equal (4
coefficients). The channel was chosen according to the
COST 207 specifications (rural area) [7] (see fig.4).
Each Eg/N, point was obtained from 100 Monte
Carlotrials.

In order to verify the validity of the approximation in
(19), we estimated the eigenvalues and the eigenvec-
tors of the matrixes A in (15) and A' in (23), respec-
tively. The magnitudes of the eigenvector |q¢ and of
the modified channel impulse response |y are shown
in fig.5 a), respectively. The eigenvalues at
Es/Ny = «dB (1000 Monte Carlo trials in this simu-
lation) are shown in fig.5 b) with respect to the given
approximation for A, in (21). Next, we estimated the
most significant eigenvector|qy| and the dot product
ly ;| in the presence of noise (Es/N, = 10dB). The
results are shown in fig.5 ¢) and fig.5 d), respectively.
Subsequently, we estimated the ACF of the channel
impulse response by applying the proposed algorithm
in (22), where the scaling constant was chosen accord-
ing to (21). The resulting log(MSE) is shown in fig.6
a) and b), respectively.

At higher Eg/N, it can be observed, that the variance
of the standard estimator (depending on number of
iterations) is lower than the variance of the proposed
estimator. However, this , steady state” error is small.

7. The derivation of (35) will not be shown in this paper
asit followsthe stepsin section 3.



In addition, we applied the low complexity algorithm
in (34) to OFDM systems for blind channel estima-
tion. In order to illustrate the performance of the pro-
posed agorithm at Eg/N, = 0dB, the estimated
channel impulse responseis shownin fig.7 @) (average
from 500 trials). The resulting log(MSE) is shown in
fig.7 b).

For the case of white uncorrelated additive noise pro-
cesses considered in this paper, the standard algorithm
has better performance than the proposed algorithm.
This results from the fact, that the superimposed error
due to the uncorrelated white noise processes approxi-

mately disappears (see (27)).
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Fig.4 Magnitude and zeros location of the channel impulse
response.
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Fig.6 Log(MSE) of the estimated ACF of the channel
impulse response. a) 1000 iterations. b) 10000 iterations.
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Fig.7 a): Estimated channel impulse response, b):
log(MSE) (500 iterations).

6 Conclusions

In this paper, a novel agorithm for the estimation of
the autocorrelation function of the channel impulse
response is presented. The characteristic property of
this algorithm is its low complexity, since only addi-
tion/subtraction operations are required within an iter-
ation. This reduction of complexity is due to the
induced scaling ambiguity which is tolerable, if this
algorithm is applied in the context of blind system
estimation. Subsequently, the proposed low complex-
ity estimator was successfully applied to OFDM sys-
temsfor blind channel estimation.
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