Fiber based flexure sensor utilizing the sensitivity of evanescent
coupling
B. Nelsen*?, F. Rudek?, Ch. Taudt™, T. Baselt™ P. Hartmann®
“Westsichsische Hochshule Zwickau, Dr. Freidrich’s Ring 2a, Zwickau, Germany;

®Technische Universitit Dresden, Dresden, Germany;
‘Fraunhofer-Institut fiir Werkstoff- und Strahltechnik IWS, 01277 Dresden, Germany

ABSTRACT

Sensing in harsh environments, such as in high magnetic fields like those found within MRI machines or in high-voltage
conditions like those found within power transformers lends itself well for the use of fiber optic sensors. Where
conventional electronic sensors fail for obvious reasons, specially designed fiber optic sensors can fill in these gaps. The
aim of this research was to investigate the feasibility and technical parameters necessary to design a flexure sensor based
on evanescent coupling between the modes of a two- (or more) core fiber. The design parameters are discussed and the
sensitivity of the sensor is shown to be tunable by modifying variables which the coupling constant is sensitive to.

The physical model used to simulate this system is derived from an effective index change due to a combination of strain
and an effective path difference which is induced by bending the fiber. The result of this model is a coupled-mode
equation that can be systematically solved using an eigenvector approach to mode coupling. With proper fiber drawing
techniques, this model predicts measurement sensitivities of curvature down to km™. Furthermore, this technique can be
extended based on simulated long-wavelength measurements to make predictions about where along the length of the
fiber the flexing took place. This system has the potential to be used as a competing system for Rayleigh backscattering
based flexure measurements.
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1. INTRODUCTION

Electronic sensors are always limited to certain environments because of some of their properties interact strongly with
external conditions at minimum perturbing the result and at most destroying the sensor. Being susceptible to high
voltages and to high magnetic fields, electric flexure sensors require a replacement in such extreme environments. This
paper deals with the search for alternatives using optical fiber due to its inertness to high electric and magnetic fields. An
evanescently coupled waveguide was selected to construct such a replacement sensor [1]. This was chosen because of its
sensitivity to perturbations [2]. This paper is a theoretical investigation into the mechanisms that govern the coupling
between the two cores, including the interaction of the cores with both construction parameters and under the influence
of strain [3,4].

Rayleigh backscattering is the gold standard used at the moment to detect strain in fibers [5]. It provides information
such as microstrains and how far down a fiber these mircostrains occur [6]. However, most of the implementations
require highly sensitive detectors and a tunable laser source. This makes the sensor both expensive and complex. In this
paper, we will present ways based on an evanescently coupled multicore fiber which could provide an alternative sensor
to Rayleigh backscattering sensors.
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2. MATHEMATICAL DESCRIPTION OF THE SENSOR

2.1 Hilbert space solutions to the wave equation

In this section, a short discussion will be given on transforming the wave equation into a form easily described in Hilbert
space. With the basic assumption of time independence and translational invariance along the propagation direction, or
z-direction of the fiber, the wave equation is very easily cast into the common form

V%EZ + ((nko)z - ,BZ)EZ = 0. (M

Here the subscript T represents the transverse direction to the direction of propagation, 7 is the cross-sectional index of
refraction profile and £, is the free-space wavevector and f is the propagation constant. For a single-core step index fiber
similar to the ones we are considering in this paper, the general form of the eigenvalue solutions is calculated in
cylindrical coordinates and is of the form [7]

B = (Jm(kumr)(1 = 00" = @) + Ay (rim7)O G — @) ) €™, @

with / and m being the radial and angular quantum numbers respectively, with J,,and K, being the Bessel function of the
first kind and modified Bessel function of the second kind respectively, k; ,,, and y,,,, are the transverse components of
the wavevector both inside and outside the fiber, 4;,, is a constant for continuity across the core-cladding boundary and
O(r — a) is the Heaviside step function which defines the core-cladding boundary. It is possible to generate the
transverse components of the electric field using Maxwell equations, but a full vector analysis is not needed for the
scope of this paper and is therefore ignored. The elegant fact about Eq. (1) is that it lends itself well for expanding the
notation into a Hilbert space calculation for the purpose of calculating both small and large tangential perturbations to
the index of refraction, i.e.

Hlpe™) = B2n|wi™) 3)
with
A= (R +P)=(V3+ (nk,)?). )

This notation was used because the equation closely resembles that of the quantum-mechanical Hamiltonian with
K= V? and P= (nko )2 and ‘l//i’m> being the properly normalized electric field in abstract vector space. Projected

back into Cartesian space the ‘wavefunction’ looks like:
2 % 1 .
(#lr™) = E™ = (Jm (ki) (1 = 0G = @) + Ay Kn (i mr)OCr — @) €% 5)

Here, |ch>is the transverse spatial coordinate system representation in Hilbert space. These modes are, however,

orthogonal and follow the relationship

(W™ W™ = 8,16 mms ©)

with 5,,l,being the Kronecker delta. It is worth noting that these modes of the fiber do not form a complete basis

because we were only searching for bound states.
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Consideration of the cladding modes must also be taken into account if one wants to use the completeness relation, as
such

Zz,mllp;'mﬂl/)é'ml + YctaalPeadWeaal = 1. (7

2.2 Evanescent coupling in Hilbert space

The basic idea of the evanescently coupled waveguide is that, in the cladding where the two modes behave as a dying
exponential, the wavefunctions can no longer be thought of as independent. They have some overlap which mixes the
two functions. An example of a coupled waveguide is shown in Fig. 1(a). These left and right waveguides each taken
independently behave as if they are a single core fiber. Looking closer at the schematic in Fig. 1(b), it can be understood
that |1,) is the solution to the index profile when the core ng is removed and |Yg) is the solution when the core n; is
removed.
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Figure 1. (a) schematic representation of the dual core evanescently coupled fiber considered here and (b) the crossection of
the index of refraction profile of (a) and the representative electric fields for each core independently.

Let |y,) be the solution for core one and |g) be the solution for core two and let both cores only on their own only
support a single mode. This assumption is only made to simplify the analysis, but could be relaxed if desired.
Independently, they both satisfy their own eigenvalue equation for their respective potentials:

Ao ly) = BEIpL) and Hglyr) = BRlYr). ®)

From this point on, it is worth noting that the cladding ‘potential’ can be subtracted from the individual Hamiltonians
just as is done in similar vacuum renormalization calculations, i.e.

Hf’ = FIJ - (nclko)2 = :81'2, = ﬁjz - (nclko)za ©)

with n, being the index of refraction of the cladding. In this way, we can easily express the new renormalized
Hamiltonian in terms of the two independent renormalized Hamiltonians as:

A =K+V,+V,=H0 +H,-K. (10)
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From this point on, an assumption has to be made. The spatial overlap between the states is what gives rise to the
coupling as such:

- (an
2

Wlpr) = j 023y i (Er)pr ) =

However, to simplify the calculation, we must enforce that the overlap is small, i.e. A < 1. We do this because we would
like to write the Hamiltonian in terms of the ¥, - and - basis, but since the states are not orthogonal, it cannot be
assumed in general that [, )(, | + [Yr)(Wr| = L. In fact it can be shown that the orthoganilzation of these states leads
to

ny = i <\/1 +(1- |<1PL|1PR)|2)> ) — (Yrlh) [¥g)
L= L N
I\ V1= W)l \/(1 + (1= 1)) (1 = [ lp)?)
and (12)
— 2
oy = % <\/1 +1(1 |<1/)L|1PR2)| )) Wg) — (WYLlr) )
S TATS] \/(1 + (1= PR 2) (1 = [ lpe)?)

but when the overlap is relatively small, i.e. (g |1, )~0, then the original states are orthogonal. So with the assumption
that [y, ). | + [Pr)Wr| = I, the Hamiltonian H' can be expanded as follows

_ 2+ (i Ve[ (B2 + BE) 5 — (Wu|Rwe)

H' = . (13)

B2 + B35 — (wr|Rlw.) 2+ (Vrl 7. |¥)

Since we are working under the assumption that the overlap is small, the expectation values (1,[} L|I7R |1/) L) and (1,[} L|I? |1/) R)
are negligible and the final form of the Hamiltonian is

A
_ P BB

q = i (14)
(B + PR~ e

symmetric antisymmetiic

Figure 2. (a) Symmetric and (b) antisymmetric eigenfunctions of the evanescently-coupled dual core fiber. The dotted
white circles represent the postion of the cores and each single core has the properties given by the Thorlabs fiber
780HP. The center to center core separation is equal to two core diameters. The color represents the phase of the wave.
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Let us for a moment consider the case of symmetry between the two cores when B2’ = B3’ = B%'. The solution to the
Hamiltonian becomes simple; that is

A =p¥ (A1 f) (15)

Therefore, after diagnolization

BE = B (1A,
o) = % (o) + [e)) and ) = = (hr) = ).

The symmetric field, [_), is shown in Fig. 2(a) and the antisymmetric field, |,), is shown in Fig. 2(b). These new
modes represent the propagation independent modes of the system and can be used to predict coupling between the cores
of the fiber. An interesting case to examine is what happens when light is injected into one core of the fiber, say the right
core. This state can then be propagated down the length of the fiber using the propagator e ~*#%. This propagator is the
same for any system with translational invariance. It is one of the main assumptions used to arrive at the results of Eq. 1.

(16)

As applied to the situation of the evanescently coupled wave guide with light coupled into the right core, it has this form:

[Y(@) = e [P )W r) + e P2 )W 1Yr). (17)
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Figure 3. (a) Schematic representation of different wavelengths propagating with different phase velocities giving rise to a
phase mismatch at the output of the fiber. (b) Intensity in the right core vs wavelength after propagating 200 mm down the
same fiber shown in Fig. 2. (c) The beat length of the power in each core vs wavelength for fiber described in Fig. 2.
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Looking at how much intensity remains in the right core after propagating some distance then is given by:

|WrlP@)I? =5 (1 + cos((B, — B)z)). (1)

Using the same parameters used to calculate the eigenfunctions in Fig. (2), Fig. 3(b) and Fig. 3(c) display the effects of
Eq. 18 on the intensity output at the end of the fiber.

2.3 Effects of bending a fiber on the index of refraction

Strain in fiber optics is a well-studied problem. In particular, it has two strong effects which both have the same
mathematical form but opposite signs. In order to generate the solutions for a bent fiber like that in Fig. 4, a reference
frame that rotates with the fiber as the light travels down the fiber is used.

Figure 4. Representation of a bent fiber with a radius of curvature R pointing to center of the fiber. The cross-sectional
circles represent the rotating coordinate system that the new eigenvalue equation is written in in order to solve the for the
propagation independent modes of the fiber.

This reference frame is illustrated in Fig. 4 as the cross-sectional circles. Under this coordinate transformation, the
standard wave equation, Eq. 1, becomes

V2E, + (n2 (1 + 2%) k2 — /32) E,=0. (19)

Besides this main effect, the strain inside the crystal due to compression and extension causes a small, but non-negligible
contribution to the wave equation. Thankfully, this index of refraction profile has the same symmetry as the change due
to the coordinate transformation and we wind up with a wave equation

VZE, + (n2 (1 + zRiff) k2 — /32) E, =0, (20)

where (Rqs = 1.41R) is the radius seen in Fig. 4, but scaled by strain effects. The elegant part of this solution is that a
bend of the fiber is the same as adding a linear offset to the index of refraction of the fiber (see Fig. 5). The solution is,
based on the Hamiltonian style math we used earlier, mostly trivial and this wave equation can be solved in a similar
fashion to Eq. 10 by expanding it in the basis given by solving the unperturbed Hamiltonian, i.e.

1 = Zo Wil Ay + 2(nko)? 2= [, by . e

As was mentioned in Eq. (6), the expansion of this Hamiltonian must include the cladding states. It is especially
important in this case because fiber bending losses are due to the coupling between eigenstates of the core and cladding.
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Figure 5. Schematic depicting the index of refraction (a) before strain and (b) after strain.

2.4 Evanescent coupling under flexure

Combining Eq. (14) dealing with the Hamiltonian for a coupled core fiber and Eq. (21) adding in the perturbation due to
straining the fiber gives a new Hamiltonian

nk,)’ A
~ / B +2 )<¢L|x|¢L> (B +BrD 5 \

A*
(B2 + ,31%’)7 "+ 2—— (nk,)” (YrI&lPr)

e

(22)

The off-diagonal elements due to the strain perturbation are zero because of symmetry reasons. Assuming that |y, ) and
[g) are almost the same function and the two cores are symmetrically located an equal distance about the center of the

fiber, we can replace them with the positon of the center of the core, or from Fig. 1(a) + d/z. Equation (22) then
simplifies to

, (nk,)? ', pan A
P B
I:II — e 23
G+ gy TR )
L R 2 R Reff
The solution to this Hamiltonian is expressible in closed form like
A !
thr 1 (nko)® |
’ FL ' PR ’ 4 ’
¥ = o |(BF - B +2—— +(ﬁ + BED2IAL, @9
2 T2 R
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and the new eigenstates of the system become

[W-) = (L) + Rilpr)) and (1) = (Relpp) — Lilyg)

with
L= g
L=
JBZ + BEN2|AI2/4 + (BZ — BZ)? (25)
and

_ (B2 + BZ)IAl/2
" JBF + BT)2IARR/A + (BT — B2

3. THE SENSOR DESIGN AND FUNCTION

The sensor design is based on the theory in the above sections where an evanescently coupled waveguide is designed
with two slightly different cores. The cores of the fiber should be significantly different such that when light is launched
into one core, the propagation constants are different enough to prevent strong coupling from one core to the other.
When a flexure perturbation to the fiber is applied, the propagation constants will shift and the two cores will be brought
into resonance. Some percentage of the light will couple from one core into the other. Based on the different propagation
constants in the two cores, the time of flight from the light coupled into the 2™ core will be different than from the light
that remains in the initial core and the position that the flexure was applied along the fiber should be able to be deduced.
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Figure 6. (a) Mismatch in propagation constant between the two cores when fiber is unperturbed. This disrupts the coupling
and does not allow light to transfer between cores. (b) Bending the fiber changes the effective propagation constants so they
are closer to match. This allows light to couple from one core to the other.
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4. CONCLUSIONS

The search for a fiber-based sensor to detect flexure in harsh environments led this research in the direction of
evanescently coupled wave guides. The equation governing evanescent coupling was written down in a Hilbert space
construction. This made it relatively easy to add in a mathematical analysis based on the flexing the sensor. The flexure
calculation took the variables of both strain and path changes into account when modeling this system. Based on the
underlying physics taken away from this analysis, a fiber design was proposed that should enable the measurement of
both the amount of flexure and the position that flexure took place. A more rigorous analysis of the full design is still
called for based on the mathematical model derived within this paper.
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